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Abstract For G a finite abelian group, we study the properties of general equivalence
relations on G, = G" x G, the wreath product of G with the symmetric group &,,,
also known as the G-coloured symmetric group. We show that under certain condi-
tions, some equivalence relations give rise to subalgebras of kG, as well as graded
connected Hopf subalgebras of @,. , kG ,. In particular we construct a G-coloured
peak subalgebra of the Mantaci-Reutenauer algebra (or G-coloured descent algebra).
We show that the direct sum of the G-coloured peak algebras is a Hopf algebra.
We also have similar results for a G-colouring of the Loday-Ronco Hopf algebras
of planar binary trees. For many of the equivalence relations under study, we obtain
a functor from the category of finite abelian groups to the category of graded con-
nected Hopf algebras. We end our investigation by describing a Hopf endomorphism
of the G-coloured descent Hopf algebra whose image is the G-coloured peak Hopf
algebra. We outline a theory of combinatorial G-coloured Hopf algebra for which
the G-coloured quasi-symmetric Hopf algebra and the graded dual to the G-coloured
peak Hopf algebra are central objects.

Keywords Bialgebra - Combinatorial Hopf algebra - Wreath product - Coxeter
group - Symmetric group - Hyperoctahedral group - Peak algebra - Planar binary
tree - Descent algebra

Bergeron is partially supported by NSERC and CRC, Canada

Hohlweg is partially supported by CRC

N. Bergeron
Department of Mathematics and Statistics, York University, Toronto, Ontario M3J 1P3, Canada
e-mail: bergeron @mathstat.yorku.ca

C. Hohlweg
The Fields Institute, 222 College Street, Toronto, Ontario M5T 3J1, Canada
e-mail: chohlweg @fields.utoronto.ca

@ Springer



300 J Algebr Comb (2006) 24:299-330

Introduction

In recent work we have seen a vivid interest in uncovering algebraic structures behind
discrete objects and understanding the relationship among them. These objects are
particularly interesting as their structure constants may encode various invariants in
geometry, in physics or in computer science. This is particularly true in [1, 9, 12,
13, 17, 21, 24, 29], just to cite a few, and in [2] we find the beginning of a general
theory of combinatorial Hopf algebras. Most of the algebraic structures under study
are subalgebras, subcoalgebras, Hopf subalgebras or quotients of k[&] = . kS,
where k is a field (of characteristic 0) and k&, is the group algebra of the symmetric
group &,,. There are at least two products on k[G&]. One obtained from each kS,,, this
is usually refer to as the (internal) homogeneous product. Malvenuto-Reutenauer [18]
defines a graded Hopf structure on k&. In particular they give an (external) graded
product on k&.

We are interested in a natural generalization of k[&] with similar algebraic struc-
tures. Let G be a finite abelian group and let G,, = G" x G,, be the wreath product
of G with &,; this is viewed as a G-colouring of &,,. Consider k[G] = D, (kG ,.
In particular, when G = {1} we have that k[G] = k[&]. In [6], the authors extend
to k[G] the Hopf algebra structure on k[&], this construction is functorial from the
category of finite abelian groups to the category of graded connected Hopf algebras.
It is then natural to ask if the multitude of substructures and quotients of k[&] stud-
ied previously can be G-coloured. A few answers have been given, see for instance
[1, 6, 15, 22]. In general this requires some work, and is not possible in all cases.
Here, our approach is to study properties of equivalence relations on G = p,., G,
and to determine when they give rise to algebraic structures. Many of the algebraic
objects obtained in this way are G-colouring of the structures in the literature, such
as the peak algebras [1, 9, 21] or the Loday-Ronco Hopf algebra of trees [17]. Our
work is the unifying generalization of a series of results starting in [5] and continuing
in [6, 14, 26].

In Section 1, we recall some known results about Solomon’s descent algebras and
Nyman’s peak algebras in symmetric groups. We adopt the perspective of Atkinson
[5] and Schocker [26] which is useful in subsequent sections. In Section 2 we recall
the definition of the Mantaci-Reutenauer algebra [20]. These can be viewed as G-
coloured descent algebras [6, Section 5.1]. For G, a finite abelian group, we develop
a general study of various equivalence relations on the G-coloured symmetric groups.
This allows us to determine which equivalence relations give rise to subalgebras and
when we have a Hopf algebra structure (see Section 3). With this in hand, we show our
first main theorem in Section 2.7: that the span of coloured peak elements 703,1(6) forma
subalgebra of the Mantaci-Reutenauer algebra X, (G). We then have a few important
theorems in Section 3 relating equivalence relations on the G-coloured symmetric
groups and certain graded connected Hopf algebras. We also determine that under
certain conditions, this map is functorial from the category of finite abelian groups to
the category of graded connected Hopf algebras. This generalizes related results in
[6]. We give some applications of this theory in Section 4. In particular, we describe a
G-coloured peak Hopf algebra (a G-colouring of the peak Hopf algebra from [9]), and
a G-coloured Loday-Ronco Hopf algebra (a G-colouring of the Loday-Ronco Hopf
algebra [17]). To our knowledge, these two G-coloured algebras are new. We end this
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section by giving examples of application of this theory in the hyperoctahedral group
(Z /27Z-permutations) with equivalence relations not induced from symmetric groups.
Finally, in Section 5, we introduce the ®; map. This is a Hopf endomorphism of the
G-coloured descent Hopf algebra whose image is the G-coloured peak Hopf algebra.
We then outline a theory of combinatorial G-coloured Hopf algebras (generalizing
[2]). We show that the Hopf algebra of G-coloured quasisymmetric functions (the
graded dual Hopf algebra of the Mantaci-Reutenauer algebra, see [6]) is the terminal
object in the category of combinatorial G-coloured Hopf algebras. We also state that
the graded dual to the G-coloured peak Hopf algebra is the terminal object in the
category of odd combinatorial G-coloured Hopf algebras.

We wish to thank Hugh Thomas for fruitful discussions and Karin Prochazka
for her careful reading. The redaction of this article was completed in May 2005,
when the second author was visiting the Institut Mittag-Leffler in Djursholm,
Sweden.

1. The descent algebra and the peak algebra in the symmetric group

For k, [ € Z, we denote by [k, [] the set of integers {k, k +1,...,1 — 1,1} ifk <lor
{I,1+1,...,k—1,k}ifl <k.

1.1. Words, permutations and symmetric groups

Let us first recall some general notions about words and permutations. An alphabet A
is a totally ordered set. Here we give the explicit description of the underlying order of
A only when the context requires it. The elements of A are called letters. We denote by
A* the set of all words w = ajas . .. a, withlettera; € Aandn > 0.Forn = 0 there is
aunique empty word denoted by (). The length ofaword w = a,a; . . . a, is the integer
n. An injective word is a word without repetition of letters. The concatenation w - w’
oftwowordsw =ay...a, andw’ = by ...b,, in A*isthe word a; ...a,b; ...b,, of
length n + m.

There are two important ways to envision the symmetric group &,,. First as words
encoding the group of bijections of the set [1, n] (composing from right to left), and
second as a Coxeter group. We use both points of view as needed. More specifically,
let N = {1, 2, 3, ...} be the alphabet with the usual order on integers. A permutation
o € G,isgivenasaword c = o(1)a(2)...o(n)in N* which is injective and whose
letters are in [1, n]. Viewed as a Coxeter group, a permutation o € G,, is now a word
in Sy where S, = {51, ..., s,—1} the set of simple transpositions s; = (i, + 1). It is
well-known that (S, S,) is a Coxeter system of type A,_; (e.g. [16]). We always
denote by 1, the identity of G,,.

The length of a permutation o € G, is

o) =I{G, )i < jell,n]and o (i) > o ()},

namely, its number of inversions (e.g. [16]). We denote by w, the longest element in
G,.. This element is an involution and w,(i) = n —i + 1, forall i € [1, n].
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The standardization of aword w = aya; . . . a, of length n in A*, denoted by std(w),
is the unique permutation o € &, such that for all i < j we have o (i) > o(j) if and
only if a; > a;. For instance, for w = 844912 in N* we have std(w) = 534612.

A composition of n is a word ¢ in N* whose letters sum to n. A composition ¢
of n is denoted by ¢ F n and we also write n = ||c||. To emphasize the fact that we
have a composition, we write ¢ as a sequence (cy, ..., ¢;) of letter in N instead of a
concatenation of letters. There is a well-known bijection between compositions of n
and subsets of [1, n — 1] defined by

c=(,...,cx)En = I.={ci,ci14+cr...,c1+cr+ -4} (1)
The inverse of this map is
I={i1,iz,....0x} = ¢ =0,b—i,....,k—1,n—i)Fn (2)

Lete = (¢, ¢, - . ., cx) E n,wedenote by &, the subgroup of G, generated by S, =
{s; |7 € [1,n]\ I.}. Suchasubgroupiscalled a Young subgroup (or standard parabolic
subgroup). Set t; = c; +co +---+¢; for all i. Given a k-tuple (01, 07,...,0%) €
S, x B¢, x -+ x G, of permutations, we define 0| X 03 X --- X 0} € &, as the
permutation that maps an element a belonging to the interval [t,_; + 1, ;] onto #;,_; +
oi(a — t;_1). This assignment defines an isomorphism G, x &., x -+ x G, =~ Ge.
Finally, o = w,, X -+ X w,, is the longest element in &.. For instance w13 =
213654.

Forc¢ = (cy, ..., cx) and ¢; as above, the subset

X, ={o € 6, |Vi, o is increasing on the interval [t;_; + 1, #;]} 3)
is a system of representatives of the left cosets of G, in G,,. For example:
X2 = {1234,1324,1423,2314, 2413, 3412}, and X1 | .. 1,=6,.
;-v 0

For o € G,, there is a unique pair (1, v) € X, x G, called the c-components of o,
such that 0 = uv. Moreover £(o) = €(u) + £(v) (see [16, Section 1.10]). Specifically,
write o as the concatenation o - . .. - o} of the words in N* such that the length of the
word o; is ¢;. It is then easy to check that

v = std(oy) x std(oy) X -+ x std(oy) € S, and u=ocv" ! € X. )
Finally, let us recall Deodhar’s Lemma for &,, [11].

Lemma 1.1. ForcF n, x € X, and s; € S, either

(1) s;x € X, or
(ii) s;x = x5, with s; € Se. In this case, x(j) =iand x(j +1) =1 + 1.
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1.2. Descent sets and Solomon’s descent algebra
For o € G,, the descent set of o is
Des(o)={i e[1l,n—1]]0(i) > o(i + 1)}.

The descent composition D(c) of 0 € G, is defined via Eq. (2): D(0) = Cpes(s). For
any I C [1,n — 1] we have Des(w,,,,_,,,) = I, in particular all compositions of n are
descent compositions.

Denote by Z&, the group algebra of &,. For each ¢ F n, we setde = Y _,)— O-
Then

X, = @ Zd.

ckEn

is a subalgebra of ZG,,, called the Solomon descent algebra [27]. Let us recall the
ingredients of Atkinson’s [5] alternate proof of this result (see also [26, Section 4]).
Lets; € S, and 0 € G,,. We define an equivalence relation as follows:

orepsic & o l5i0¢8, < oW i)—o"'i+ 1| > 1. 5)

It is easily seen that =« is a symmetric relation. The reflexive and transitive closure
of = is called the descent equivalence relation and is denoted by ~p.

Proposition 1.2.

(i) Fors; € S, and o € G, if s;o ~po, then D(s;0) = D(0).
(ii) Foro,t € &, D(c) = D(t) ifand only if o ~p .

Remark 1.3. This proposition was first stated by Tits [30, Theorem 2.19]tits in a more
general context (see also [5, 10]).

Recall that a subset X of G, is left-connected if for each o, v € X, then there
is a sequence 0| = 0, 03, ..., 0 = T of elements in X such that crj+1a]f1 e S,, for
all j € [1,k — 1]. That is, these classes can be seen as a set of adjacent nodes in
the permutohedron. In particular, Proposition 1.2 shows that the sets of permutations
whose descent composition is fixed are left-connected.

Corollary 1.4. LetI C [1,n — 1]. Ifthereis j € [1,n — 1]suchthatj — 1, j € I and
j+1¢ 1, thenthereiso € G, suchthatDes(oc) =1,0(j)=2ando(j+1)=1.

Proof: Fix I and j as above and consider the set
T={te6,|Des(t) =1, t1(j)=t(j+ 1)+ l,andVi < 7(j + 1), 7 '(i) < j}.

Let ¢ be such that Des(w.) = I. Clearly w. € T, so the set T’ is nonempty. Start with
any 7 € T and set k = t(j + 1). If k = 1, then we have found the desired o = 7. If
k > 1,thenlett; = s;_;7.Sincet € T, t~'(k — 1) < j < t!(k). Therefore Eq. (5)
implies that t; ~p 7. From Proposition 1.2 we have that Des(t;) = I. The fact that
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j—lelgvesthatry'kK)=t'k—D<j—1,s077'(k+D)=1""k+1)=
j>j—1>1 !(k) and again we can apply the equivalence relation to get 7, =
SkT1 ~p T1 ~p T. We have that 7, € T with 7o(j + 1) = k — 1. We can repeat this
process k — 1 times to get the desired o with k = 1. O

For o € G,, and ¢, d compositions of n, we define
Aly, =1, v) €6, x6,|Du)=c, D) =d, uv=o}.

Letus fixs; € S, and let (1, v) € 6, x &,,. If u =~ p s;u, we set lﬂiD(u, v) = (s;u, v).
If u +#p s;u, then we set wiD(u, v) = (u, u~'s;uv). Note that in the second case we
have u~'s;u € S,. Since (y?)* = Idg, xs,, we have that ¥ is a bijection.

Lemma 1.5 (Atkinson [5]). If 0 € &, and s; € S, are such that o =ps;o, then
vP(AP, )= AP, . _, forall ¢, d compositions of n.

c,d,o c.d,s;o’

Lemma 1.5 and Proposition 1.2 show that X, is a subalgebra of Z&,,. Indeed,

|AZ, | depends only on e = D(0). Setting a’y . = |A2, |, we have

dedg =) aly de.

eFn

Solomon’s proof [27] use the basis x. = ), .y o and a study of the permutation
action of G,, on right cosets of Young subgoups (see also [7]).

1.3. Nyman’s peak algebra
Leto € G, the peak set of o is

peak(c) ={i e [l,n—1]|lo(i — 1) <o@)>o0@( + 1), i > 1}.
This set is sometimes called the interior peak set [1, 3]. Contrary to descent sets, not
all the subsets of [1, n — 1] are peak sets. Infact I € [1, n — 1]is a peak setif and only
if 1 satisfies the condition: if i € /, theni > 2 andi — 1 ¢ I. The peak composition
P(o) of 0 € G, is defined by Eq. (2): P(o) = Cosak (o) Denote by IT,, the set of all

compositions of n which are peak compositions. From the above discussion on peak
sets, it is obvious that

I, ={(c1,....ct) En|ci>1for1 <i <k—1}. (6)
Moreover, it is clear that for all o, T € 6,

péak(c) C Des(o) and D(o) = D(r) = P(c) = P(). 7)
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For each ¢ € TI,,, we set De=). Borc O Nyman P [21] has shown that

7571 = @Zi)c

o
cell,

is a subalgebra of X,. We call P, the peak algebra. We remark that P= D.-o P, is
also a subalgebra of the Mavenuto-Reutenauer structure on k[&] and that there is a
(dual) relationship between P and Stembridge’s peak algebras [28] (see [1]). We will
come back to this in Section 5. Here we recall Schocker’s new proof [26] of Nyman’s
result adapting an argument of Atkinson. Lets; € S, and 0 € &,,. Then

0 80 < s;0~poori =1 ®)

— o ')—c"i+D|>1ori=1. 9)

The reflexive and transitive closure of =« is called the peak equivalence, and is
denoted by ~ 5.

Proposition 1.6 (Schocker [26]).

() Foro € 6, and s; € S,, if s;0 ~ 30, then P(s;0) = P(0).
(i) Foro,t € &,, P(0) = P(t)ifand only ifo ~s T

Remark 1.7. As a consequence, the sets of permutations having the same peak com-
positions are left-connected.

The proof of the above proposition uses Corollary 1.4. We follow a similar recipe
for the proof of Proposition 4.6 in Section 4.2.

Foro € G, and ¢, d € lzln, we set
AP

c,d,o

={u,v)eB, x6,|Pu)=c, Pv)=d, uv=o0}.

Fix s; € S, and let (u, v) € &, x &,,. Then

P — {(slu,v) if i =1'

VP (u,v) otherwise

isaninvolutionon G, x &,. The following Lemma, Eq. (7), and Proposition 1.6 show
that P, is a (non-unitary) subalgebra of %,,.

Lemma 1.8 ( Schocker [26]). If o € &, and s; € S, are such that o ~ gs;o, then
Y, (Afdg) = cdw,forallc defl,
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2. Coloured peak algebras
2.1. Coloured words

Let G be a finite abelian group. We denote by 1¢ the identity of G. We also refer to
G as a set of colours.

Let A be an alphabet. We denote by A the alphabet A x G, and a® aletter (a, g) in
AY. We say that A is coloured by G. The colour of the letter a¥, denoted by col(a?), is
g.Letg=1(gy,...,gu)bea sequence ofelements inGand w = aja;...a, be aword
in A*. We denote by w?® the word af' -a5* -...-ay" in (A9)*. If g; = g2 =
gn = g, we simply write w8 = wS. Therefore we can identify ((A*)¢)* and (.AG)*
The absolute value map | - |: (A%)* — A* maps a word w? to the word w in A*. This
map satisfies |w® - u?| = [w?8| - |u"|.

A G-composition ¢& is a word in (N9)*, and |c8| = ¢ is a composition. A G-
composition of n, denoted by ¢® Fs n, is a G-composition such that ||c8|| = |¢|| = n.

The rainbow decomposition of a word w® in (A*)Y is the unique sequence of
non-empty words wf', w5’, ..., wi* such that foralli € [1,k — 1], g; # gi+1, and

g
wE =w - ws L w (10)

Let cl be the length of the word w;. The rainbow composition of w® is r(w) =

(cf', 5, ..., cf"). For instance, if g # h € G and w8 = 1848286"783"5" | then the
rainbow decomposition and the rainbow composition are

w® = 1428 .6" .75 .35" and r(w®) = (3%, 1", 1¢,2").
This procedure is the first part of the construction of the G-descent composition
D¢ (w#) given by Mantaci and Reutenauer [20]. The descent composition D(w) of
a word in A* is
D(w) = D(std(w)).
If the length of w is n, then D(w) F n. The G-descent composition Dg(w#) of a word

we in (A%)* is obtained as follows. Let w® = wf' - w5 - ... w;* be the rainbow
decomposition of w#. We have

Dg(w#) = D(w1)*" - D(w2)* - ... D(wp)**. 1)

Again, if the length of w8 is n, then Dg(w?) F n. For instance, with g # h € G and
w® = 1848286"783"5" we have Dg(w®) = (2%, 18, 1%, 18, 2M).

2.2. Coloured permutations and the Mantaci-Reutenauer algebra

Wedenoteby G, = G 6, = G" x G, the wreath product of G with S,,. An element
w € G, is the product ¢ = 0.(gy, g2, ..., 8gy) Where 0 € G, and g; € G. We call
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coloured permutations the elements of G,,. The multiplication in G, comes from the
following commutation rule between elements of G, and elements of G":

0.(81,82: -5 8n) = (gafl(l), 8o-1(2)s -+ » gafl(n))-g- (12)

The subgroup of G,, consisting of the element 0.(19, ..., 19) is isomorphic to &,,. In
this case, we write o instead of 0.(19, . .., 19). Therefore 1,, is the identity of G,,. For
g = (g1, &, ---,8&n), instead of the multiplicative notation o.g, it is more convenient
to use the word notation o% in (N*)C.

A subset X of G, is left-connected if for each «, € X, there is a sequence o =
X1, X2, ..., Xy = B of elements in X such thatlexj_' e Sy, forall j € [1,k—1].In
particular, all the elements in a left-connected set have the same sequence of colours.

For a composition ¢ = (cy, ¢3, - . ., ¢x) of n, we denote by G, the subgroup of G,
isomorphic to G, x G, x --- G, obtained by the map

G, X G, X -G, — Gy

(of, 0, ....0f) > (01 X 0p X -+ X OB & 8,

For any o € G, we obtain a unique decomposition o = o® = uv®, where (u, v®) €
X¢ X G and (u, v) are the c-components of o (see Section 1.1).

Denote by ZG, the group algebra of G,. For each G-composition ¢ of n, we set
chg = ZDG(Q)ZCg «. Then

=.(G) = P zdg

cgFgn

is a subalgebra of ZG,, called the Mantaci-Reutenauer algebra [20]. It is clear,
¥,({1}) = Z,,. The Atkinson proof using an equivalence relation on &,, has recently
been extended to G, for X,,(G) [6]. In the Sections 2.3 to 2.6, we develop a general
theory of equivalence relations for the coloured symmetric groups. This will allow us
to introduce coloured peak algebras in Z.G, and will be useful in Section 3 to study
Hopf structures.

2.3. Graded connected equivalence relations

Recall that a graded set is a pair (E, deg) where E is a set and deg: E — N is a map.
For simplicity, we write E instead of (E, deg) whenever possible. For n € N, we set
E, = deg™' {n}. Then

E=@En.

neN

For instance, G = @,y Gn, © = B,y S, and (NY)* with the length of words are
graded sets. On (N®)* we can also consider (N®)*, | - ||) which gives a different graded
set structure.
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A graded map p is a map p:E' — E between two graded sets such that p(E)) is
contained in E,. A graded equivalence relation on a graded set E is an equivalence
relation on each E,. Given p:E' — E a graded map, we define a graded equivalence
relation ~, on E’ where ¢| ~, ¢} if and only if p(e}) = p(e)). In this case, we can
view p(E,) as a parametrization of the set of equivalence classes of E;,. Conversely,
to any graded equivalence relation ~ we can associate a surjective graded map p such
that ~is ~,.

Let p: G — Ebe a graded map and ¢ = (cy, ..., cx) F n. We use p to define a map
on G, as follows:

Pe:Ge > ExXEx---xE (13)
[ ——
k times
Vi X U2 X - X Y > p(01) X p(v2) X e X p(vg) (14)

It is clear that oo = pe; X pPe, X -+ X p, and p,, = p for all i € [1, k]. This mul-
tiplicative notation is useful for looking at induction from Young subgroups (see
Section 2.5).

A graded connected map on G is a graded map p: G — E where each equivalence
class under ~ , is left-connected. In particular ~ , is the transitive and reflexive closure
of the symmetric relation =, defined as follows: forn € N, w € G, and 5; € S, we
have

w,S5w = p(w) = p(s;w).

In this case, we say that ~, is a graded connected equivalence relation on G. For
instance D, P: & — (N*, || . ||) are graded connected mapson G = & (when G = {1}).

2.4. The induced graded connected maps p¢ and p¢

Let p: © — E be a fixed graded connected map on &. For G a finite abelian group we
define a graded connected map on G as follow. Letn € N, 08 € G, and s; € S,,. First,
identify in the rainbow decomposition 08 = o' ...o}* the subword o, containing i

as a letter and the subword o, containing i + 1 as a letter. We then define

G
p

V#u or (15)

g
o v=p and p(s;0) = p(o).

5;08 {

Denote by ~g the transitive and reflexive closure of this relation. We let E,(G) =
G,/ ~ff be the set of equivalence classes on G, and define pg the projection

pc:6 — EG) = P EA(G). (16)

n>0

This is a graded connected map on G.
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Remark 2.1. The relations «g} and '«“{,‘5]} are not the relations = p and =« 5 as defined in

Section 1, but both induce the same equivalence relations. For instance 1423 111432
and 1423 ~ 5 1432, but 1423 and 1432 are not related by <. More generally if «,
is a graded symmetric relation on & whose transitive and reflexive closure is ~,, we
can define a symmetric graded relation =, on G as in Section 1, namely:

V#EWU or a7

g g
0°¢,.8,0° <
pet {v:u and 5,0 = ,0 .

The transitive and reflexive closure of =« is precisely fo. In fact

g o8 8 0
0% xp8i0° = 0%

s;08,
but the converse is not true. We will use Eq. (15) for studying general properties of

graded connected maps on G and Eq. (17) for studying particular cases of graded
connected maps like the G-descent composition map or the G-peak composition map.

We have another way to define a graded map on G from p: & — E. Again, let
0: 6 — E be a fixed graded connected map on G. We first extend p to a graded
map N* — E by setting p(w) = p(std(w)). Then, for 08 =o' ...0" the rainbow

decomposition of 0% € G, we set

p%(08) = p(01)*" - p(02)% - ... - p(op)*t. (18)

This defines a graded connected map p°:G — (E®)*. Observe that if E is the set of
words A* on an alphabet A, then (E¢)* = ((A*)%)* = (A%)*.

The graded equivalence relation ~,¢ can be obtained as the transitive and reflective
closure of the following graded connected symmetric relation =,¢ on G. For this, let
0% e G, and s; € §,, and select i and v as in Eq. (15).

vV#WQ or

o wposiof { v=p and p(0,) = p(sioy). (19

In general, the graded maps p¢ and pg have nothing in common. For instance,
let ~, be defined on &, by s;0 % ,0 ifo~'([i,i +1]) = [1,2]. If g # h are two ele-
ments in G, then 18283"4" ~ ¢ 18284"3" Indeed, here o = 1234, i = 3 and the rain-
bow decomposition of o8& = (12)8 . (34)". So o, = 34 and p(0,) = p(std(34)) =
p(12) = p(21) = p(std(s334)) = p(s334). But these two elements are in distinct
equivalence classes under pg (since o1, 2] =1, 2] # [3, 4]):

pc(18283h4hy = (18283h4h 1838004k Ds381hgh 1848003k 84813k 38481hphy
U{28183"4" 3818204" 3828104 48182030 48281h3h 48381h0M
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while

pc(18284h3hy — (18284h3h 18384h0h Ds384h1h 18483h0h s483h1h 384800 1My
U{28184"3" 38184020 38084h1h 48183h0h 48283010 4838001

The map p© is easier to study but does not in general induce the properties we wish
to extend (subalgebra, Hopf subalgebra, etc.). However, if p possesses the induction
property (Section 2.5) and the freeness property (Section 2.6), the two relations ~
and ~ ,¢ will coincide (see Proposition 2.10).

Remark 2.2. If p is surjective, then p? is surjective. In particular, from Eq. (18) we
get a bijection

(E;— € EF x-- xES. (20)
(C1yeesCk)ER
8i#8i+1€G
Thus
EOI =1GI Y (G = D\ E| .. |Eq|. 1)
(Clyeees cx)Fn

2.5. Induction property

We say that a graded map p: & — E or its graded equivalence relation ~, have the
induction property if the following condition is satisfied:

(IP) Foranyn,m € Nand (e,, e,,) € E, X E,, thereis X C E,,, such that

X (' (en x em)) = EP p7'(e). (22)

eeX

where X, ) is defined in Eq. (3).

Remark 2.3. If p has the induction property, then p (= p,4m) and o, coincide.
More precisely, if (4, v), (', v') € 6, x &, such that p(u x v) = p(u’ x v’), then
Py X V) = pe.my(@’ x V). The converse is not true in general.

Proposition 2.4. The graded maps D and P have the induction property.

Proof: Forn,m € N, let ¢ |=n and d = m. Let X be the subset of compositions of
n + m such that

Xam (Dy) (e x ) € @ D7 '(e) (23)
eeX
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and such that X, (D(;,lm)(c x d)) N D~!(e) is non empty for all e € X. Since D is
left connected and since the (n, m)-components are unique, to show the equality in
Eq. (23) itis sufficient to prove thatif s; € S, andx(u x v) € X, m) (D(;}m)(c x d))
are such thats;x(u x v) ~p x(u x v),thens;x(u x v) € X m) (D(;}m)(c x d)). Using
Lemma 1.1, we reduce the problem to the case where s;x = xs;, withj € [1,n — 1]U
[n+1,n+m — 1]. By Lemma 1.1(ii) we have

1< ]Ce(u x v) ') — (e x )G+ D =[x v)7' () — @ x v)7'G + DI

Therefore, if j € [1,n — 1], we obtain s;u ~p u,andif j € [n +1,n +m — 1], we
obtain §;_,v ~p v.

To prove that ~ 3 has the induction property we proceed as above. It is sufficient
to consider the case i = 1 in the above proof. By definition, X, ,,) is the set of
permutations x increasing on [1,n] and on [n + 1,n + m]. If s1x = xs; we have
j=1lor j=n+1since x(j)=1 and x(j + 1) =2 by Lemma 1.1(ii). In other
words s;u ~ 5 UOTSIV~g . O

The following lemma will be useful for Lemma 2.6.

Lemma 2.5. If p satisfies the Condition (IP) (see Eq. (22)), then for any ¢ =
(ciy...,cx)FEnand(ey,...,e) € E;; X -+ X E,, thereis X C E, such that

Xe (o (e x -+ x ep)) = @,071(3)

eeX

Proof: We proceed by induction on k > 2. The case k = 2 is Condition (IP). Assume
that k > 2. It is well known that

XC = X(n—ck,ck) (X(L'l,...,c](,]) X lck)7 (24)

(see for instance [7, Lemma 2.1]). By the induction hypothesis, there is X’ € E,_,
such that

). CE (,0(;11 _____ Ck—l)(el X oo X ek—l)) = @ p_l(e’).

e'eX’

Then by Eq. (24) we have

Xe(p7' (er x -+ x €)= Xin—cc0 (Xermeen) X L) (0 €1 X -+ X ep))
= X(nfck,ck) (X(C| """" Ck—l)p(;ll,...,ck,l)(el X+ X ek*l) X pfl(ek))
-1
= X("*Ck,ck)(eae/eX’ 'O(n—ck,c,‘)(e/ X ek))

—1
= @e’ex’ X(n—Ck,Ck)(p(nfck,ck)(e/ S ek))-
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Now by (IP) for each ¢ € X’ there is X, C E, such that p(zlfqu)(e’ X ey) =
D.. X, p~'(e). Observe that Condition (IP) forces Xo N Xy =0 if €] # e;. We set
X =@,y Xe € E, and the proposition follows. O

Lemma 2.6. If p is a graded connected map with the induction property, then for all
o8 € G, and s; € S, we have

o8 wgsiog = o, 65,08

Proof: Leto® € G, ands; € S,.Leto® = of'...0* be the rainbow decomposition
of o8 andletc = (cy, ..., cx) E n be such that r(68) = ¢&. For (1, v) € X, x &, the
c-components of o, Eq. (4) implies that

08 = uv® = u (std(o()® x --- x std(op)8). (25)

Identify in the rainbow decomposition the subword o, containing i as a letter and the
subword o, containing i + 1 as a letter. Lemma 1.1 gives us that s;u € X if and only
if v # u. Hence, when v = u, we obtain

5;08 = u (std(o)%" x -+ x std(s;0,)%" x - - x std(op)%). (26)
Comparing Egs. (19) and (15), it is clear that the lemma follows when v # u. For
the case v = u and p(s;0) = p(o), since p has the induction property, Lemma 2.5
implies

o, S0 € Xc(pgl(pc(std(al) X -+ x std(oy,) X - -+ X std(ak))).

Therefore comparing Egs. (25) and (26) we have p(0,) = p(s;0,) and the lemma
follows in all cases. (|

2.6. Freeness property
Now let us introduce the freeness property (the choice of this name will be explained in

Corollary 3.8). We say that a graded connected map p: & — Eorits graded equivalence
relation ~, has the freeness property if the following condition is satisfied:

(FP) Foranyn,m € N,u € X, n) and s; € S(, ;) such that usju’l € Sptm-

Ifv e &g,y and P, m)(s;V) = Pe,my(v), then p(us;v) = p(uv). 27

We leave it to the reader to derive the following from the definitions.
Proposition 2.7. The graded connected maps D and P have the freeness property.

The following lemma will be useful to show the converse to Lemma 2.6.
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Lemma 2.8. If p satisfies the freeness property, then for any ¢ = (cy,...,cx) En,
u € Xpm and s; € Se such that usju’l € Sy, we have that v € &, and pe(s;v) =

pc(v) implies p(us;jv) = p(uv).

Proof: Letv € G, be such that p(s;v) = p(v) and write s; = usju‘l € S,. We prove
that p(us;v) = p(uv) by induction on k. The case k = 2is (FP). Assume that k > 2 and
write v = vy X - -+ X vg. Using Eq. (24) we write u = u'(u” x 1.,) withu' € X¢,_q.c0)
and u” € X(,...¢,p)- Since u’ € X(y_¢, .¢,)» Lemma 1.1 gives us that s;u’ € X(,—¢,.c)
orthereis s, € Sp—c,,c,) sSuch that s;u” = u's,,. The second case forces s,(u” x 1.,) =
(" x 1¢)s;. Since we have £(s;u) = £(us;) = £(u) + land €(u'(u” x 1)) = £(u') +
L x 1.,), the first case would imply that £(s;u") = €(u’) + 1. This would imply

C(u) = L(sius;) = C(siu'(u” x 1¢,)s;) = L(siu) + " x 1) + 1 > £(u),

which is a contradiction. Hence s, = (u” x 1¢,)s;(u” x 1,)7" € Stu—¢y.¢)- For s; €
S, the induction hypothesis gives us p(u”sj(vi X - -+ X v—1)) = p(u”"(vy X -+ X
vk—1)). The case when s; € &1 1., is trivial. Then pc((u” x 1¢)s;v) = pe((u” %
1.,)v). The result follows using (FP) and the fact that (u” x 1.)s; = s,(u” x 1) and
siu' =u'sy. O

Lemma 2.9. If p is a graded connected map satisfying Condition (FP) (see Eq. (27)),
then for all 08 € G, and s; € S, we have
08¢

»085;08 = o® «gsiog.

Proof: We use the same notation as in the proof of Lemma 2.6. Again, comparing
Egs. (19) and (15), it is clear that we only have to consider the case v = u.
Lemma 1.1 implies that s; = us;ju~" with s; € S.. Comparing Eqs. (25) and (26), we
obtain that std(s;0,) = s,std(o,) with jo = j — (¢ + ...+ ¢,). Then the condition
p(sioy,) = p(o,) is equivalent to p(s,std(o,)) = p(o,). That is pc(s;v) = p.(v) and
the result follows from Lemma 2.8. O

Proposition 2.10. If p is a graded connected map satisfying Conditions (IP) (see
Eq. (22)) and (FP) (see Eq. (27)), then ~,c and '««g are equal. In particular, the
graded connected maps pg and pC induce the same equivalence relations.

For instance, consider the graded connected descent map Dg induced from the
descent (surjective) map D: G — N*. Applying Propositions 1.2 and 2.10, we get

Corollary 2.11. Forany «, B € G,, Dg(a) = Dg(B) if and only if « ~g B.

The description of D¢ given by the elementary relation «9 is the principal ingre-
dient of the proof given in [6] that ¥, (G) is a subalgebra of ZG,,.
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2.7. Coloured peak algebras

Leto® = o} ...0} be the rainbow decomposition of 68 € G,. The G-peak compo-
sition of o'® is

Pg(0®) = (P(o1)*, ..., P(0i)®).

For instance P{g,h}(631g4g255h3h7h) = (3%, 1%, 3"). Denote by ﬁn(G) the set of
G-peak compositions of G,,. Then (ﬁG)* =D,y ﬁn(G).
In the group algebra ZG,, we form the elements p§ = > Bota)—ct @ where c8 €

ﬁn(G). We then consider the subspace

PG = P Zp§.

czell,(G)

Theorem 2.12. If G is a finite abelian group andn € N, then 75,1(G) is a (non-unitary)
subalgebra of ,,(G) called the G-peak algebra.

We proceed as in Section 1.2 and the theorem will follow from the next two lemmas.
First, Propositions 2.10 and Corollary 2.11, combined with Eq. (7), show that

Lemma 2.13. Let«, § € G,.

D) o ~F B=a~G B:
(i) Po(@) = Po(B) <= o~ B.

Fora € G, and ¢&, d" € I1,(G), we set

AﬁG

wane =05 ") € Gy x G, | P(0®) = ¢, Po(z") =d", o®7" = a}.

Fix s; € S, and let (68, ") € G, x G,,. Then

(s;0%, ) if s;08 '«/]gaag

(08, 07 's;ot")  otherwise

oo, o) = {

is an involution on G,, x G,,.

Lemma 2.14. Ifa € G, and s; € S, are such that «e;is,-a, then

wiPG (APG ) = APG fO}" all Cg, dh [S ﬁn(G)

cs,dh o cg.dh s;a

Proof: We can assume that i and i + 1 are in the same subfactor of the rainbow
decomposition of o® and that 5,0 50. That is, there is s; € S, such that s;0 = o's;
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and s; stabilize g. Therefore s;0% = o8s;.If j and j + 1 are not in the same subfactor

of the rainbow decomposition of T" then s; T = 2. " by definition. Otherwise, observe

P
that |a| = gs;|er| and

Pg hy _ . P (g.h)
wl' (‘(O‘gs T )_ W,’ (07 T)g

where (u, v)&M = (u®, v"). We conclude that s;t" g ™ since Wf(o, 7)€

P
Aﬁ(a),ﬁ(r),si|a\ (Lemma 1.8). O

3. Graded maps and bialgebra structures
Henceforth we consider a field k of characteristic 0.
3.1. Hopf algebra of coloured permutations

Let G be an abelian group and recall that G = €, G,. Let p: G — E be a graded
map and n € N. We denote by £(p), the subspace of the group algebra kG, spanned
by by =3 )= @ for each e € E, (if p~(e) = @, we set bY = 0 as usual). Then

E(p) =P Epn
n>0

is a graded vector subspace of the graded vector space k[G] = £(Idg) = D, ¢ kG,
We recall the Hopf algebra structure on k[G] given in [6]. The product x: kG, ®
kG,, = kG, is given by

ok ,B = xn,m(a X ﬂ) € aner»

where x, , = Zaex(m,,‘) o (see Eq. (3)).

Let @ € G,. For each i € [0, n], we denote by «) X ot(,—;y the unique element
of G;,—; such that (u, (g X &u—i)~') are the (i, n — i)-components of «~'. The
coproduct A:K[G] — Kk[G] ® k[G] is the morphism of algebra (for the product x)
given by

Ala) = Za(i) ® am—-i) € k[G] ® K[G].
i=0

For instance, for g # h in G,

1827 5 oM 18 = 1820 4h38 18304008 4 18473008 4 28304018 4 843N 8 4 384R0R 8,
AQR83MM48)=() @ 283" 1748 +- 1" @ 18273842817 @ 1728 4283" 1" @ 1842831742 @ ().

In [6], the authors prove that (k[G], *, A) is a graded connected Hopf algebra. More-
over, the assignment G ~» Kk[G] is a covariant functor from the category of finite abelian
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groups to the category of graded Hopf algebras. In fact the theory build in [6] is only
valid for an abelian group G. We do not know how to do if G is not abelian. The
case G = {1} is due to Malvenuto and Reutenauer [18]. Considering a finite abelian
group G and the morphism G — {1}, at the level of graded Hopf algebras, we get
the forgetful (surjective) map f:k[G] — k[&] (obtained by extending linearly to k[G]
the absolute value map | .|). We also have an injective morphism induced from the
injective map {1} — G.

We construct more Hopf (sub)algebras using our general theory of graded maps on
G. For example:

1. The Solomon descent algebra ¥ = E(D: & — (N*, || . ||)) is a Hopf subalgebra of
k[&] [18].

2. The Mantaci-Reutenauer algebra X(G) = £(Dg) is a Hopf subalgebra of k[G].
Moreover, the assignment G ~~ X(G) is also a contravariant functor from the cat-
egory of finite abelian groups to the category of graded Hopf algebras [6].

3. The Peak algebra P = E(P:6& — (N*,||. D) is a Hopf subalgebra of k[&] [1, 8].

4. The planar binary tree T(0) of 0 € &, is defined as follows. A given o €
S, can be viewed as the concatenation of two injective words separated by
the smallest letter 1: 0 = w’-1-w”. We construct 7 on permutation by in-
duction: 7 (o) = 7 (std(w’)) v 7 (std(w”)). Here T’V T” means the grafting
of T’ and T”, see [17]. Denoting Y, the set of planar binary trees with
n vertices, we get a surjective graded map 7:6 — Y, where Y=, V.
Then £(7T) is the Hopf subalgebra of k[&], called the Loday-Ronco algebra
[17].

We see that the example (2) is a G-coloured version of (1). In Section 4 we will present
a coloured version of (3) and (4). For this, we study which properties of p are required
so that £(p) is a Hopf subalgebra.

3.2. Induction on equivalence classes

Let p: G — Ebe a graded map. The definition of the induction property (IP) (Eq. (22)
in Section 2.5) can be applied to p viewing the product in G instead of in &. Since
the map X¢, m) X Gpm — Gpim, sending (u, v®) to uv®, is a bijection, we get the
following:

Proposition 3.1. A graded map p: G — E satisfies Condition (IP) if and only if for all
n,m € Nand for all (e, e;) € E,, X E,,, thereis X C E,,, such that

by # b, = b

eeX

Corollary 3.2. Let p be a graded map on G. If p has the induction property (IP), then
E(p) is a subalgebra of (k[G], *).
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3.3. Restriction on equivalence classes

The graded map p: G — E has the restriction property if it satisfies the following
condition:

(RP) For any n,m € N and u € X, ), if o1, 00 € G, and By, B, € G, are such
that p(ar;) = p(a2) and p(B1) = p(B2), then

p((ar x Bu™") = p((aa x o)u™"). (28)

Remark 3.3. 1f p satisfies (RP), we obviously have:

(1) p(ay x B1) = p(ay x Bo), since l,i1m € Xy m). But we do not have that
Pomy(01 X B1) = pPi.my(e2 X Br); this comes from the induction property
(see Remark 2.3).

(i) Forn € N,a, B € G, andi € [0, n],if p(a)) = p(Bw)) and p(o—iy) = p(Bu—i))»
then p(ag) X au—i)) = p(Bi) X Bu-i))-

Lemma 3.4. The graded connected maps D and P satisfy Condition (RP).

Proof: Let s; € S,y and o x 7 € &,y be such that s;0 «po when s; € S,
and s;_,T =pt when s;_, € S,,. In both cases we have |(c x 7)"'(i + 1) — (6 x
)7 1i)| > 1. For u € X(,,m we have

(0 x D™+ 1D =0 x Du)' @) = luc x 1)@ + 1) —u(o x 7))

Observing that (¢ x 7)7!(i + 1) and (o x 7)7'(i) are elements of either [1, n] or
[7 + 1, n + m], we have that Eq. (5) holds. The lemma follows from the fact that D
is left connected.

For P the proof is similar. O

We now show that if p has the restriction property, then £(p) is a subcoalgebra of
(k[G], A).Forn e N,e € E,,i € [0,n] and (B4, B,) € E; x E,_; we set

Alegl B T {Ol cp l(e)l iy X On—iy = B1 X ﬂZ} (29)

Lemma 3.5. Let p be a graded map on G satisfying (RP). For n € N, e € E,, and
i €[0,n]ifB], B € E;and B}, B € E,_; are such that p(8)) = p(B}) and p(B}) =
p(BY), then A P and Aéi’vﬁ! are in bijection.

Proof: If o’ € A; B ., then o’ = (B} x ,82)1f1 with u € X(; ,—;). Since the (i, n — i)-
components are unlque we define a map from Ae B, to G, by sending o’ to

= (B x B u~!. By the restriction property, Eq. (29) ‘and Remark 3.3, we have

p@”) = p((B) x BHu™"y = p((B] x Bu™") = p(a) =e.
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In other words, @” € A¢, ,,. By uniqueness of the (i, n — i)-components again, and
by symmetry of the condirfiction, we get a bijection. If A¢, p, 1s empty, the above
1:P2
discussion shows that A;,, % is also empty. O
1°F2

Let e € E,,. Lemma 3.5 allows us to define for all i € [0, n] and for all (e;, e5) €
E; x E,_; the integer

a, = |Ael~I32

€r,€

. for (B, B2) € p~'(e1) x p~'(e2).

Theorem 3.6. Let p be a graded map on G satisfying (RP) (see Eq. (28)) and n € N.
Forall e € E,, we have

n

A(bg)zz Z ag, , bl ®bL.

i=0 (e1,er)eE; xXE,_;

In particular, £(p) is a subcoalgebra of (k[G], A).

Proof: For eachi € [0, n], we have

o= P A

(B1.B2)EGi X Gy

Then

n

A(bf) = Z Z o) @ i)

i=0 aep~!(e)

Y Y Y ses

i=0 (B1.2)€Gi X Gy a€df )

n

= Z Z Z asl,ez ﬁl ®IB2

i=0 (e1,e2)€E X Ey—i (B1,B2)ep~ (e1)x p~ ! (e2)

= Z at, , bl @bl

i=0 (e1,e2)€E; X Ey—;

=

3.4. Generated connected graded maps and bialgebra structures

Recall the definition of p¢ in Section 2.4. The following theorem gives an automatic
way to build coloured Hopf algebras.

Theorem 3.7. Let G be afinite abelian group and let p: G — Ebe a connected graded
map.

(1) If p has the induction property (Eq. (22)), then pg has the induction property.
(i) If p has the restriction property (Eq. (28)), then pg has the restriction property.
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Proof:

(i) Let n,m € N and let (e,(G), e,,(G)) € E,(G) x E,(G). Let X C E,1,,(G) be
the subset such that

X (06 )y (@n(G) X en(G)) € D) p5'(e(G)) (30)
e(G)eX

and such that X, m) (06);,' ) (€n(G) X €4 (G)) N pg' (€(G)) is non empty for all

e(G) € X. Using Eq. (15), since p¢ is connected, to show the equality in Eq. (30)

it is sufficient to prove that if s; € S,1,, and o8 € X, m) ((pc)(_n}m)(e,,(G) X

e, (G))are suchthats; o8 «gag,then sio8 e X(n,m)((pg)(n}m)(e,,(G) X e, (G)). Let

(U, 71 X 1) € Xu.m) X S my be the (1, m)-components of o. Then 08 = u(r; x

7,)8% Using Lemma 1.1 we obtain either s;u € X, ) and the proof is done, or

there is s; € S(,,m) such that s;u = us; (and u(j) =i and u(j + 1) =i + 1). As-

sume first that s; € S,,. If j and j + 1 are not in the same subfactor of the rainbow
decomposition of t}' the proof is done. If j and j + 1 are in the same subfactor

then i and i 4+ 1 are in the same subfactor of the rainbow decomposition of o2

since u(j) =i and u(j + 1) = i + 1. Then by definition p(s;0) = p(c). The fact

that p has the induction property forces p(s;t1) = p(z1). Hence s; rlg‘ f«G g‘ and
the proof follows. Proceed similarly if s;_, € S,,.

(ii) Let s; € Spumy 08 x T € G, x G,, and u € X, ). Observing that i and i + 1
are in the same subfactor of the rainbow decomposition of 08 x " if and only if i
and i + 1 are in the same subfactor of the rainbow decomposition of (68 x tMu~!,
this case follows from definitions. O

Let p: G — E be an induced graded map satisfying (FP) (Eq. (27)) and (IP)
(Eq. (22)). We have a nice description of the equivalence classes of pg by Propo-
sition 2.10. For g € G, using the map in Eq. (20), we define a monomorphism of
graded vector spaces

pg: E(p) = E(pc)
b? > bl

Corollary 3.8. Let p: G — E be a graded connected map satisfying (FP) (Eq. (27))
and (IP) (Eq. (22)). If £(p) is freely generated by M, then E(pg) is a subalgebra of
k[G] freely generated by

M(G) = D) e (M).

geG

Proof: Observe that for g;, g» € G and ey, e; € E we have

b7 . if ,
bpl*b ellgzz 1 gl#gZ
e’ e, (be1 * bfz) ifgi=g.

Conclude by induction. g
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Corollary 3.9. Let p be a graded connected map satisfying (FP) and (IP). If £(p) is
free, then the assignment G ~~ E(pg) is a covariant functor from the category of finite
abelian groups to the category of free graded algebras.

Proof: Recall that the assignment G ~ k[G] is a covariant functor from the category
of finite abelian groups to the category of graded Hopf algebras [6]. More precisely if
f:G — G’ is a group homomorphism, we define a Hopf algebra homomorphism f;
by sending 0% € k[G] to 0/® € k[G'] (Where f((g1, ..., &) = (f(g1), ..., f(gn)))

Then we have f, o j1, = s for all g € G. In other words, f.(M(G)) € M(G").
The corollary follows. O
4. Applications

4.1. Coloured bialgebras of peaks and trees

A first application of the above theory is the following theorem:

Theorem 4.1. Let G be an abelian group.

(1) The graded space

PG) = P Pu(G)

neN

is a subalgebra of (X(G), %) freely generated by
(G| g €G. nodd.

(ii) The graded algebra ’ﬁ(G) is a Hopf subalgebra of (X(G), *, A). Moreover, the
assignment G ~» P(G) is a covariant functor from the category of finite abelian
groups to the category of graded connected Hopf algebras.

Proof: The fact that ’PDD(G) is a Hopf subalgebra of (X(G), %, A) comes from
Propositions 2.4 and 3.4, Theorems 3.6 and 3.7, and Corollary 3.2. The peak al-
gebra P is freely generated by py,, for n odd [9, Theorem 5.4]. Then the freeness
follows from Corollary 3.8, and the functorial property follows from Corollary 3.9]

We next consider a G-colouring of the Loday-Ronco Hopf algebra of trees [17].
Let 08 = o' ... 08 be the rainbow decomposition of 08 € G,. The G-sequence of
trees of 08 is

Tc(0®) = (T (std(o1))®', ..., T (std(ox))*)
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(see Section 3.1, Example 4). For example if g, 4, k are three distinct elements of G
then 75 (583868 1142F) = (T'(213)¢, T (12)", (1)*) which gives

g h k
( \/ N / , ® )
Hivert, Novelli and Thibon [12—14] have shown that the graded map 7 is connected.
The dual-sylvester equivalence is defined by
5iogyly'o &= Ik € [w @), w G+ D], ok)>i+1

They also show that 7 (w) = 7(g) <— w ~
indirectly proved in [14].

sylv' & The following lemma has been

Lemma 4.2. The graded connected map T satisfies (FP) (Eq. (27)), (IP) (Eq. (22))
and (RP) (Eq. (28)).
Proof: Proceed as in Propositions 2.4, 2.7 and 3.4. O

Theorem 4.3. The graded space E(1) is a graded connected Hopf subalgebra of
k[G] containing X(G). As an algebra, it is freely generated by

[olrslgeG. T evial,

where | € Y| is the unique tree of degree 1 and V is the grafting operation (see [17]).
Moreover, the assignment G ~ £ (TG) is a covariant functor from the category of
finite abelian groups to the category of graded connected Hopf algebras.

Proof: The fact that £ (TG) is a Hopf subalgebra of (k[G], %, A) comes from Lem-
ma 4.2, Theorems 3.6 and 3.7, and Corollary 3.2. The Loday-Ronco algebra of trees
E(T) is freely generated by b‘TvT forT € Y,,_; [17, Theorem 3.8]. The freeness follows
from Corollary 3.8, and the functorial property follows from Corollary 3.9. 0

Remark 4.4. 'We could also apply this theory to the Knuth relations and the Hopf
algebra of tableaux [23]. This would lead to a different G-coloured version than the
one defined in [6, Section 5.5].

4.2. Exterior peaks in the symmetric group

Let o € G,, the set of exterior peaks of o is

peak(o) = {i e [I,n —1]]o(i — 1) < o(i) > o(i + 1)}

where we set 0(0) = 0 [1, Definition 3.1]. Notice that 1 € peak(o) if and only if
1 € Des(o). Similarly to peak sets, not all the subsets of [1, n — 1] are exterior peak

@ Springer



322 J Algebr Comb (2006) 24:299-330

sets. Infact I C [1, n — 1]is an exterior peak set if and only if 7 satisfies the condition:
if i € I\ {1}, theni — 1 ¢ I. The peak composition P(c) of 0 € G, is defined by
Eq. (2): P(0) = Cpeak(o)- Denote by IT, the set of all compositions of n which are peak
compositions. From the above discussion on sets of peaks, it is obvious that

M, ={c=(y,...,cx)Fnlci>1,2<i <k-—1}. (€19

Moreover, it is clear that for all o, T € &,, we have peak(c) C peak(c) C Des(o) and
D(o) = D(t)= P(o) = P(1)= P(o) = P(7).

For each ¢ € T, we set p. = Y P(o)=c O- Then Aguiar, Bergeron and Nyman [1]
have shown that

P = @ch

cell,

is a subalgebra of X,,. We call P, the exterior peak algebra. They have also shown
that the graded space P = £(P) is a subcoalgebra of (k[&], A).

In [26], Schocker has given an analog of Atkinson’s proof of Solomon’s result for
the peak algebra (see Section 1.3). Here we give a similar proof for the exterior peak
algebra. For s; € S, and 0 € G,,, we define the exterior peak equivalence relation as
follows:

§;0 %*po  Or
O pS;0 > {i:l and s,0 # o5y, 2)
o' @) =o' i+ 1D >1 or
= {i:l and  [o(1),0(2)] #[1,2]. 9

It is easily seen that =¢p is a symmetric relation. The reflexive and transitive closure
of =¢p is called the exterior peak equivalence, and is denoted by ~p.

Lemma 4.5. Foro € S, and s; € S, if s;0 =~ po, then P(s;o) = P(0).

Proof: By Proposition 1.2 and Eq. (32) we can easily reduce the proof to the case
where i = 1, the letters 1, 2 are adjacent and [0 (1), 0(2)] # [1, 2]. As the word 1 - 2
(or 2 - 1) is not a prefix of the word o, it is obvious that exchanging 1 and 2 does not
change peak(o).

O

Proposition 4.6. Foro, 7t € G, P(o) = P(t) ifand only ifo ~p t.

Proof: By Lemma 4.5 we have only to show that if P(c)) = P(tr) theno ~p 7.
Assume that I = Des(o') # peak(o), then thereis j € I suchthat j, j — 1 € I and
j+1¢ 1. Leto' € S, be such that Des(c’) = I and such that 6/(j) =2 =0o'(j +
1) + 1 (Corollary 1.4). We have 510’ «po’, thatis P(0) = P(s;o”) and |Des(sy0")| =
|Des(c”)| — 1. By induction on Des(o ) and by Proposition 1.2(ii) we obtain an element
o1 € 6, suchthato ~p o’ ~p oy and Des(o;) = peak(o;) = peak(o). In other words
o ~p o] since two permutations having the same descent sets have the same exterior
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peak set. Proceed similarly with 7 to obtain a permutation t; such that Des(t;) =
peak(t;) = peak(t). Then 7 ~p 7|. As Des(r;) = Des(o;) and as t; ~p o) implies
71 ~p 0] the proposition follows from Proposition 1.2. g

The following corollary is immediate.
Corollary 4.7. Each equivalence class under ~ p is left-connected.
Ifo € G,andc,d e I, we set

AP

c,d,o

={(u,v) e G, x6,|Pu)=c, Plv)=d, uv=o}.
Fors; € S, and (u,v) € G, x G,,, we define
wiD(u, v) if sju=pu
wip(u, v) = { (s1u,v) if i = 1andsju # us;
(u, s;v) if i =1andsju =us.
We have (¥/)* = Idg, xs, - In particular ¢ is a bijection.

Lemmad4.8. Ifo € G, and s; € S, are such that o «ps;o, then

U (Algs) = Alase. foralle,d €Tl,.

Proof: Let (u,v) € Aid .- First assume that o = psjo. Observe thatif sju = us; and
o P

s1v = vsy, then s;0 = os; which is a contradiction. In this case I/Iip(u, v) € Ac!d_w.
Assume next that o = ps;o. We observe from Lemma 1.5 and peak(c) C Des(o) that
if s;u = pu, then

P D D( 4D D P
Y (u,v) =¥ (u,v) € Y; (AD(u),D(v),a) = AD(u),D(v),x,-a < Ac,d,s,n-
Il

Lemma 4.9. The graded connected map P has the restriction property (Eq. (28)).
Proof: Proceed as in the proof of Lemma 3.4. g

Remark 4.10. The graded map P does not have the induction property. For example,
the set X1 2)({1} x {12}) = {123, 213, 312} does not contain 321 = p312.

Then Lemmas 4.8 and 4.9, Proposition 4.6 and Theorem 3.6 imply directly the
following theorem.
Theorem 4.11.

(1) P, is a subalgebra of X,,.
(ii) P is a subcoalgebra of (k[S], A).

@ Springer



324 J Algebr Comb (2006) 24:299-330

In general the graded connected map P defined by Eq. (18) does not have the
induction property nor the restriction property.

4.3. Coalgebras in the hyperoctahedral group

We give here some examples of coalgebras associated to graded map which are not
induced from graded maps on the symmetric group.

For G = Z/27Z = {—1, 41}, the hyperoctahedral group G, is a Coxeter group of
type B, generated by ST = {s, 51, ..., 5,1} = {so} U S, where sy = 11 H1 ALt
The Coxeter length of @ € G, is in this case

Eg(a):min{k>0|a:r1...rk, T eSni}.

Recall that a subset X of G, is left-B-connected if for each «, 8 € X, there is a
sequence @ = oy, @y, ..., o = f of elements in X such that aHla;l € Sni, for all
J €[1, k — 1]. That is, these classes can be seen as a set of adjacent nodes in the type
B-permutahedron.

The B-descent set of « € G,,, with the convention that «(0) = 0, is

Desg(a) = {i € [0,n — 1] | €p(as;) < £p(a)} (34)
={ie[0,n—1]]a@) > a@ + 1}

We get a graded map Desp: G — @neN{subsets of [0, n — 1]} and £(Desp), is pre-
cisely the Solomon descent algebra ¥(G,) associated to G, [27]. Atkinson [5] has
shown an analog of Proposition 1.2 for B-descent sets: B-descent sets are left-B-
connected. More precisely, the type B descent equivalence is defined as the transitive
and reflexive closure of the following relation: if » € Sj[ and @ € G, then

FO R¥pes, 0 > a ra gZSni,

or equivalently

G
res, and roaxjo

FO ¥pes, O < {r =59 and |a(l)]>1

since sy is not in the conjugacy class of s; € S,,. Obviously « ~g B=a ~pes, B.
Hence X(G,) C %,(G).

In[1, 9], the authors have shown that X3 = £(Desg) is a subcoalgebra of (X(G), A).
With our theory we obtain this result as a consequence of the following lemma.

Lemma 4.12. The graded map Desg has the restriction property.

Proof: Letn,m € Nand u € X, ). Fora € G, and 8 € G,,, we have to show that
forr € Sni, either of the following holds:

(i) if ro =pes, o, then (ra x B)u~! wpes, (@ x Bu~!,
(ii) if 7B =pes, B, then Desp((a x rB)u~") = Desp((a x Bu~").
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By Eq. (35) we have to consider only r = s, since Theorem 3.7 gives us that D has
the restriction property. It is well known that &, ,,) is a parabolic subgroup of G,
and that £3((v; x v2))u~') = £p(v; X vy) + £(u~"). The lemma follows easily using
Eq. (34). 0

Remark 4.13. In symmetric groups the graded map 7 gives us a construction of the
associahedron from the permutohedron (see for instance [17]). For the hyperoctahedral
groups, such a map has been described by Reiner [25]. Let us denote by Gon,, the set
of centrally symmetric (2n + 2)-gons and let

G:G — Gon = EBGonn

neN

be the graded map given by Reiner. This map gives a construction of the cyclohe-
dron from the type B-permutohedron. It is a left-B-connected graded map. In a work
in progress [4], Aguiar and Thomas have observed that £(G) is a subcoalgebra of
(k[G], A). Recently, Reading [24] defined a family of G-equivalences relations, one
for each orientation of the Coxeter diagram, whose equivalence classes are parame-
terized by the centrally symmetric (2n + 2)-gons. We could prove using the relation
arising from the left-to-right orientation that G has the restriction property, and then,
we could obtain another proof of the above result of Aguiar and Thomas. We may
check that except for the relation arising from the righ-to-left orientation, none of
the others have the restriction property. It is interesting to notice that the number of
centrally symmetric (2n + 2)-gons is (2:) which is also the number of G-sequences
of trees whose sum of vertices is n (see Eq. (21)). That means that the dimension of
homogeneous parts of £(G) and £(7) are equal.

5. The G-descents to G-peaks map
5.1. The ®s-function

There is a well known Hopf endomorphism ® on symmetric functions whose image
is the space spanned by Q-Schur functions [19]. Several authors [1, 2, 8, 28] have ex-
tended this morphism to the quasi-symmetric functions, Hopf algebras and (X, *, A).
It plays an important role in studying the peak algebra. We first recall the definition
of %X - X.

Wehavethat X = £(D) = @n>0 k ®z X,, where X, is the free Z-module spanned
by {d. | c = n} (see Section 1.2). It is well known that ¥ is freely generated as an
algebra by {d,) = 1, |n > 1} (see [17, 18, 29]). We set

®(d(n)) = 2107(11)' (35)

This defines a unique morphism of algebras, and it is straightforward to check that
O(A(dw))) = A(Pw))- Hence ®: £ — X is a Hopf morphism whose image is P 1tis
exactly the morphism defined in [1, 2, 8, 28].
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For any ¢ = n, there is an explicit formula for ®(d,.) (see for example [1, The-
orem 5.8]). For this we need to introduce more notation on compositions. For
¢ = (cy, c2, . .. cy) = n wedenote the number of parts of ¢ by t(¢) = s. There is a nat-
ural map from compositions of n to peak compositions. For ¢ = (cy, ¢z, ...¢5) E n,
let A(c) € I1, be the peak composition obtained from ¢ as follows. The composi-
tion ¢ factorizes uniquely into compositions ¢; - ¢, - - - ¢, where for i < r we have
¢ =(,1,...,1,m)andm > 1,and ¢, = (1, 1, ..., 1). In this factorization, any se-
quence of 1’s may be empty. We then define

A© = (el el - lle, ) € T,
removing the last part if it is zero. For example,
A((1,2,1,1,3,3) = (A, DI A, L3I G = B, 5, 3).

Similarly, A((2,1,3,1)) =(2,4,1), and A((2, 1, 1)) = (2, 2). Finally, recall from
Eq. (1) that . is a subset of [1, n — 1]. For any ¢ = n,

Ode) = Y 2744, (36)
ecd(c)
where
o) =fel=llel |G € Ine = I{i = 1,i}N L] = D}. (37)

Since D satisfies (FP) and (IP), Corollaries 3.8 and 3.9 give that the assignment
G ~» £(Dg) is functorial and X(G) = £(Dg) is freely generated as an algebra by

{dS =¥ 1n > 1, g € G},

Proposition 5.1. The map Og: £(G) — X(G) defined by
O(dry:) = 2Py (38)
is a Hopf morphism. Moreover, ©g(X(G)) = 75(G).

Proof: Equation (38) defines a unique morphism of algebras. It is straightforward to
check that @(A(d(cn;)g)) = A( fv((fl)g). Hence ®¢ is a Hopf morphism whose image, by

Theorem 4.1, is P(G). O

For any G-composition ¢, we are interested in an explicit formula for @G(dc(g; ). For
this, letc® = ¢;8' - ¢;%2 - - - ¢ 8 be the rainbow decomposition of ¢8. From Corollary 3.8
we clearly have that

G _ 4G G
Ao =dge % xdg g

= (de])™ e (dg)™
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Now, from Eq. (38), it is also clear that for a single g € G, we have
0(dg) = O((d7)*) = (0(d))".
Combining this with Eq. (36) we obtain the following theorem.

Theorem 5.2. Let G be a finite abelian group and let ¢& = ¢|8' - ¢35 - - - ¢3¢ be the
rainbow decomposition of the G-composition c&. We have

Og (dccg;) = Z 2Zf:| T(Ae)) 4G

e81-ey82.-.e; 8 *
1<i<k, e ed(c;)

(39)

5.2. The dual side

Let A be a countable alphabet viewed as a set of variables and G be a finite abelian
group. We let Z = AY be the alphabet where we put an arbitrary total order on G and
we order Z as follows. For a8, b" € Z,weseta’ < b" ifandonlyif (a < b)or(a = b
and g < h). In this section we consider subspaces of the space k[[ Z]] of formal series
in the variables a¥ € Z.

Lete® = (cf', 5, ..., cf*) bea G-compositionof nand sett; = ¢; +c2 + -+ + ¢
for each i. We denote by

(hi,hoy oo hy) = (81,815, 81,82, 82,582 -+ + 8> 8k» - -+ » 8k)-

c| times ¢, times ¢ times

We let Z be the set of all n-tuples (z1, z2, ..., 2,) € 2" where z; = aihi for some
ay <ap <--- <a, such that

Vie({l,2,....k—1}, g > gi+1 = ar, < ay+1.
Finally, we define the formal series in k[[Z]]

Fee = Z 2122 " Zn.

(21,22,++,20)EZe8

In [6] the authors have shown that the vector subspace QSym(G) spanned by the
Fee for all G-compositions is a subalgebra of k[.A“]. It is a graded connected Hopf
algebra that is graded dual to X(G). In particular, the basis {F} of QSym(G) is
dual to the basis {dg} of X(G). To see this, we first recall that k[G] is self dual.
If @ € G, then a~' = o* is its dual element in the dual basis [6, Section 5.1]. For
any G-composition ¢, a*(df) = 1 iff Dg(ae™") = ¢. But by [6, Proposition 22 and
Diag. (11)] we know that the dual of X(G) is obtained as the quotient of k[G] by
the relation o ~, B where Rg(a) = Dg(a™). For o € G, such that Rg(at) = ¢ we
have from [6, Theorem 33 and Proposition. 34] that the image of «* in this quotient
corresponds to F, of QSym(G). We then have that Fc(deG )= 1lifand only if ¢ =e.
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For a G-composition ¢8 let ¢& = ¢()®' - ¢2)%* - - - ¢y be its rainbow decompo-
sition and let n; = ||cg)||. Using Eq. (39), the morphism ®¢ has a graded dual
0F: QSym(G) — QSym(G) given by

k
OF (Fee) = 9y T(ALe) Z Fe,t1.ey00,5% (40)

L<i<k, e;ed*(c;)
where
) ={e = lcll |G € Ine = Ili — L i} N L| =D} (4D
We deduce the following theorem
Theorem 5.3. The image of OF; is the graded dual Hopf algebra P(G)* 0f75(G).
5.3. G-coloured combinatorial Hopf algebras

In [2] we introduced the theory of combinatorial Hopf algebras and associated objects.
The framework consists of pairs (H, ¢) where H is a connected graded Hopf algebra
and ¢:’H — ks an algebra morphism (called its character). We say that (H, ¢) is odd
if for any homogeneous element x € H of degree n we have ¢ o S(x) = (—1)"¢(x)
where S is the antipode of H. We have shown in that paper that for a certain character
o the pair (QSym, {o) is the terminal object for the category of pairs (H, ¢). Moreover
we have shown that P is the so-called odd subalgebra of (QSym, ¢g). These algebras
play an important role among the connected graded Hopf algebras and we refer the
reader to [2] for more motivation. Here we are interested in a similar theory for the G-
coloured version. We will just outline the ideas, as this should be part of forthcoming
work.

For G = {19}, The map ¢o: QSym — k is the morphism of algebras defined by
Lo(F)= F(1,0,0,...). The functoriality of the construction of QSym(G) implies
that the following diagram commutes

0%
QSym(G) QSym(G)
@ @
O
QSym QSym (42)

where v = ¢g o @*{‘ 16} and ¢ is the Hopf morphism induced by the inclusion {16} —
G. We have shown in [2, Proposition 6.4] that the pair (QSym({1}), v) is odd, hence
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(QSym(G), v o ¢) is odd. Using [2, Proposition 6.1] in such a situation gives us that
the image of ®F,, that is P(G)*, must be contained in the odd subalgebra of QSym(G).
But a simple dimension count gives us that the odd subalgebra of (QSym(G), ¢g © ¢)
is larger than P(G)*. On the other hand, if we restrict ourselves on a smaller category,
then an interesting theory unfolds.

Let G be a fixed finite abelian group. Consider pairs (M, ¢¢) where H is a con-
nected graded Hopf algebra and ¢: H — k[G] is an algebra morphism. In analogy
with [2] we will call such a morphism ¢: H — k[G] a G-character. The category
of combinatorial G-coloured Hopf algebras consists of pairs (H, ¢¢) as above and
graded Hopf morphisms W such that

v
H H
4-5\ g/G
k[G]

commutes.

There is a natural algebra morphism k[.A°] — k[G] which maps the variable
af € A% to g if i = 1 and to zero otherwise. This gives us the algebra morphism
¢§:QSym(G) — QSym(G) where

g ifc=m)andg=g,
t§(Fe) = {1 ife=0, (43)
0 otherwise.

We have a theorem very similar to [2, Theorem 4.1] with essentially the same proof.

Theorem 5.4. The pair (QSym(G), {S ) is the terminal object in the category of com-
binatorial G-coloured Hopf algebras.

We then define the convolution product of two G-characters as follows. For two
G-characters {9, v°: H — k[G] let

£ %% =myg0 (9 @19 0 Ay

G-characters form a group with inverse (for the convolution) given by (¢¢)~! =
£% o Sy where Sy is the antipode of H. For a G-character ¢¢: H — k[G] we let
g“_G: ‘H — k[G] be the character such that for a homogeneous element 4 € H of de-
gree n, ;“_G(h) = (—1)"¢%(h). The odd G-subalgebra S_(H, ¢©) of a pair (H, ¢%)
is defined as in [2, Definition 5.7], namely the largest graded subcoalgebra of H such
that for all & € S_(H, ¢©) we have G (h) = (¢°)~'(h). It is in this context that

S_(QSym(G), ¢§) = P(G)*. (44)
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Combining this with an analog of [2, Corollary 6.2], we have that (75(G)*, §g ) is the
terminal object of odd combinatorial G-coloured Hopf algebras.
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