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Abstract Neumaier and Seidel (1988) generalized the concept of spherical designs
and defined Euclidean designs in R”. For an integer ¢, a finite subset X of R” given to-
gether with a weight function w is a Euclidean 7-designif Y ", % /. s, fx)doi(x) =
Y vex W) f(x)holds for any polynomial f(x) of deg(f) <z, where {S;, 1 <i < p}
is the set of all the concentric spheres centered at the origin that intersect with X,
X;=XnNS;, and w: X — R.g. (The case of X C §"~! with w =1 on X corre-
sponds to a spherical 7-design.) In this paper we study antipodal Euclidean (2e 4 1)-
designs. We give some new examples of antipodal Euclidean tight 5-designs. We also
give the classification of all antipodal Euclidean tight 3-designs, the classification of
antipodal Euclidean tight 5-designs supported by 2 concentric spheres.

Keywords Euclidean design - Spherical design - 2-distance set - Antipodal - Tight
design

1. Introduction

Delsarte, Goethals and Seidel defined the concept of spherical designs [5]. In the paper
of Neumaier-Seidel [9], they generalized the concept and gave a definition of designs
in the Euclidean space R”, namely, Euclidean designs. Delsarte and Seidel [6] studied
more precise properties of Euclidean designs on a union of p concentric spheres
centered at the origin. In a joint paper with Eiichi Bannai [3] we slightly generalized
the concept and defined Euclidean designs for finite sets which may possibly contain
the origin. In that paper [3], we gave a new approach to give the lower bound for the
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cardinalities of Euclidean 2e-designs which was obtained by Delsarte and Seidel [6].
This approach gave us the way to understand new properties of Euclidean 2e-designs.
In this paper we apply a similar method, to the one given in [3], to antipodal Euclidean
(2e 4 1)-designs and obtain a similar lemma as the one proved in [3]. We also give
some examples of antipodal tight 5-designs which are not in the list of Euclidean
designs given by B. Bajnok (see [1]) recently.

We say that a finite set X C R” is supported by p concentric spheres if X intersects
with exactly p concentric spheres centered at the origin. In this paper we first review
the definitions of tightness of the designs and then classify all the antipodal Euclidean
tight 3-designs, and then classify antipodal Euclidean tight 5-designs supported by 2
concentric spheres. (From the definition of antipodal Euclidean tight (2e 4 1)-designs
it is easy to see that antipodal Euclidean tight 5-designs must be supported by at least
2 concentric spheres.)

Before stating our main results, we give the definitions and notation we use in this
paper. We assume n > 2 throughout this paper. Let X be a finite set in R” supported
by p concentric spheres Si, ..., S,. In this definition we regard the set consists of
only the origin 0 as a special case of spheres and assume one of S;, 1 <i < p,
may possibly coincide with {0}. Let r; be the radius of S; fori =1, 2,..., p.
We denote the canonical inner product of R" by (x,y) =Y ._, x;y;, where x =
(X1, X2, - Xn), ¥ =1, Y2,r..., ) € R Let [x]|®> = (x,x). Let X; = XNS;
fori =1,2,...p. Let do(x) be a Haar measure on the unit sphere §"~' C R". We
consider a Haar measure do;(x) on each S; so that |S;| = r,”~!|S"~!|. Here |S;| and
|S"~1| are the surface areas of S; and the unit sphere S"~! respectively. Let moreover w
be a positive real valued function on X, that we call the weight function on X. We de-
fine w(X;) = erx, w(x). Here if r; = 0, then we define \T1| fS,- fx)do(x) = f(0)
for any function f(x) defined on R". Let § = Ule S;. Let g5 € {0, 1} be defined
by

es=1 if0esS, =0 if0gS.

We give some more definitions and notations. Let P(R") = R[x;, x2,...,x,] be
the vector space of polynomials in n variables x;, xs,...,x, over the field of real
numbers. Let Hom;(R") be the subspace of P(IR") which consists of homogeneous
polynomials of degree /. Let P;(R") = @é:o Hom; (R"). Let Harm(IR") be the sub-
space of P(R") which consists of all the harmonic polynomials. Let Harm;(R") =
Harm(R") N Hom,;(R"). Let P(R") = @i(ili(jl) Hom; (R"). Let P(S), Pi(S), Hom, (S),
Harm(S), Harm,;(S) and P;(S) be the sets of corresponding polynomials restricted to
the union S of concentric spheres. For example P(S) = {f|s | f € P(R")}.

A finite subset X C R” is said to be antipodal if —x € X holds for any x € X. Let
X* be a subset of X satisfying

X =X"U(=X", X*N(—=X*) =@ or {0},
where —X* = {—x | x € X*}. For a finite subset X C R", we define

AX) ={lx —ylllx, y € X, x #y}.
@Springer
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If |A(X)| = s, then we call X an s-distance set. For « € A(X), we define
V(X)) =Hy e X |llx —yll =}l

If the following condition holds, then we call X a distance invariant set:

“ vg(x) does not depend on the choice of x € X and depends only on « for any
fixed @ € A(X).”

Definition 1.1 (Euclidean design). Let # be a natural number. Let X be a finite set
with a positive weight function w on X. We say that X is a Euclidean ¢-design, if the
following condition is satisfied:

P

X;
3 w|(s| ) / o) = S wiw) @)

i=1 ueX

for any polynomial f € P,(R").
The following theorem is well known [3, 5, 6].

Theorem 1.2.

(1) Let X be a Euclidean 2e-design, then
[X] = dim(P.(S))

holds.

(2) Let X be an antipodal Euclidean (2e + 1)-design. Assume w(—x) = w(x) holds
forany x € X. Then

|X*| > dim(P}(S))
holds.

Remark 1.

(i) Theorem 1.2 was proved by Delsarte and Seidel in [6] (see also 2, 5, 9]). They
also gave dim(P,(S)) and dim(P;(S)) explicitly. In [3], we gave a different proof
for Theorem 1.2(1). It is not a good method to prove the lower bound itself.
However equations we obtained in the proof are very effective. In the follow-
ing section, we will give a proof of Theorem 1.2(2) using the method given in
[3].

(ii) For spherical 2e + 1)-designs, that is, Euclidean (2e + 1)-designs satisfying p =
1 and w = 1, the inequality given in Theorem 1.2(2) was proved without assuming
X is antipodal, and if equality holds then X was proved to be antipodal [5].
However if p > 2, then there is no good lower bound without assuming X is
antipodal and w(—x) = w(x) forx € X.
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Definition 1.3.
(1) (Tight 2e-design on p concentric spheres).
Let X be a Euclidean 2e-design supported by p concentric spheres. If
| X| = dim(P(S5))

holds, then we call X a tight 2e-design on p concentric spheres.

(2) (Antipodal tight (2e + 1)-design on p concentric spheres)
Let X be an antipodal Euclidean (2e + 1)-design supported by p concentric
spheres. If w(—x) = w(x) for any x € X and

|X*| = dim(PX(S)

holds, then we call X an antipodal tight (2e 4+ 1)-design on p concentric spheres.

Remark 2.

(1) If p =1, X # {0} and w = 1 on X, then the definitions given above coincide with
the definitions of spherical tight designs [5]. As we mentioned in Remark 1(ii), it
is proved that spherical tight (2¢ + 1)-designs are antipodal [5].

(i) We will give a list of the dimensions of subspaces of P(R") and P(S) in Section 3.

Definition 1.4.

(1) (Euclidean Tight 2e-design)
Let X be a Euclidean 2e-design X. If

|X| = dim(P,(S)) = dim(P.(R"))

holds, then we call X a Euclidean Tight 2e-design.
(2) (Antipodal Euclidean tight (2e + 1)-design)
Let X be an antipodal Euclidean (2e + 1)-design. If

(51 e

= e—2i
holds, then we call X an antipodal Euclidean tight (2e + 1)-design.

Remark 3. If X is a Euclidean tight 2e-design, then we should have |X|=
dim(P,(S)) = dim(P.(R")). The following example shows the reason why the condi-
tion dim(P,(S)) = dim(P,(R")) is important. Let X; and X, be the sets of the vertices
of regular triangles in R? defined by

(32 (4D 2 2]

Letw(x) = 1forx € X;andw(x) = r% forx € X,.Then X = X U X, isaEuclidean
4-design. If r = 1, then X is on the unit circle S' and we have dim(P»(S)) =5 <
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dim(P,(R?)) = 6. Therefore X is not a tight 4-design on S = S'. However, if r #
1, then X is supported by 2 concentric spheres and dim(P,(S)) = dim(P>(R?)) = 6
holds. Hence X is a Euclidean tight 4-design. Similarly examples given in the following
Theorem 1.6 explain why the equality dim(P}(S)) = dim(P;(R")) is important in the
definition of antipodal Euclidean tight (2¢ + 1)-designs.

If X is an antipodal Euclidean 1-design, then | X*| > dim(P;(S)) = dim(P;(R")) =
1. Hence X = {0} is an antipodal Euclidean tight 1-design. If we consider the case
0 ¢ X, then any antipodal 2-point set {#, —u} is an antipodal Euclidean tight 1-design,
which is similar to a spherical tight 1-design.

Theorem 1.5. Let X be an antipodal Euclidean tight 3-design in R", then X is
similar to one of the following:

i—1 i
1+ZN1§j§ZN1}

p _
X:UX, with X,‘:{:l:riej
i= =1 =1

i=1

and

w(x) = forx e X;andi =1,...,p.

nr,-z

Inabove N; = |X¥|fori =1,...,pand |X| =23V N; = 2n.
Remark 4. Examples of antipodal 3-designs as in above are given by Bajnok [1].

Theorem 1.6. Let X be an antipodal Euclidean tight 5-design in R" supported by 2
concentric spheres. Then X is similar to one of the following:

(1) 0 € X and X\{0} is a tight spherical 5-design.
2)n=2 X =X, UX,, where

r r
X; ={(£1,0), (0, £}, X,= +—,+— )%,
1={( ), ( )} 2 {( 7 ﬁ)}

wx)=1,xe X;wx)=4, x€Xo,r # 1.
B) n=3. X =X, UX,, where

X1 = (+e; |i =1,2,3), X2={%(81,82,83”&6{1,—1},151'53},

r#1, wx)=1forx € X; and w(x) = 8%forx € X,.
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@Hn=5X=XUXaCV={0x, ....x%) €RO| 10 x; =0} =R, where

Xy ={+u; |1 <i <6},

r

XZZ{«/E(‘?LSZ?"'?SG) 8i€{11_1}9 |{l|gl=1}|:3}v

r#1, wkx)=1forx € X|, wix) = 2%%forx € Xoandu; = (U;y,...,uUie), €
V are defined by
5
—— ifj =1,
/30
u,;j =
— otherwise
/30

B) n=6. X = XU X,, where
X; ={*e; |1 <i <6},

X, = {%(81,82,...,86) g €{l, =1}, {ile; = 1}| = O(modZ)},

r# 1, wx)=1forx € X; and w(x) = g for x € Xa.

Remark 5.

(i) Examples (2) and (3) above are given by Bajnok [1]. Examples (4) and (5) are the
newly found ones.

(i) If X is an antipodal Euclidean tight 5-design, then X must be supported by at
least 2 concentric spheres. The antipodal Euclidean tight 3- and 5-designs in The-
orems 1.5 and 1.6 are non-rigid, because we obtain a distinct antipodal Euclidean
tight 3- or 5-designs by changing one of the radii r; of the spheres which support
the given antipodal Euclidean tight 3- or 5-design and the corresponding weight
w(x), x € X,. By arecent result on non-rigid Euclidean designs obtained by Ei-
ichi Bannai and Djoko Suprijanto [4], it seems that if a Euclidean tight 2e-design
or an antipodal Euclidean tight (2e + 1)-design which is supported by more than
[%] + 1 spheres exists, then there may possibly exist infinitely many Euclidean
tight 2e-designs or antipodal Euclidean tight (2e + 1)-designs respectively. Ac-
tually they showed some of the tight Euclidean designs are strongly non-rigid.
That means there are infinitely many tight Euclidean designs which are not trans-
formed to each other by orthogonal transformations, scaling, or adjustment of
weight functions.

The following Lemma is one of the key lemmas to prove Theorems 1.5 and 1.6.

Lemma 1.7. Let X be an antipodal tight (2e + 1)-design on p concentric spheres.
Let X! = X* N X;. Then the following conditions hold:
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(1) On each X;, the weight function w is constant.

(2) Each X} is an at most e-distance set.

(3) Each X; is an at most (e + 1)-distance set.

(4) If the weight function w is constant on X\{0}, then p — &5 < e.

As an application of Lemma 1.7, we obtained the following theorem which is very
useful.

Theorem 1.8.

(1) Let X be atight 2e-design on p concentric spheres. Ife — p 4+ ¢5 > 0, theneach X;
is similar to a spherical (2¢ — 2p + 2eg + 2)-design. Moreover, if p < [#]
then each X; is a distance invariant set.

(2) Let X be an antipodal tight (2e + 1)-design on p concentric spheres. If e —
p + &s > 0, then each X; is similar to an antipodal spherical (2e — 2p + 2e5 +
3)-design. Moreover, if p < [#], then each X; is a distance invariant
set.

i

In Section 2 we give some basic facts about Euclidean designs including the facts
already known, state and prove Theorem 2.3. Then we give the proof of Theorem 1.8
using Lemma 1.7. In Section 3, we will prove Lemma 1.7. In Section 4 we will prove
Theorem 1.5 and in Section 5 we will prove Theorem 1.6. In Section 6 we will state
some remarks.

2. Basic facts

In this section we give basic facts on Euclidean 7-designs which we use to prove our
results. The following theorem is proved in [9].

Theorem 2.1 ([9]). Let X be a finite subset which may possibly contains 0 and with
a weight w. Then the following (1) and (2) are equivalent:

(1) X is a Euclidean t-design with weight w.
(2) D yex wm) f(w) = 0 for any polynomial f € x> Harm;(R")
withl <1<1,0<j <[5

Corollary 2.2. Let X be an antipodal set with weight w satisfying w(—x) = w(x) for
x € X. Then the following (1) and (2) are equivalent:

(1) X is a Euclidean t-design with weight w.
@) Xy wa)u|* o) = 0 for any polynomial ¢ € Harmy(R")
withl1 <1 <[§],0=<j<[5]-L

Applying Theorem 2.1 and Corollary 2.2 we can prove the following theorem.
@ Springer
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Theorem 2.3.

(1) Let X be a t-design supported by p concentric spheres. Assume p < [%] + &5s.
Then

> w@)pw) =0

ueX;

holds for any i satisfyingr;, > Oand ¢ € Harmy(R")with1 </ <t —2p 4+ 2e5 +
2. In particular, if w(x) is constant on X;, then X; is similar to a spherical (r —
2p 4 2e5 + 2)-design.

(2) Let X be an antipodal Euclidean ¢-design supported by p concentric spheres.
Assume w(—x) = w(x) foranyx € X and p < [%] + e5. Then

> w@p@) =0

ueX;

holds for any i satisfying r; > 0 and ¢ € Harmy(R") with 1 <[l <t —2p +
2¢eg + 2. In particular, if w(w) is constant on X;, then X; is similar to an antipodal
spherical (2([5] — p + &5) + 3)-design.

Proof: We may assume r; > Ofori =1,..., p — &g.

(1) Theorem 2.1 implies that for any j and / satisfying 1 </ <tand0 < j < [%]
the following condition holds:

pP—¢s
D w@lulY @) =Y 1My wew) =0, @.1)
ueX i=1 ueX;

for any ¢ € Harm;(R"). Let p’ = p — 5. Therefore 1 <[ <t — 2p’ + 2 implies
[%] > p’ — 1 and the coefficient matrix

1 1 1
rlz 1’22 rp/z
= =l =l
PRESEE S ry 2l

of the Eq. (2.1) is of rank p’. Hence

> wp@) =0

ueX;

holds for any i and ¢ € Harmy(R") with1 <] <t —2p'+2 =1t —2p + 2e5 +
2. Then Theorem 2.1 implies (1).
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@

Let X be an antipodal Euclidean ¢-design. Then Corollary 2.2 implies that for any
l and j satisfying 1 </ < [%] and0 < j < [%] — [ the following condition holds:

pP—é&s
DAY wye@) =0 2.2)
i=1

ueX;

for any i and ¢ € Harmy (R"). Therefore [%] — 1 > p’ — 1 implies that the coef-
ficient matrix of the above Eq. (2.2) is of full rank and

> @) =0

ueX;

holds for any i and ¢ € Harmy(R") with 1 <[ < [%] — p+ s+ 1. Since X; is
antipodal if w is constant on X;, Corollary 2.2 implies that X; is similar to an

antipodal spherical (2([%] — p + ¢es) + 3)-design. -

Proof of Theorem 1.8

ey

@

3.

Let X be a tight 2e-design on p-concentric spheres. In [2], we proved a lemma
similar to Lemma 1.7, which shows that each X; is at most an e-distance set and
the weight function is constant on X; for any tight 2e-design X on p-concentric
spheres. On the other hand Theorem 2.3 implies that X; is similartoa (2¢ — 2p +
2eg + 2)-design. Since (2e — 2p + 2e5 + 2) > e — 1 holds by the assumption of
Theorem 1.8, Theorem 7.4 in [5] implies that X; is distance invariant (Theorem
7.4 in [5] shows that every spherical 7-design which is at most a (¢ 4+ 1)-distance
set is distance invariant).

Let X be an antipodal tight (2e + 1)-design on p concentric spheres. Then Lemma
1.7 implies that X; is at most an (e + 1)-distance set and the weight is constant
on X;. On the other hand Theorem 2.3 implies that X; is similar to an antipodal
spherical (2e — 2p + 2¢es + 3)-design. The assumption of Theorem 1.8 give (2¢ —
2p +2e5+3) > (e + 1) — 1. Hence Theorem 7.4 in [5] shows that X is distance
invariant.

Proof of Lemma 1.7

Let S be a union of p concentric spheres centered at the origin. Let ¢ > 1. Then the
following are well known [2, 6, 7]:

() dim(P,(R") = (” j e).

(4] o
(i) dim(Pr®R") =" (” +te—2 1)

= e—2i
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2(p—es)—1 .

—i—1

(i) dim(P(S)=es+ (n +z_; ) < (n:e> for p < [<5*].
i=0

i aimeusy =3 (") = (M) rorp

i—=0 €1

[51 Y
(iv) dlm(P:(S)) - dlm('P:(]R")) _ <}’l +e—2i 1

f > [£ 1.

i=0

p—1 _92i -1
v) dim(PI($) =y (” el

i=0

) < dim(P}(R"))
for p < [5]and eis odd oreisevenand 0 ¢ S.

p—2
(vi) dim(P(S) =1+

i=0

n+e—2i—1
e—2i

) < dim(P;(R"))
for p <[5].eisevenand 0 € §S.

Let X be an antipodal finite subset in R” supported by p concentric spheres. Let
S be the union of the p concentric spheres. First we define a basis of PJ(S). Let
{@1i(x) | 1 <i < R} be an orthonormal basis of Harm;(R") with respect to the inner
product

1
(f.8) = ?/ f(x)g(x)do (x),
[S"=H Jgnn
where h; = dim(Harm;(IR")). Let
Ho = {go,,(uan) 10 < j < min {p ~ 1, Em

and

. e—1
H = {gz,j(||x||2)<ﬂz,i(x)| 1<i<h,0<j Smm{p—ss— 1,[ 3 “}

for1 <1 < e, where gl,v(||x||2) (0 <v < p — 1)is apolynomial of degree 2v, which
is linear combinations of 1, ||x||%, ..., [|x||>/ and satisfying the following condition:

> wellel g ke lPen el = 8,

xeX*

Such polynomials always exist because {1, [|x||?, ..., [|x[>*?~D} is a linearly indepen-
dent subset of P(X*) = {f|x« | f € P(R")} and for each [

(frgh =Y wlx|” f(x)gx)

xeX*
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defines a positive definite inner product of P(X™).
et A
Then H; is a basis of @mmop s~ LI lx]1?/ Harm; (S). Let

€_
2

UHE 2.

Since
(51 (51 [52] '
Pr(S) =) Hom,_5(S) = x> Harm,_; _,(S)
i=0 i=0 j=0

and H* is a linearly independent subset of P*(S), H* is a basis of PX(S).
Let M be a matrix whose columns and rows are indexed by X* x H* whose (x, f)-
entry is given by /w(x) f(x) forx € X* and f € H*.

Proposition 3.1. Let X be an antipodal (2e 4 1)-design. Let M be the matrix defined
as above for X*. Then "M M = I holds. Hence we have |X*| > dim(P*(S)).

Proof: First we prove the case when 0 ¢ X. Since e — 21} +2j, +e — 2, +2j, <
2e, the (ge—21,, jy Pe—211.iy» Be—20s, j»Pe—215.i»)-e0try of "M M is given by

Z W) ge—21, s XN P21, iy ) ge—21, jp (X 1) Pe—215.05 (X)

xeX*

1 & wXy)
=5 ; 5] /Si Ge—oty i (11D ge—2ts, 1y (X 1)) P21, 1, ) P2ty 1, (X)d 3 (x)

2(e—l1—1)

Zp:w(x )8e—211,jy V, )ge—zlz,jz(riz)ri /
N

1S

Ve—21y,iy X)@e—21,,i, (X)d 0 (X)

n—1

th—‘

i=1

- 2e—21y) 2 2
o

31l L0 Z w(X;)r; Voo i (ri®) e—ai,.j» (ri%)

i=1

5,, B8 Y w1 g, (1x17)ge—21,.j (1%11%)

xeX

2(e—-21 2 2
=880 Y WX gy (1P)ge—21, o (X1 = 81,.1,85,.1,8,o-

xeX*
Next we consider the case when 0 € X. Let S, = {0}.
Since X\ {0} is also a (2e + 1)-design we have the following:
(i) If e — 2y > O or e — 2/, > 0 holds, then
> w)ge-an I 1)Pe—21,.i, (6 ge—21,. o (1) e 21,1, (%)

xeX*

= w(0)ge—21,,j,(0)8e—21,, j, (O)@e—21,.i, (0)pe—21, i, (0)
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1
o > wE)ge—at, iy I NP2t i, ()81, (X 1PV Pe21, i, (X).

xeX\{0}
1222 wX;)
=325 [ 8o (X ID8e2t sy IX1P)0e21,iy ()Pe-r,in ()0 ()
= 1Sl s,
1223 w(Xge—an, iy (ri%) e jo (r2)r7 7R
_ E Z i)&e 1 jl( i RS: 1|2 jz( 2 ) z / 1(067211!1'1 (x)(ﬂe72lz,i2(x)d0—(x)
i=1 s

511 L0 i Z w(Xi)r?(eizll)ge—ﬂl.jl (riz)ge—le,jz ("iz)

P
i=1

2e—21 2 2
51, L0 Zw(x)ﬂx” €2 g oty 5 11 ge—21,, o (12 11%)
xeX

2(e—21 2 2
= 8810 Y WX gy (1P ge-21, o (X1 = 81,.1,85,.1,8, o

xeX*

(i) If e —2I; = e — 2l = 0, then

> w@)go i, (IxIP)go (I l?) = 85, -

xeX*

This completes the proof.

Proof of Lemma 1.7

Since |X*| = dim(P}(S)), M is a square matrix. Hence Proposition 3.1 implies that
M is aregular matrix and 'M M = M 'M = 1.
If x, y # 0, then the (x, y) entry of M ' M is given by the following:

3 Vw@we)ge-, X 17)8e-21,; (1Y P)e-214 ) Pe21.:3)

Lji

= Z\/w<x>w<y )1y 1D gear. (1% 1% et (I¥ | )Zgoe 21,(” ”)«Je 21,<”§ ”)

_Z\/mennyu)“ D gemar, j (1 1)ge-21,5(1¥ 1) Qe 2l<< iy >)

el llyl

where Q; is the Gegenbauer polynomial of degree [ (see [2, 3, 5, 7] for the explicit
definition). This implies

w() > X2 ge (X117 Qe-au(1) = 1, 3.1)
Lj
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for any x € X* satisfying x # 0 and

D Ay 1€ e, ;1% 117 ge—, ,(||y||2)Qez,<(i, L)) =0, (32
— Il 1yl

for any (x, y) € X* x X* satisfying x, y # 0 and x # y. Then Eq. (3.1) implies that
w(x) only depends on |x|?>. Hence w(x) is constant on each X; (Lemma 1.7(1)).
Equation (3.2) implies that for any x, y € X; the inner product (x, y) is a root of the
same polynomial of degree at most e. Hence, each X} is an at most e-distance set
(Lemma 1.7(2)). If w is constant on X\{0}, then all the r; # 0 are roots of the same
Eq. (3.1) of degree at most e. This implies Lemma 1.7(4). Next we prove Lemma
1.7(3). Let r; > Oand I(X;) = {(x,y) | x,y € X;, x # y}. Since X, is on a sphere,
we have |I(X;)| = |A(X;)|. For any x, y € X7, Eq. (3.2) is a polynomial of (x, y)
with degree at most ¢ and the coefficients are functions of r;. This means Eq. (3.2)
depends only on i and does not depend on the choice of X;. Let x,y € X;. Assume
x # +y. Then there is a subset Z C X; satisfying x,y € Z, ZU(—Z) = X; and
ZN(=Z)=1{0} or @. Then (x, y) is a root of Eq. (3.2). Hence I(X;) C {—r;*}U
(set of all the real roots of the Eq. (3.2)). This implies |/(X;)| <e+ 1 and X; is at
most an (e + 1)-distance set.

4. Antipodal Euclidean tight 3-design

In this section we will prove Theorem 1.5.

Let X be an antipodal tight Euclidean 3-design. Then | X*| = n. If 0 € X, then
p > 2and Y = X\{0} is also an antipodal Euclidean 3-design. Then Y is supported by
p — 1(>1) concentric spheres and |Y*| = | X*\{0}| = n — 1. This is a contradiction.
Hence 0 ¢ X holds. Thus r; > Ofori =1, ..., p. In this case H* = H; holds. Since
w is constant on X; for each i, let w(x) = w; for x € X;. Let R; = r;>. With these
notation we have

1

810 = —F———u.
V Y NiwiR;

By scaling we may assume

P
ZNjijj =1.
j=1

Then g, o = 1 and Eq. (3.1) implies

1

w;R;Q1(1)=1, hence w; =—
l’lRl'
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fori =1,..., p,and Eq. (3.2) implies (x, y) = O holds forany x, y € X*andx # y.
We may assume

X7 ={rne |1 <i=<Ny}.

Letx € X5. Then (x, e;) = O holds foranyi =1, ..., N;. By a transformation in the
orthogonal group O(n), we may assume x = rpey, 1. By continuing this argument
we may assume

i—1 i
Xf:{r,e,ll—l—ZNlS]fZNl}
=1 =1

Hence
i1 i
X = {Zl:”iej | 1+ZN1 SJSZNZ}
=1 I=1
and
X) =
w(x) 2
forx € X;andi =1, ..., p. This completes the proof.

5. Antipodal Euclidean tight 5-design with p = 2

Let X be an antipodal Euclidean tight 5-design. Then p >2 and |X*| =
dim(P;(R")) = (";’]) + 1. In this section we consider the case p = 2. Assume
0 € X. Then X\{0} is similar to an antipodal spherical 5-design. Hence X\{0} is a
spherical tight 5-design. In the following we assume 0 ¢ X.

By assumption we have | X*| = ﬁT”“ We use the same notation given before.
By Lemma 1.7, w(x) is constant on each X}, i = 1,2. Let w; = w(x) forx € X} and
i = 1, 2. By a similar transformation of R"” and a multiplication with a positive real
number to the weight w we may assume | X;| < |X»|,r1 = w; = 1. Let w = w; and
r=r,#1.LetR =rZand N; = [XF, i=1,2.

Theorem 1.8 implies that X; is an antipodal spherical 3-design and distance invari-
ant. Hence Theorem 5.12 in [5] implies | X;| > 2n and the graph defined on X; by any
one of the distances in A(X;) is regular. Therefore we have
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The polynomials g; ;(|lx |?) are given by the following formula:

2
VAT = w)Ny + 2w +n+2)

goo(llx|I*) =

) 2N+ wn? +n+2—2N))
go.1(IxI1») = -
Niw(R — 12(n2 +n+2 —2N))
L @N wn?+n+2 = 2N)|xI?=2Ni—wR®n? +n +2 — 2N,)
2Ny +wn?+n+2— 2N1)

)

2
VAN, +2wR2(n? +n 42 —2N))

g.0(lx]*) =

Then Eq. (3.1) for x € X} and X} implies the following Eqgs. (5.1) and (5.2) re-
spectively. Also Eq. (3.2) for x, y € X}, x # y implies the following (5.3) and (5.4)
respectively. Equation (3.2) for x € X7, y € X3 implies the following Eq. (5.5).

wR*(n®> +n+2—2N)) +nk + DN,
(2N1 + sz(I’lz +n+2— 2N1))N1

wR*n(n 4+ D(n? +n +2 — 2N;) + 4N, _

(n24+n+2—-2N)Q2N, + wR (2> +n+2—2N)))

=1, 5.1)

1, (5.2)

nNi(n +2)A% —4nNi(n + 2)A + 4wR*(n®> +n +2 — 2N)) +4nN,(1 + n) .

07
AN\ (2N; + wR?(n2 +n +2 — 2Ny))
where A = ||[x —y||> #0, x, y € X)), (5.3)
(wn(n +2)(n*> +n+2 —2N)B> —4wRn(n +2)(n* + n+2 — 2N;)B
+ 4wRn(n 4+ D)(® +n 42 —2N;) + 16N;)
1
X =Y,
4wm? +n+2—-2N)DQ2N; +wR?*(n2 +n+2 —-2Ny))
where B = |x —y||> #0, x, y € X%, (5.4)
(n+2)(nC* —2n(14+ R)C + R’n +2Rn —4R +n) 0
42Ny + wR (n® +n+2 —2Ny)) o
where C = ||x — y|I>, x € X}, y € X;. (5.5)
Then Egs. (5.1) and (5.2) are both equivalent to the following equation.
Ni(n? —2N
1(n”+n 1) (5.6)

w = .
RE:(Ny — 1)(n 2 +n+2—2N))
@Springer



406 J Algebr Comb (2006) 24:391-414

By substituting this value w in Egs. (5.3), (5.4) and (5.5) we obtain following Egs. (5.7),
(5.8) and (5.9) respectively.

n(Ny — 1)A? —4n(N; — DA 4+ 4N;(n — 1) = 0, (5.7)
(n*+n—2N)nB?> — 4Rn(n* + n — 2N)B

+4R’(n — D> +n+2—2N;)) =0, (5.8)
nC*—2n(R+1)C + R*n +2Rn —4R +n =0. (5.9)

By solving the above equations we obtain

4 = 2N = D 2/n(N — DN —m)

n(Ny —1) o1

p_ 2RO+ 2ND £ V@ —n +2-2N)@2 40 = 2ND) - o
n(n?+n—2N,)

oo MR+ 1)+2vnR (5.12)

n

Since n < N; < A2 < nlont2 — n’4n e have positive solutions A, B and C.
Let A; and A, be the two sofutions of Eq. (5.7) and B; and B, be the two solutions

of Eq. (5.8). Assume A; < A; and B; < B,.If N| = n, then A} = A, holds. Also if
n=2,then Ny = N, =2 and By = B, holds. If n > 5, then N, > n + 1 holds and
X3 is a 2-distance set. For any A; < A, and B; < B, we define positive real numbers
k4 and kp by

A ky—1
Sr_AT (5.13)
A, ka

B, kp—1

L , 5.14
B, s (5.14)

By definition k4, kg > 1 holds. Then if N| > 2n + 3, then Theorem 2 in [8] implies
that k4 and kp are integers. If n > 9, then N, > % > 2n + 3 holds. Therefore, kp
is an integer for n > 9. Equations. (5.13), (5.14), (5.10) and (5.11) imply the following
equations.

A+ A\ N, — 1)
2kq— 1) = = 5.15
( A ) <A2—A1) Nl—n ( )
By+ B \> nm®+n—2N)
— 2: =
(kg — 1) (BZ_B) R —— T (5.16)
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Next, we assume 7 > 9 and study the behavior of the functions G 4(x) and G p(x)
defined by

Galx) = % (5.17)
_ n(n® +n — 2x)
Gpx) = m (5.18)

forn <x < %.
Proposition 5.1. Letn > 9. Then

n+2<Gpx)<n+6

2
holds forn < x < #.

Proof: We  have de’“;(x) = (nzifl(z;jéx)z >0, Gpn)= % >n+2 and
GB(—"ZJZ’”) = —”Z’_*’zz) <n-+6. O

Proposition 5.2. [fthere exists an antipodal Euclidean tight 5-design in R" supported
by 2 concentric spheres centered at the origin and 0 € X, then n < 8 holds.

Proof: Assume n > 14. By Proposition 5.1 we have

Qkp — 12 = Gg(N) € {n+3,n+4,n+5).

(i) If ks — 1)> = G(Ny) = n + 3, then n = 4k — 4k — 2 and

n—n+6 2
N, = — =2+ ng(kB — 1)(4ky — 4kp — 5)

. . . 2_ . .
is an integer. Since n > 14, we have % > 2n 4+ 3. Hence X7 is a 2-distance
set and

" PP
= =n e
n—=o6 n—=6

n2—n+6
6

(ks — 1)* = G4(Ny) = GA<

is an integer. Therefor n € {15, 18, 24, 42}. If n € {15, 42}, then kp cannot be
an integer. If n € {18, 24}, then k4 cannot be an integer.
(i) If kg — 1)> = Gp(Ny) = n + 4, then n = 4kg? — 4k — 3 and

2
—n+4
Ny = % — 4kp* — 8k — 3kp? + Thy + 4.
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Since n > 14, Ny > 2n + 3. Hence X7 is a 2-distance set and k, is an integer.
On the other hand we have

= =n+44+ —-.
4 n " n

5 n?—n+4 n? 16
2ks — 1) =Ga(N1) =Ga

Hence n = 20. Then kg cannot be an integer.

(i) If (kg —1)*=Gg(N))=n+5, then n=4kg’>—4ky—4 and
N = 3”2_1#. Since n > 14, 3"2_1376’“0 > 2n 4 3. Hence X7 is a 2-distance
set and k4 is an integer. On the other hand we have

n+ 30
3n—10°

3n2 —3n+ 10
10

<2kA—1>2=GA(N1)=GA< >=n—l—3+

Since G 4(Ny) is an integer we have n < 20. However k4 cannot be an integer for any
n satisfying 14 <n < 20.

Next we assume 9 < n < 13. Then N, > ”Zt(’“ > 2n 4+ 3 holds. Hence X} is a 2-
distance set and kp is an integer. Proposition 5.1 implies that Gg(N1) =n +3, n + 4
orn+35.

(@) If Gg(N,) = n + 3, then n = 4kp* — 4k — 2 as we have seen in the proof of ().
There is no integer kg which satisfies n = 4kp? —4kp —2for9 <n < 13

(b) If Gg(Ny) = n + 4, then n = 4kz®> — 4k — 3 as we have seen in the proof of (ii).
There is no integer kp which satisfies n = 4kp? — 4kpy — 3 for9 <n < 13.

(c) fGp(Ny) = n + 5,thenn = 4kg? — 4ky — 4 as we have seen in the proof of (iii).
There is no integer kp which satisfies n = 4kp? — 4kp — 4 for 9 < n < 13. This
completes the proof of Proposition 5.2 .

In the following we discuss the case 2 < n < 8 and prove Theorem 1.6. To elim-
inate the possibilities of existence of antipodal tight Euclidean 5-designs, we used a
computer for calculation. Theorem 1.8 implies that each layer X; of an antipodal tight
Euclidean 5-design supported by 2 concentric spheres is a distance invariant set.

Let I(X;))={(x, y) | x, y € X;, x # y}. If X; is a 3-distance set, then I(X;) =
{—r;%, ar;?, —ar;*} with a positive real number «. Let u; € X;. Since X; is antipodal
and (x, u;) = ar;? holds if and only if (—x, u;) = —ar;%, we have

Xi={xeX; |, x =Olri2} UfxeX; |, x)= —Oﬁ’iz} Ufur, —uy}.

Hence if X ( X, resp.) is a 3-distance set, then the graph defined on X; by the distance
VA, or /Ay (V By, or /B, resp.) is of valency Ny — 1 (N, — 1 resp.).

If X; is a 2-distance set then every distinct vectors in X are perpendicular to each
other.

Casen = 8. We have | X*| =37,8 < N; <18 < 19 < N,.

(1) If Ny <17, then N, > 20 > 2-8+ 3. Hence L-R-S’s theorem implies that
G g(Ny) is the square of an odd integer. Since n = 8 implies Gg(N;) = 8 + 29%61\,1 s
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G (N7) cannot be an integer for any N; with § < N; < 17. Hence this case does
not occur.

@ii) If Ny = 18 then N, = 19. In this case we have (x, y) = :EQR or —R for any
x, y € X,. Fixu; € X,. As we mentioned above we may assume

={u} U {x e Xy | (x, uy) = @R}
12
Since N, = 19, X7 is a 2-distance set. Let u,, ..., us € Xj satisfying (u;, u;) =
“ﬁR Then {u;,u,, ..., us} is a five point 1 or 2-distance set whose distances
are among {,/2— ¥R, ,/(2+ 1) R}, There are eleven possible configurations between
{uy,uy, ..., us}. For each of the configurations we did computer computation
to find out there is no 2-distance set having more than 9 points and containing

{ui,us, ..., us}.

Casen = 7. We have | X*| =29, 7< N; <14 <15 < N,.

(i) If Ny <11, then N, > 18 > 2-7 + 3. On the other hand Gg(x) =7 + 22 .
Hence Gp(x) cannot be an integer for any N; with 7 < N; < 11. Hence, this
case does not occur.

The following are the remaining cases forn = 7.

(i) Ny = 12,then N, = 17

(iii) Ny = 13, then N, = 16.
(iv) Ny = 14, then N, = 15.

Ineach case X; isa3-distance set. Letu; € X;and X7 = {u1}U{u € X ||lu —u || =
Ap}. Then X} is a 2-distance set with A(X}) = {/A, v/A2}. We apply the same
method explained in the case n = 8 and found out there is no 2-distance satisfying the
required conditions.

Case n = 6. We have |[X*| = 22,6 < N; < 11 < N».

(i) If Ny =6,then N, =16 > 2-6+3,ky =3,A; = A, =2,B, =8, B, =%,
Ci=R+1~-/IVk and C; = R+ 1+ /2/k. Hence X* is a six point 1-
distance set on S° and every distinct x, y € X} satisfy (x, y) = 0. Therefore
we may assume X = {e; | 1 <i < 6}, where e; is the unit vector whose i-th
entry is 1. Let

Y={veS|llv—el*=CiorCy, 1<i <6}

andv = (vy, v2, ..., vg) € Y.Then we obtain v; = sl% fori =1, ..., 6,where
g =1lor—1. Therefore

R
Y = {\/—\/;(81,...,86)

8,-:10r—1,1§i§6}
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holds. Since X} is a subset of ¥ and Y is an antipodal set, X, C Y. Moreover we
may assume that X} contains the vector in ¥ whose entries are all positive. If it
is not so then apply an isometry defined by changing the sign of the canonical
vectors. Since Y and X; = X| U (—X7) are invariant under such an isometry, the
image of X7 satisfies the condition. Foru = (uy, ..., us), v =(v,...,v6) € Y,
lu—v|? = % holds if and only if |{i | u; # v;}| = 2holds. Also |[u — v||> = %
holds if and only if |{i | u; # v;}| = 4 holds.

Therefore we obtain

Xy={ueYl| Hilu;>0}€{0, 2, 4, 6}}.

Then |X3| =16 and [lu — v > € {0, &, 2K} holds. Then X = X} U (—X)U
X3 U (—X3) is an antipodal Euclidean tight 5-design in R.

@) If Ny =7,then A =./3,A,=7,B1=Q2— /)R, B =02+ /3R, and
Ci=R+1-.,/Ivrand C; = R + 1 + /ZVr. Note that the length of the edges
of aregular simplex on 7 is +/T-Moreoverifx, y € X, then ||x — ylI> = %holds
if and only if ||x + y| = % Hence we can find out easily that the only possibility
is when X, contains the regular simplex on S°. Then we may assume that X Jisa

regular simplex on S°. We consider X} in the intersection of S® and the subspace

V={x,...,x7)]| 217:1 x; = O}(= R®). Then we may assume that X7 consists
of the following 7 points u; = (u; 1, ..., u;7), 1 <i <7, defined by
6
—— ifj =1,

B

— otherwise.

Ja2

Then X7 is a subset of the set ¥ defined by

Ui j =

Y={meV||ul>=R,lu—w|*=Ci, orCy, 1<i=<T7}

R
—{ 7(81,...,87)

holds. This contradicts the fact Y C V. Hence this case does not occur.
(iii) If 11 > N; > 8§, then X is a 3-distance set. We apply the same method explained
in the case n = 8 and find out that these cases do not occur.

Then

g =1, or —1, 151’57}

Casen = 5. We have | X*| = 16,5 < Ny <8 < N,.

() If Ny=6, then N,=10, A =% A, =2 B =2 B, =%
Ci=R+1-2/% andC; =R+ 1+2/%.
Note that the length of the edges of a regular simplex on $* is \/Z. By a
similar argument given in case n = 6 (ii), we may assume that X7 is a regu-

lar simplex on S*. We consider X? in the intersection of S> and the subspace
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V ={(x1,...,x) | Z?:l x; = 0= R5). Then we may assume that X} consists
of the following 6 points u; = (u; 1, ..., U;6), | <i < 6, defined by

5
—-—— ifj=i,
_ /30
ujj = 1
— otherwise.
/30

Then our X7 is a subset of V and the intersection of the sphere S,. Let v =
(v1,...,v6) € VN S,. Then ||v —u;||> = R+ 1 + 2¢./% implies v; = ¢,/%. Let

Y= eVIII*=R, [v—wul®e€{C,C}, | <i <6}.

Then we have

Y = —(€1,82,...,&
VS 1, ¢2, 6

Since Y is antipodal, |Y| = 20 = | X,|and X, = X5 U (=X3) C Y wehave X, =
Y. Clearly X is a 3-distance set with distance /¥ r, /2 r,2rand X = X; U X»
is an antipodal Euclidean tight 5-design in R.

(i) If Ny =5,then Ny = 11, A; = A, =2, By = 25 — V3)R, B, = 25+ V3)R,
Ci=R+1-2/% and C; =R+ 1+2/% Then we may assume X| =
{e; i =1,...,5}. Let Y be the set defined by

g=1lor —1, {i|eg=1} =3;.

Y={uec$|llu—-el=CorC, 1<i=<S5}

Then we have

Y
—{ g(&‘],...,&‘s)

Then X3 must be contained in Y. However the distance between every distinct
two points in Y is not equal to B; or B,. This is a contradiction.
The following are the remaining cases for n = 5:

(iii)) Ny =7, N, =09.

(iV) N] = N2 = 8.

8,~=10r—1,1§i§5}.

For each case we apply the same method as before and eliminate the possibilities
of X7.
Casen = 4. We have | X| =22, |X*|=11,4< N; <5< N,.
() IEN, =4,thenA; = Ay =2,B =2 — )R, By =2+ 2)R,C; =R+ 1 —
VR and C; = R + 1 + +/R. Hence we may assume

X7 =1{e1=(1,0,0,0),e2 =(0,1,0,0),e3 = (0,0, 1,0),e4 = (0,0,0, 1)}
@Springer
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Let
Y={ueS|llu—el®ec{C,C}, 1 <i<4}.

Then X5 must be contained in Y. On the other hand we have

;
Y = {5(81, £, €3, €4)

si=10r—1,1§i§4}.

However if u, v € Y, then |u — v|*> € {0, 2R, 3R, 4R}. This is a contradiction.

(i) Let Ny=5and N, =6. Then A; =3, A, =3, B =Q2—- DR, B,=(2+
JOR,Ci=R+1—-+~/RandC, =R+ 1+ +R.

Note that the length of the edges of a regular simplex on $3 is /3. By a similar

argument given as before we may assume that X7 is a regular simplex on § 3.
We consider X7 in the intersection of S* and the subspace V in R defined by V =

{(x1,...,x5)| Z?:l x; = 0}. Then we may assume that X} consists of the following
Spointsu; = (u; 1, ...,u;s), 1 <i <35, defined by
2 i
—— if j =1,
NE
1
— otherwise.
25

Then X3 must be contained in the set ¥ defined by
Y={weV||ul>=R,|lu—u|*>=C,, orCy, fori =1,...,5}.

Then

[
—{ g(Sl,...,Ss)

holds. This contradicts the fact Y C V. Hence this case does not occur.

g =1, or —1f0ri=1,...,5}

Casen = 3. We have | X| =14, | X*| =7, Ny =3 and N, = 4.
Inthiscase Ay = A, =2,Bi =28, B, =% C;=R+1-2/FandC; =R +
1 4+ 2,/% hold. We may assume
Xi={e1=(1.0,0),e2 =(0.1,0),e3 = (0,0, }.
and X; = X7 U (—X7). Let

Y={ueS||lu-—el|*=Cy, orCy, forl <i <3}.
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Then we have

’

Y =) —=(e1, €2, €3)
{ﬁ

Then X3 C Y. Since Y is antipodal and |Y| = 8, we obtain X, = X5 U (=X3) =Y.

Clearly foranyu, v € Y, lu —v|*> = %R, STR or4R and X = X, UY is an antipodal

Euclidean tight 5-design.

g=1or —1, f0r1§i§3},

Casen = 2. We have | X*| =4, Ny = N, = 2.

In this case let X7 = {u;, u»} and X5 = {u3, u4}. Since |lu; —uy| = V2, lus —
us] = V2R and {C;, C2} = {R+ 1+ 2R, R+ 1 —+/2R}, X is isometric to the
following set consisting of 8 points.

X=X, UXy X, ={*1,0),0 %1}, X,= {(:t \L@ :t\%)}

This is an antipodal Euclidean tight 5-design.

6. Concluding remark

One of the reason why the author chooses the order of the words in the name “antipodal
Euclidean tight (2e + 1)-design” is because the known examples of Euclidean tight
2e-designs are not Euclidean (2e + 1)-designs and she believes that the following
conjecture holds.

Conjecture . Let X be a Euclidean (2e + 1)-design supported by p concentric spheres.
Then the following holds:

|X*| = dim(P; (S)).

Moreover if equality holds above, then the weight function is constant on each X;, 1 <
i < p,and X is antipodal.

If this conjecture is true then we can drop the word “antipodal” and define “tight
(2e + 1)-design on p concentric spheres” and “Euclidean tight (2e 4 1)-design.”

To have a Euclidean tight 2e-design or an antipodal Euclidean tight (2¢ + 1)-design

we need to have p > [6‘255] + lor p > [5] + I respectively. Theorem 1.8 implies that

if p< [#], then every layer X; of a Euclidean tight 2e-design or an antipodal
Euclidean tight (2¢ + 1)-design is also a Euclidean (2¢ — 2p + 2eg 4 2)-design or
an antipodal Euclidean (2¢ — 2p + 2es + 3)-design respectively which is distance
invariant. These facts indicate that it is very important to study Euclidean tight 2e-
designs or antipodal Euclidean tight (2e 4 1)-designs with p = [%] +lorp=
[5] + 1 respectively. (For example, if we assume &5 = 0 for simplification, then p =
[H%] + 1 =[5]+ 1 implies 2¢ —2p + 265 +2 = e or e + 1 according to e being
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even or odd. Therefore, in this case, each X; of a Euclidean tight 2e-design becomes
a Euclidean e- or (e + 1)-design and also at most an e-distance set. Consequently
X; is a distance invariant. If such a design exists it will be very interesting from a
combinatorial view point.)

References

1. B. Bajnok, “On Euclidean ¢-designs,” To appear in Advances in Geometry.

2. E. Bannai and E. Bannai, Algebraic Combinatorics on Spheres Springer, Tokyo, 1999 (in Japanese).

3. E. Bannai and E. Bannai, “On Euclidean tight 4-designs,” J. Math. Soc. Japan 6 (2005), 775-804.

4. E. Bannai, E. Bannai and D. Suprijanto, On the strongly non-rigidity of certain Euclidean designs,
preprint.

5. P. Delsarte, J.-M. Goethals, and J.J. Seidel, “Spherical codes and designs,” Geom. Dedicata 6 (1977),
363-388.

6. P. Delsarte and J.J. Seidel, “Fisher type inequalities for Euclidean ¢-designs,” Lin. Algebra and its Appl.
114-115 (1989), 213-230.

7. A.Erdélyietal., Higher Transcendental Functions, Vol. II (Bateman Manuscript Project), MacGraw-Hill
1953.

8. D.G. Larman, C.A. Rogers, and J.J. Seidel, “On two-distance sets in Euclidean space,” Bull London
Math. Soc. 9 (1977), 261-267.

9. A.Neumaier and J.J. Seidel, “Discrete measures for spherical designs, eutactic stars and lattices,” Nederl.

Akad. Wetensch. Proc. Ser. A 91 = Indag. Math. 50 (1988), 321-334.

@ Springer



