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Abstract. Let I" be a G-symmetric graph admitting a nontrivial G-invariant partition B. Let I'g be the quotient
graph of I" with respect to B. For each block B € B, the setwise stabiliser G g of B in G induces natural actions
on B and on the neighbourhood I'5(B) of B in I's. Let G(p) and G|p) be respectively the kernels of these actions.
In this paper we study certain “local actions” induced by Gy and G|y, such as the action of G|p; on B and the
action of Gy on I'g(B), and their influence on the structure of T".
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1. Introduction

Let G be a finite group acting on a finite set Q2. A partition B of 2 is G-invariant if B¢ € B
for B € Band g € G, where B® := {a® : « € B}; and B is nontrivial if 1 < |B| < |Q|. If
2 admits a nontrivial G-invariant partition, then G is said to be imprimitive on 2; otherwise
G is said to be primitive on 2. The group G is regular on Q2 if G is transitive on 2 and the
only element of G that fixes a point of €2 is the identity. The kernel of the action of G on 2
is defined to be the subgroup of all elements of G which fix each point of €. If this kernel
is equal to the identity subgroup of G, then G is said to be faithful on Q2.

Let ' = (V(I'), E(I")) be a finite graph and G a finite group. If G acts on the vertex
set V(I') of I" such that G preserves the adjacency of I', then I is said to admit G as a
group of automorphisms. If such a group G is transitive on V(I") and, in its induced action,
transitive on the set Arc(I") of arcs of I, then I" is said to be a G-symmetric graph, where
an arc of T is an ordered pair of adjacent vertices of I'. In the following we will assume
without mentioning explicitly that I" is nontrivial, that is, Arc(I") # @. Then I' contains no
isolated vertices since it is required to be G-vertex-transitive. Roughly speaking, in most
cases G acts imprimitively on the vertex set of a G-symmetric graph I', that is, V(I") admits
a nontrivial G-invariant partition 3; in this case I' is called an imprimitive G-symmetric
graph. From permutation group theory [2, Corollary 1.5A], this happens precisely when
the stabiliser G, := {g € G : «f = «a} of « in G is not a maximal subgroup of G,
where o € V(I'). A standard approach to studying imprimitive G-symmetric graphs I is to
analyse the quotient graph I'z of T with respect to B, which is defined to be the graph with
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vertex set B in which B, C € B are adjacent if and only if there exist« € B and 8 € C
such that {«, B} is an edge of I'. In the following we assume that 'z contains at least one
edge, so that each block of B is an independent set of I" (see [1, Proposition 22.1] or [8]).
Also, without loss of generality we assume that I'g is connected for otherwise I must be
disconnected and we may deal with its connected components individually. (However, the
connectedness of I is not required in this paper. Note that I'3 can be connected when I is
disconnected. For example, if I is a matching with at least two edges, then it is disconnected
but the quotient graph with respect to the natural bipartition is connected.) This quotient
graph 'z conveys a lot of information about the graph I'" and inherits some properties of
I". For example, 'z is G-symmetric under the induced action (possibly unfaithful) of G
on 5 [8, Lemma 1.1(a)]. Nevertheless, I's does not determine I completely since it does
not tell us how adjacent blocks of B are joined by edges of I'. To compensate for this
shortage, we need [3] the “inter-block” subgraph induced by two adjacent blocks of 5. Let
M) :={B € V) : {a, B} € E(I')}, the neighbourhood of « in I'. For each B € B, let

I'(B) := U I'(a).

aeB

For adjacent blocks B, C of B, define I'[ B, C] to be the subgraph of I" induced by (I'(C) N
B)U(T'(B)NC). Then I'[ B, C] is a bipartite graph with bipartition {I'(C) N B, I'(B) N C}
as B and C are both independent sets of I'. Since ' is G-symmetric, up to isomorphism,
['[B, C] is independent of the choice of adjacent blocks B, C of B. Let

I'p(B):={C € B:{B,C} € E(I'p)}

be the neighbourhood of B in I'z. To depict genuinely the structure of I we also need a
“cross-sectional” geometry [3], namely the incidence structure

D(B) := (B, I'5(B), 1)

in which ¢IC for o € B and C € I'g(B) if and only if @ € I'(C). Clearly, the set of points
of D(B) incident with a block C € I'g(B) is I'(C) N B. We denote by I'g(«) the set of
blocks of D(B) incident with a point @ € B, that is,

Ip(a) :={C eT'p(B) :ax € T(C)}.
Denote

v:=|B|, r:=p@)], b:=IT'pB)|, k:=I'(C)NB|, s:=[Ia)NC[. (1)
Since I' and 'z are G-symmetric, these parameters are all independent of the choice of
adjacent blocks B, C of B and the flag («, C) of D(B). One can check that D(B) is a
1-(v, k, r) design with b blocks and, up to isomorphism, is independent of the choice of

B. Also, the setwise stabiliser Gg := {g € G : B8 = B} of B in G induces a group of
automorphisms of D(B), and Gp is transitive on the points, the blocks and the flags of
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D(B) [3]. Thus, the number of times a block C of D(B) is repeated is independent of the
choice of B and C. We denote this number by m and call it the multiplicity of D(B). In
the following we will view D(B) as the 1-(v, k, r) design with point set B and blocks the
subsets I'(C) N B of B, for C € I'p(B), each repeated m times. We will reserve the letters
v, 1, b, k, s for the above-defined parameters with respect to 5. Then the valency of T is
equal to rs, and the valencies of 'z and I'[ B, C] are b and s, respectively. If k = v, s =1,
then I'[ B, C] is a perfect matching between B and C, and in this case I" is a cover of I'g.
In general, if X = v, then following [6], T is called a multicover of I'.

Thus, with any imprimitive G-symmetric graph I" and nontrivial G-invariant partition B3
of V(I') we have associated three configurations, namely the quotient graph I', the bipartite
graph I'[B, C], and the 1-design D(B). Gardiner and Praeger [3] suggested that we may
analyse the triple (I'g, I'[B, C], D(B)) in order to study I". This approach is a geometric
one in the sense that it involves the “cross-sectional” geometry D(B). It has been proved
to be very useful in studying imprimitive symmetric graphs, see [3-5,7, 12-15]. Clearly,
G p induces natural actions on B and I'g(B). These “local actions” may have significant
influence on the structure of I', and the analysis of them is fundamental to make effective use
of the approach. For example, it was proved in [12] that, if the actions of Gz on B and I'3(B)
are permutationally equivalent, then I" can be reconstructed from I'z and the action of G on
B via a simple construction, called the 3-arc graph construction, which was first introduced
in [7] in the case where k = v — 1 > 2 and D(B) contains no repeated blocks. (For a group
G acting on two sets €2 and A, the actions of G on €2 and A are said to be permutationally
equivalent if there exists a bijection ¥ : 2 — A such that ¥ (af) = (Y («)) foralla € Q
and g € G.)

The purpose of this paper is to study actions induced by the kernels G gy, G5 of the
actions of G on B, I'g(B), where by definition

G :={g € Gp:a® =« foreach o € B}
Gip :={g € Gp: C® =C foreach C € I'g(B)}.

In particular, we will investigate the action of Gz} on B and the actions of G gy on I'g(B),
['(a) and I'p() (where @ € B), and the influence of these “local actions” on the structure of
I". For our purpose it seems natural to distinguish whether one of G (), G5 is a subgroup of
the other. With respect to this we have the following (not necessarily exclusive) possibilities:
() Gsy = Geay; (i) Gay £ Gy (iiD) Gpy = Gip); (V) Gpy £ Gy (V) Gs) £ G
and Gy Z Gyp). Setting M = G Gp}, M is a normal subgroup of Gp and we have
Figure 1 in the lattice of subgroups of G .

We will put our discussion in a general setting and consider the following subgroups of
G p. Let d be the diameter of T'g, that is, the longest distance between two vertices of I'g.
For each i with 0 < i < d, let I'g(i, B) denote the set of blocks of B with distance in I'
no more than i from B. Then Gp leaves I'5(i, B) invariant, that is, C € I'g(i, B) implies
C8 e I'g(i, B) for any g € Gp, and hence G induces a natural action on I'3(i, B). The
kernel of this action is

G[i,B] = {g e Ggp: C8 = C foreach C e I'z@, B)}.



438 ZHOU

Gp
M =Gs)Gi
Gee) Gia)
Gs) N Go)
Figure 1. G(B) and G[B]A
In particular, Go 51 = Gp, Gj1,5) = Gis), and Gy, py coincides with the kernel of the

induced action of G on B. Figure 2 illustrates the relationships among these groups Gy; gy,
0<i<d.

The results obtained in this paper are generic in nature. In Section 2, we will show
(Theorem 2.5) that each G; 5) induces a G-invariant partition B; of V(I') such that the
sequence

B = By, Bi, B, ..., By

is a tower possessing some nice “level structure” properties, where as in [8] a sequence
of G-invariant partitions is called a fower if each partition is a refinement of the previous
partition. We will show (Theorem 2.7) further that, if G; 5y < G(p) for some i > 1 then G
is faithful on B; whilstif G|; g} £ G ) for somei > 1 then either /3; is a genuine refinement
of B, or I' is a multicover of I'g. (For two partitions Py, P, of a set 2, we say that P is a
refinement of P, if each block of P, is a union of some blocks of P;; and P; is a genuine
refinement of P, if in addition P; # {{a} : « € Q} and P; # P,.) In Section 3 we will
study an extreme case where any two blocks of D(B) are either repeated or disjoint, that
is, forany C, D € T'g(B), either '(C)N B =T(D)NB,or '(C)NT(D)N B = . Based
on these results, we then study in Section 4 the case where I' is G-locally quasiprimitive.
(A G-symmetric graph I' is said to be G-locally quasiprimitive if G, is quasiprimitive
on I'(«), that is, every non-identity normal subgroup of G, is transitive on I'(«).) In this
case we will show (Theorem 4.2) amongst other things that, if B is a minimal G-invariant
partition, then either Gz = Gg), or k = 1 and G} < Ggp), or I' is a multicover of
I'p. For o € V(I'), we use G| to denote the subgroup of G, fixing setwise each block of
I'p(a), that is, G := {g € Gy : C8 = C foreach C e I'g(a)}. Then G|, induces a
natural action on I'(a) N C. In Section 4 we will also study G-locally quasiprimitive graphs
I" such that G, is transitive on I'(o) N C, and prove that in this case either I' is a bipartite
graph or I'[ B, C] is a matching.
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Gp ¢

G(s)

Gn,p NGBy

'G[2,B] N G(B)

DG[&B] n G(B)

'G[d—l,B] N G(B)

'G[d,B] ﬂG(B)

Figure 2. Relationships among G; p)’s.

2. Tower induced by G; g

We will follow standard terminology and notation for permutation groups, see e.g. [2]. For
a G-invariant partition BB of a finite set €2, each block B of B is a block of imprimitivity
for G in 2 in the sense that, for each g € G, either B¢ = B or B N B = {J. Conversely,
for a transitive group G acting on €2, any block B of imprimitivity for G in 2 induces a
G-invariant partition of €2, namely {B¢ : g € G}. As usual write N < G if N is a normal
subgroup of G,and N < Gif N <G and N # G.

Lemma 2.1 (seee.g. [10, Lemma 10.1]) Leta group G act on a finite set 2, and let N 1G.
Then the set of N-orbits on Q2 is a G-invariant partition of 2.

We will denote this partition by By and, following [11], call it the G-normal partition of
Q2 induced by N. Clearly, for G transitive on €2, the trivial partitions {2} and {{«} : @ € Q}
of 2 are G-normal partitions. If these are the only G-normal partitions of €2, then G is said
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to be quasiprimitive on Q2. Thus, G is quasiprimitive on €2 if and only if every non-indentity
normal subgroup of G is transitive on 2.
Applying Lemma 2.1 to imprimitive symmetric graphs, we get the following result.

Lemma 2.2 Suppose ' is a G-symmetric graph admitting a nontrivial G-invariant parti-
tion B, and let B € B. Then each normal subgroup N of G p induces a G-invariant partition
By, of V(I'). Moreover, By, is a refinement of B and the following (a)—(c) hold.

(a) By is the trivial partition {{a} : « € V(I')} if and only if N < G(p).

(b) By coincides with B if and only if N is transitive on B.

(c) If N 4 G, then B}, coincides with the G-normal partition By of V(I') induced by N.
Proof: Since N < G and Gy is transitive on B, Lemma 2.1 implies that B* := aV is
a block of imprimitivity for Gg in B, where « € B. Since B is a G-invariant partition of
V(I'), this implies that B* is a block of imprimitivity for G in V(I"). Hence B* induces a
G-invariant partition of V(I"), namely,

By :={(B*)*: g€ G} 2)
The validity of (a)-(c) follows from the definition of B} immediately. O
Remark 2.3

(a) For distinct blocks B, C € B, there exists g € G such that B = C. So (Gp)? :=
¢ 'Gpg = G¢, and hence N < G if and only if N¢ := g7 !Ng <0 Gc. Itis easy to
see that By, = Bj. So, in studying the G-invariant partition B}, we can start with any
chosen block B € B.

(b) The results in Lemma 2.2 are valid for any transitive permutation group G on a finite
set €2, any nontrivial G-invariant partition B of 2 and any normal subgroup N of G,
where B € . For the purpose of this paper, in Lemma 2.2 we stated these results in the

case where 2 = V(I") and G is a vertex- and arc-transitive group of automorphisms of
r.

For adjacent blocks B, C of B,let Gg ¢ :=(Gg)c ={g € G: B¢ = B, C¢ = C}. Then
G p ¢ is transitive on the set of edges of I'[ B, C] ([8, Lemma 1.4(b)]). From this it follows
that

I'(C)N B and I'(B) N C are two (G p,¢)-orbits on V(I'). 3)

This will be used in the proof of Theorem 2.5 below. Also, we will need the following
observations, which can be easily verified.

Lemma 2.4 Suppose T is a G-symmetric graph admitting a nontrivial G-invariant par-
tition B. Let B € B and o € B, and let d be the diameter of I'g. Then the following (a)—(e)
hold.

(a) G(B) < GB.
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(b) Gy <G,

©) G 2 G

(d) Gyi,py 2 Gp foreachiwith0 <i <d;inparticular, Gp; I Gp.
(e) G[i,B] < G[i_lyg]for eachiwithl <i <d.

Let d be the diameter of I'3. From Lemma 2.2 and Lemma 2.4(d) it follows that, for each
i with 0 <i <d, Gy; g induces a G-invariant partition

B; .= {Bf:g €G]} “4)

of V(I') which is a refinement of B, where B; := «%i# (for some a € B) is a typical
block of B;. Let v;, r;, b;, k;, s; denote the parameters with respect to B;, as defined in (1).
Since By is precisely the original partition B, we have (v, o, bo, ko, o) = (v, r, b, k, s).
The following theorem gives some “level structure” properties concerning these partitions.
Recall that a tower is a sequence of G-invariant partitions of V(I') such that each partition
in the sequence is a refinement of the previous partition.

Theorem 2.5 Suppose I is a G-symmetric graph admitting a nontrivial G-invariant

partition B. Let B € B and let d be the diameter of U'g. Then for each i with 0 <i < d,

Gy, p) induces a G-invariant partition B;, defined in (4), such that B = Bo, By, ..., Bg is

a tower. Moreover, the following (a)—(d) hold.

(a) v; is a common divisor of vi_1 and k;_1, s; is a divisor of s;_1, and r;_1 is a divisor of
ri (with si_y/s; = ri/ri-1).

(b) Each block of the 1-design D(B;_y) (for Bi_; € B;_y) is a disjoint union of some
blocks of B;. More precisely, for adjacent blocks B;_;, Ci_y of T's._,, G|i p) leaves
I'(Ci—1) N B;_ invariant and the (G|; py)-orbits on T'(C;_1) N Bi_y forma (Gp,_, c,_,)-
invariant partition of I'(C;—_1) N B;_y.

(¢) I'p_,(@) ='s_,(B) for any vertices «, B in the same block of B;.

(d) For each integer j with 0 < j < i, the set B; admits a G-invariant partition B;; such
that U's, = (I'p,)p,; and that the parameters v;j, Tij, bij, kij, 8;j with respect to B;;
satisfy vij = vj/vi, kij = k;/vi,bij = bj, xij =71}, 8;; = bi /1}.

Proof: Foreachi,letoa € B and B; := «“i#1 and let 3; be as defined in (4). Then, since
G|i,5) I G p by Lemma 2.4(d), Lemma 2.2 implies that [3; is a G-invariant partition of V(I")
and is a refinement of 5. For 1 <i < d, since Gy; g < Gyi—1,p) (Lemma 2.4(e)), it follows
that BB; is a refinement of 5;_;. Consequently, v; is a divisor of v;_;.

Now suppose C;_; is a block of B;_; adjacent to B;_; in I'g,_,, and let C be the block
of B containing C;_;. Then there exist 8 € ['(C;_1) N B;_; and y € I'(B;_;) N C;_; such
that 8, y are adjacent in I". By the definition of B;_;, we have B;_| = BCi-15 and C;_; =
y%i-1c1 and by (3) we have I'(C;_) N B;_; = BO%-1¢i1 and T'(Bi_ )N C;_j = yGbi1cir,
Note that B, C are adjacent blocks of B. So we have I'g(i — 1, C) C I'g(i, B) and hence
G[i,B] < G[i—l,C]~ This implies that G[i,B] fixes C;_; setwise. Since G[i,B] < G[i_lyg], G[,',B]
also fixes B;_; setwise. Thus, we have Gy; ) < Gp,_, ¢,_,- This implies G; 5 I Gp,_, ¢,
since GB[—I,C[—I < GB and G[i,B] S] GB (Lemma 24(d)) So G[i,B] leaves F(Ci_l) N Bi—l
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invariant and, by Lemma 2.1, the (Gy; ))-orbits on I'(C;_;) N B;_; constitute a (G g,_, .c,_,)-
invariant partition of I'(C;_;) N B;_;. Thus, each block I'(C;_1) N B;_; of the 1-design
D(B;_) is a disjoint union of some blocks of ;. This implies in particular that v; is a
divisor of k;_;, and so v; is a common divisor of v;_; and k;_;. One can see that each block
C;_; of I'g,_,(B) contains the same number of blocks of I'z (). Hence r;_; is a divisor of
r;. Since r;_1s;_1 = r;s; (the valency of I'), this implies that s; is a divisor of s;_;.

If §, & are in the same block of B;, without loss of generality we may suppose that
8, & € B;. Then since B; is a (Gy; g))-orbit there exists x € Gy; g} such that 6 = ¢, and
hence (I's,_,(8))* = I's,_,(¢). On the other hand, the elements of Gy; p) fix setwise each
block C;_; in I'p, ,(B;—) since Gy;, 51 < G, ,.c;_,» as shown above. In particular, x fixes
setwise each block in I'g,_,(§) since I'g,_,(§) € TI'p,_,(Bi—1). Thus, we have I'g._ (§) =
(T5_,(®) = Ts_, ().

Let j be an integer with 0 < j < i. Since for each £ with j + 1 < £ < i the partition B,
is a refinement of the partition B,_;, as shown above, we know that [5; is a refinement of
B; and hence each block C; of B; is a union of some blocks of B;. Denote by C;; = {B} :
Bf C Cj,z € G}, the set of blocks of B; contained in C;. Then B;; := {C;; : C; € B,}
is a partition of B;. We claim further that B;; is a G-invariant partition of 5; under the
induced action of G on B;. In fact, if ij N C;; # ¥ for some g € G, say (BY) = B
for some B}, B € C;;, then B}, B{ € C; and hence (B})® = B; C C;. Since C; is a
block of imprimitivity for G in V(I'), this implies that g fixes C; setwise. Therefore, we
have ij = {(Bj)! : Bf € Cj, z € G} = C;; and hence B;; is G-invariant indeed. Clearly,
the mapping v : C; — C;; is a bijection from B; to B,;. By the definition of a quotient
graph, one can see that ¥ is an isomorphism from I'g; to (I's, )s,;, and hence I'; = (I', ), -
Clearly, we have Vij = Uj/U,',k,'j = kj/U,',b,'j = bj and rijsij = Val(FBI.) = b,’. From
vijTij = bijkij, we get (v;/v;))r;; = bj(k;/v;), which in turn implies r;; = r; since
v;r; = b;k;. Finally, we have s;; = b; /r;; = b; /r; and the proof is complete. O

Remark 2.6 IfG|; 5y <G for B € B, then from Lemma 2.2(c), B; is the G-normal partition
of V(I') induced by G; p). In this case T is a multicover of I'p, (see [8, Section 1] or [11,
Theorem 4.1)). In particular, if I'g is a complete graph, then d = 1 and Gp) < G (since
G is the kernel of the action of G on B in this case), and hence I is a multicover of I'p,.

Theorem 2.7 Suppose T is a G-symmetric graph admitting a nontrivial G-invariant
partition B, where G < Aut(I"). Let B € B and let d be the diameter of 'g. Then one of
the following (a)—(b) occurs for each i with 1 <i <d.

(@) Gyi,p) < Gp); in this case G is faithful on B.
(b) Gyi,p) Z Gy in this case either

(1) Gyi ) induces a G-invariant partition B; of V(I), defined in (4), which is a genuine
refinement of B and is such that v; is a common divisor of v and k, s; is a divisor of
s, and r is a divisor of r;; or

(1) T is a multicover of 'g and G; gy is transitive on B.

Proof: Suppose that Gy; 51 < G(g). Then, since G is transitive on B and since G[; pe] =
(Gyi,5))® and G(psy = (G(p))® for any g € G, we have G; ¢ < G for all blocks C € B.
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Thus, if g is in the kernel of the action of G on B, then g € Gy; ¢} in particular and hence
g € G(c). In other words, g fixes each vertex in C. Since this holds for all C € B, it follows
that g fixes each vertex of I'. Thus, since G < Aut(I") is faithful on V(I'"), we have g = 1
and hence G is faithful on B as well.

Now suppose Gy; gy £ Gp). Then, by Lemma 2.2(a), the partition B; of V(I") induced
by G;.p) is a nontrivial G-invariant partition of V(I"). So we know from Lemma 2.2(b) and
Theorem 2.5 that, either B; is a genuine refinement of 3, or G; p) is transitive on B. In the
former case, it follows from Theorem 2.5(a) that v; is a common divisor of v and k, s; is a
divisor of s and r is a divisor of r;, and hence (i) in (b) occurs. Since G|; g fixes setwise
the block B and each block C € I'g(B), it also fixes setwise I'(C) N B. So in the latter case
where G|; p) is transitive on B, we must have I'(C) N B = B, that is, I' is a multicover of
'z and hence (ii) in (b) occurs. O

Note that, if case (b)(i) in Theorem 2.7(b) occurs, then at least one of the B;; given in
Theorem 2.5(d), say B, is a nontrivial partition of ;. If case (b)(ii) in Theorem 2.7(b)
occurs, then from Lemma 2.2(b), the partition B; induced by G|; 5} coincides with 1.
Applying Theorem 2.7 to G}, we get the following consequence.

Corollary 2.8 Suppose (I, G, B) is as in Theorem 2. Then one of the following (a)—(b)

OCCUrs.

(@) Gip) < Gpy; in this case G is faithful on B.
(b) Gip) £ Gpy; in this case either

(1) Gip) induces a G-invariant partition of V(I'), namely B, defined in (4) fori = 1,
which is a genuine refinement of B such that v, is a common divisor of v and k,
81 is a divisor of s, and r is a divisor of r; or

(ii) I' is a multicover of I'g and G g is transitive on B.

If the vertices in B are “distinguishable” in the sense that I'z(c) # I'g(B) for distinct
o, B € B, then case (a) in Corollary 2.8 occurs. In particular, this happens for G-symmetric
graphs withk = v —1 > 1, see [7, Theorems 4 and 5(d)]. A nontrivial G-invariant partition
Bof V(I') is said to be minimal if there is no G-invariant partition of V(I") which is a genuine
refinement of B. For such a partition 3, case (b)(i) in Corollary 2.8 does not appear. The
following example shows that case (b)(ii) in Corollary 2.8 occurs if G is not quasiprimitive
on V(I') and if B is a nontrivial G-normal partition of V (I").

Example 2.9 Suppose U is a G-symmetric graph such that G is not quasiprimitive on
V(T'), where G < Aut(T"). Then there exists a nontrivial normal subgroup N of G which
is intransitive on V (I"), so the G-normal partition By of V(') induced by N (Lemma 2.1)
is nontrivial. Let Ty be the quotient graph of T' with respect to By. Since N is contained
in the kernel of the action of G on By, G is not faithful on By. So from Corollary 2.8 we
must have Gip) Z Gp) for B € By. Since N < Gp), we have B = aN C ol C B for
o € B, which implies «'® = B. Hence G is transitive on B, and consequently we come
to the result (see e.g. [11 Theorem 4.1]) that T is a multicover of T'y. Thus, case (b)(ii) in
Corollary 2.8 occurs.
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3. Analysing an extreme case

In Corollary 2.8 we have shown that, if G(p; Z Gp), then either I" is a multicover of I',
or we get a genuine refinement of B. Note that G is transitive on I'g(B) and G(p) < Gp
by Lemma 2.4(a). So in the opposite case where Gz) £ G(p), Lemma 2.1 implies that the
G p)-orbits on I'3(B) form a nontrivial G g-invariant partition of I'z(B). Since G ) fixes
B pointwise, any two blocks in the same G g)-orbit on I'g(B) induce repeated blocks of
D(B). In some cases, blocks in distinct G g)-orbits on I'z(B) may induce disjoint blocks of
D(B). For example, in Remark 3.2 below we will see that this happens in particular when
I" is G-locally quasiprimitive and G gy Z G ). This motivated us to study the case where,
forany C, D € T'g(B), either '(C)N B =T(D)N B,or '(C)NT(D)N B = . In this
case, the multiplicity m of D(B) is equal to r. This seemingly trivial case is by no means
trivial because it contains the following two very difficult but important subcases:

@ k=1;
(i) k =wv.

We have studied the first subcase in [14, Section 4], where we gave a construction of
such graphs from certain kinds of G-point- and G-block-transitive 1-designs. In the second
subcase, I is a multicover of I'z. Our study in this section shows that (see Remark 3(a)
below), in some sense, the study of G-symmetric graphs with blocks I'(C) N B of D(B)
(for C € I'g(B)) satisfying the condition above can be reduced to the study of these two
subcases. The results obtained here will be used in the next section. Define (G g)ryw) =
{g € Gp: (T'p(@))® = ()}

Lemma 3.1 Suppose I is a G-symmetric graph admitting a nontrivial G-invariant parti-
tion B. Let B € B, a € B, and let (a), (b), (c) be the following statements. Then (a) implies
(b), and (b) in turn implies (c).

(@) Gy £ Gipy, and either Gy or (G p)ry() is quasiprimitive on I'g(a);

(b) Gp) is transitive on I'p(a);

(c) eitherT(C)NB=T(D)NBor'(C)NT(D)N B =@, for C, D € T'g(B).

Proof: (a) = (b) Suppose G(py £ Gip;. Then there exist x € Gy and C, D € I'g(B)
with C # D such that C* = D. Let @ € I'(C) N B, so that C € I'g(x). Since x fixes
each vertex in B and hence fixes « in particular, we have (I'(w) N C)* = I'(x) N D.
Since I'(e) N C # @, we have I'(e) N D # ¥ and hence D € I'g(«). Thus the action
of G(p) on I'p(e) is nontrivial. On the other hand, since Gz < Gp (Lemma 2.4(a)) and
Gy < (Gp)ryw) < Gp, we have Gp) I (GB)ry). S0 if (G p)ry() 1S quasiprimitive on
I's(@), then G gy must be transitive on I'z(«). Similarly, since G(py < G, (Lemma 2.4(b))
and Gp) acts on I'g(«r) in a nontrivial way, the quasiprimitivity of G, on I'g(«) implies the
transitivity of G gy on I'g(x).

(b) = (c) The assumption in (b) implies that, for any 8 € B, G(p) is transitive on
['(B). In fact, since Gp is transitive on B, there exists g € Gp such that 8¢ = «. For
any C, D € I'p(B), we have C8, D¢ € I'g(e) and hence by (b) there exists x € G
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such that (C8)* = D&, that is, Ccs¢' = D. Since G gy < Gp by Lemma 2.4(a), we have
gxg~! € G(py and hence Gp is transitive on I'g(8) indeed. Also, since css = D,
we have (I'(C) N B)g"é’fl = I'(D) N B. However, gxg~! € G p) fixes each vertex in B,
so we have (I'(C) N B)g"gfl = I'(C) N B and consequently '(C) N B = I'(D) N B. In
other words, if two blocks I'(C) N B, I'(D) N B of D(B) have a common vertex S, then

I'(C)N B =T(D)N B. Hence (c) is true. O

Remark 3.2 Clearly, the quasiprimitivity of G, on I' (&) implies the quasiprimitivity of
Gy onT'p(a). So, ifT is a G-locally quasiprimitive graph admitting a nontrivial G -invariant
partition B such that Gy £ Gp), then by Lemma 3.1, either I'(C)N B = T'(D) N B or
re)ynrd)yn B =0, forany C, D € I'p(B).

The main result in this section is the following theorem.

Theorem 3.3 Suppose I is a G-symmetric graph admitting a nontrivial G-invariant

partition B. Suppose further that, for any C, D € I'g(B), either '(C)N B =T(D)N B or

[(C)NT(D)N B = . Then V(') admits a second G-invariant partition B* := {(B*)%:

g € G}, where B* is a block of D(B). Moreover, the following (a)—(c) hold.

(a) B* is a refinement of B, and it is a genuine refinement of B if and only if2 < k < v — 1.

(b) T is a multicover of T'-, k is a divisor of v, and the parameters v*, r*, b*, k*, s* with
respect to B* satisfy v = k* =k, b* =r* =r, s* = .

(¢) There exists a G-invariant partition B of B* such that (I'p<)p = I'g and the parameters
v, r, b, k, swithrespecttoB satisfyv=v/v', k=s=1,b=bandr =r.

Proof: Our assumption on D(B) implies that the set of subsets of B of the form I'(C)N B,
for C € T'g(B), is a partition of B, which we denote by P(B). Thus the blocks of P(B)
have size k and k divides v. Let B* := I'(C) N B be a typical block of P(B), where
C e I'p(B). Since G is transitive on ['z(B) and since (B*)¢ = I'(C4) N B for g € Gp,
we have P(B) = {(B*)® : g € G} and hence P(B) is a G p-invariant partition of B. We
claim further that B* := {(B*)8 : g € G} defines a G-invariant partition of V(I"). In fact,
if (B*)$ N B* # () for some g € G, then B® N B # (J since B* C B and (B*)$ C BS. But
B is a block of imprimitivity for G in V(I"), so we have B® = B and hence g € Gp. Thus
(B*)® € B and (B*)% is ablock of P(B) having nonempty intersection with B*. Since P(B)
is a G g-invariant partition of B, as shown above, this implies (B*)¢ = B*. Therefore, B*
is a block of imprimitivity for G in V(I') and so B* is a G-invariant partition of V(I"). It is
easily checked that B* = | 5 P(B). Clearly, B* is a refinement of 3, and it is a genuine
refinement of B if and only if 2 < k < v — 1. Since I'g is G-symmetric, there exists 1 € G
which interchanges B and C. So I'(B) N C = (I'(C) N B)" = (B*)" € B*, and hence each
vertex in B* is adjacent to at least one vertex in (B*)". Therefore, I is a multicover of 'z,
and hence v* = k* = k,b* = r* = r,s* = s. Finally, it is straightforward to show that
B := {P(B) : B € B} is a G-invariant partition of 5* and that (I'z:)p = I's. Also, it is
clear that the parameters v, r, b, k, s with respectto B are as specified in (c). O
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Remark 3.4

(a) The partition B* in Theorem 3.3 is equal to the trivial partition {{«} : ¢ € V(I)} if
and only if K = 1, and is equal to B if and only if kK = v. In the general case where
2 <k <v—1, B*is a genuine refinement of B, and as k* = v*, the partition (B*)*
resulting from applying Theorem 3.3 to B*, is equal to B*. Moreover, the quotient graph
I'p- admits a G-invariant partition, namely B, for which k = 1 and thus the construction
given in [14, Section 4] applies to I'-.

(b) Settingi = 1in Theorem 2.5(b), we know that the partition B (defined in (4) fori = 1)
is arefinement of B*. Moreover, 3, admits a G-invariant partition B, := {P(B*) : B* €
B*}, where P(B*) := {a®® C B* : a € B*}, such that (I's,)p, = I's- and I'p, is a
multicover of 'z, and that the parameters v, ry, by, ki, s; with respect to B, satisfy
A\l =k1 =k/U1,I'1 =b1 =7r,8] =b1/l’.

4. Locally quasiprimitive graphs

We now apply the results obtained in the last two sections to G-locally quasiprimitive
graphs. Such graphs were studied initially in [8, 9], and more recent results were obtained
in [6]. The following theorem is a generalization of [3, Lemma 3.4], where I" is required to
be G-locally primitive (that is, G, is primitive on I"(«)).

Theorem 4.1 Suppose U is a G-locally quasiprimitive graph admitting a nontrivial G-
invariant partition B. Then one of the following (a)—(c) holds.

@) Gis = G
(b) Gy £ Gpy; in this case Gp) is transitive on I'(«) for each a € B, and moreover
either

(1) k=1and G[B] < G(B); or

(i) k > 2, k divides v, and V(I") admits a second nontrivial G-invariant partition
B* such that B* is a refinement of B, I is a multicover of T'p- and the parameters
v*, r*, b*, k*, s* with respect to B* satisfy v = k* =k, b* =r* =r,s* =s.

() G £ Gpy; in this case Gp) induces a nontrivial G-invariant partition B, of V(I")
(defined in (4) for i = 1) such that B, is a refinement of B, v, is a common divisor of v
and k, sy is a divisor of s, and r is a divisor of ;.

Proof: Suppose Gz £ Gip;. Then there exist x € Gp) and distinct blocks C, D of
I's(B) such that C* = D. Let 8 € I'(C) N B, so that I'(8) N C # @. Since x fixes each
vertex in B, it fixes § in particular and hence maps a vertex in I'(8) N C to a vertex in
I'(B) N D. Since G gy < G (Lemma 2.4(b)), this implies that GF ;')3 "is a nontrivial normal
subgroup of Gg(ﬁ ). Therefore, by the G-local quasiprimitivity of I', we conclude that Gz
is transitive on I'(8). Now for any o € B there exists g € G such that «® = S. For any
v, 6 € I'(a), we have y¢, §% € T'(B) and hence (y4)* = 64 holds for some x € Gz by the
transitivity of Gy on I'(B). Since G() < G 5 (Lemma 2.4(a)), we have gxg~!' € G(p), and
hence y¢%¢ = § implies that G g, is transitive on I'(@).
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If k = 1, then I'p(a) N I'p(B) = @ for distinct o, B € B. Hence, if g € Gp fixes each
block C € I'g(B) setwise, then it also fixes each vertex in B. So we have G(g} < G(p) in
this case.

If £ > 2, then by Remark 3.2, for any C, D € I'g(B), either ['(C)N B = I'(D) N B or
'(C)NT(D)N B = @. Hence Theorem 3.3 applies, and the partition B* defined therein is a
nontrivial G-invariant partition of V(I") and is a refinement of 3. The truth of the remaining
statements in (b)(ii) follows from Theorem 3.3(b).

Now we suppose Gz £ Gp). Then By := a%# has cardinality at least two, where
a € B. Hence it follows from Theorem 2.5 that the partition 3; (defined in (4) fori = 1) is
anontrivial G-invariant partition of V(I") and is a refinement of B3, and that the parameters
vy, 81, 1 with respect to 31 have the required properties. O

For minimal nontrivial G-invariant partitions, we have the following result.

Theorem4.2 SupposeT isa G-locally quasiprimitive graph, where G < Aut(T"). Suppose
further that B is a minimal nontrivial G-invariant partition of V(I'). Then one of the
following (a)—(c) holds.

(@) Gip = Gp) and G is faithful on B;

(b) GIB] < G(B) and k = 1;

(c) T is a multicover of T'.

Moreover, if I'g is a complete graph, then the occurrence of (a) implies Gig; = Gy = 1;
if Gig) £ Gp), then the occurrence of (c) implies that Gp) is transitive on B.

Proof: In the case where G(g) = G}, G is faithful on B by Corollary 2.8(a). Suppose
Gy # Gip)- Then either Gy £ Gpj or G5} Z G(p). In the former case, Theorem 4.1(b)
applies. If (i) in Theorem 4.1(b) occurs, then we have k = 1 and Gp; < G(p), and hence
(b) above occurs. If (ii) in Theorem 4.1(b) occurs, then by the minimality of B3, the partition
B* therein must coincide with B; hence I' is a multicover of I'z and (c) holds. In the latter
case where G(p; £ G(p), by Corollary 2.8 and the minimality of 3, we know that I" is a
multicover of I'z (hence (c) above occurs), and moreover G| is transitive on B.

Now suppose that I'z is a complete graph, and that case (a) occurs. Then Gz is the
kernel of the action of G on B and hence Gip; = Gy < G. This implies that Gz =
2 'G)g = Gpx) for any g € G. Since B¢ runs over all blocks of 3 when g runs over G,
this means that G, fixes each vertex of I', and hence by the faithfulness of G on V(I") we
get G[B] = G(B) =1. O

Recall that G4 is the subgroup of G, fixing setwise each block B € I'g(x). So Gy
induces an action on I'(o) N B. It may happen (see Lemma 4.4 below) that G, is transitive
on I'(a) N B, that is, I'(a) N B is a (G[47)-orbit on I' (). In this case we have the following
theorem, which is a counterpart of [3, Lemma 3.1(b)].

Theorem 4.3 Suppose I is a G-locally quasiprimitive graph admitting a nontrivial G-
invariant partition B. Suppose further that Gy is transitive on T'(«) N B, for some o € V(I")
and B € T'g(«). Then either
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(a) T[B, C] =k - K; is a matching of k edges, for adjacent blocks B, C of B; or
(b) T is a bipartite graph with each part of the bipartition of a connected component
contained in some block of B, and r = 1.

Proof: Wefirst show that our assumption on G implies that G4 is transitiveon I' (o) N C
for each C € T'g(a). In fact, since B, C € I'p(a), « is adjacent to a vertex B in B and a
vertex y in C. So there exists g € G, such that y¢ = B, and hence C¢ = B. Now for
any 8, ¢ € I'() N C, we have §%, ¢ € I'() N B and hence, by our assumption that G|y
is transitive on I'(ar) N B, (6%)* = €% holds for some x € G|q. Since Gy} < G, (Lemma
2.4(c)), we have gxg~! e Gy and so 8858 = ¢ implies that G is transitive on I'(a) N C.
Thus, if G}’ = 1, then we have |I'(@) N C| = 1. That is, I'[B, C] is a matching for
adjacent blocks B, C of 3, and hence the statement in (a) holds.

In the following we suppose that G[Fa(]“ ) # 1. Then, since G[Fof]"‘ ) 4GT@ by Lemma 2.4(c)
and since I" is G-locally quasiprimitive by our assumption, G, must be transitive on I"(c).
However, G4 fixes I'(@)NC setwise foreach C € I'g(a). Sowemusthaver = [I'p(a)| = 1
and hence I'(«) € C for some C. Let B be the block of B containing «. Then, since G is
transitive on arcs of I', for any B € I'(«) there exists an element of G which interchanges
o and B and hence interchanges B and C. Hence I'(«) € C implies I'(8) € B. Similarly,
['(B) € B implies I'(y) € C for any y € I'(B8). Continuing this process, one can see
that T'[B, C] consists of connected components of I', and hence each such component
is a bipartite graph with the two parts of the bipartition contained in B, C, respectively.
Therefore, I is a bipartite graph. O

The following lemma shows that G4 is transitive on I'(a) N B for each B € I'p(x)
provided that G, is regular on I's(«¢). This will be used in the proof of Theorem 4.5 below.

Lemma 4.4 Suppose T is a G-symmetric graph admitting a nontrivial G-invariant par-
tition B. If G, is regular on I'g(at), for some o € V(I'), then Gy is transitive on I'(a) N B
for each B € I'p(a).

Proof: For any B € I'g(e) and B, y € I'(e) N B, by the G-symmetry of I" there exists
x € G, such that B* = y, and hence x fixes B setwise. Since by our assumption G, acts
regularly on I'z(e), this implies that C* = C for all C € I'p(«), and hence x € Gy). Thus,
any vertex 8 in I'(a) N B can be mapped to any other vertex y in I'(e) N B by an element
of Gy). In other words, Gy, is transitive on I'(e) N B. O

We conclude this paper by proving the following result. A G-symmetric graph I" is said
to be (G, 1)-arc regular if, in its induced action, G is regular on Arc(I").

Theorem 4.5 Suppose I is a connected, non-bipartite, G-locally quasiprimitive graph
admitting a nontrivial G-invariant partition 3, where G < Aut(T"). Suppose further that
Gy is regular on T'g(a) for « € V(I'). Then T is (G, 1)-arc regular and T'[B, C] = k - K,
for adjacent blocks B, C of B.
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Proof: Since G, is regular on I'p(«), by Lemma 4.4, G|y is transitive on I'(a) N B for
B € I'p(a). Thus, since I' is non-bipartite, we have I'[ B, C] = k - K, by Theorem 4.3.
Consequently, the actions of G, on I'g(«) and I'(«v) are permutationally equivalent. So G
is regular on I'(«v) as well. This together with the connectedness of I'" implies that I' is
(G, 1)-arc regular, as we show in the following.

Let I'(i, «) denote the set of vertices of I' with distance no more than i from «. For
any B € I'(@), since G, is regular on I'(«), Gug fixes each vertex in I'(a) U {o, B}.
Similarly, Gg, = Gyp fixes each vertex in I'(8) U {«a, B}. So G4 fixes each vertex in
C(e)UT'(B)U{a, B}. Thus, for any vertex y € I'(B)\{a}, we have G, = G, . Similarly,
G,p = Ggpy and so Gy = G,p. Repeating the argument above for the adjacent vertices
v, B, we know that G.g (= G,g) fixes each vertex in I'(y). Similarly, G4 fixes each
vertex in I'(8) for any § € I"(a)\{B}. Therefore, G,p fixes each vertex in I'(2, ) UT' (2, B).
Inductively, one can show that G4 fixes each vertex in I'(i, ) UI'(i, B) forany i > 1. Since
I" is connected, this implies that G fixes each vertex of I'. But G < Aut(I") is faithful on
V(I'), so we have G,g = 1 and G is regular on the arcs of I O
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