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Abstract The n-point correlation functions introduced by Bloch and Okounkov have
already found several geometric connections and algebraic generalizations. In this
note we formulate a g,¢f-deformation of this n-point function. The key operator used
in our formulation arises from the theory of Macdonald polynomials and affords a
vertex operator interpretation. We obtain closed formulas for the n-point functions
when n = 1, 2 in terms of the basic hypergeometric functions. We further generalize
the g,¢-deformed n-point function to more general vertex operators.

Keywords Correlation functions - Macdonald polynomials - Vertex operators -
Hypergeometric series

1. Introduction

In [1] Bloch and Okounkov formulated an n-point correlation function on a Fock space
and established a remarkable closed formula in terms of theta functions (also cf. [10]).
Recently, this n-point function has found geometric connections in terms of Gromov-
Witten theory [11] and Hilbert schemes of points [7], and it also affords several other
algebraic generalizations (cf. [2, 9, 12]). The formulation in [1, 10] boils down to a
remarkable operator 7T'(¢) on the ring of symmetric functions which diagonalizes the
Schur functions with explicit eigenvalues.

In this note we formulate a deformed version of the n-point functions of Bloch-
Okounkov, denoted by F (g1, t;---5qn, ta), which also depends on an additional
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indeterminate v associated to the energy operator. The role of T'(7) is replaced by
an operator B, ; (cf. Garsia-Haiman [4]; see Section 2) which diagonalizes the mod-
ified Macdonald polynomials Hj (g, t) and affords a vertex operator interpretation. In
Section 3 we compute the 1-point function as

= _ (th)oo
a0 =G @

where (@) := ]_[fio(l — av'). We further found closed formulas for the 2-point func-
tions in terms of basic hypergeometric series (Theorem 9).

From the viewpoint of vertex operators, it is also possible to further generalize
the notion of the n-point function above, and we compute explicitly some cases in
Section 4 (Theorems 13 and 16). We end this note in Section 5 with a discussion of
open problems and possible connections.

2. Formulation of the n-point functions
2.1. The operators B, ; and %q,,

Let ¢, g be two indeterminates. Given a partition A = (A, A2, .. .) of n, we denote by
a’'(0) and I'(0) the coarm and coleg of a given cell (I [4, 8], and denote

Bi(g, D)= ¢ 1.
Oea

We set

- 1 .
Bi(g. 1) = T—q th—qu,.

i>1

Lemma 1. We have

Bi(q.1) = By(q, 1) — Bi(q, 1)

-~ - 1
By where By(q,t) = m
Proof: We calculate that
£ - g¥)
B,(q,t) = _
2(g. 1) Z; g
1 ti—lqk,-

T-pU-n & 1-gq

= By(g, 1) — Bi(g, 1.
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Note that

Bi(q,D)=By(t,q),  Bilg,t)=Bu(t.q). (D
Denote by A, ; the ring of symmetric functions with coefficients in Q(q, ). Recall
the Macdonald symmetric functions P,\(Nx; q,1), Q,(x;q,t) from [8] and its normal-

ized form J,(x;q, 1), H,(x;q,1), and H,(x;q,t) as in [4, (8)—(11)]. We define the
linear operators B, ; and B, ; on A, ; (cf. [4, (73), 74)]) by letting

B, H,(x; ¢, 1) = Bi(q, DH,(x; ¢, 1),
%q,tﬁ/\()ﬁ q,t) = Ex(q, 1) H; (x; q,t), forallA.

2.2. The definition of n-point correlation functions

Let v be an indeterminate. For our purposes we can also think of v as a complex
number with |v| < 1. For r > 1 we set

r—1 00
@o:=1 (@) =[] -av) (@ :=]]0-a).
i=0 i=0

The energy operator Ly on A, ; is the linear operator such that Lyg = ng for every
n and every symmetric function g of degree n. Given f € End(A, ;), we consider the
trace function

Tr,f := Tr(vof).
In particular for the identity map I we have
Tr, I = (v)2).
The n-point (correlation) functions are defined to be

F(fh, 5. 5qn, tn) = Trv(%ql,tl te %qn.t,,)»
F(q17 5. 54qn, tn) = Trv(%ql,tl te %q,,,t,,)~
We can easily convert between F and F by Lemma 1.

There is yet another viewpoint. Let P be the set of all partitions, and let f(1) be a
function on P. We define the v-expectation value of f to be

(o= W)o y_ FON,

reP

assuming its convergence.
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Lemma 2. We have

n
F(QI, ..., qn, tn) = (v)oo1< 1_[ B)\(qu tk)>
k=1 v
The same relation holds with F and B replaced by F and B.

Proof: Note that the operators B, ;, for different k do not commute. Let {s,} be

the Schur functions, cf. [8], and write 5, = ), ay’)ﬂ I’-VIA(x; qi, t;) with [ay,)u] being a

triangular matrix with respect to the dominance order. Then
By, 5. = By(qi, t;)s, + lower terms,
and thus
By Bgn,5r = Bilqr, 1) -+~ Bi(gn, tn)s, + lower terms.
Therefore,

Tro (B -+ Byon) = D Bilqr 1)+ Bulga 10",
P
g
Thanks to (1) and Lemma 2, we see that F and F are symmetric with respect to the
hyperoctahedral group Z; x §,, where the symmetric group S, permutes the indices
i in the pairs (g;, t;) and the i-th copy of Z, permutes ¢; and ;.
Remark 3. Whent =g~ !, F reduces to (up to a normalization) the n-point functions
introduced by Bloch and Okounkov [1], where the interpretation as a v-expectation
value was also made.
3. The formulas for n-point functions
3.1. The 1-point function

Lemma 4 ([1, Lemma 6.6]). For a giveni > 1, we have

_ (Ui)oo

O

(g")e

Proof: By conjugation symmetry of partitions and A} = #{k|A, > i}, we have

)\:) — (U)OO — (vi)oo
(U)i—l(UiQ)oo (UiCI)oo.
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We will use for several times the so-called g-binomial theorem (cf. [5, Appendix
1L.3]):

Sop@ e
W O

Theorem S. The 1-point function is given by:

(vg1)oo

Fa 0= on

Proof: We calculate by Lemma 4 and the g-binomial theorem that

e~ — = j— (vi)oo
B , — l— 1 1 1+
(Bi(g. 1), =1 —q) ;t e

(Voo = r(UQ)r (V)00 (Vg 1) 5o

T @WeE O @D

r

By Lemma 2, this gives rise to the 1-point function F (g, 1). g
Remark 6. Whent = q‘l, Theorem 5 specializes to [1, Theorem 6.5].
3.2. The 2-point function

We begin with some preparation.

Lemma 7. For fixed 1 <i < j, we have

(V)oo _ W  (g1)i—1(vq192)-1
W)i—1(0 q)j—i(Vq1g2)00  (Vq1G2)00  (V)i—1(vq1)j-1

lai'ay), =

Proof: Thisisa Varlant ofa spemal case of [1, (7.1)]. Similar to Lemma 4, it follows
directly from (q1 q2 Ny = (q1 q2 N O
Set

Moo = ;g1 = (vq192);
Ty = 2 SalLb
! (vqlqz)oo,.;’l ) ,;1’2 war);

W i W) o 0q192);
v th 1();])21 Z t UC]16]2'1

(Uq1q2)oo i=0 ]:l+1 (qu)]

Wx < ;(Vq192)i
;= ——— —.
T (192w izz(;(tm) (v);
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Lemma 8. We have

(B,(q1, 1)B(q2, 1))y = (1 —q) "1 — @)™ (Ty + To + T).

Proof: By definition, we have

(Bi(q1, 11)Bi(qa, 1))y
=(1—41)_1(1—(]2)_1<Zf' gy §>

i,j=1
A
—(—g) ' —g) 1Zt’ ' av gy,
i,j=1
- - z i i
=(1—q)'(1—q) 1<Z+Z+Z> 'Y et ay),
i<j i>] i

where the last three summands can be further identified with 7}, T and T3, respectively,
O

using Lemmas 4 and 7.
Forr > 0,ay,...,a,+1 € Cand by, ..., b, € Cthe (r 4+ 1, r)-basic hypergeomet-
ric series is the series:

ap,...,0dryq1 @Dm@)m -+ (@rm m
1Py 30,2 ) = E .
+ ( . ’ Z) B (b

m=>0

It is assumed that the denominator is never zero, in which case it is known to converge

absolutely for |z| < 1 (cf. [5]).

Theorem 9. The 2-point function Fi (g1, t1; g2, 1) is equal to

1 - (qigatin)e
(I =g —g)( —nn) (Whn)o(vq192)
|: qiq2t1t2 — 1 1 (v, q1t1, vq192 )
3D, )
(I —qitpd —C12t2) 1 —qity Vg1, Vq1qatit
v, qata, ¥
+ 3d>2< 1202 Va2 ;v;t1>i|.
1 — gt Vg2, Vq19201 12
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Theorem 10. If g1q:t1t, = 1, then the 2-point function f(ql, 1; g2, 1) is equal to
1 e
(I =g —g2)(d —t1t2)  (V1112)00(vG192)0

_[1_1 ]tl(vtl‘)oo(czzl)m+ 1 (Utzl)oo(qll)oo}

(Vg1)oo(t2)o0 1 —@t (V42)0o(t)oo

Proof of Theorems 9 and 10: To compute the 2-point function it suffices to compute
the 7; by Lemma 8. First of all,

(Voo (Ufh)z 41)00
T, =
' (g (), ,Zﬂ ? (v“‘qm)

i=0

Weo g5 a1 (@3 m
- (vql)oo Z_(; (1)), Z Z (z)m ( ]qu]z)

j=i+1 m=
W g (@5 S im
N (vqooo,;t‘ ) m; (W) V09 j;fz”
_ (Voo > ,‘(UQI)i > (q;l)m m( m)H—l
= (vqom;” W 2, e T
N (V)0 m m ,( q1)i
_<vq1>ooZ W T mz(“t )

m=0

Hv" (Vg itih)e

Z ()m S vag)” — v (V")

m=0

_ (V)oo
(UQI)oo

(Voo (Vg11112) 00 (q;l)m(tle)m 20100)" 15}
= 192)" ———
(g (titr)oo 5=b (Vm(VG1T112)m 1 — o™

n (WeWqitit)eo = (42), 1200
=1 (0g)eo(tit2)oe £ (VIm(VG1 1112 (VI

W q1q)™.

Thus we obtain that

T, =

1
t VooV 1111 hity, 1,
2 ( )OO( qili 2)00 ) ( 172, 2 qz ;U“UquqZ> . (2)

I =1 (vq1)oo(t122)co vy, vqititp

Here ;& (t1t27 2, q2 :v;v%q1q2) is a (3, 2)-hypergeometric series of type II, since
Vi, vqitihp

(vi)(vgitity) 2

() LT
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Recall Hall’s transformation formula ([5], Appendix II1.10):

(a,b,c de) (b)oo(de Jab)oo(de /bC)o (d/b, e/b, de/abe )
3D, v, — |= D, AR
d,e abc (d)o(€)oo(de/abc) de/ab,de/bc

The above two-term transformation formula holds for |b| < 1 and |de/abc| < 1.
Applying this transformation formula to (2) and cancelling terms with (#)e =
(1 — 1)(vtr) oo, We rewrite (2) as

_, (Voo (VgD (V*q121112) 00 v, vq111, VG192 .
1 - 2 3 9 b 2
(Vg1)oo(t112)00(V2q192) 0 v g1, Viqiqatit

o (W qigatin)eo v, V111, v* G192
= 2 3®2| , 2 UM
1 —vq1 (111)00(V?q192)o0 Vg1, v qi1q2tit2

n 1-vq192 (V)eo(vq192111)e0 v Vi
= *3 2 2 ’v7t2
1 —vq1 1 —vqigatita (t112)0c(Vq1G2) 0 Vg1, v°qig2tit

_ I (Weo(vq192t112)0 o W1 (@ D1 (VGG a1
L—qiti (1)ec(vq192)00 2=t O)ms1 (Vg1 (VG G211 02)mr1

1 (Voo(vq1g2ti112)e0 v, qit1, V4192
= | 3P ;v ) —1
I —qiti (t112)00(vq192) 0 vq1, vq1q2t1ty

I (Weo(vg192t112)0 1 v, qit, vq1q2 1
= : 30 U] — .
1 =1t (V1h11)(Vq192)00 | 1 —qita Vg1, vq1q92t1 1 1 —qity

Since T, is the same as T after switching of variables #; < 1, g1 <> ¢2, we have

_ 1 . (v)oo(vqlq2tlt2)oo
I -1ty (Wh)e(vq192)c0

1 v, q2t2, V4192 1
: 3P vt | — .
1 — g vq2, Vq19201 12 1 — g

Note in addition by the g-binomial theorem that

1

_ I (We(vgigatita)e
1 —nty (Vh)(Vg1g2)s0

T;

@ Springer



J Algebr Comb (2007) 25:43-56 51

Therefore,

I (We(vgig2tita)eo
1 -ty (Vh1)eo(Vq192)0

qQiqatit — 1 1 v, qit1, Vq192
: + 30 Ut
(I =gt —g2t2) 1 —qity Vg1, Vq1g2t1

1 v, q22, Vq192
+ 3P, 1 7 Uit ) .
1 — gty Vg2, vq1492h11s

Recall by Lemma 2 that F(q1, t15q2, 1) = (- (Bi(q1, 1) B:(qa, 1))». This to-
gether with Lemma 8 proves Theorem 9.

In the case when g ¢»t1t, = 1, the above expression for T + T, + T3 can be further
simplified to be

1 v)2 1 v, git;, v
. (W5 [ 3®2< 9111, V4142 ;v;tz)
1 -ty (Vh1)eo(Vq192)00 L1 —q1t1 Vg1, v

1 v, q2f2, V91492
+ 3<I>2( TV
1 —qotr Vg, v
1 )2 1 t,v
_ . (V)% [ 2¢](q1 1, Vq192 ;v;tz)
I —nt (vhh)eo(vq1g2)ee |1 — g1ty Vg

1 4212, vq1q2
+ o) ’ vt ) | 3
s 2 1( v 1 3)

Thanks to giq2t1t, = 1, the two (2, 1)-basic hypergeometric series are of the form
2@1(a’cb ; v;c/ab). Now by Heine’s formula (cf. [5, Appendix I1.8])

a,b L _ (C/a)oo(c/b)oo
2d>1< . ,v,c/ab) = 7(6)00(0/611?)00 , bl <1,

'+ T +T: =

<1,

c
ab
the expression (3) for T3 4+ T, 4+ T3 becomes

! W2 [ L)@, (vt{l)m(qu)m].

-t (h)e(Wqig)ee | 1 —qiti 0q)e(t)oe 1 — 2tz (VG2)oo(t1)oo

This together with Lemmas 2 and 8 completes the proof of Theorem 10. |

Remark 11. Tt follows from the proof above that the convergence of the 2-point func-
tion is guaranteed by assuming that |#;| < 1, || < 1, |[vg1q2] < 1, |v] < 1, and by
excluding the values for #;, g; which make the denominators of the (3, 2)-basic hyper-
geometric series and other denominators in the above theorems vanish.
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4. A generalization via vertex operators
4.1. 1-point function of the zero-mode of a vertex operator

Consider the Heisenberg algebra generated by I and a,,, n € Z, with the commutation
relations (where « is a constant):

[amv an] = Km(sm,—nL

The Fock space B is the irreducible representation of the Heisenberg algebra generated
by a (highest weight) vector |0) such thatI|0) = |0) and a,,|0) = O forn > 0. The Fock
space B hasalinearbasisa_; := a_;,a_,, - - - |0), where A = (X1, A,, ...)runsoverall
partitions. Below we identify B with the ring of symmetric function A by identifying
a_, with the power-sum symmetric functions p;.

Introduce the following deformed vertex operator

P 77k
V(z:q1, t, g2, 1)) = exp (Z (q{‘ — qé‘)a_k ;) exp (Z (tf — t{‘)ak 7) )

k>1 k>1
Write

V(ziq1, t, g2, 1) = Z Vin(q1, @2, t1, )"

meZ

Remark 12. Whenk =1,qo =t =1, an/c\l write ¢ = g and ¢ = ¢, the operator V
provides a vertex operator realization for B ;:

=~ 1

B, =——Volg, 1,1, 1). (€]
YT - -0

This formula in a A-ring form (in different notations) appears in the study of Macdonald

polynomials by Garsia and Haiman [4, (73)]. In this sense, Theorem 13 below is a

generalization of Theorem 5 (with different proofs). The formula (4) for r = q‘1 is

equivalent to a formula of Lascoux and Thibon [6, Prop. 3.3].

Theorem 13. We have

(qltlv)oo(q2t2v)oo:|K

Vo(qi, q2, 1, 1))y =
(Vo(q1, g2, 11, 12)) |:(qltgv)oo(612tlv)oo

Proof: Let us denote A := Vy(q1, g2, 11, t2). For a partition A = (¥r"),>; with m,
parts equal tor, p, = ]_[r2 , @”10). To compute the trace Trgv™ A, we will compute
the projection of Ap, to the one-dimensional subspace Cp; (with respect to the basis
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Pu’s). A similar method has been also used in [3].

projection of Ap; = Z (l—[ (a1 :nqé)' a’i’,)(l_[ (t rnf; | n,) l_[a

(nr) r>1 r>1 r>1
n.<m, forall r

my

sy el ) )
< (”'1‘“) 1l rzl (rn,.nr!)z r>1
n,<m, tfor all r

Therefore, we have

Trg(vh0A) = Z H )k (g — q5)" (e — )" v

n, )2
(mp),(nr) r>1 (I’ 'I’lr.)
n,<m, forall r

r\(sr r\\*
1—[2 —45) (15 —17)) Z <mr>vrm,
np | :
r>1 (n,) reny (my) nr

m,>n, forall r

Using the simple binomial identity for n > 0,

Z m o x"
= \n - (1= x)1+n’

we have
Lo Ay — (k(gf —a3) (5 —1)" ™
TTB(U A) = g % rn,nr! (1 _ Ur)1+”’
o kv (af — a3) (5 — 1)
= (V) - exp (; =) .
Hence,

(A)y = () Trp(v™ A)

= exp (Z Z —[(611lzv") + (211V") — (q1t1v")" — (qo120") ])

r>1 n>1

= exp (K > (n(1 = gityv")(1 = 0" — In(1 = gi1p0")(1 — t]zflvn)))
n>1
_ |:(q1tlv)oo(q2t2v)oo:|K

(q112V)00(q211 V)0
O
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4.2. The n-point function of a vertex operator
It turns out that it is fairly easy to compute the n-point function of the full vertex

operator V(z; s, t, u, w) in contrast to the n-point function of its zero-mode (forn > 2).
‘We first recall a standard lemma.

Lemma 14. We have

Lemma 15. We have

n
l_[ V(zissi, ti, ui, w;)

i=1

o (1 = s — wh)zkat v )k
=exp<;c2215l<]5”(‘ s]’()(ul wj)zjz; )exp<zz,—1 (M,kw,)zla_k>

k>1

W (7 o
X exp (Z i (1 = s0)z; ak) .
k>1 k

Proof: Follows from applying Lemma 14 repeatedly. O

Theorem 16. We have

U=tz ) (1= siw;z; ')

(
% - [ tlezilzf) (( jzilzj)oo:|’(. (6)

(ujzi 7)o (siwiz ' 2j)

n 1— i 11— ity ‘71 j '
<H V(Zi;si’ti’ui’wi)> = H [ Lw;z; Z/)( su;Z’IZJ):| )
il v I<i<j<n

i,j=1 00
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Proof: Using Lemma 15 and the projection technique as used in the proof of Theo-
rem 13, the trace Tr(v [1/_, V(zi;si, t;, u;, w;)) can be shown to be

k —k

Z Zl§i<j§n (tlk - Si )(uljC - wﬁ)zl]{zi
k

(v);o1 -exp | «
k>1
5 Zier o~ w)h - 22 (o)

xexp | « (L — o)

(N

k>1

It is a simple algebraic manipulation to rewrite the first exponential in (7) as the
product (5) and the second exponential in (7) as the product (6). O

Remark 17. Theorem 16 can be regarded as a generalization of [9, Theorem 3.1].
It specializes when n = 1 to Theorem 13. For n > 2, the n-point correlation func-
tion for a vertex operator differs from that for the zero-mode of a vertex operator.
While the correlation functions for the zero-mode of a vertex operator has more direct
connections with other fields, it is much more difficult to calculate.

5. Discussions

In this Note, we have formulated the n-point correlation functions which are gener-
alizations of [1], and found closed formulas when n = 1, 2. We then formulated and
computed some related n-point functions of vertex operators. In a way, this Note raises
more questions than we could answer. Let us list some open problems and connections
below:

1. The symmetric functions which are the eigenvectors for Vy(q1, q2, t1, t2) are com-
mon generalizations of the Macdonald polynomials and Jack polynomials (with
Jack parameter «). It is interesting to study them in detail and in particular to see if
they have Schur-positivity etc.

2. Calculate the n-point correlation functions for general n. The simple closed formu-
las obtained in this Note for n = 1, 2 suggests a nice general solution, which will
be a generalization of the remarkable formula found in [1].

3. The n-point functions of [1] afford geometric interpretations in terms of Gromov-
Witten theory of an elliptic curve and Hilbert schemes of points on the affine
plane. We speculate that our n-point functions have similar interpretations using
equivariant K -theory formulations.

4. The function B;(q, t) (after normalization) can be regarded as a probability measure
on the set of partitions, which generalizes those studied actively in literature (cf.
[10] and the references therein).
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