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Abstract We discuss Cauchy type decompositions of crystal graphs for general linear
Lie superalgebras. More precisely, we consider bicrystal graph structures on various
sets of matrices of non-negative integers, and obtain their decompositions with explicit
combinatorial isomorphisms.
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1. Introduction

Let gl,, be the general linear Lie superalgebra over C, and let C™" be its
(m + n)-dimensional natural representation with the Z,-grading (C"!"), = C™ and
(C™my; = C™. A tensor power of C™!" is completely reducible from Schur-Weyl dual-
ity, and its irreducible components, called irreducible polynomial representations, are
parameterized by P,,,, the set of all (m, n)-hook partitions [2]. Let S(C"" ® C*I*) be
the (super) symmetric algebra generated by the (gl,,,, gl,),)-bimodule Cmt @ Culv,
From Howe duality, it is also completely reducible as a (gl,,,, gl,,)-bimodule, and
we have the following Cauchy type decomposition;

min>

SC"RCM) = P V) & Vuph), (1.1)
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where V() and V,,,(1) denote the irreducible polynomial representations of gl,, ,
and gl,,,, respectively, corresponding to A (see [4, 9]). In terms of characters, (1.1)
also yields a Cauchy type identity of hook Schur functions (cf. [18, 19]).

The purpose of this paper is to understand the decomposition (1.1) within a frame-
work of (abstract) crystal graphs for Lie superalgebras which were developed by
Benkart, Kang and Kashiwara [1]. For A € P,,,, we denote by B,,,(1) the set of all
(m, n)-hook semistandard tableaux of shape A, which parameterizes the basis element
of V,ux(A) [2]. According to the crystal base theory in [1], B,,,(A) becomes a colored
oriented graph, which we call a crystal graph for gl,,, or gl,,,-crystal. As in the
case of symmetrizable Kac-Moody algebras, the crystal graphs for gl,,, have nice
behaviors under tensor product, and we can decompose various finite dimensional
representations of gl,,, in a purely combinatorial way (cf. [14]).

For non-negative integers m, n, u, v such thatm +n,u + v > 0, let

M = {A = (app )beB,,,.'eB,, | (1) apy € Z=o, (ii) apy < 1if |b| # |b']},

where B,,|, (resp.B,,) is the crystal graph associated to the natural representation of
gl (resp. gl,,), and |b| denotes the degree of b. Note that M naturally parameterizes
the monomial basis of S(C™" ® CI). Then we show that as a crystal graph for

g[m\n 52 g[u|v (Or (g[mlrn g[ulv)'bicryStal)s

M~ P Buu@) x By (1.2)

AEPmin Py

The isomorphism is given by a super-analogue of the well-known Knuth correspon-
dence [17] (cf. [6]). But our proof is different from the original one since the decom-
position is given by characterizing all the highest weight elements of the connected
components from the view point of crystal graphs. Furthermore, our approach enables
us to explain several variations of the Knuth correspondence (cf. [7]) in a unified way,
and also derive an interesting relation between the statistics of the diagonal entries of a
symmetric matrix in M and the number of odd parts in the shape of the corresponding
tableau (a special case of this relation was first observed in [17]).

We may naturally extend the above decomposition to a semi-infinite case. Let g
be a contragredient Lie superalgebra of infinite rank whose Dynkin diagram is given
by

(see [11]). First, we introduce a g-crystal <7 consisting of semi-infinite words, which
can be viewed as a crystal graph associated to a Fock space representation of g anal-
ogous to the level one fermionic Fock space representation of gl (cf. [10]). We
show that a connected component of a tensor power 7 ®“ (4 > 1) can be realized
as the set of semi-infinite semistandard tableaux, which is generated by a highest
weight element. Moreover, an explicit multiplicity-free decomposition of <7 ®* as
a (g, gl,)-bicrystal is given, where each connected component is parameterized by
a generalized partition of length u. To prove this, we identify <7 ®* with a set of
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certain matrices with infinite number of rows, and apply the methods used in the
case of finite ranks. More precisely, an element in <7 ®“ is equivalent to a unique
pair of a semi-infinite semistandard tableau and a rational semistandard tableau as an
element in a (g, gl,)-bicrystal. Hence, it gives rise to a Knuth correspondence of a
semi-infinite type, and a Cauchy type identity. As a by-product, we obtain a character
formula of a g-crystal of semi-infinite semistandard tableaux occurring as a con-
nected component in <#®*, This character formula is given in terms of ordinary Schur
functions and the Littlewood-Richardson coefficients, anq\ it is very similar to the
ones of the irreducible highest weight representations of gl,, or gl obtained in
[3, 13]. In fact, using crystal graphs, we can give a similar combinatorial proof of
the Cauchy type decomposition of a higher level fermionic Fock space representa-
tion of gl given by Kac and Radul [13], and hence the character formula of irre-
ducible highest weight representations of gl,,. We also expect a combinatorial proof
of the decomposition of a Fock space representation of gl ., given by Cheng and
Wang [5].

The paper is organized as follows. In Section 2, we review the basic notions and the
main results on crystal graphs for gl,,,, in [1]. In Section 3, we prove the decomposition
(1.2) and then study the diagonal action of the Kashiwara operators on the set of
symmetric matrices in M. In Section 4, we describe the dual decomposition which
is associated to the (super) exterior algebra A(C™" ® C"IV). Finally, in Section 5,
we introduce a g-crystal of semi-infinite semistandard tableaux, and a gl,-crystal of
rational semistandard tableaux (cf. [20]) . Then using these combinatorial realizations
of crystal graphs, we establish a Cauchy type decomposition of a tensor power <7 ®*
as a (g, gl,)-bicrystal.

2. Crystal graphs for gl

mln
In this section, we recall the basic notions on crystal graphs for gl,,,, developed in [1].
2.1. Definitions

For non-negative integers m, n with m +n > 0, let gl

mn bE the general linear Lie
superalgebra over C (see [11]). Let

Bm|,,={m<m—1<---<T<1<2<---<n}
be a linearly ordered set. Set Bjn'ln ={m,m—1,...,1}and B,,={1L2....n}
For b € B, we define |b|, degree of b, by |b| = 0 (resp. 1) if b € B;ln (resp. B;‘n).

The free abelian group P, = @beB,,,m Zep, which is generated by €, (b € B,,)), is
called the weight lattice of gl,,,,. There is a natural symmetric Z-bilinear form (, ) on
Pm|n, where (€, €)) = (_1)|b|5bb, forb, b’ € Bmln- Let

Lyw={m—1,...,1,0,1,....n—1}.
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The simple root a; (i € ILnn) of gl,,, is given by
ap =€y — € fork=1,...,m—1,
o) = € — €141, forl:l,...,n—l,

0y = €7 — €].

Set 0 =P, o Za;, which we call the root lattice of gl ,. A partial ordering on
Py is givenby A > pifandonly if A — € > Zsoa; for A, u € Py),. We also

define the simple coroot h; € P, (i € Iy,) by

iEIm|,,

(e, 2), ifi=m—1,...,1,0,

(hi, &) = o
—(a;, ), ifi=1,...,n—1,

for A € Py, where ( , ) is the natural pairing on P}
above simple roots, the Dynkin diagram is

X Py,. With respect to the

|n

m—1 1 0 1 n—1

Motivated by the crystal bases of integral representations of the quantized envelop-
ing algebra U, (gl,,},,), we introduce the notion of abstract crystal graphs for gl,,,,.

Definition 2.1. (1) A crystal graph for gl,,,, (or gl,, ,,-crystal) is a set B together with
the maps
wt: B — Py,
& i+ B — Lo,
ei, fi + B— BU{0},

fori € Iy, (0 is a formal symbol), satisfying the following conditions;

(a) fori € I,y, and b € B, we have

@i(b) — €i(b) = (hi, wt(D)), (i #0),

0, if (ho, wt(b)) =0,
ho, wt(b)) > 0, and b) + &y(b) =
(ho, wt(b)) and @o(D) + eo(b) {1’ if (o, wi(b)) > 0.
(b) ife;b € B fori € I, and b € B, then
gi(eib) = &;(b) — 1, ¢@i(eib) = @;i(b) + 1, wi(e;b) = wi(b) + «;,

(c) if fib € Bfori € I,,, and b € B, then

gi(fib) =)+ 1, @i(fib) =¢i(b)—1, wt(fib) = wi(b) — «;,
@Springer
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(d) f;b=10'ifand only if b = ;b for all i € I,,,, b, b’ € B,

(We call ¢; and f; (i € I,,,) the Kashiwara operators).

(2) Let B be a crystal graph for gl,,,. A subset B’ C B is called a subcrystal of
B if B’ is itself a crystal graph for gl,,, with respect to wt, &;, ¢;, e;, fi (i € Lyjn)
of B.

Remark 2.2. (1) The above definition is based on the crystal bases of integrable repre-
sentations of U, (gl,,,,) in [1], while crystal graphs for contragredient Lie superalgebras
might be defined in a more general sense, as in the case of symmetrizable Kac-Moody
algebras (cf. [15, 16]).

(2) A crystal graph B becomes an I,,,-colored oriented graph, where
b5 b ifandonlyif b =fb (i € Ly

Definition 2.3. Let By and B, be crystal graphs for gl,,,,,. We define the rensor product
OfB] and Bz to be the set B] X Bz = {bl ® b2 | bi € Bi, (l = 1, 2)} with

wi(b; ® by) = wi(by) + wi(b),

max(e; (b)), &i(ba) — (hi, wi(by))), ifi=m—1,...,1,
max(g;(by) — (h;, wt(bo)), €i(bp)), ifi=1,...,n—1,

(b1 @ by) =
b1 ®b eo(b1), ifi =0, (ho, wt(by)) > 0,
go(b2), ifi =0, (ho, wt(b)) = 0,
max(g;(b1) + (hi, wt(by)), @i(b2)), ifi=m—1,...,1,
max(g;(by), ¢;(by) + (h;, wt(by))), ifi=1,...,n—1,
0i(by ® by) = (@i(b1), @i(b2) + ( (b)) ifi n
@o(b1), ifi =0, (hy, wt(by)) > 0,
@o(b2), ifi =0, (ho, wt(by)) =0,
eibi @by, ifi=m—1,....1, ¢i(by) > ¢&(by),
by ®eby, ifi=m—1,...,1, ¢j(b)) < &i(b2),
b ®by, ifi=1,....,n—1, ¢;(b i(by),
ei(by ® by) = eiby ® by, ifi n 9i(b2) < &i(b1)

bi®eiby, ifi=1,...,n—1, ¢i(hy) > €i(by),
eoby ® by, ifi =0, (hg, wt(by)) > 0,
b1 ® epby, ifi =0, (ho, wi(by)) = 0,
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fibi®by, ifi=m—1,...,1, gi(by) > &i(b),
b1 ® fiby, ifi=m—1,...,1, ¢;i(b)) < &(b),
fib1 ®by, ifi=1,....,n—1, ¢i(by) < &i(b1),
b1 ® fiby, ifi=1,....,n—1, ¢i(by) > &;(by),
fob1 ® by, ifi =0, (hg, wt(by)) > 0,
b1 ® fobz, ifi =0, {ho, wt(by)) =0,

filb1 @ b)) =

where we assume that 0 @ b, = b1 ® 0 = 0.

Then, it is straightforward to check that By ® B; is a crystal graph for gl

mln*

Definition 2.4. Let B; and B, be two crystal graphs for gl

min-

(1) The direct sum By @ B, is the disjoint union of B and B;.

(2) Anisomorphismy : By — B of gl,,,,-crystals is an isomorphism of /,,,-colored
oriented graphs which preserves wt, ¢;, and ¢; (i € I,,,). We say that By is iso-
morphic to B,, and write B; ~ B;.

(3) Forb; € B; (i =1, 2),let C(b;) denote the connected component of b; as an I,-
colored oriented graph. We say that by is gl,,,-equivalent to by, if there is an
isomorphism of crystal graphs C(b;) — C(b;) sending b, to b,. We often write
bi1>~gy,,,b2 (or simply by b, if there is no confusion).

2.2. Semistandard tableaux for gl,, ,

B,.;» becomes a crystal graph for gl,,, whose associated /,,),-colored oriented graph

is given by

— m—-1 — m-=-2 1 - 0 1 n—2 n—1
m —-m-1—-—1—1—---—n—-1—n,

where wt(b) = €, and &;(b) (resp. ¢; (b)) is the number of i-colored arrows coming
into b (resp. going out of b) for i € I,,, and b € B,,,. Note that B,,, is the crystal
graph associated to the natural representation C™!",

Let W, be the set of all finite words with the letters in B,,,. The empty word
is denoted by ¥J. Then W, is a crystal graph for g[,,, since we may identify each
non-empty word w = wy ... w, withw; ® --- Q w, € Bfﬁ’fn, where {(} forms a trivial
crystal graph, thatis, wt(¥) = 0,¢;0 = fi) = 0,and &;(¥) = ¢;(¥) = Oforalli € I,,.

Following the tensor product rule in Definition 2.3, we can describe the Kashiwara
operators ¢;, fi : Wi = Win U {0} (i € I,,) in a more explicit way;

(1) Suppose that a non-empty word w = w; ... w, is given. To each letter wy, we
assign

+, if(=Pwg=p+1),0r(i=p, we=p)ori=0w=1),
Dw)=1{-, if(=p,we=p)or(i=pwe=p+1D,ori=0w=1),
-, otherwise,

and let eD(w) = (€D (w)), ..., eD(w,)).
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(2) Ifi =pforl < p <m — 1, then we replace a pair (¢ (wy), eP(wy)) = (4, —)

such that s < s’ and € (w,) = - for s <t < s" by (-, -) in €?(w), and repeat
this process as far as possible until we get a sequence with no + placed to the
leftof —. Ifi = pfor 1 < p <n — 1, then we do the same work for (—, +)-pair
in €V (w) until we get a sequence with no — placed to the left of +. We call this
sequence the i-signature of w. If i = 0, then we define the 0-signature of w to be
€D (wp)(# -) such that eP(wy) = - forall 1 <[ < k.

(3) If i =p (resp. i = p), then we call the right-most (resp. left-most) — in the i-

signature of w the i-good — sign, and define e¢;w to be the word obtained by
applying e; to p (resp. p 4 1) corresponding to the i-good — sign. If there is no
i-good — sign, then we define e;w = 0.

(4) If i =p (resp. i = p), then we call the left-most (resp. right-most) + in the i-

signature of w the i-good + sign, and define f;w to be the word obtained by
applying f; to p + 1 (resp. p) corresponding to the i-good + sign. If there is no
i-good + sign, then we define fw = 0.

(5) If i =0, then we define eqw (resp. fow) to be the word obtained by applying eg

(resp. fp) to the letter corresponding to the 0-signature of w. If the O-signature of
w is empty, then we define eqw = 0 (resp. fow = 0).

Note that we have
g(w) = max{ k| efw #0 } oi(w) = max{ k| fikw #0 }
forw € Wy, and i € Iy,.

Example 2.5. Suppose that

Then
eDw)=(-, =, =, 0, @, - +, )
6(1)(11)):(@,',',',',@,—,',-i-),
6(0)(w):(61+1+a+a'7'7'7'7_)3

where @, © denote the i-good signs (i # 0), or the 0-signature. We have

A partition is a non-increasing sequence of non-negative integers A = (A¢)r>1 such
that all but a finite number of its terms are zero. Each X, is called a part of A, and the

number of non-zero parts is called the length of A. We also write A = (1,272, ..

)
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where m; is the number of occurrences of i in A. Recall that a partition A = (Ag)r>1
is identified with a Young diagram which is a collection of nodes (or boxes) in left-
justified rows with A; nodes in the <" row.

A partition A = (A)g>1 is called an (m, n)-hook partition if 1,11 < n. We denote
by Ppujn the set of all (m, n)-hook partitions. A tableau T obtained by filling a Young
diagram A with the entries in B,,, is called (m, n)-hook semistandard if

(1) the entries in each row (resp. column) are weakly increasing from left to right
(resp. from top to bottom),
(2) the entries in BT (resp. B

mln

m|n) are strictly increasing in each column (resp. row)

(see [2]). We say that A is the shape of T. It is easy to see that a partition A can be
made into an (m, n)-hook semistandard tableau if and only if A € P,,,.

For A € Py, let B,,,(1) be the set of all (im, n)-hook semistandard tableaux of
shape A. We may view B,,,(1) as a subset of W, by column reading (or far eastern
reading). That is, we read the entries of a tableau column by column from right to left,
and in each column we read the entries from top to bottom.

For T € B, (1), the weight of T is given by wt T = ZbeBm‘n Wb€p € Pyjn, where
Wy 1s number of occurrences of b in T'. Indeed, B,,,,,(A) together with 0 is stable under
ei, fi (i € Lyy), and By, (1) is a subcrystal of W, ,,. The following is one of the main
results in [1] (see also Remark 2.7).

Theorem 2.6 ([1]). For A € Py, Bun(A) is a crystal graph for gl,,,,. Moreover,
B,,.(X) is a connected I,,-colored oriented graph with a unique highest weight

A
element Hm‘n.

Remark 2.7. Note that Wt(H,ﬁln) > wi(T) for all T € B,,,(1) ([1]) (see Fig. 1), and
hence ¢; H,ﬁ n = Oforalli € I,,. But, unlike the crystal graphs associated to integrable
highest weight representations of U, (gl,,) (in our notation, U, (gl,, o)), there might exist
T € B,,,(X) such that T # H,}lln and ¢;T = 0 for all i € I,,. Such a tableau T was
called a fake highest weight vector, and H,i‘l‘n a genuine highest weight vector in [1].
Therefore, a given (m, n)-hook semistandard tableau 7' of shape A is not necessarily

W mm 7
) ) m
i1 - 1 L
1 2n

g
1 2
1
— n —

Fig. 1 A highest weight tableau Hr:;\n

@ Springer



J Algebr Comb (2007) 25:57-100 65

obtained from H”*Wl by applying the operators f;, and this fact gives rise to a special
difficulty in several arguments including the proof of the connectedness of B,,|,(1) in

Theorem 2.6.

To characterize a connected component in W, |,, we need the algorithm of Schen-
sted’s column bumping for (m, n)-hook semistandard tableaux ([2, 19]): for A € Py,
and T € B,,,(A), we define T < b (b € B,,;,) to be the tableau obtained from T by
applying the following procedure;

(D) Ifb € BZM ,let b’ be the smallest entry in the first (or the left-most) column which is
greater than orequal to b. If b € B, let b be the smallest entry in the first column
which is greater than b. If there are more than one b’, choose the one in the highest
position.

(2) Replace b’ by b (b’ is bumped out of the first column). If there is no such b, put b
at the bottom of the first column and stop the procedure.

(3) Repeat (1) and (2) on the next column with &'

Note that (T < b) € B,,,(u) for some p € Py, where p is given by adding a
node at 1. Now, for a given word w = w; - - - w, € W, we define

Pw) =(--((w) < wy) < w3)---) < w, . 2.1

Lemma 2.8 ([1]). For w € Wy, we have w =~ P(w). Hence, any connected compo-
nent in YWy, is isomorphic to B, (1) for some & € Ppyp.

We will also use the following lemma in the next section.

Lemma 2.9 ([14]). Let T and T’ be two (m, n)-hook semistandard tableaux. If T >~
T, thenT =T'.

Let x ={x;|b €B,,} be the set of variables indexed by B,,. For u =
D ben,, Ho€b € Pupn, wesetx =[] 5 x;". For & € Py, we define a hook Schur
function corresponding to A by

hsi(x) =Y "7,
TEBom()

which is the character of B,,,(A) (see [2, 19]).

3. Bicrystal graphs and Cauchy decomposition

We consider a bicrystal graph structure on the set of certain matrices of non-negative
integers, which parameterizes the monomial basis of S(C™" ® C“!"), and then derive
an explicit decomposition by finding all the highest weight elements.
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3.1. Crystal graphs of biwords

Suppose that m, n, u, v are non-negative integers such that m +n, u +v > 0.
Let

Qunupp = {1, J) € Wi X Wi |
(Hi=iy,...,iyand j=ji,..., j-forsome r >0,
) G, j0) = = s ), 3.1
(3) likl # |jx| implies (ix, ji) 7 Gixx1s Jex1)}s

where for (i, j) and (k, ) € B, x By, the super lexicographic ordering is given
by

(<D or,
i<kl < (j=le B;f\u» and i > k) or, (3.2)
(j=1leB,,, and i <k).

Next, let Q* be the set of pairs (k, 1) € W, x W, such that (1, K) € Qypy s

mn,ulv
For simplicity, we write Q = €2, uv and Q* = Q7

mn,ulv*
Now, fori € I,, and (i, j) € 2, we define
ei(i7j) = (e,‘i, j)v ﬁ(ivj) = (ﬁini)’
where we assume that x;(i,j) =0 if x;i=0 (x = e, f). We set wt(i, j) = wt(i),
&i(i, J) = &;(i) and ¢; (i, j) = @i () (0 € Lyjn)-
Similarly, for i € I,), and (k, 1) € Q*, we define
ik, D)=k, e, fikD=(Kk, fD,

and set wt*(k, 1) = wt(l), sj(k, ) =¢;() and (p;'.‘(k, D=¢;M) (G € L.

Lemma 3.1. Under the above hypothesis,

(1) the set Q together with wt, e;, f;, &, i (i € L) is a crystal graph for gl
(2) the set Q* together with wt*, e, [}, &%, ¢7 (j € Lu) is a crystal graph for gl,,.

Proof: We will prove only (1) since the proof of (2) is the same. Suppose that (i, j) €
Q\{(@, ?)} is given wherei =i, ---i, and j = j; ... j. for some r > 1. We write

i= lﬂlﬁ ' 'ivflivv

where i, =i, ...i, (b € B,,) is a subword of i such that j, =--- = j, =b.
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Then, i, (b € B,},) is gl,,,-equivalent to an (m, n)-hook semistandard tableau 7},
of a single row or a single column as follows;

lll ..

iy, € Bup((tp)), ifb e B,

ulv?
it]
T, = o _
€ B, (1), ifbeBy,

So, iis gl,,,-equivalent to
GRT—=® - ®T,-1®Th,

where T, = #ifi, = @. Therefore, if x;(i, j) # 0 (x = e, f)fori € I,,,,then (x;i, j) €
Q. It follows that €2 is a crystal graph for gl,,,,. O

3.2. Bicrystal graphs

Consider the following set of matrices of non-negative integers;

M,jnupy = { A = (ap )beB,, b'eB,, |
(D) apy € Zzo, (2) apy <1 if|b] # |D'|}. (3.3)

For simplicity, we write M = M, . y|v-

For (i, j) € Q, define A(i, j) = (apy) to be the matrix in M, where ay,;, is the number
of k’s such that (i, jx) = (b, b’) for b € B, and b’ € B,},. Then, it follows that the
map (i, j) — A(, j) gives a bijection between 2 and M, where the pair of empty words
(@, @) corresponds to zero matrix. Similarly, we have a bijection (k, 1) — A(k, 1) from
Q* to M.

With these identifications, M becomes a crystal graph for both gl
Lemma 3.1.

mln and g[u\u by

Example 3.2. Suppose thatm |n =u|v =2]|2and
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Definition 3.3. Let B be acrystal graph for both gl,,, ,, and g[,,|,,. We denote by ejf and f j?"
(j € IL,) the Kashiwara operators for gl,, . We call B a crystal graph for gl,,,,, © gl
or (gl > 8l,)-bicrystal if ¢;, f; commute with e;f, ff @i € Ly, j € Lupw), where we
understand the Kashiwara operators as the associated maps from B U {0} to itself (that
is, x;0 = x;fO =0,forx =e, f).

For example, B = B,,,(A) X By(0) (A € Ppps b € Pup) s a (gl 8l,10)-
bicrystal where Xl‘(bl, bz) = (xibl, bz), x}*(bl, b2) = (b], X;bz) for (bl, bz) € B and
x=e,f.

Lemma 3.4. M s a (gl,,,, gl,,)-bicrystal.
Proof: The proof is a straightforward verification. So, let us prove the following case;
efe;A =egef A (3.4)

forAeM,1 <s<n-—1and1 <t <v— 1. The other cases can be checked in a
similar manner.

To show this, we may assume that A = (ap ) suchthata,, = Ounlessb € {s, s + 1}
or b e {t,t + 1}. Put A" = (app)p=s.s+1 and A” = (app )pr=r.++1, Which are the sub-
matrices of A. If neither A’ nor A” contains both an s-good — sign and a t-good —
sign of A, then (3.4) follows from the fact that the s-signature of e} A is the same as
that of A, and the ¢-signature of A is the same as that of ¢; A. So we may assume that
A is either A’ or A”, and prove the case only when A = A’, that is,

xii» e x;r

_xl_ e x; ’

where x;” = ay, and x, = asy1, (b € By),). Note that A = A(i, j) = Ak, 1) for
unique (i, j) € Q and (k, 1) € *. Then i and €*)(i) are of the form:

b
Il
TS
=
s
=
=+

i=(4+ D% 5% o (s+ D% s 5% (s+ D% o055 (s + D,
€ = (=, T, S T, S,

where the multiplicities of letters and signs are given as exponents. On the other hand,
the 7-signature of A or 1 is completely determined by its subword 1':

U =0 (t 4+ D' 1% (1 + 1),
€Dy = (+5, =N, 45, =N,

For convenience, we set

i_(® b _ xt x;_jrl .
c d X, X
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Case 1. Suppose that e* A = 0 (equivalently, e*A = 0). This implies that d = 0 and
b < c (note that in this case, we cancel out (—, +) pairs to obtain a ¢-signature). If
an s-good — sign occurs in A, then we have b < ¢ and

. e a+l b .o
esA—<.__ c—1 0 )
Since b < ¢ — 1, we get efe; A = 0, which implies (3.4). If an s-good — sign of A

does not occur in A, then A does not change when we apply e, to A and efe;A =
0 = ese; A, which also implies (3.4).

Case 2. Suppose that ef A # 0 and b is changed by ef. This implies that » > 0 and
b>clIfefA=AGF,j)for({,j) e Q, then

D)= (.., 49, =4+, =7 ),

€Wy = (.., o = 4P 4,
Note that the subsequences (+%*!, —¢, +-=1 —dyand (+¢, —¢, +-?, —9) reduce to
the same sequence (42tb=c —_dy(q + b — ¢ > 0), and there is no s-good — sign in

c. If no s-good — sign of A occurs in A (or, in d), then it is easy to see that (3.4)
holds. If there is an s-good — sign in A, then

«fa DY _ a+1 b—1\ (a+1 b
“hl\le qa) =% c d - c d—1)°
N a b\ _ ,fa b+1\ [(a+1 b
“e\e a)=%\c a-1)7 c d—1)"

Hence, we have (3.4).
Case 3. Suppose that e A # 0 and d is changed by . This implies that d > 0 and
b<clIfefA=A{,j)for({,j) e @, then
E(s)(i) = (' B +a7 _C9 +b7 _dy .. ')’
G(S)(i,) =(.., 4+ _chl7 _,’_b’ _dfl’ L)
Note that the subsequences (+%, —*!, 4-*, —4= 1y and (+¢, —¢, +-*, —%) reduce to
the same sequence (+¢, —c=btdy(c —b+d > 0).Ifno s-good — sign of A occurs

in A (or, in d), then it is easy to see that efe; A = ege A. Assume that an s-good —
sign of A occurs in A. If b = ¢, then we have

fa b\ _ a b _fa+1 b
““\p a)T%\b+1 a-1)"\ b a-1)
oo @ b\ _ a b+1\ (a+1 b
\b d b d-1 b d-1)°
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If b < c, then we have
«fa b\ _ a b _fa+1 b
“alce a)=%\e+1 a-1)7~ c d—1)"
N a b\ _ ,fa+1 b\ _ [(a-+1 b
“o\e a)T%\e=1 a)=\ ¢ d-1)

Hence, we have (3.4). O

Lemma 3.5.

(1) Let C be a connected component in M as a gl,,,,-crystal. If x7C # {0} for some
Jj €lyyandx =e, f, thenxi : C — x;C is an isomorphism of gl ,-crystals.
(2) Let C* be a connected component in M as a gl,,,,-crystal. If x; C* # {0} for some
ulv

i € Iy andx =e, f, then x; : C* — x;C* is an isomorphism of gl ,-crystals.
Proof: (1) Choose b € C such that x;fb # 0. For any b’ € C, we have
b/ =Xj .- .xi,b,

for some Kashiwara operators x;, (ix € Ly, 1 < k < t). We first claim that x}‘b’ # 0.
We will use induction on ¢. Suppose that t = 1. Let y;, be the Kashiwara operator
given by y;, = f;, (resp. y;, = ¢;,) if x;, = e;, (resp. x;, = fi,). Then b = y; b’, and

0+ x;fb = x;‘y,-lb/ = y[lij/

by Lemma 3.4, which implies that x;‘b/ # 0. Suppose that7 > 1. Since x}x;,b # 0 and
b' = xi ...xi_,(x;b),itfollows that x7b" # 0by induction hypothesis. This completes
the induction.

Hence, the composite of the following two maps is the identity map on C;

5

x* y‘f
J J
C — x;fC — C,

where y7 = e} (resp. f7) if x7 = fF (resp. e7). This implies that x7 is a bijection
which commutes with e;, f; (i € I,,,) by Lemma 3.4, and that x;‘C is isomorphic to
C as a gl ,~crystal. The proof of (2) is similar. O

Given A € M, suppose that A = A(i, j) = Ak, 1) for (i, j) € 2 and (k, 1) € Q*. We
define

n(A) = (Pi(A), P,(A)) = (P(D), P(1)), (3.5)

(see (2.1)). Then w(A) € B, (A) x B, (1) for some (A, u) € Py X Pyjy. Note that
A~g Pi(A),and A >~y Py(A).

m| d
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Lemma 3.6. Suppose that A € M is given.

€)) Ifx;‘A # 0 forsome j € I, andx = e, f, then Pl(x;fA) = Pi(A).
2) If x;A #0 forsomei € Iy, and x = e, f, then P>(x;A) = P,(A).

Proof: It suffices to prove (1). By Lemma 3.5, A is gl,,,-equivalent to x7A, and
hence the tableaux P;(A) and P, (xjA) are gl,,,-equivalent. By Lemma 2.9, we have
Pi(x7A) = Pi(A). O

Let B be a (gl,,,,, gl,,)-bicrystal. If we set T = [, U I;‘lv where I;‘v ={j*lj €
I1,},}, then B is an Z-colored oriented graph with respect to x;, x}* fori € Ly, j € Ly,
andx = e, f.Now, we can characterize a connected componentin Masa (gl,, ., gl,,)-
bicrystal.

Proposition 3.7. For each connected component C in M as a (gl ,, 8l,,)-bicrystal,
7 gives the following isomorphism of (gl,,,, 8l,,)-bicrystals;

ulv
71 C— By ,(A) x Byp(),
for some A € Py, and . € Pyy.
Proof: By Lemma 3.6, we have
7 (x;A) = (x; Pi(A), P»(A)),

for AeM,ie€l,, and x =e, f (we assume that 7(0) = 0 and (0, P,(A)) = 0).
Similarly, we have n(xij) = (P1(A), x; P,(A)) for j € I,,.

Let C be a connected component in M as an Z-colored oriented graph. Choose
an arbitrary A € C. Suppose that 7(A) € B,,,(1) x B, (n) for some A € P, and
W € Pypy. Then we have

7:C— Bmln()‘) X BM\U(M)’

where 7 commutes with ¢;, f; and e*, f;‘ (i € Ly, j € Lyp). Itis clear that 7 is onto.
Now suppose that 7(A) = 7 (A’) for some A, A" € C. Since C is connected,

* * _ /
Xj e X X, X, A=A

for some Kashiwara operators x;, (ix € Iypn, 1 <k < p), x; (1 € Ly, 1 <1 < ¢q).
Put A” = x;, - -~ x;,A. Then A and A” belong to the same connected component as a
gl,-crystal, say Cy. On the other hand, by Lemma 3.6, we have

Pi(A") = Pi(A") = Pi(A).

Since the map Py : C; — By,,(2) is an isomorphism of gl,,,-crystals, it follows that
A’ = A.
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Next, A” and A" belong to the same connected component as a gl,,-crystal, say
C,. By Lemma 3.6, we have

Py(A") = Py(A) = Py(A").
Since the map P, : C; — By, (1) is an isomorphism, we have A” = A’, and hence
A = A’. So, 7 is one-to-one.

Therefore, 7 is an isomorphism of (gl,,,,, gl,,,)-bicrystals. g

Example 3.8. Let A be as in Example 3.2. Then

=
—_
8]

2211
2

NS S|

n(A) =

N = =]l
N = =

and the connected component of A is isomorphic to By»(5,2, 1, 1) x Byp(5,2, 1, 1).
3.3. Decomposition of M
Now, we will describe an explicit decomposition of M. Set

M. = { A € M|x(A) = (H,,,. H};,) for some (%, jt) € Pja X Pupp }. (3.6)

which is the set of all the highest weight elements in M. We have seen in the proof of
Proposition 3.7 that 7t induces an isomorphism of (gl,,,,, 8l,,)-bicrystals between the
connected components of A € M and 7 (A). Hence,

M= QB C(A),

A€My,

where C(A) is the connected component of A in M, which is isomorphic to B,,,(1) x
B, (1) for some A € Py, and . € Py,.

Suppose that A = (A, ..., A;) € Py N Py is given. Let v = (vy, va, ..., V) be
the sequence of non-negative integers (¢ = A1) determined by

Wi+ vt v v) = Rngts - A (3.7

where (A1, - .., A ) is the conjugate of the partition (A1, - - ., A,) (cf. [18]).
Assume that m > u. Let us define A, = (apy) € M by

(1) forO <k <m,0<I[<u,

Akt 1s if0<k=I[<u,
G —ku=l = .
e 0, otherwise.
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2) forO<k<m,1<t<v,

{l, ifu <k <mandir >1,
a—, =

0, otherwise.

3) forl <s<n,0<l<u, a;7=0.
@) forl <s<n,1<t<v,

Vept, f2<s+r<C+1,
st =

0, otherwise.

Note that A, is of the following form;

Al
A2
)\u—l
Au
| 1 g1 times)
A, = : . (3.8)
l """ 1 (Am times)
Vi V2 Ve
V2 V3
Ve

If m < u, then we define A, to be the transpose of (3.8), where m and u are exchanged.
Note that A, is uniquely determined by A. By Schensted’s column bumping algorithm,
it is not difficult to see that

Lemma 3.9. For A € Py, N Py, we have

n(A;) = (H},. H},

min> “Tulv

) € Bm|n()") X Bulv(}\)-
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Example 3.10. Suppose thatm|n = 4|3 and u|v = 3|3.LetA = (7,5,5,3,3,2,2,1).
Then

700 00 0
050 00 0
005 00 0
A,=|o 0o 1 1 1],
000 1 21
000 210
000 100
and
4 4 4 4 4 4 43 3 3 3 3 3 3
333 3 3 2 22 2 2
2 22 2 2 11111
T 11 1 2 3
TAD= 11 5 5 12 3
12 12
12 12
1 1

Now, we can state one of our main results, which characterizes all the highest
weight elements in M. This is a natural super analogue of the result in [6], which
describes the decomposition of My, 0,40 as a (gl,,, gl,)-bicrystal (that is, gl,,, = gl
and gl, = gl o). In case of M, 0,410, the set of highest weight vectors can be found
directly since a matrix A corresponds to a highest weight element if and only if
;A =efA=0foralli € I, and k € I,o. But in super case, this is no longer true
because of fake highest weight vectors (see Remark 2.7). So, we need more additional
arguments to exclude the elements in M corresponding to fake highest weight vectors.

Theorem 3.11 (cf. [6]). We have
Mh.w. = {AA |)L € Pmln n PM|‘U}7

and hence the following isomorphism of (gl,,, gl,,)-bicrystals;

7 M— P Buu) x By

)\EPM,,OPL,\U

Proof: For convenience, we assume that m > u. Suppose that A = (app) € My y,. is
given. Suppose that A = A(i, j) = Ak, 1) for (i, j) € 2, (k,1) € Q*, andi=1i;...i,
andj = jj ... j, forsomer > 1. Weclaimthat A = A, forsome A € Py, NP,y (see
(3.8)). We may assume that A is a non-zero matrix since the zero matrix corresponds
to A(y. Recall that P(i) (resp. P(1)) is a highest weight tableau, which implies that
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e A= eij =0foralli € I,,, and j € I,},. Also, the following fact is of important
use in the proof;

(H) no element b € Bmln of i (resp. b € B;‘U of 1) is bumped into the first m rows
(resp. u rows) at each step of insertions when we get P(i) (resp. P(1)).

We will divide A into several submatrices and prove that each submatrix is of the
form given in (3.11).

Step 1. In this step, we will show that (i) ap, = O if either b € {ﬁ om—u+ 1},
orb e{u,..., 1} except the diagonal entries, and (ii) apz > - z gt Let
us write

i =gl 1,1y,
where i, =iy, ...i,, (b € By, 1, > 0)is a subword of i such that j, = --- = j, =

b. Similarly, we write 1 = 15 - - - 1,,.

Since A € My, m(A) = (P(i), P(1)) is a pair of highest weight tableaux. By
Schensted’s algorithm, we observe that the shape of P (iz) is a single row, and all the
letters in i are placed in the first row of P(i). Hence, we should have iz =m -

(amw times), equivalently, a,; = O for all b € B, \ {m} (see Fig. 1). By the same
argument, we have 1y = u - - - U (amy times), or app = 0 for all b € B, \ {u}.

Next, consider i;—. Since ag;=7 =0, all the letters in i— are greater
than m, and placed in the first two rows of P(i). This 1mp11es that i —7
~—in—7 times), and amy > a,—7,=7 (see Fig. 1). S1m11ar1y,
I—=u—1---u— 1 (a;—7;— times). Repeating the above argument, it follows
thatforO <k <u —1,

m—1---m—1 (a;= Py

—k m—k--~m—k, IF:u—k--~u—k,
B N e
D —ku—k D —ku—k

and

where Ay = a—=z for0 <k <u —1.

Step 2. Suppose thatay, # Oforsome 1 < s <mnand1 <t < v.Let/ be the maximum
column index (1 < £ < v) such that azy # 0 for some 1 < s < n. In this step, we
will show that (i) a;; =0 for s +¢ > £+ 1, and (i) a5; = ayy for2 <s+1t =
s+t <e4+1.

First, we claim that a;; = 0 for s 4+ ¢ > ¢ 4 1. Consider a,, for 1 < s < n. Sup-
pose that a,, # O for some s > 2. Then we have e;_;A # 0, since €*~V(A) =
(.., +%1e, —%¢) and there exists at least one — in the (s — 1)-signature of A.
This is a contradiction. So, we have ajy # 0 and a;y = 0 for s > 2. Next, consider
as¢—1 for 1 <s < n. Suppose that a;,—; # 0 for some s > 3. Then we also have
es_1A # 0, since e“"V(A) = (..., %11, —%e1) which is a contradiction. Sim-
ilarly, we can check that a;, = O for 1 + min{¢ —n,0} <¢t <fands > ¢ —¢t + 1.

Now, we claim that a;;, = agp for2 <s+t=s"+1¢ <€+ 1.
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Consider ay, fors +t =£ 4 1. Sincee;A = 0and ej;_;A = 0, we have ay,_; <
aje¢ and a1 > ay, respectively. Hence a>¢—; = a;,. Continuing this argument,
it follows that a; ;11 = aje for 1 <s < min{¢, n}. Indeed, we have £ < n. Other-
wise, we have a, r_,41 # 0,and e;_, A # 0. Next, consider a; for s + t = £. Since
e1A = 0 and

6(U(A) = (..., =02 JGer _@er gdi
(note that a1 = ay¢), we have ary_» < aj¢—;. Since ¢;_,A = 0 and
6(5—2)(14) = (..., =M @ @l e

(note that az¢_» = a¢_1 = ay¢), we have ay,_» > aj,_1. Hence, ay;_» = ay¢_;.
Similarly, we can checkthat a1 = ayp2 =a3p_3 = -+ =dp_11.

Applying the above argument successively, we conclude that a;; = ay for 2 <
s+t=s5 4+t <l+1.Wesetvy =aforl <k <.

Step 3. Let £ be the maximum column index (1 < £ < v) given in Step 2. We assume
that { =0if ay; =0forall 1 <s <mand 1 <t <v. We claim that a;, = 1 for
l<k<m-—wuandl <t <.

Let us use the induction on ¢. If £ = 0, then it is clear. Suppose that £ > 0.
Consider P; = P(iy . ..i7i;). We have seen in Step I that P(i . ..iy) is an (m, n)-
hook semistandard tableau whose shape is a partition (A1, ..., A,) with the k™ row
filled withm — k 4+ 1 (1 < k < u). When we insert the word i; into P (i . . . iy), all
the letters in i; are placed in the first column of P;. If az; = 0 for some 1 < k <
m — u, then there exists at least one letter in Br;|n placed in the first m rows of P;
and hence P(i). This contradicts the fact that P(i) is a highest weight tableau (recall
(H)).

For t < ¢, suppose that a, =1 for ] <k <m—wuand 1 <t <t. Put P, =
P(iz...ifi; ...1i;). Then, each k™ row of P, (1 < k < m) is filled with m — k + 1.
If we cut out the first m rows of P, then the remaining tableau consists of exactly ¢
columns. Moreover, if we read its k™ column (1 < k < 7) from top to bottom, then
the associated word is given by

kvk+'"+v’(k + DV (k4 2) 2 ( — 1+ k)Y
Since
i1 = (m— )T (=)

it is not difficult to see that for 1 <k < £ — ¢, v,y (t + k)’s are bumped out of
the ™ column and placed in the (¢ + 1)* column, when we insert the word i,
into P; (note that v, > 0 and i, is not an empty word). So, if ag,,; = 0 for some
1 <k < m — u, then at least one letter in B;ln happens to be placed in the first m
rows of P,y = P(iz...if; .. .i;41) and hence P(i), which is a contradiction. This
completes the induction.
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Step 4. Finally, we will show that (i) if af, = 0 for some £ <t < v, thenag, | =0,

and (ii) if ag; = Oforsome 1 <k <m —uand¥¢ <t < v,thenag, | = a—, = 0.

Consider aj, for £ <t < v. Suppose that aj, = 0 and a7, = 1 for some £ <
t < v. Then, we have e} A # 0 since €’(A) = (..., —) has at-good — sign, which
is a contradiction.

Next, consider a5, for £ <t < v. Suppose that a3, = 0 and a5,,, = 1 for some
t <t <v. lfag, =ag,,; =0, then ef A # 0. Otherwise, we can check that there
exists a I-good — sign in A with respect to the gl ,-crystal structure, and etA # 0.
So, in any case, we get a contradiction. Then, in a similar way, we see that there is
not (£ <t <wv)suchthatas, = 0 and aj, = 1, since e;A = 0.

Now, applying the above arguments successively to az, for 1 <k <m —u and
£ <t <v,itfollowsthatifar, =0forl <k <m —uandf <t < v,thenag, | =
az—;, = 0. This leads to

Autl =+ = A,
where A, x = letsv Gzt (1 <k <m —u). Also, wehave A, > 4,41 since
eﬂA =0.
Let (Ap+15 Amt2s - - -5 Ar) be the partition determined by (3.7), and put
)\:()‘-17~--’)‘-m’)‘-m+lv---’)‘-r)~
Notethat A, = £, where £ is the maximum column index givenin Step 2, and A,,, >
Am+1 by Step 3. So, A is a Young diagram, and A € P, N P,}, by construction.

Finally, we conclude that A = A, given in (3.8). Il

Letx ={x;|b eBy,,}and y ={yy | b € B, }. The character of M is given
by

chM = Z VA W (A) [T (1 + X 300)
= y _ ’
AeM l_[\b|:|b/|(1 — XpYp)

where b € B,,, and b’ € B,,. By Theorem 3.11, we recover the super Cauchy
identity;

(1 '
[Tjpti (1 + x030) 3 b ks (). (3.9)

oo (= 2030) o,

Remark 3.12. Let A, = {a; < --- < a,} be the set of n letters with a linear ordering.
For a partition A with length at most n, a tableau 7 obtained by filling A with the
letters in A, is called a semistandard tableau of shape A if the entries in each row
(resp. column) are weakly (resp. strictly) increasing from left to right (resp. from top
to bottom). We denote by SS7 (1) the set of all semistandard tableau of shape A with
entries in A,,. For example, B,,;0(}) (A € P,,0) may be identified with SS7T,,(1), and
B, (1) (A € Pyjn) with SST,(1'), where 1’ is the conjugate of A.
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With this notation, we can recover several variations of the original Knuth cor-
respondence from Theorem 3.11 (cf. [7]). If we put n = v =0 or m = u = 0, then
we have two kinds of Knuth correspondence, where the one is given by the column
insertion of words and the other is given by the row insertion of words. If we put
m =v =0 orn =u = 0, then we obtain the dual Knuth correspondence. Similarly,
one may also obtain other variations from the decomposition given in next section
(see Theorem 4.5).

3.4. Diagonal action on symmetric matrices
Suppose that m = u and n = v. Set
M={AecM|A= A"}, (3.10)

the set of all symmetric matrices in M. Let us consider the diagonal action of gl,,,, ®
gl,,), on . That is, fori € I,,, and A € 9, we define

e;A =eciefA =c¢eleA,

fiA=fiffA=fIfiA.
Note that P;(A) = P>(A)for A € Mi(see(3.5)). Putwt(A) = wt(P1(A)) = wt(P,(A)),

&(A) = max{k| ef?A # 0}, and ¢;(A) = max{k | fffA #0}fori € Iy, and A € M.
Then we have

Proposition 3.13. 9 is a crystal graph for gl,,,, which decomposes as follows;

M=~ P Buuh).

AEPuin
Proof: Ife;A #0orf;A #0for A eMandi € I,,, then

(e,-A)’ = (€i€;kA)t = 6?‘8,‘At =e¢Ac€ m,
&GAY = (fi ffA = fFfiA'=f,A eM.
Hence, €;, f; : 9t — 9 U {0} are well-defined operators for i € I,.
For A e Mandi € I,,, we have x; A # 0 if and only if x} A # 0 (x = e, f) since
A is symmetric. Hence, by Lemma 3.6, we have
eAF£05 Pi(e;A) #0 & e, Pi(A) #0,
fA#0s Pi(fiA) #0 & fiPi(A) #0,
for i € I,. This implies that 9 is a gl,,,,,-crystal.

Next, consider the decomposition of 1. For A € 9, A is g,,,,,-equivalent to P1(A).
So each connected component in 21 is generated by A, for some A € P, by Theorem
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3.11. Since A, € M for A € Py, the set of all the highest weight elements in 90 is
equal to My y .. O

Now, let us show that there is an interesting relation between the diagonal entries
of a matrix in 97 and the shape of the corresponding tableau (cf. [17]), and hence
obtain a family of subcrystals of 2, which also have nice decompositions. For A =
(@pp)b,p'eB,,, € M, let

o(A)=[{beB}, lam =1 (mod 2)}|+ Y  au,. (3.11)
beB

min

Proposition 3.14. Let ;. = {A € 9| 0(A) = k} fork > 0. Then My is a subcrystal
of M, and decomposes as follows;

M =~ P B,
AEPmin
o(\M)=k

where o(A) is the number of odd parts in A.

Proof: Fix k > 0. First, we will check that 901 together with 0 is stable under e;, f;
(i € Lyn), which implies that 9 is a subcrystal of 1.

Given A = (apy) € My and i € I,),, suppose that f;A # 0. We assume that the
diagonal entries of A are changed under f;, equivalently under f; or f;*. Otherwise, it
is clear that f; A € 901;.. For convenience, we write

Ali] = (abb apy ) ’
ayp  Aply
where b < b’ are the indices such that (h;, €;), (h;, €y) # 0.

Case 1.i =k, (1 <k <m — 1). Consider

a7 AT a b
A[i] — k+1k+1 k+1k — )
a;m arr b ¢

Suppose that (f;A)[i] = (z;{ b). This implies that with respect to f;, we have
eDA) = (..., =P, 49, =, 4P ..), wherea > cand the i-good + sign of A appears
in +“ of €P(A). Note that e V(f;A) = (..., =, +¢71, —¢ 4b+1 ) with respect to
I
If a = ¢ (mod 2), then we still have a — 1 > ¢, and the i-good + sign of f; A with
respect to f;* appears in +%!, and we have

£ AMil =  F* £ AT — a—2 b+1
&A= (ff fidlil = bil e )
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If a # ¢ (mod 2), then we have

= a2 P a—1 b
&A= fidli] = bl . or b oex1)

In any case, we have o(f;A) = k and f; A € 9.
Next, suppose that (f;A)[i]= (% f; {). Then we must have
&A1= (% 23D, and o(f;A) = k.

Case2.i =k,(1 <k <n —1). Consider

a a a b
Ali] = kk kktl ) '
A1k Akr1k+1 b ¢
Suppose that a > 0 and (f;A)[i] = (?,jr{ lc’). Then with respect to f;, we have
eD(A) = (..., +9, =, 4P, — ..)), where the i-good + sign of A appears in 4.

Since €V(f;A) = (..., +71, =b, 40+ —c ) with respect to f*, the i-good +
sign of f; A appears in +°*!, and we have

EA = rap= (T P
&AL = (7 fidli] = b cxtl]

which implies that o(f; A) = k.

Next, suppose that b > 0 and (f; A)[i] = (¢ [ZJF ). But, this can’t happen since
€D(A) = (..., 49, =, b —¢ . ) withrespect to f;, and the pair (—”, 4+”) cancels
out.

Case 3.1 = 0. Consider

ajy  ap, a b
A[0] = = .
a7 api b ¢
Then we have

fAO—*AO—a_2b+1 a—1 b
(foA)[0] = (fy foA)I0] = b1 . or b cxtl)

(it can’t happen that (fyA)[0] = (, lc’; % ). In any case, we have o(f; A) = k.
Similarly, we can check that e; 9t C 9 U {0} for i € 1,,),. Therefore, My is a
crystal graph for gl,,,,.

Next, we observe that for A = (At k=1 € P,
o(A) = (i1 <i<m, disodd} |+ vas,

k>0
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(see (3.8)). Since v; is the number of occurrences of i in (A, 41, Apt2, - . .) (see (3.7)),
it follows that 0(A;) is the number of odd parts in A, say o(A), and hence A; € My, if
and only if o(X) = k. O

Corollary 3.15. Under the above hypothesis, we have I = @kzo My, and in par-
ticular,

My~ P B
AEPmin
A:even

Proof: It follows from the fact that 0(A;) = 0 if and only if A is even (that is, each
part of A is even). g

Remark 3.16.

(1) A special case of Proposition 3.14 was first observed in [17]. Let us give a brief
explanation. Putm = 0in Proposition 3.14. We identify By, with 4, (see Remark
3.12), and Bgj,, (A) with SS7,(1'). Hence, the set of all n x n symmetric matrices
of non-negative integers with tr(A) = k, is in one-to-one correspondence with
Ua()v)=k SS87T,()) (Theorem 4 [17]) where the union is given over all partitions
with the number of odd columns k.

(2) If we consider the characters of the decompositions in Proposition 3.13 and Corol-
lary 3.15, then we obtain the following identities (cf. [18, 19]);

<, A (1 + xpxp)
|| P = Y hs(x),
l_[(l — Xp) l_[b<b’, \b|=|b’|(1 — XpXp') AEPuin
and
o A (1 + xpxp)
[, hz,lb\aé\h\ = Z hs;.(x),
om0 (1= XD T, i (1 = 200) 5557,
A :even

where b, b’ € B,,|,,.

4. Dual construction

In this section, we discuss a bicrystal graph associated to the super exterior algebra
A(C™" @ C#V), and its explicit decomposition.

Suppose that m, n, u, v are non-negative integers such thatm +n, u + v > 0. We
set

i
Mm|n,u\v = {A = (abb/)bEBm\n,b’GBu‘l,|

(D) apy € Zo, (Dapy < 1if |b] = |P'[}. (4.1
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For convenience, we write M¥ = \7 W

As in the case of M, we identify a matrix in M* with a biword given by reading
the row and column indices of non-zero entries of the matrix with respect to a linear
ordering. First, we let

Qf

m|n,ulv

= Q" ={(,j) € Wi X W |
()i=ij...i, and j= jj...j, for some r > 0,
) G, jo) = =2 ),
(3) licl = 1ji| implies (ix, ji) # (i1, jex1) }, (4.2)

where for (i, j) and (k, [) € By, X< By, the linear ordering < is given by

(<D or,
=<k < (j=le B;*lv, andi < k) or, 4.3)
(J =leB;|v, and i > k)

We define ¢;, f; : QF — QP U{0} (i € Ly,) by
ei(i’j) = (eiiui)v ﬁ(ivj) = (flivj),

for (i, j) € Q7. Set wi(i, j) = wi(i), &:(i, j) = & () and ¢; (i, j) = ¢:(i) (i € L}). Then
it is easy to see that Q is a crystal graph for gl,,|, (cf. Lemma 3.1).

For (i, ) € anln,ulv’ we define A(i, j) = (apy) to be a matrix in M, where ay is
the number of k’s such that (i, jx) = (b, b’) forb € B,,, and b’ € B,),,. Then, the map
(i, j) — A, j) is a bijection between Q?nm,uw and M?. Hence, M" is a crystal graph
for 9[m|n with this identification.

Next, we introduce (annln,ulv)* to define a gl,,-crystal structure on M”. Recall that
in Section 3, a biword in * was obtained by reading the row and column indices
of the non-zero entries in the transpose of a given matrix with respect to the same
lexicographic ordering used in 2. But in the case of M*, we need another linear

ordering. That is, we set

(Sﬁzrj:iﬂn,z,tlvyk = (Qﬁ)* ={k,1 e Wm\n X Wulv |
(ODk=%k ...k, and 1 =1, ...l for some r > 0,
Q) ki, L) =" 2k 1),

(3) |kel = [I;| implies (k;, [;) # (kix1, Li+1) } 4.4
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where for (i, j) and (k, 1) € B, x By,, the linear ordering <’ is given by

(i > k) or,
i, )< kD < (i=keB andj <) or, 4.5)

ulv?

(i=keB,, andj > I).

ulv’

Clearly, we have a bijection (k, 1) — A(Kk, 1) from (2%)* to M.
Similarly, we define e}f, fj?* QN = (QH*U{0)(j e L) by

gk =(ke), [fik 1=k, fil),

for (k, 1) € (QH*. Set wt*(k, 1) = wt(1), ejf(k, 1) =¢;(1) and ga;‘(k, D=¢pM) (e
I,,). Then (2%)* is a crystal graph for gl,, (cf. Lemma 3.1), and hence so is M-,

Example 4.1. Suppose thatm |n =u|v =2|2 and

1 ]0 0
00 |2
A= e M*
01 1]1 0
200 0

Then A = A(, j) = Ak, 1) for (i, j) € Q% and (k, 1) € (Q%)*, where

For A € M®, we have A = A(i, j) = A(k, 1) for unique (i, j) € Q* and (k, 1) €
(Q%*. Then we define

74(A) = (P{(A), P{(A)) = (P(), P(1)). (4.6)

By definition, we have A >~g; Plﬁ(A), and A >~g; qu(A).

Now, we have following analogue of Lemma 3.4 and Proposition 3.7;

Proposition 4.2. M* is a (8l > 8Lp)-bicrystal, and for each connected component
C in M*, * gives the following isomorphism of (glyn» 8l,p)-bicrystals;

n°:C— Bmln()‘-) X Bu\u(ﬂ)

for some ) € Py, and € Pyy.
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Proof: For A € MF, let A” be the matrix given as a clock-wise rotation of A by 90°
(see Fig. 2). The map A +— A’ gives a one-to-one correspondence from an‘n,u‘v to
M, v, njm- Moreover, we have

(cfA)Y = fFAP, (feAY =efAP, (1<k <m—1),
(@AY = fFAP, (fid)" = et A?, (I<l<n-—1),
(QAY = fFAP, (foAY = ¢jA”,

and (x;‘A)” = x;A’ for j € I,, and x = e, f. For example, let us consider (efA)’ =
fi AP If A = (apy) and efA # 0, then ezA = A — Eg,, + Eg7g, forsome b’ € B,
where Epy (b € By, b’ € By,) denotes the elementary matrix corresponding to the
(b, b')-position. This implies that the k-good—sign of A occurs at az,,. On the other
hand, in A”, ag, is located at (b’, k)-position, and it gives the k-good + sign of A”
with respect to f;* (see Section 2.2). Hence, we have

fiA? = AP — Eyi + Epip1 = (A — Ezy + Egzyy)” = (A

Other cases can be checked similarly.

By Lemma 3.4, ¢;, fi (i € I,,j,) commute with &%, £ (j € L,,) on ME. Hence, M*
is a (gl 91, )-bicrystal.

Applying the same arguments in Lemma 3.5, 3.6 and Proposition 3.7, we conclude
that each connected component of MF is isomorphic to B,,,(1) x By, (1) for some
S 'Pm‘,, and J7S Pu|v~ O

Example 4.3. Let A be the matrix given in Example 4.1. Then we have

L 222
2 21127111
A =11 ;1
1 2 1
2
0 3|1 0
011002p 2 0(0 1
10021070101
3 0 1|1 0 1 0 1(2 0
0 2 0 0 0 0 0j1 O
0 1]0 2

Fig. 2 A clock-wise rotation of A by 90°
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Mlti‘wA ={Ae M* |7Tt(A) = (Hrihlln’ Htﬁu) for some (A, ) € Ppjp X Py}, (4.7)

which is the set of all the highest weight elements in M¥.

Suppose that A = (A)g=1 € Puja N Py is given, and let " = (A} )k>1 be the con-
jugate of A. We put £ = A,, ;. We define Ai = (agb,) € MF as follows;

Case 1. 0 < u.

(1) forO0<k <m,0<l <u,

a

m—k u—I

. :Il, if At > 1+ 1,

0, otherwise.

2) forO<k<m,1<t=<v,

. {M,, ifk+1=rt,

0, otherwise,

where u, = max (A, — u, 0) forr > 1.
3B) forl <s<n0<! <u,

. v, ifl<s+1<e,
a — =
su= 0, otherwise,
where vy, ..., v are given in (3.7).

@) forlgsfn,lgtfv,af,zo.

Note that Ai is of the following form;

1 1 1l w
1 1 1 J7%s
"3
1 1 1
g
A = 1 1 1 4.8)
])1 ])2 e ve
V2 V3
Vg

Case 2. u < £ < n. In this case, we can check that A,, > u and v > m.
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(1) for0<k <m,0<![ < u,

f _
G = L

2) forO<k<m,1 <t <wv,
] W, ifk4+1=t,
G = ,
0, otherwise,

where u, = A, —uforl <t < m.
(3) forl <s<n,0<I[<u,

# Vs ifl<s+1<¢,
a — =
su=l 0, otherwise,
where vy, ..., v, are given in (3.7).

@) forl<s<f,m<t<ov,

S 1, ift>mandr <A,
g 0, otherwise.
Then Ai is of the following form;
1 L\
1 1 Hom
Vi e Yy 1... ... 1 (A, —m times)
Al = (4.9)
Veu 0 Vi_q 1--- 1 (Ap, —m times)
Ve—u+1 == Vg
Vg

Note that A/ ., —m = v, +---+ v forl <k <{—u.
In both cases, we can check by Schensted’s algorithm that

7t (A}) = (H},. HY

min>’ u\u)‘
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Example 4.4. Suppose that m |n =3|2 and u|v=4|3. Let A =(7,6,2,2,1,1).
Then

1 1 1 1 300
1 1 1 1 0 2 0
AA=l1 100 ] 00 0f,
21 00 0 0 O
1 0 00 0 00
and
4 4 4 4 4 4
33333333333
222222 33
gAﬁzll - T
(A7) | 2 .11
1 1 2
1 1 2
1

Now, we can characterize all the highest weight elements in MF.
Theorem 4.5 (cf. [6]). We have
M;, = {Af 1% € P 0 Pu).
and hence the following isomorphism of (gl,,,, gl,,,)-bicrystals;

Tt M — @ B (M) X Byjy(1).
AEPminPoju

Proof: Since the proof is similar to that of Theorem 3.11, let us give a brief sketch
of it, and leave the details to the reader.

Suppose that A = (apy) € M}j].w. is given, and A = A(i, j) = Ak, 1) for (i, j) €
QF, (k, 1) € (Q%)*. We claim that A = Ai for some A € Py N Pyju (see (4.8) and
(4.9)). As in Theorem 3.11, we will also use the notations i = izi,—7 - - -i,—1, and
1 =1, 15, which are defined in a similar way. As in Theorem 3.11, we will divide
A into several submatrices and prove that each submatrix is of the form given in (4.8)
or (4.9).

Step 1. First, we can check that if az =0 for all 1 <s <n and 1 <k < u, then
apy =0 forall b € B, and b' € B, (recall (H) in the proof of Theorem 3.11).
Suppose that a .z # 0 for some 1 <s <n and 1 < k < u. Let £ be the maximum
row index (1 < £ < n) satisfying this condition. Put s) = max{¢ — u, 0} 4+ 1. Since
P, ...1;) satisfies (H) and e, A = e%A =0forso <s<f—1landl1 <k <u-—
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1, it follows that the submatrix (@ )sy<s<n,b'eB
(4.9) for some v, (5o < s < {).

Step 2. If we consider P(iz . ..i7), then by (H) and efA = e;A =0(1<k=<m-—1,
1 <1 <u — 1), we see that the submatrix (abb’)ber;w, beB}, is of the form given in
(4.8) or (4.9) (cf. Step 3 and Step 4 in Theorem 3.11).

Step 3. If £ < u, then we can check that the submatrix (ab,)heB;‘nJgSv is of the form
given in (4.8) for some u, (1 <t <v), since P(iz...ii;...1;) (1 <t <v) and
P, ...Li...ip) (1 <k < m)satisty (H), and and eij =0forl <j<v-1

is of the form given in (4.8) or

ulv

Hence, if £ < u, then we conclude that A = Ai for some A € Py, N Py, such that
Ama1 < u (see (4.8)). From now on, we assume that £ > u.

Step 3. Similar to Step 3, we can check that (i) the submatrix (abt)beB;‘mlg,Sv is
of the form given in (4.9) for some u, (1 <t <m), and (ii) a5, =0 (1 < s < 0,
1 <t < m),since the firstm rows of P(iz .. .i7i; .. .1,) (1 < ¢t < m), which satisfies
(H), forms a highest weight tableau and e;fA =0forl<j<v-1

Step 4. By similar argument as Step 4 in Theorem 3.11, we can check that if a;, = 0
forl <s<f—uandm <t < v,thenas;y; = as+1, =0.

Step 5. If we consider P(1, ...1,,), then by (H) v, isno less than ), _,_, a¢—,, (the

number of 1’s in a;_,, form < t < v). On the other hand, ¢,_,A = O_irnplies that
v < qusv ag—y,, and hence they are equal. Next, since e;—, A = 0 and e]iA =0,
we have a,_,7 =a,_, 5, and similarly a,_,z =a,_, ;77 for 1 <k <u—1
Continuing this argument, we conclude that a;; =3, ., Gs—1r — Y, _;<y s:
for2<s<¢—u+l,andaz=a, jrforl <s<f—wuandl <k=<u-1
Ifweputv, =agforl <s<€—u,then) , _ _, ady =Vyys+ --+voforl <
s < £ — u, and the submatrix (@sp )1 <s<¢—u b’ B, 15 of the form givenin (4.9). Finally,
we can check that w,, > £ — u since e;,A = 0.
Therefore, we conclude that A = Ai for some A € Py, NPy, such that A, > u
(see (4.9)). This completes the proof. Il
In terms of characters, we also recover the dual Cauchy identity of hook Schur
functions;

l_[\h|;é|b’|(1 = XpYv) AEP i Po

(1 /
[Tipizp (1 + xb35) 3 hs@hse(), (4.10)

where b € B, and b’ € By,.

5. Semi-infinite construction

Let g be a contragredient Lie superalgebra of infinite rank whose associated Dynkin
diagram is given by

m—1 T 0 1 n—1

(see [11]). Then forall m, n > 1, there is a natural embedding of g[m‘n into g. Note that
gis not equal to gl in the sense of [12], but a proper subalgebra of it. In this section,
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we study crystal graphs for g which are generated by highest weight elements. Since
a tensor power of the g-crystal associated to the natural representation does not have a
highest weight element, we introduce a g-crystal 7 consisting of semi-infinite words,
which is analogous to the crystal graph for gl associated to a level one fermionic
Fock space representation (cf. [10]). We will show that each connected component of
a tensor power of =7 can be realized as the set of semi-infinite semistandard tableaux,
which is generated by a highest weight vector. Then by using the methods developed
in the previous sections, we give an explicit decomposition of <7 ®* (u > 2) as a
(g, gl,)-bicrystal.

5.1. Crystal graphs of semi-infinite words

‘We may naturally define a crystal graph for g by taking m and n to infinity in Definition
2.1. Set

B={  -<m<---<l<l<---<n<---},

and B (resp. B™) denotes the set of elements with degree 0 (resp. 1) in B. The index
set is given by

Then the simple root «; and the simple coroot 4; (i € I) are defined in the same way.
But, instead of €D,y Zep,, we use

P=7A® @Zeb
beB

as the weight lattice of g, where A = Ay € (@[e ; Zh;)* is the fundamental weight
such that (h;, A) = §y; for i € I. Note that B is the crystal graph for g associated to
the natural representation of g.

Now, we define <7 to be the set of semi-infinite words w = - - - wyw,ow; with letters
in B such that

(1) wiy < w; fori > 1,
(2) wiy1 = w; implies |w;| =1,
(3) there exists ¢ € Z such that w; =i +c forall i > 1.

We call ¢ in (3) the charge of w. For example, the charge of w = --- 654312344 ¢
7 is —3. For each i € I, we define the Kashiwara operators

e, fi + F—> 7 U {0}

as in the case of W,, (see Section 2.2). They are well-defined since for w =
- wswrw) €EcZand i € 1,

D) = (-, eV (ws), €”(wn), €?(wy))
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has only finitely many +’s (we read the signs from left to right). For w €<% we define

wt(w) = A + theb e P,
beB

where m;, = |{k|wx =b (k > 1) }| — 8jp0 for b € B. Since m; = 0 for almost all
b € B, wt(w) is well-defined. For w e=7 and i € I, we set

gi(w) =max{k|efw £0}, ¢(w)=max{k|ffw#0}.

Forc € Z, let
H¢ = c+3c+2c+1, if ¢ > 0,
=...3211---1, ifc <0.
——

Note that wt(H%) = A.

Proposition 5.1. <7 is a crystal graph for g, and

T = @ B(c),

ceL

where B(c) is the connected component of H¢ (c € Z). Moreover, HC is the highest
weight element in o7, that is, Wwt(H¢) > wt(w) for w € B(c).

Proof: The conditions (b), (c) and (d) in Definition 2.1 are satisfied directly. So, it
suffices to check that (a) holds. Given w = - - - w3w,w; € o7 of charge candi € I,
choose a sufficiently large M > 0 such that

(i) wy=c+kforalk> M,
i) (h;, wt(w>M)) =0, where w”™ = .. Wy oWyt €A

Put w=M = wpywy_; - - wy. Then we may view w=" as an element in W,,,, where
m =M +c and n > 0. Also, we have &;(w) = &;(w="), ¢;(w) = ¢;(w=M), and
(h;, wt(w=M)) = (h;, wt(w)). This implies the condition (a).

Since w=M is gl ,-equivalent to a semistandard tableau P(w=M) of a single

column in B, ((1M)), w=M is connected to the highest weight element Hﬁ‘:). If

Pw="y = f, --- fi,.H,(nl|f) for some r > 0 and iy € I, (1 <k <r), then we have

w = fi ... fi, H . In particular, we have wt(w) = wt(H) — Y, _, o, < Wt(H). O

Let x ={x,|b e B}. For u € P, we define x* =[],z x,”, where pu =kA +
ZbeB mp€p (k € Z). Then the character of &7 is given by
l 71
oo 3 g Tl (157 -
weF nb/eB*(l - xb’)
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5.2. Semi-infinite semistandard tableaux for g

Let us describe a crystal graph for g occurring as a connected component in <7

(u > 1). Let

Zy ={r=0G,....;h) €L | M = Ay = -+ = Ny }
be the set of all generalized partitions of length u. For each A = (A1, ..., X,) € Z,
we call a u-tuple of semi-infinite words w = (w®, ..., w®) € <7®" a semistandard

tableau of charge A if

1) wd=... w;i)wg)wii) €7, where the charge of w® is A; for 1 <i < u,
2) w,({” > w,(:dl’) forl <i <uandk > 1, whered; = A; — Aiy1,

3) wy’ = wy implies jw’| = 0.

We denote by B(1) the set of all semistandard tableaux of charge A. In fact, each
w € B(A) determines a unique semi-infinite tableau with infinitely many rows and u
columns, where each row of w reads (from left to right) as follows;

() ©) @ .M
Wit dy+etd, s " Whrdi+dy Whta, Wi

for k € Z (we assume that w,(f) is empty for k < 0).

Example 5.2. Let A = (3,1, =2, =2), and let w = (", w®, w®, w®) be given by

w® w® @ O

— = =] ] W R
W N = ] W B ] QN e
= N W W N e
—| | O\ .-

Then w is a semistandard tableau of charge A.

For » € Z4 and w= (w), ..., w"™) € B(}) , we may view w=w" ® - ®
w® e
7 ®_and consider B()) as a subset of <7 ®*,

Proposition 5.3. For A € 7", B()X) together with 0 is stable under e; and f; (i € I).
Hence, B()) is a crystal graph for g. Furthermore, B(A) is a connected I-colored
oriented graph with a unique highest weight element H*.
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Proof: To show that B(}) is a crystal graph for g, itis enough to check thate; w, fiw €
B() U {0} forw € B(A)andi € I.

Suppose that w € B(A) is given. Choose sufficiently large m, n > 0. Then, for each
1 <i <u, we have

wh = mi3mi2m 1 uw® = H"w®,

for some wf,f) € Win- Set w,, = wi]) e wi") € Wa- Then, w is gl,, ,-equivalent to
w,.. Note that P(w,), the P-tableau of w,, is nothing but the (1, n)-hook semistandard
tableau which is obtained from w by removing the entries smaller than 72. So, we have
e;w, fiwe B(A)U {0} fori e I, C I.

Now, consider H* = (w®, ..., w™) € B(A), where for | <i < u,

w? = H", if A; > 0,
=H'u—i+1)--u—i+1), ifr <O.

2]

Since P(w,) is connected to the highest weight element, it follows that w is connected
to H*. Also, for w € B(1), we have wt(w) = > ;_, wt(w”) and wt(w) < wt(H").
Hence, B(}) is connected with the unique highest weight element H*. 0

Lemma 5.4. For u > 1, each connected component of <7 ®" is isomorphic to B(})
for some ) € 7.

Proof: Suppose that w = wV ® --- @ w™ € <7 ® is given. Choose sufficiently
large m, n > 0. Then, for each 1 < i < u, we have w® = H™w!", for some w!’ €
Winin.

Set w, = wil) . wi“) € Wijn. Then w s g[m‘n—equivalent to w,, and
P(w,) € B,,,(A) for some A = (A)k=1 € Ppjn. We see that Ay < u from Schensted’s
algorithm. A

Forl <i <u,let wé’) be the word obtained by reading the (« — i + D-column
of P(w,) from top to bottom (note that the columns in A are enumerated from left
to right, but the words wgl) (1 <i < u) are obtained from right to left). Set W =
PV ® - @™ e 7% where " = H"w{ . Then W is gl,,,-equivalent to w.
Also, W is uniquely determined independent of all sufficiently large m, n, and hence
it is g-equivalent to w. _

Let 1; be the charge of w® (1 < i < u). Since the length of wé’) is less than or equal

to that of wéi“), we have u; > ;41 for1 <i < u — 1, and hence W is a semistandard

tableau of charge u, where u = (u1, ..., wy) € Z4. g

By Lemma 2.9, we can also check the following lemma, which implies that each
w €7 ® is g-equivalent to a unique semi-infinite semistandard tableau.

Lemma 5.5. Let w and W' be two semi-infinite semistandard tableaux. If w >~y W',
then w = w'. O
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5.3. Rational semistandard tableaux for g,

Let us recall the crystal graphs of rational representations of gl,, for u > 2. By
convention, we write gl, = gl, 0, B, = By, 1, = Iy, P, = Pyjo and so on.

Let B = { —1 < =2 < --- < —u} be the dual crystal graph of B, whose associ-
ated graph is given by

where wt(—k) = —wt(k) = —e for 1 < k < u (cf. [16]).

Given A = (A, ..., A,) € Z% ,wemay identify A with a generalized Young diagram
in the following way. First, we fix a vertical line. Then for each A, we place |1;| nodes
(or boxes) in the k™ row in a left-justified (resp. right-justified) way with respect to
the vertical line if A > O (resp. A < 0). For example,

A=(@3,2,0,—-1,-2) «—

-2 —-1]1 2 3

We enumerate the columns of a diagram as in the above figure.

Definition 5.6 (cf. [20]). Let T be a tableau obtained by filling a generalized Young
diagram A of length u with the entries in B, UB. We call T a rational semistandard
of shape M if

(1) the entries in the columns indexed by positive (resp. negative) numbers belong to
B, (resp. B)),

(2) the entries in each row (resp. column) are weakly (resp. strictly) increasing from
left to right (resp. from top to bottom),

(3) if by < -+ < by (resp. —b) < --+ < —b)) are the entries in the 1°* (resp. —1%)
column (s + ¢t < u), then

bl/'/fbiv
for 1 <i <s,where {b] <--- <b]_,} =B,\{b],..., 0}

We denote by B, (A) the set of all rational semistandard tableaux of shape A.
@ Springer
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Example 5.7. For A = (3,2,0, —1, —2), we have

1

[NSTRE |
N W
[NSTE |
N W

€ Bs(1), but ¢ Bs()).

-7 _

NS
|

)
|

)

Let us explain the relation between the crystal graphs of rational representations and
polynomial representations. Let T be arational semistandard tableauin B, ((—1)") (0 <
t < u) with the entries —b; < --- < —b,. We define o (T') be the tableau in B, (1*~")
with the entries b] < --- < b|_,, where {b] < --- < b,,_,} =B, \{b) <--- < b }. If
t = u, then we define o (7T') to be the empty word.

Generally, for A € Z and T € B, (A), we define o(T) to be the tableau obtained
by applying o to the —1%' column of T'. For example, when u = 5, we have

1 1

[NSTRE |
N W
N W w|
NSRS
o W

5 -3 3

Now, we embed B, (%) into (B, @ B;)®" (N = Y, |A«]) by column reading of
tableaux (cf. Section 2.2), and apply e;, f; to B,(X) (i € I,,). Then

Lemma 5.8. For A = (A1, ..., A,) € Z%, B,(X) is a crystal graph for gl,, and the
map

o :B,(M) U {0} — B,(A + (1) U {0},

(0(0) = 0) is a bijection which commutes with e;, f; for i € I,, where wt(o(T)) =
wi(T)+ (eg + - - - +€7) for T € B,(A).

Proof: By Definition 5.6, it is straightforward to check that o(T") € B, (A + (1")),
where we define p + v = (ux + vk )ik>1 for two generalized partitions © = (g )k>1
and v = (v)>1 in Z¢. It follows immediately that o is a bijection and wt(o (T)) =
wi(T) 4+ (eg + -+ +ep) for T € B,(A).

So, it remains to show that B, (1) is a crystal graph for gl,, and o commutes with
the Kashiwara operators.

The claim follows easily when A; > Oforall 1 < i < n.Next, consider A = ((—1)")
for some 0 < ¢ < u. Then itis also straightforward to check that our claim holds. Now,
for a general A € Z", any tableau T in B, (1) can be viewed as a tensor product of
its columns when we apply e;, f;. By definition of tensor product of crystal graphs
(Definition 2.3) and the argument in the case of A = ((—1)"), wehave o (x; T) = x;0(T)
forx = e, fandi € I,. Sowehavex;0(T) € B,(A + (1"))ifandonly if x; T € B, (}).
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So, our claim follows by induction on the number of columns indexed by negative
numbers. 0

Note that for A € Z!, there exists a unique highest weight element Hlj\ inB,(1). In
fact, H* = o ~*(H}**") for all k > 0 such that A + (k") is an ordinary partition.

Lety = {y, | b € B, } be the set of variables indexed by B,,. For u = ZbeBu Up€p €
P,, we set y* = ]_[beBu y,’f *. For A € 7, the character of B, (1) is given by a rational
Schur function corresponding to A;

sm= Y, ».

T€B, (%)
By Lemma 5.8, we have s,+14(y) = vz - - - ypsa(y)-
5.4. Decomposition of <7®

Now, let us decompose <7 ®* for u > 2. We start with another description of <7®“ in
terms of matrices of non-negative integers. Set

of" = {A = (apy )peB.b'eB, |
(1) apy € Zy, (5.2)
@) apy < 1if |b] =0,
(B)apy = 1 forallb « 1, and apy = 0 forall b >> 1 }.
Forw=uwl® - - @w® e 7% set A(W)=(a,5) € o#", where a, is the
number of occurrences of b in w* %+ (1 < k < u). Then the map w — A(w) is a

bijection from 7 ® to /", where each w® corresponds to the i™-column of A(w)
forl <i <u.

Example 5.9.
S 111
55 5 11 0
4 4 3 01 1
T 5w = <~ A(w) = € ot
w 2®3®1 (W) 00 0
) 0 0 3
) 2 00
01 0
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Let us define the crystal graph structures on o#*, which are naturally induced from
those on anm ul0 in Section 4. For m, n > 0, we define

Resy 1 ott" —> M

m|n,u|0°
by ResyjnA = (apy )peB,,,.o'eB, Tor A = (apy) € ™.

For A € o#* and i € I, we define ¢;A and f;A to be the unique elements in
o™ U {0} satisfying

Resmln(eiA) =€ (ResmlnA)a Resm\n(fiA) = ﬁ'(RCSmmA),
for all sufficiently large m, n > 0, where we assume that Res,,,0 = 0. We set

Wt(A) = uA + Zm,,e,,,
beB
gi(A) =max{k|efA#0}, ¢(A)=max{k|ffA#0},

for A € o#" and i € I, where m;, = Zb,eB“ (apy — djpjo). Then it is not difficult to
check the following lemma;

Lemma 5.10. o#" is a crystal graph for g, and the map w +— A(W) is an isomorphism
of g-crystals from <7®" to o/(*. Inparticular, for A € o/, A is g-equivalent to a unique
semistandard tableau in B() for some ) € Z1,. Il

Next, let us define a gl,-crystal structure on o#"“. Since o#* can be identified
with &7 ®*  this induces a gl,-crystal structure on <7 ®“. For A € o#" and j € I, we
define €7 A and f;A to be the unique elements in o/ U {0} satisfying

Resm\n (ejA) = e}k'(Resm\nA)’ Resmln (f,*A) = f;k(Resm\nA)’
for all sufficiently large m, n > 0. We set

wt'(A) = Z mpyep,

beB,
k k
sj(A) = max{k| (ejf) A £ 0}, <p;-‘(A) = max{k | (ff) A # 0},
for A € ocn andj S ]u» where mp = Zh,eB(ab/b — 5‘17/‘()). Then

Lemma 5.11. o#" is a crystal graph for gl, with respect to €7, f7 (j € 1.), and each
A € o/ is gl,-equivalent to a unique rational semistandard tableau.

Proof: It is clear that o#" is a crystal graph for gl,. For A € o#*, choose suffi-
ciently large m, n. As an element in a gl,-crystal, consider a semistandard tableau
T = qu(ResmmA) (see (4.6)). We observe that wt(T) = wt*(A) + k(eg + -+ - + €7)
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for some k > 0. Then, by Lemma 5.8, the rational semistandard tableau oK),
say S, is gl,-equivalent to A. Note that S is independent of m and n since wt*(A) is fixed.
0

Suppose that A €o#" is given. By Lemma 5.10, there exists a unique semistandard
tableau win B(A) for some A € Z* , which s g-equivalentto A, and we set 2(A) = w.
Also, by Lemma 5.11, there exists a unique rational semistandard tableau 7', which is
gl,-equivalent to A, and we set 75(A) = T. Now, we define

w(A) = (P (A), PA(A)). (5.3)
Proposition 5.12. " is a (g, gl,,)-bicrystal, and for each connected component ¢
in o", w gives the following isomorphism of (g, gl,)-bicrystals;

o ¢—> B(L) x B, (),
for some &, u € 7.
Proof: It follows from Proposition 4.2. g

Example 5.13. Let A be given in Example 5.9. Then

[NSTRY, TR

5 5 5 55
i 7 3 4%
A 20302~ 33 = 5(4)eBG.-1,-2),
2 3 1 22
2 1 12
1 13
1

On the other hand, consider Res43A. Then

- = —_—_ 3 2 3
Resypd =g, 2@3301110 -0 - ®
333321
:g[l, j i T T T = Pzn(RCS4‘3A).
1
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Since wt(A) = —e5 + €7, we have
21
P(A) = 074(P§(RCS4|3A)) = 1 €Bs3(2,1,-3).
-1-2-2
Now, we let
oty ={Alw(A) = (H", H}') forsome A, u € Z } (5.4)

be the set of all the highest weight elements in o#*. Then o#" is the direct sum of the
connected components of the elements in o#} ., as a (g, gl,)-bicrystal. For A € Z,
let u; (1 <i < u) be the number of occurrences of i in H*. Put v; = p; — u;4; for
1 <i < u where u,+; = 0. Then we define o4 = (app) € o™ by

(1) fork>1,0<! < u,

1, if there exists k in the { + D™-column of H*,
0, otherwise.

) fork>1,0<! < u,

Vi, i1 <k+1<u,
Apu—i = .
“ 0, otherwise,

(cf. (4.8)). Then, we can check that @ (<) = (H*, H""), where

A= (=i ooy —A1) € ZY.

Theorem 5.14. We have
oMy . =) | M € ZEL},
and the following isomorphism of (g, gl,)-bicrystals;
@ : o' — P BG) x B,(LY).

AEZY

Proof: Let A be a highest weight element in o#*. Then, Res,,, A is a highest weight

element in an\n,u\o for all sufficiently large m, n > 0. By Theorem 4.5, it follows that
A = o/, for some A € ZY. Il
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The character of o#" is given by

—1,—1

u _ Wt(A) . wt*(A) _ nheB+ ]_[h’eBu (1 TX, Yy )

cho#" = Z X y = .
AcH [Toen- [pen, (1 — x500)

By Theorem 5.14, we obtain the following identity;

[Tyens [ 1y 14 x, byt
IE[EB - IEIEB“ ((1 ~ b,>) = D chB(M)s (), (>
beB- 1 lpeB, bYb Azl

where chB(A) = ), g, ™™ is the character of B(%), and s,.(y) is the rational
Schur function corresponding to A*.

From the classical Cauchy identities of Schur functions (cf. [18]), it follows that
the left hand side of (5.5) is equal to

D 50 s (1) s su(xo),

Ww,veP

where P is the set of all partitions, y ' = {y,' |b € B, },x;' = {x,'|b € BT },and
x_ ={xp|b € B~ }.Note that 5,(y ') = 5,+(y) and

S Msu) =Y Nisi(),

AEZl

for some N /iv € Zso. Then the left hand side of (5.5) can be written as

> ( D NE s () su(x ))S/\(y)

reZY N p,veP

From a linear independence of {s,(y)|v € Z" } (see Lemma 3.1 [3]), we obtain the
following character formula of B(1) by comparing with the right hand side of (5.5);

Corollary 5.15 (cf. [3, 13]). For A € Z", we have

chB(\) = Z N s (2" )su(x0).
nw,veP

0
Remark 5.16. Using Howe duality [9], there have been many works on the multiplicity
free decomposition of Fock space representations with respect to an action of a pair
of Lie (super)algebras, usually called a dual pair (for example see [8] for the dual
pairs of affine Kac-Moody algebras, [13] for the dual pair (gl gl,), and [5] for the
dual pair (g [OO‘OO, gl,)). We may view Theorem 5.14 as a crystal version of the Howe
duality of (g, gl,), and also expect similar combinatorial analogues for other dual pairs
acting on Fock space representations.
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