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Abstract. We try to understand the behavior of algebraic shifting with respect to some basic constructions on
simplicial complexes, such as union, coning, and (more generally) join. In particular, for the disjoint union of
simplicial complexes we prove A(K U L) = A(A(K)U A(L)) (conjectured by Kalai [6]), and for the join we give
an example of simplicial complexes K and L for which A(K x L) # A(A(K)* A(L)) (disproving a conjecture by
Kalai [6]), where A denotes the (exterior) algebraic shifting operator. We develop a ‘homological’ point of view
on algebraic shifting which is used throughout this work.
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1. Introduction

Algebraic shifting is an operator which associates with each simplicial complex another
simplicial complex which is combinatorially simpler (is shifted: to be defined shortly) and
preserves some properties of the original complex. It was introduced by Kalai [2].

In this work we try to understand the behavior of algebraic shifting with respect to some
basic constructions on simplicial complexes, such as union, cone, and (more generally)
join. In some cases we get a ‘nice’ behavior: We prove that the disjoint union of simplicial
complexes satisfies

AKUL) = A(AK)UA(L))

(conjectured by Kalai [6]). Moreover, we give an explicit combinatorial description of
A(K UL) in terms of A(K) and A(L). These results follow from the following theorem
about shifting a (not necessarily disjoint) union: Define init;(S) to be the set of lexico-
graphically least j elements in S, for § C N, where N is the set of positive integers
endowed with the usual order. For every i > 0 define I{ = Ii(n) ={T : T C [n],|T| =
|S| + i, initj5)(T') = S}. Denote by K; the i-th skeleton of a simplicial complex K.

Theorem 1.1 Let K and L be two simplicial complexes, and let d be the dimension of
K N L. For every subset A of the set of vertices [n] = (K U L)y, the following additive
formula holds:

(1572 N AK U LD)| = |17 0 AK)| + [1572 0 AL M
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In the case where K N L is a simplex (with all of its subsets), the following stronger assertion
holds:

Theorem 1.2 Let K and L be two simplicial complexes, where K N L = <o > is the
simplicial complex consisting of the set o and all of its subsets. For everyi > 0 and every
subset S of the set of vertices [n] = (K U L)y, the following additive formula holds:

150 AKK Uy L)| = 150 AK)| + | 160 AL)| — |15 0200,

This theorem gives an explicit combinatorial description of A(K U L) in terms of A(K),
A(L) and dim(o). In particular, any gluing of K and L along a d-simplex results in the
same shifted complex A(K U L), depending only on A(K), A(L) and d.

Another instance of a ‘nice’ behavior is

A o Cone = Cone o A

(Kalai [6]). We prove a generalized version of this property for near-cones (defined in [1]).
In the case of join, we do not get such a good behavior: We give an example of simplicial
complexes K and L for which

A(K * L) £ AAK) % A(L))

where * denotes the join operator, disproving a conjecture by Kalai [6]. However, a weaker
assertion holds:

Theorem 1.3 Let K and L be two simplicial complexes with |(K * L)o| = n. Then for
everyi € [n]:

S e A(K+L):[i]NS=0,|S| =dim(K * L)+ 1}|
= {S e AK):[i1NS =9, |S| = dim(K) + 1}|
x|{S € A(L): [i1N S =9, |S| = dim(L) + 1}]. )

The case i = 1 was known—it follows from the Kiinneth theorem with field coefficients [7]
and from the combinatorial interpretation of homology using shifting (Bjorner and Kalai
[1]). We give an example that Theorem 1.3 does not hold for symmetric shifting.
For a survey on algebraic shifting, the reader can consult [6].

Outline: Section 2 introduces the needed algebraic background. Section 3 develops a ‘ho-
mological’ point of view on the algebraic shifting operator which will be used in the
successive sections. Section 4 shifts unions of simplicial complexes (proving Theorems 1.1
and 1.2), Section 5 shifts near-cones, Section 6 shifts joins of simplicial complexes (proving
Theorem 1.3).
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2. Algebraic background

In this section we set some needed preliminaries. We follow the definitions and notation
of [6]. Let K be a simplicial complex on a vertex set [n]. The i-th skeleton of K is K; =
{Se K :|S|=i+1}. Foreach 1 < k < n let <, be the lexicographic order on ([Z]), ie.
S <. T < min{a :a € SAT} € S, and let <p be the partial order defined as follows: Let
S={s1 <<}, T={t1 <--- <}, S <p Tiffs; <t;forevery 1 <i <k (min
and < are taken with respect to the usual order on N). K is called shifted if § <p T and
T € K implies S € K.

Let V be an n-dimensional vector space over R with basis {e, ..., e,}. Let /\ V be the
graded exterior algebra over V. Denote eg = e, A ... Aeg; where § = {s; < --- < s;}.

Then {eg : S € ([';])} is a basis for /\j V. Note that as K is a simplicial complex, the ideal

(es : S ¢ K)of /\ V and the vector subspace span{es : S ¢ K} of /\ V consist of the same
set of elements in /\ V. Define the exterior algebra of K by

/\(K):(/\V)/(es:s¢1<).

Let{fi,..., fu} be abasis of V, generic over Q with respect to {ey, ..., e,}, which means
that the entries of the corresponding transition matrix A (e; A = f; for all i) are algebraically
independent over Q. Let f s be the image of fs5 € A V in A(K). Define

AK)=Ax(K)={S: fs ¢ span{fg : S <. S}}

to be the shifted complex (introduced by Kalai [2]). The construction is canonical, i.e. it is
independent of the choice of the generic matrix A, and for a permutation 7w : [rn] — [n]
the induced simplicial complex 7 (K) satisfies A(w(K)) = A(K). It results in a shifted
simplicial complex, having the same face vector and Betti vector as K’s [1] (for a simplicial
complex L, its face vector f(L) = (f;(L)) is defined by f;(L) = |L;|, and its Betti
(homology) vector B(L) = (B;(L)) is defined by B;(L) = dimH;(L,R), where H;()
stands for the reduced i-th homology). The key ingredient in Bjorner and Kalai’s proof that
algebraic shifting preserves Betti numbers, is the following combinatorial way of reading
them:

Bi(L)=I{S € A(L); : SUT & A(L)}|.

Fixing the basis {ey, ..., e,} of V induces the basis {es : S C [n]} of /\ V, which in turn
induces the dual basis {e}. : T C [n]} of (/\ V)* by defining e3(es) = 87.s. ((/\ V)* stands
for the space of R-linear functionals on /\ V.) For f, g € A V < f, g > will denote f*(g).
Define the so called left interior product of g on f [3], where g, f € AV, denoted g| f, by
the requirement that forall h € A\ V

<h,glf>=<hAng, f>.

(g |- is the adjoint operator of - A g w.r.t. the inner product <-, -> on /\ V.) Thus, g| f is a
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bilinear function, satisfying

—1)«T- if7 €S
eTLes={( e BT S )

0 otherwise

where a(T, S) = |{(s,t) € S x T : s ¢ T,t < s}|. This implies in particular that for a
monomial g (i.e. g is a wedge product of elements of degree 1) g| is a boundary operation
on A\ V, and in particular on span{es : S € K} [3].

Let us denote for short /\’ K = span{es : S € K;_;} and A K = A\(K) = span{es :
S € K}. This should cause no confusion with the definition of the exterior algebra of K,
as we shall never use this exterior (quotient) algebra structure in the sequel, but only the
graded vector space structure /\ K just defined. We denote:

Jj+l1 j+1—|R|
Ker; fr1(K) = Ker; fr|= Ker(fR EAK = A K)

Note that the definition of /\ K makes sense more generally when K C [1] (and not merely
when Ky = [n]), and still fr| operates on the subspace /\ K of A V for every R C [n].
(Recall that f; = 1€ + - - - + aipe, Where A = (oj;)1<i, j<n 15 a generic matrix.) Define
[0 =Y ek, e and f§ = fO Ao A f) where S = {s1 < --- < s;}. By Eq. (3), the

51

following equality of operators on /\ K holds:
VS S nl fs| = f3]- “)

We now turn to find relations between the kernels defined above and algebraic shifting.

3. Shifting and Kkernels of boundary operations
In this section we give some equivalent descriptions of the algebraic shifting operator, using
the kernels defined in Section 2. This approach will be used throughout this work.

The following generalizes a result for graphs [3] (the proof is similar):

Proposition 3.1 Let R C [n], |[R| < j + 1. Then

Ker; frl= ﬂ Ker; fruil-

i;[n]2i¢R

Proof: Recall that 2|[(g|lf) = (h A g)Lf. Thus, if fg|m = O then
fruilm = £f;[(frlm) = fi[0=0.

Now suppose m € spanfes : S € K, S| = j+1}\Ker; fr|. Theset {f; : Q < [n], |Q] =
j-l—l—|R|}formsabasisof(/\jH*‘R| V)*,sothereissome fz, R' C [n], |R'| = j+1—|R]|,
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(note that R’ # ) such that

<fr' N from> = <fr, frlm>#0.

We get that for iy € R":ip ¢ R and < fry, fruioLm> # 0. Thus m ¢ Ker; frui, | which
completes the proof. O

In the next proposition we determine the shifting of a simplicial complex by looking at the
intersection of kernels of boundary operations (actually only at their dimensions): Let S be
asubset of [n] of size s. For R C [n], |R| = s, welook at fz|: A*(K) — N\ ®l(K) =R.

Proposition 3.2 Let Ky, S C [n], |Ko| =k, |S| = s. The following quantities are equal:

dm () Ker_ifal. )
R<;S,|R|=s,RC[n]

dim () Ker_ifgl, (©)
R<.S,|R|=s,RC[k]

(T € AK):IT| = 5.8 <L T)l. ™

In particular, S € A(K) iff

dim N Ker,_ fg|> dim N Ker,_1 fx|

R<1S,|R|=s,RC[n] R<.S,|R|=s,RC[n]
(equivalently, S € A(K) iff mR<LS,\R\=s,R§[n] Ker;_; frlgKers—1 fs)).

Proof: First we show that (5) equals (6). Forevery T C [n], T < S, decompose T =
T\ UT,, where Ty C [k], T, N[k] = @. For each T5 satistying 75 C [k], T3 2 T\, |T3| = |T|,

we have T3 <, T.Each f, where 1 € Ty, is a linear combination of the f’s, 1 <i <k,
so ff is a linear combination of such f7’s. Thus, for every j > s — 1,

0 0
Ker; fr| S Ker; fr 1,
R=<,.T,RC[k]

and hence

Kerjfgl= () Kerfal.

R<.S.RC[k] R<.S,RC[n]

Combining with (4) the desired equality follows.
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Next we show that (7) equals (6). Let m € A*(K) and R C [n], |R| = s. Let us express
m and fr in the basis {es : S C [n]}:

m = Z yrer

TeK,|T|=s

fr= E Agges
§'C[n],|S8"|=s

where Agg is the minor of A (transition matrix) with respect to the rows R and columns
S’, and where 7 is a scalar in R.
By bilinearity we get

fRlm = frlm = Z yrART.

TeK |T|=s

Thus (6) equals the dimension of the solution space of the system Bsx = 0, where By
is the matrix (Agr), where R <; S, R C [k], |[R| = sand T € K,|T| = s. But,
since the row indices of By are an initial set with respect to the lexicographic order, the
intersection of A(K) with this set of indices determines a basis of the row space of Bj.
Thus, rank(Bs) = |{R € A(K) : |R| = s, R <1 S}|. But K and A(K) have the same
f-vector, so we get:

dim ﬂ Ker,_1 f2] = f;_1(K) — rank(Bs)
R<,S,RC[k],|R|=s

=[{T € AK):|T|=s,85 <. T}
as desired. |

Recall that for each j > 0 and S C [n], |S| > j we define initj'(S) to be the set
of lexicographically least j elements in S, and forevery i > 0 Iy = Is(n) = {T : T C
[n]. IT| = |S|+i, inits(T) = S}.Let S7) = S((n) = min_, Ii(n)and Sy = S (n) =
max_, I¢(n). In the sequel, all the sets of numbers we consider are subsets of [n]. In order
to simplify notation, we will often omit noting that. We get the following information about

the partition of the faces in the shifted complex into ‘intervals’:
Proposition 3.3 Let Ko C [n], S C [n],i > 0. Then

160 A(K)| = dim () Kerjsyi—1 feL(K) — dim [ Kerjsi i1 fr [(K).

R<.S R<.S

Proof: By Proposition 3.1,
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dim ﬂ Kersi4i—1 fr|= dim ﬂ ﬂ Kersi4i—1 frujl= """
R<.S R<1S j¢R,jeln]

= dim ﬂ ﬂ Ker|s1i—1 frur L= dim ﬂ Ker gy frl.

R<.S T:TNR=§,|T|=i R<y S
i

(To see that the last equation is true, one needs to check that {RUT : TN R =@, |T| =

iLR<; S}={0:0 < Sg'?}). By Proposition 3.2,

dim ) Ker g, frl= {0 e AK): 101 =1S|+i. 5 < O}].
R<LS((,-";)

Similarly,

dim (7] Kersiyi1 fel(K) = |{F € A(K) : |[F| =S| +1i, S <1 F.
R<;S

(Here one checks that {RUT : TN R =0, |T| =i, R <, S} = {F : F <, S}}). Thus,
the proof of the proposition is completed. O

Note that on 1} the lexicographic order and the partial order <p coincide, since all sets
in 1§ have the same |S| least elements. As A(K) is shifted, /§ N A(K) is an initial set of /;
with respect to <. Denote for short

D(S) = Dk (8) = |Iiniy,(5)(m) N AK)).

Dk (S)isindeed independent of the particular n we choose, as long as Ky € [n]. We observe
that

Proposition 3.4 Let Ko and S = {s; < -+ < §; < §j41} be subsets of [n]. Then
SeAK) & sj41—5; < D(S). O

Another easy preparatory lemma is the following:
Proposition 3.5 Let Ko, S C [n]. Then Daxy(S) = Dk(S).

Proof: It follows from the fact that A> = A (Kalai [4], or later on here in Corollary 5.7).
O

4. Shifting union of simplicial complexes
Let us consider a general union first:

Problem4.1 ([6], Problem 13) Given two simplicial complexes K and L, find all possible
connections between A(K U L), A(K), A(L) and A(K N L).
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We look at A\(K U L), A(K N L), A(K) and /\(L) as subspaces of (V) where V =
span{eq, ..., e,} and [n] = (K U L)y. As before, the f;’s are generic linear combinations
of the e;’s where j € [n]. Let S C [n], |S| = s and 1 < j. First we find a connection
between boundary operations on the spaces associated with K, L, K N L and K U L via
the following commutative diagram of exact sequences:

0 /\j+s(K nL) i /\j+s K @/\jﬂ I P /\jH(K UL) > 0

| L Ls L |

0 —— o NKNL) —25 aNKPONL —L5 o N(KUL) — 0
(3)

where all sums @ in the bottom sequence are taken over {A:A <p S,|A| = s} and
i(m) = (m,—m), p((a,b)) = a + b, ®i(m) = (m, —m), &p((a,b)) = a+b, f =
Da<, sfal(KNL), g =(@ac,sfal(K), Dac,sfal(L))andh = s, sfal(KUL).

By the snake lemma, (8) gives rise to the following exact sequence:

0 —— ker(f) —— ker(s) — ker(h) —— o

coker (f) —— coker(g) —— coker (h) —— 0

where § is the connecting homomorphism. Let (8') be the diagram obtained from (8) by
replacing A <, Swith A <; S everywhere, and renaming the maps by adding a superscript
to each of them. Let (9') be the sequence derived from (8') by applying to it the snake lemma.
If § = 0in (9), and also the connecting homomorphism §' = 0 in (9’), then by Proposition
3.3 the following additive formula holds:

LN AK UL =10 AK)|+|1{nAWL)| - |I{n Ak NL). (10)

4.1. A proof of Theorem 1.1

Proof of Theorem 1.1: Put j = d + 2 in (8) and in (8'). Thus, the range and domain of f
in (8) and of f’ in (8') are zero, hence ker f = coker f = 0 and ker f’ = coker f’ = 0, and
Theorem 1.1 follows.

Remark It would be interesting to understand what extra information about A(K U L)
we can derive by using more of the structure of A(K N L), and not merely its dimension. In
particular, it would be interesting to find combinatorial conditions that imply the vanishing
of § in (9). The proof of Theorem 1.2 in Section 4.4 provides a step in this direction. The
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Mayer-Vietoris long exact sequence (see [7] p. 186) gives some information of this type,
by interpreting of the Betti vector using the shifted complex [1], mentioned in Section 2.

4.2.  How to shift a disjoint union?

As a corollary to Theorem 1.1 we get the following combinatorial formula for shifting the
disjoint union of simplicial complexes:

Theorem 4.2 Let (KUL)y =[n],[n] 2 S ={s; <--- <s; <s5j41}. Then

Se AKUL) & 541 = 5j < [l 59 N AE| + [ Tiig5) N AD)].

Proof: Putd = —1 and A = init|5;—(S) in Theorem 1.1, and by Proposition 3.4 we are
done. O

As a corollary, we get the following nice equation, proposed by Kalai [6]:
Corollary 43 A(KUL) = A(AK)UA(L)).

Proof: S e A(KUL)iff (by Theorem4.2)s;11—s; < Dg(S)+ D.(S)iff (by Proposition
3.5)8j41 — 8 < Da)(S) + Da)(8) iff (by Theorem 4.2) S € A(A(K) U A(L)). O

Remarks

(1) Beyond a high enough dimension (to be specified) all faces of the shifting of a union
are determined by the shifting of its components. Let st(K N L) = {oc € KUL :
o N(KNL)y # @}. Then A(K) and A(L) determine all faces of A(K U L) of dimension
> dim(s¢#(K N L)), by applying Theorem 4.2 to the subcomplex of K U L spanned by
the vertices (K U L)y — (K N L)y.

(2) Let X be a (k + 1) x (k + [) generic block matrix, with an upper block of size k x k
and a lower block of size [ x /. Although we defined the shifting operator A = A4
with respect to a generic matrix A, the definition makes sense for any nonsingular
matrix (but in that case the resulting complex may not be shifted). Let Ky = [k] and
Lo = [k + 1, k + []. Corollary 4.3 can be formulated as

AoAx(KUL)= AKUL)

because Ax(K UL) = A(K)U A(L) (on the right hand side of the equation the vertices
of the two shifted complexes are considered as two disjoint sets). However, there are
simplicial complexes C on k + [ vertices, for which A o Ax(C) # A(C). For example,
let k = [ = 3 and take the graph G of the octahedron {{1}, {4}} * {{2}, {5}} = {{3}, {6}}.
Then A o Ax(G) > {4, 5} ¢ A(G).
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(3) By induction, we get from Corollary 4.3 that:
AU<i<nK") = AU1<i<a AK))

for any positive integer n and disjoint simplicial complexes K.

(4) Theorem 4.2 gives a very simple (linear time in ¢+ = 2") algorithm for computing
A(K UL), given A(K) and A(L), n = |(K U L)|.

(5) For symmetric algebraic shifting, introduced by Kalai [5], the results about shifting
the disjoint union, namely the symmetric assertions analogous to Theorem 4.2 and
Corollary 4.3, remain true. Techniques similar to those developed in Sections 3 and in
the proof of Theorem 1.1 provide a proof of the symmetric analogue of Theorem 1.1
in the case where d = —1. We omit the details. For a general union, we do not know
whether the symmetric analogue of Theorem 1.1 holds or not.

4.3. A recursive formula for shifting a disjoint union
We now turn to prove a recursive formula for computing A(KUL), given A(K) and A(L),
conjectured by Kalai [6].

We introduce the LI operator (as in [6]) defined on shifted simplicial complexes. Let K, L
be shifted simplicial complexes. Define K LI L to be the simplicial yet to be shown complex
satisfying (K U L)y = KoUL¢ = [k + [] (assuming Ky = [k], Lo = [I], but regarding
Ky, Ly as disjoint sets) and recursively satisfying

(KUuL); =1x%k(1, K)ulk(l, L));—; U (ast(1, K) Last(1, L));
where the link and anti-star of S € K are defined by:

K(S,K)={TeK:TNS=@,TUS € K},
ast(S,K)={T e K:TNS =0}

Note that Ik(S, K) C ast(S, K). The 1 * () operator on sets of sets is defined (unusually) as:
1%S={1Us:s € S} for S such that forall s € S 1 ¢ 5. Kalai conjectured:

Corollary 4.4 Let K, L be two shifted simplicial complex. Then

AKUL)=KUL.
Proof: By definition (K UL)y = A(K U L)o. We proceed by inductiononn = |(K U L)y|.
By the induction hypothesis, for every j

(K UL); =[1%Adk(1, K)UIk(1, L));_] U [Aast(1, K) Uast(1, L));].
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Denoting

Ast = ast(1, K)Uast(1, L),
Lk = Ik(1, K)UIk(1, L),

we have
K UL =1x%A(Lk)U A(Ast).

First we show that K LI L is a simplicial complex: Lk € Ast are two simplicial complexes,
therefore A(Lk) € A(Ast), and we get that K LI L is also a simplicial complex. Our second
step is to show that K U L is shifted. As 1 « A(Lk) (not a simplicial complex) and A(Ast)
are shifted, we only have to show that

I(A(Ast) € A(LK).
(Foraset A C ([Z]), A =1(bc (k[f]l) : da € A such that b C a}. For a simplicial complex

K,d(K) = J; 3(K;).) A basic property of algebraic shifting [6] is that for every simplicial
complex C,

I(A(C)) € A@(C)),
so we get
9(A(Ast)) € A(3(Ast)).

As K and L are shifted, d(ast(1, K)) € 1k(1, K), and similarly for L. Hence d(Ast) € Lk,
and therefore A(d(Ast)) € A(Lk). Now that we know that K Ul L is a shifted simplicial
complex, by Proposition 3.4 it is enough to show that for each S C [n], we have

Diur(S) = Dak ury(S),

as(KuL)N IiLit‘g‘,l(S) is an initial set of Ii:m‘s‘,l(s)-

Case1: 1 ¢ S,Foreach T € Iiim‘s‘,,(S) 1 ¢ T, therefore

Dgi1.(S) = Daasy(S) = Dasi1,k)(S) + Dasi1,1)(S)
= Dg(8S)+ Dr(S)= Dk ur)(S).

The second and last equations are by Theorem 4.2 and Proposition 3.5.
Case 2: 1 € S,Foreach T e I! (S). 1 € T and moreover, if S = S\ {1}, then

init)s—;
Iillit‘gl,l (S) =1x Iillil‘sr‘,] (S/) Thus
Dkur(S) = Dawiy(S) = Di.x)(S") + Dika.)(S")
= Dg(8)+ Dr(S)= Dak v 1)(S).
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The second and last equations are by Theorem 4.2 and Proposition 3.5. This completes the
proof. O

4.4.  How to shift a union over a simplex?

In the case where K N L=<o > is a simplex (and all of its subsets), we also get a formula for
A(K UL)interms of A(K), A(L),and A(K N L). This case corresponds to the topological
operation called connected sum.

Proof of Theorem 1.2: For a simplicial complex H, let H denote the complete simplicial
complex 20 The inclusions H < H for H = K, L, <o > induce a morphism from the
commutative diagram (8) of K and L to the analogous commutative diagram (8) of K and L.
By functoriality of the sequence of the snake lemma, we obtain the following commutative
diagram:

0 —— ker(f) —— ker(g) —— ker(h) LI coker (f) — ...

[ N

0 —— ker(f) —— ker(3) —— ker(h) LN coker (f) —— ...

where the bars indicate that (8) is obtained from (8) by putting bars over all the complexes
and renaming the maps by adding a bar over each map. Thus, if § = 0 then also § = 0,
which, as we have seen, implies (10). The fact that AQUI°V) = < & > completes the
proof.

We show now that § = 0. To simplify notation, assume that K and L are complete
complexes whose intersection is (o) (which is a complete complex). Consider (8) with
j = 1. (It is enough to prove Theorem 1.2 fori = 1 as forevery i > 1, S C [n] and
a simplicial complex H on [n], Ig NH = U'Jrag-‘(lrl NH)) Letm = mg +m; €
ker (h) where supp(mg) € K\ <o >. By commutativity of the middle right square of (8),
Ba<,sfal(mg), Bac,sfal(my) € Baz,s \'(@). If we show that

1+[S] 14+1S] 1
69A<LszL( A\ a) = @A<LszL( A K) @15 \©), (12)

then there exists m’ € /\H'S‘(o) such that ®a-, s fal(mg) = Pac, sfalm’) = f(m'),
hence 8(m) = [f(m’)] = O (where [c] denotes the image of ¢ under the projection onto
coker(f)) i.e. 8§ = 0. (12) follows from the intrinsic characterization of the image of the
maps it involves, given in Proposition 4.5. By Proposition 4.5, the right hand side of (12)
consistsofallx € ®r., s /\l K that satisfy (a) and () of Proposition 4.5 which are actually
in®ac,s /\l (o). By Proposition 4.5, this is exactly the left hand side of (12).

The following generalizes a result of Kalai for graphs ([3], Lemma 3.7).
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Proposition 4.5 Let H be a complete simplicial complex with Hy C [n], and let S C [n],
S| = 5. Then @g~,s frl(\'™ H) is the set of all x = (xg : R <, S) € ®ro,s \' H
satisfying the following:

(a) For all pairs (i, R) such thati € R <p S, <f;,xg > =0.

(b) For all pairs (A, B) suchthat A <; S, B < S, and |[AAB| =2, let{a} = A\ B
and {b} = B\A. Then

— < fp, Xa> = (—1)8man@D o f xps

where sgn aup(a, b) is the number modulo 2 of elements between a and b in the ordered set
AU B.

Proof: Let us verify first that every element in Im = @®gr,sfr L(/\l+s H) satisfies
(a) and (b). Let y € A" H.If i € R<.S then <f;, frly> = <fi A fr,y> =
<0, y> = 0, hence (a) holds. Fori € T C [n] for some n, let sgn(i,T) = |{t € T :
t<i}|(mod 2).1f A, B<;S,{a} = A\ Band {b} = B\ Athen —<f},, faly>=—<fp A
fA» y> = _(_l)sgn(b,AUB)<fAUB’ y> = _(_1)sgn(b,AUB)(_1)sgn(a,AUB)<fa A va y> =
(=1)s8maus@b < £ fu|y>, hence (b) holds.

We showed that every element of Im satisfies (a) and (b). Denote by X the space
of all x € ®r s /\l H satisfying (a) and (b). It remains to show that dim(X) =
dim(Im).

Following the proof of Proposition 3.3, dim(/m) = dim(/\lJr‘Y H)
dim(ﬂRqSKerSfRL(/\lH H)yY=|{T e A\H) : |[T|=s+1}]—{T € A(H) : |T| =
s+ l,S((;’;) <y T} =T € A(H) : |T| = s + 1,inity,(T) <, S}|. Let h = |Hp| and
sum(T) = |{t € T : T\{t} <, S}|. Note that A(H) = 2], Counting according to the
initial s-sets, we conclude that in case s < h,

dim(Im)=|{R: R <. S,R C [h]}|(h —s) — Z{sum(T) —1:T C[h],
|T| =54 1,init(T) <z S, sum(T)>1}. (13)

Incase s > h, dim(/m) = 0.

Now we calculate dim(X). Let us observe that every x € X is uniquely determined by its
coordinates xg such that R C [h]. Leti € R\[h], R < S.Every j € [h]\ R gives rise to
an equation (b) for the pair (RU j \ i, R) and every j € RN[h] gives rise to an equation (a)
for the pair (j, R). Recall that x is a linear combination of the form xz = Zl cin] VLRE with
scalars y; g. Thus, we have a system of & equations on the 4 variables (y; g)ie(n) of X, With
coefficients depending only on xp’s with F' < R (actually also |F N[k]| = 14+ |RN[A]])
and on the generic f;’s, k € [n]. This system has a unique solution as the f;’s are generic.
By repeating this argument we conclude that xg is determined by the coordinates xy such
that F' C [h].

Let x(h) be the restriction of x € X toits {xz : R C [h], R <, S} coordinates, and let
X(h) = {x(h) : x € X}. Then dim(X (h)) = dim(X).

Let [a], [b] be the matrices corresponding to the equation systems (a), (b) with variables
(V1.7)iern), <, s restricted to the cases T € [h] and A, B C [h], respectively. [a] is an
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s-{RC[h]:R <. S} xh-|{R C [h]: R <, S}| matrix and [b]isa |[{A, B C [h] :
A,B <y S,|AAB| =2} x h-|{R C [h] : R <1 S}| matrix.

We observe that the row spaces of [a] and [b] have a zero intersection. Indeed, for a fixed
R C [h], the row space of the restriction of [a] to the & columns of R is span{fiO :i € R}
(recall that fio is the obvious projection of f; on the coordinates {e; : j € Hy}), and the row
space of the restriction of [b] to the /& columns of R is span{fjo : j € [h]\R}.Butasthe f;”’s,
k € [h], are generic, span{fkO ckelh]} = /\1 H . Hence span{fi0 S R}ﬂspan{f]‘.) 1 j €
[A1\R} = {0}. We conclude that the row spaces of [a] and [b] have a zero intersection.

[a] is a diagonal block matrix whose blocks are generic of size s x &, hence

rank([a]) =s-{R: R <1 S, R C [h]}] (14)

incase s < h.

Now we compute rank([b]). For T C [h], |T| = s + 1, let us consider the pairs in (b)
whose unionis 7. If (A, B) and (C, D) are such pairs, and A # C, then (A, C)isalsosucha
pair. In addition, if A, B, C are different (the union of each two of them is 7') then the three
rows in [b] indexed by (A, B), (A, C) and (B, C) are dependent; the difference between
the first two equals the third. Thus, the row space of all pairs (A, B) with AU B = T is
spanned by the rows indexed (init,(7"), B) where init,(T)UB = T.

We verify now that the rows | J{(init,(T'), B) : init,(T)UB = T C [h],|T| = s +
1, |B| = s} of [b] are independent. Suppose that we have a nontrivial linear dependence
among these rows. Let B’ be the lexicographically maximal element in the set of all B’s
appearing in the rows (A, B) with nonzero coefficient in that dependence. There are at most
h — s rows with nonzero coefficient whose restriction to their 4 columns of B’ is nonzero
(they correspond to A’s with A = inity(B U {i} where i € [h]\B). Again, as the f;’s are
generic, this means that the restriction of the linear dependence to the / columns of B’ is
nonzero, a contradiction. Thus,

rank([b]) = U {(inity(T), B) : init,(T)UB =T C [h],|T| =5+ 1, |B| = s}
B<.S
= Z{sum(T) —1:TCh],|T|=s+1,init(T) <, S, sum(T)>1}.
(15)

(Note that indeed B <, S implies init(T) <, Sas B < T.)

Fors < h,dim(X(h))=h-|{R: R <1 S, R C [h]}| — rank([a]) — rank([b]), which by
(13), (14) and (15) equals dim(/m). For s > h, dim(X(h)) = 0 = dim({m). This completes
the proof.

O

As a corollary of Theorem 1.2, we get the following combinatorial formula for shifting
the union over a simplex of simplicial complexes:

Theorem 4.6 Let K and L be simplicial complexes where K N L = <o > is a complete
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simplicial complex. Let (K U L)y = [n],[n] 2T ={t; <--- <t; <tjy1}. Then
Te ANKUL)& tjpr1 —tj < Dg(T)+ Dr(T) — Do (T).

In particular, any gluing of K and L along a d-simplex results in the same shifted complex
A(K U L), depending only on A(K), A(L) and d.

Proof: Puti = 1and S = initj;|—(T) in Theorem 1.2, and by Proposition 3.4 we are
done. O

Remark Forsymmetric shifting, the assertions analogous to Theorems 1.2 and 4.6 remain
true. For their proof one uses a symmetric variant of Proposition 4.5 (where condition (a)
is omitted, and condition (b) has a symmetric analogue).

5. Shifting near cones
A simplicial complex K is called anear cone with respectto a vertex vifforevery j € S € K
alsovU S\ j € K. We are about to prove a decomposition theorem for the shifted complex

of a near cone, from which the formula for shifting a cone (mentioned in the introduction)
will follow. As a preparatory step we introduce the Sarkaria map, modified for homology.

5.1.  The Sarkaria map
Let K beanearcone withrespecttoavertexv = 1.Lete = ), ;. e;andlet f = Y., a;e;

be a linear combination of the e;’s such that «; # O for every i € K. Imitating the Sarkaria
maps for cohomology [8], we get for homology the following linear maps:

(A K el)5(AK.el)->(AK. £1)

defined as follows: for S € K

es— > (=1)$"Seyq; ifv g S

Ules) = ics
eg ifvesS
D_'(eg) = (1_[()[,')65.
ieS

It is justified to write D! as all the ;s are non zero.

Proposition 5.1 The maps U and D are isomorphisms of chain complexes. In addition
they satisfy the following ‘grading preserving’ property: if SUT € K, SNT = {, then

U(es Ner) =Ul(es) ANU(er) and D(es A er) = D(es) N D(er).
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Proof: The check is straightforward. First we check that U and D are chain maps. Let
oy = l_[ieS «;. For every eg, where S € K, D satisfies

. O
Do el_(eS) — D(Z(_l)sgn(];s)es\j> — Z(_l)sgﬂ(]:s)_-les\j
Jes ies As

and

1 P9 O
floD(es) = fL(a—Seg) = Z(_l)sgn(],S)Z_;es\j'

jes
For U: if v € S we have

Uoeyl(es) = Ulesy) = esyo — Y (=1 E5Weg; = (= 1)%"09eg, ;.
ieS\v jes

The last equation holds because v = 1. Further,

eloU(es) = el(es) = Y (—1)" e, ;.

jes
If v ¢ S we have
Uoeylles) =U0)=0

and

eloU(es) = el(es) — eL( Z(—l)‘vg"(j’s)esui)\j>

jes
— Z(_l)xgn(j,S)eS\j _ Z(_l)sgn(i,S) Z (_1)sgn(t.SUv\i)eSUv\{i’t}
Jjes ieS teSUv\i
— Z(_l)&'gn(],s)es\j(l _ (_l)sgn(v,SUv\j))
jes

_ Z (_ 1 )sgn(i,S)(_ 1 )sgn(j,SUv\i)eSUv\{i’j} .
Ji€S.i#)

In the last line, the left sum is zero as v = 1, and for the same reason the right sum can be
written as:

3 (1S (S
ji€Si<j

Asi < j,the {ij} coefficient equals

(—1)58n-SyEsenGSIFL g (_1ysen.Srtsgn(i.) _ ()
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hence e|oU(es) = U o e,|(es) for every S € K. By linearity of U and D (and of the
boundary maps), we have that U, D are chain maps. To show that U, D are onto, it is
enough to show that each eg, where S € K, is in their image. This is obvious for D. For
U:if v € S then Ul(es) = es, otherwise eg = Ules) + »_;(—1)8"“e, 5\ , which is a
linear combination of elements in Im(U), so es € Im(U) as well. Comparing dimensions,
U and D are also 1-1.

‘We now show that U ‘preserves grading’ in the described above sense (for D it is clear).
For disjoint subsets of [n] define sgn(S, T) = |{(s,t) € S X T : t < s}|{(mod 2). Let S, T
be disjoint sets such that SUT € K. By SUT we mean the ordered union of S and T (and
similarly for other set unions).

Case l:v¢ SUT.

Ules) AU (er) = es Aer+ Y (=1 " Degu; Aer + Y (=180 Deg Aerun
ieS JjeT

= (=1 D <em + 2 (—1>°‘g"“v”>esumv> = Ules Aer),

leSUT

where the middle equation uses the fact that v = 1, which leads to the following sign
calculation:

(_1)sgn(i,S)(_1)sgn(SUv\i,T) — (_1)sgn(i,5)+sgn(S\i,T) — (_1)sgn(i,S)+sgn(S,T)+sgn(i,T)

= (- 1)38"(S,T)(_ l)sgn(i,SUT).

Case2:ve S\T.

Ules) NU(er) = es A <€T - Z(—l)sg"(t'T)eTuU\z> =esNer = Ules Ner).

teT

Case 3: v € T \ S. A similar calculation to the one for case 2 holds. O
Remark The ‘grading preserving’ property of U and D extends to the case where SNT #
@ (S, T € K), but we won’t use it here. One has to check that in this case (where clearly

es Ner = 0):

Ules) A U(er) = D(es) A D(er) = 0.

5.2.  Shifting a near cone
We now prove a decomposition theorem for the shifted complex of a near cone.

Theorem 5.2 Let K be a near cone on a vertex set [n] with respect to a vertex v = 1.
Let X = {f; : 1 <i < n} be some basis of /\1 K such that f| has no zero coefficients
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as a linear combination of some given basis elements e;’s of /\1 K, and such that for
gi-1=fi—< fi,er >e, Y ={gi:1<i<n—1}isalinearly independent set. Then

Ax(K) = (1 % Ay(Ik(v, K)) U B

where B is the set {S € Ax(K) : 1 ¢ S}.

Note that 1 %« Ay(lk(v, K)) is not a simplicial complex, but merely a collection of faces of
Ax(K) which contain 1. We claim that this collection equals the set of all faces of Ax(K)
which contain 1.

Proof: Clearly for every [ > 0: Kerje,|= /\H'1 ast(v, K) and Ime,|= /\l Ik(v, K).
Using the Sarkaria map D o U (see Proposition 5.1), we get that Imf;| is isomorphic to
A lk(v, K) and is contained (because of ‘grading preserving’) in a sub-exterior-algebra
generated by the elements b; = DU (¢;) = %e,- — iev, i€ Kop\v.LetS C [n],|S] =

I,1¢ S.Recall that (g A f)|h = g(f|h). Now we are prepared to shift.

[ Kenfel=Kerfild (] Kerfel(Imifil— R),

R<,1US 1¢R<.S

which by the Sarkaria map is isomorphic to

AFast(v, K) ® ﬂ Ker(DU)™! fr)l(Alk(v, K) — R). (16)
1¢T<.S

Denote by m; the natural projection 7, : span{eg : |R| =t} — span{eg : |[R| =t,v ¢
R}. Then

Ker((DU) ™! fr)[(Alk(v, K) — R) = Ker(r,(DU) ™! fr)|(Allk(v, K) — R).

Now look at the matrix (<m; o (DU)’IfT, eg>) where 1 ¢ T <; S, R € Ik(v, K);—;.
It is obtained from the matrix (<gr_;,eg>), where 1 ¢ T <, S, R € lk(v, K);_;, by
multiplying each column R by the non-zero scalar [[;_, & (by T + i we mean the set
{t +i:t e T}). Thus, restricting to the first m rows of each of these two matrices we get
matrices of equal rank, for every m. This means, in terms of kernels and using the proof
of Proposition 3.2, that in (16) we can replace (DU)~! fr by gr_; (note that the proof of
Proposition 3.2 can be applied to non-generic shifting as well). We get (putting Q = T — 1):

dim ﬂ Ker; fz [(K) = dim A" ast(v, K) + dim ﬂ Ker,_1goL(k(v, K)).
R<,;1US O<pS—1
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As the left summand in the right hand side is a constant independent of S, it is canceled
when applying the last part of Proposition 3.2, and we get:

1US € Ay(K) < dim ﬂ Ker; fz|(K) > dim ﬂ Ker, fz(K) <
R<;1US R=<,1US

dim () Ker grl(k(v, K)) > dim [ Ker_; gr|(k(v. K)) <
T<pS—1 T<.5-1
S — 1€ Ay(k(v, K)).

Thus we get the claimed decomposition of Ax(K).
|

As a corollary we get the following decomposition theorem for the generic shifted com-
plex of a near cone.

Theorem 5.3 Let K be a near cone with respect to a vertex v. Then
A(K) = (1 % A(k(v, K))) U B,
where B is the set {S € A(K) : 1 ¢ S}.

Proof: Apply Theorem 5.2 for the case where X is generic. In this case, Y is also generic,
and the theorem follows . O

As a corollary we get the following property [6]:
Corollary 54 A o Cone = Coneo A.

Proof: Consider a cone over v: {v} * K. By Theorem 5.3, {1} x* A(K) € A({v} * K), but
those two simplicial complexes have equal f-vectors, and hence, {1} A(K) = A({v}* K).
|

Remarks

(1) Note that by associativity of the join operation, we get by Corollary 5.4: A(K[m]+K) =
K[m]xA(K)forevery m, where K [m] is the complete simplicial complex on m vertices.
(2) Using the notation in Theorem 5.2 we get:

Ax o Cone = Cone o Ay.
Definition 5.5 K is an i-near cone if there exist a sequence of simplicial complexes

K = K@©) D K(I) D --- D K(i) such that for every 1 < j < i there is a vertex
vj € K(j — 1) such that K(j) = ast(v;, K(j — 1)) and K(j — 1) is a near cone w.r.t. v;.
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Remark An equivalent formulation is that there exists a permutation w : Ko = [n] — [n]
such that

ni)eSeK,1<l<i=@SUrl)\r@) ek,

which is more compact but less convenient for the proof of the following generalization of
Theorem 5.3:

Corollary 5.6 Let K be an i-near cone. Then

AK)=BU | j*(Alk@,, KG — D) + j),

I<j<i
where B ={S € A(K) : SN[i] =¥}.
Proof: The casei = 1is Theorem 5.3.
By induction hypothesis, A(K) = B UUlsjﬁi_lj *(A(K(j — 1))+ j)where B = {S €
A(K) : SN[i — 1] = @}. We have to show that
{Se A(K):min{j € S} =i} =i * (A(k(v;, K@i — 1))) +i). 17)
For |S| =1 with min{j € S} = i, we have
() Kerii fel(K)= (m [ Kenif L) N ( (1 Kerifz L)-
R<.S j<i R:R|=l,jeR R<; S:min(R)=i
(18)

By repeated application of Proposition 3.1, for each j < i,

m Ker; 1 frl= Ker;_1 f;.

R:|R|=l,jeR
Hence, (18) equals
(ﬂKerz_lf_,- L) N ( N Kerz_lfRL) = () Kenifxl(A),
j<i R<; S:min(R)=i R<y S:min(R)=i

where A =), _; Kerf;[(/\ K), taking the kernels in each dimension.
By repeated application of the Sarkaria map, we get that A = A\ K(i — 1) as ‘graded’
chain complexes. We will show now that

dm () Kenifxl(d)=dim [ Kerl_lfRL(/\K(i—l)). (19)

R<; S:min(R)=i R<; S—(@—-1)
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Letg : /\ K(i — 1) — A be the Sarkaria isomorphism, and let f be generic w.r.t. the basis
{ei, .., ey} of /\ K@i — 1). Then ¢(f) is generic w.r.t. the basis {¢(e;), ..., p(e,)} of A.
We can choose a generic f w.rt. {e],...,e,} such that < f, plej) >=< o(f), pe;) >
for every i < j < n. Actually, we can do so for n — i generic f;’s simultaneously (as
multiplying a nonsingular matrix over a field by a generic matrix over the same field results
in a generic matrix over that field). We get that

() Kenafeltd)= [ Kenio(fo)l(4)

R<; S:min(R)=i R<;S—(i—1)
= N Kerz_lfRL(/\ K — 1)).
R<1S—(i—1)

As both the f;’s and the f;’s are generic, mR<LS:min(R)=i Ker_ fr(A) = ﬂR<LSzmm(R):i
Ker,_; fr|(A) and (19) follows. By applying Theorem 5.3 to the near cone K(i — 1), we
see that (17) is true, which completes the proof. O

From our last corollary we obtain a new proof of a well known property of algebraic
shifting, proved by Kalai [4]:

Corollary 5.7 A% = A.

Proof: For every simplicial complex K with n vertices, A(K) is shifted, (hence an n-near
cone), and so are all the 1k(i, (AK)(i — 1))’s associated to it. By induction on the number of
vertices, A(k(i, (AK)(i — 1))) = 1k(i, (AK)(i — 1)) —i forall 1 <i < n. Thus, applymg
Corollary 5.6 to the n-near cone A(K), we get A(A(K)) = A(K).

6. Shifting join of simplicial complexes

Let K, L be two disjoint simplicial complexes (they include the empty set), and denote their
joinby K x L, i.e.

K+xL={SUT:SeK, Tel}.
K x L is also a simplicial complex, and using the Kiinneth theorem with field coefficients

(see [7], Theorem 58.8 and ex. 3 on p. 373) we can describe its homology in terms of the
homologies of K and L:

Hi(K x L) = @ H(K) ® Hy(L)
k+l=i

and

0— H,(K*L)— H,(K xL)— H,(K)®H,(L)— 0.
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Recalling that 8;(K) = [{S € A(K) : [S|=i+1,SU1 ¢ A(K)}| (Bjorner and Kalai [1]),
we get a description of the number of faces in A(K * L); which after union with {1} are not
in A(K * L), in terms of numbers of faces of that type in A(K) and A(L). In particular, if
the dimensions of K and L are strictly greater than 0, the Kiinneth theorem implies:

Baimx+L)(K * L) = Baimx)(K)Baim(z)(L)
and hence

HS e A(K*L):1¢85,|S|=dim(K «L)+ 1} =[{Se A(K): 1 ¢S,
S| = dim(K) + 1}] x |{S € A(L): 1 ¢ S, |S| = dim(L) + 1}].

We now show that more can be said about the faces of maximal size in K * L that represent
homology of K % L, i.e. proving Theorem 1.3.

Proof of Theorem 1.3:  For a generic f = )k, ®v€v decompose f = f(K)+ f(L)
with supports in Ky and L respectively. Denote dim(K) = &, dim(L) =/, sodim(K % L) =
k + 1+ 1. Observe that (f(K)(K * L)gy+1) N (f(L)L(K * L)g+i+1) = {0}. Denote by
f L(K) the corresponding generic boundary operation on span{eg : S € K}, and similarly
for L. Looking at A (K = L) as a tensor product (/\ K)® (/\ L) we see that Kery1,11 f(K)|
equals Ker, f(K)[|Ax ® /\IH L, and also Ker; f(K)[|p x = Kery f[(K), and similarly
when changing the roles of K and L. Hence, we get

Kery 41 f 1= Kergyy1 f(K)L N Kergyy 1 f(L) = Kerg f[(K) ® Ker; f[(L).

For the first i generic f;’s, by the same argument, we have:

() Kerer f5L = () Kerepap1 f{0KL N (1) Keregapr f3(L)L

Jjelil Jelil Jjeli]
= () Kere f; L(K) ® [ ) Ker, f; L(L).
jelil Jelil
By Propositions 3.1 and 3.2 we get the claimed Eq. (2). O

Remark For symmetric shifting, the assertion analogous to Theorem 1.3 is false. As
an example, let each of K and L consist of three points. Thus, K * L = K33 is the
complete bipartite graph with 3 vertices on each side. By Theorem 1.3, {3, 4} € A(K33),
but {3,4} ¢ AS""(K33) where A" stands for the symmetric shifting operator ([6],
p- 128).

We now deal with the conjecture ([6], Problem 12)

A(K % L) = AAK) * A(L)). (20)
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We give a counterexample showing that it is false even if we assume that one of the complexes
K or L is shifted. Denote by X K the suspension of K, i.e. the join of K with the (shifted)
simplicial complex consisting of two points.

Example Let B be the graph consisting of two disjoint edges. In this case A(X(B)) \
A(E(A((B)) = {{1, 2, 6}} and A(E(A(B)))\ A(X(B)) = {1, 3, 4}}, so (surprisingly) we
even get that

A(XE(B)) <1 A(X(A(B))), 2n

where the lexicographic partial order on simplicial complexes is defined (as in [6]) by:
K <; Liffforall r > 0 the lexicographically first r-face in K AL (if exists) belongs to K.

Conjecture 6.1 For any simplicial complex K: A(Z(K)) <; A(Z(A(K))).

This manuscript was first put on the math arXiv about two years ago. Very recently Satoshi
Murai announced a proof of Conjecture 6.1, and more generally, that A(K L) <; A(A(K)x*
A(L)) for any two simplicial complexes K and L.

Conjecture 6.2 (Topological invariance.) Let K; and K, be triangulations of the same
topological space. Then A(X(K)) <p A(Z(A(K)))) iff A(X(K3)) <1 A(Z(A(K?))).

It would be interesting to find out when Eq. (20) holds. If both K and L are shifted, it
trivially holds as A> = A. By the remark to Corollary 5.4 it also holds if K is a complete
simplicial complex.
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