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Abstract. We derive a formula for the n-row Macdonald polynomials with the coefficients presented both
combinatorically and in terms of very-well-poised hypergeometric series.

Keywords: Macdonald polynomials, symmetric functions, hypergeometric series

1. Introduction

Denote the ring of symmetric functions over the field F' as Ar and let A% denote its
nth graded space. The space A’} consists of all symmetric functions of total degree n € Z,
indexed by the partitions A = (A1, ..., Ax) for which )", A; = n. There are four Z-bases and
one Q-basis of A”. The Q-basis consists of the power sum symmetric functions p, = >, x7,
where p, = p;, - pa,, and the four Z-bases are: The monomial symmetric functions

A A . .
my =3 . X' ... x;", the elementary symmetric functions e, = >, ___; Xi ... %,
. . i A
where e, = ¢, - - - e,,, the complete symmetric functions /, = Zi1<...<ik ill o ik‘, and
. Aj+k—j k—j\
the Schur functions s, (xy, ..., x) = det(x; D<i, j<k/det(x; 7).

Let H = Q(g,t) be the field of rational functions in ¢ and 7. In 1988, Macdonald
introduced a new class of two-parameter symmetric functions P, (q, t), over the ring Ay,
which generalize several classes of symmetric functions. In particular, taking g = ¢ we
obtain the Schur functions, setting ¢+ = 1 we have the monomial symmetric functions, and
letting g = O gives the Hall-Littlewood functions.

We know from [4] that the (P,) are a basis of A’;. Further, with respect to the scalar
product:

we have that

(P, P) =0 if A%y,
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where m; denotes the multiplicity of i in A and /(1) denote the length of A. We also know
that for each A, there exists a unique P, (g, t) such that:

P =m + Zcmmﬂ where ¢, € 0(q,1).
n<X

Define:

P
TN

Then, the bases (P, ) and (Q,) of A}, are dual to each other, (Q,, P,) = 8,,,, and from [4],
for A = (n):

1 () 1 — t)\/-
Om = - ~Da-
' m;lj imim! J1:[1 =g
For partitions of the form A = (A1, ..., A;), we will derive a formula for the Macdonald

polynomials Q; with coefficients presented first combinatorically in Section 3 and then as
very-well-poised hypergeometric series in section 5. A formula for Qy,, ,,) can be found in
[2] and following the completion of this work, the author discovered the paper [3] which
gives a formula, without proof, for Q@ x,.15)-

2. Preliminaries

Let A, u be partitions such that u C A; the diagram of u being contained in the diagram of
A. For compactness, we will denote the skew diagram A — p as A\u. Moreover, we will
view the diagram of a partition with row one being the largest and row »n begin the smallest
(English notation).
The diagram of A\u is said to be a horizontal r-strip if the number of blocks contained
in A\ equals r and, of the remaining r blocks, there is at most one in each column of A\ it.
For each block d found in the diagram of A, let:

1 — g¢@yps@+1
# ifd e
b(d)=1 (1 — qe(d)+lts(d)) "

1 ifd ¢ A,

where e(d) denotes the number of blocks to the east of d and s(d) denotes the number of
blocks to the south of d in the diagram of A [4].

Let R, denote the union of the rows and let C, ,, denote the union of the columns which
intersect the diagram of 1\ u.
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Using a Pieri-type formula [4], for A, n such that u C A is a horizontal r-strip, we have:

(d)
r 2
0.0, = Z H @ 2 ©))
ford e Rk\u — C)»\M'
Letr =(ry,...,rp)and ¥ = (ry, ..., r,—1) be partitions with the length of row i equal
to r;. In order to derive a formula for Q... ), we begin with Q¢ . ;. ).

To utilize (2), we must obtain all partitions @ = (wy, ..., w,) such that ¥ C w and w\r’
is a horizontal r,-strip. Denote this set as 2.

3. Construction of 2

Begin with the desired partition ¥ = (rq,...,r,_1). For all w € @, w\r is a horizontal
ry-strip and therefore we must add exactly r, blocks to ' = (ry, ..., r,—1). To this end, we
strategically enlarge the length of the rows, in some cases creating an nth row, by adding
the appropriate number of blocks to row r; , and below row r,_, for all i.

Let ji0 denote the number of blocks added to row r;. We may add a maximum of r,, blocks
to row rq and thus:

.0
J1=0,...,r.

Consequently, the number of blocks added to all other rows of #’ is first dependent on
jlo . Second, beginning with row r; and adding blocks to 7" in order of row succession, we
see that the number of blocks which can be added to row r; is depedent upon the number
of blocks added to rows r; for 1 < k < i. Finally, since we may add at most one block
anywhere in 7 in order to create any new column which appears in w, the number of blocks
added to row r,, is dependent on the difference between its length and the length of the
preceeding row, (r,—1 — ¥m).

Assimilating this, form € {1,...,(n — 1)}:

m—1 m—1
’<rn_ZJg0) if (rn_ZjX())f(rm—l_rm)
s=1

s=1

]m: m—1
Ow--’(rm—l_rm) if (rn_Zj‘yo>>(rm—l_rm)-

s=1
Lastly, for row w, € w, where 0 < w, < r,, set:
(n—1)
-0
Wy =¥y — Z Jm-

m=1

Taking all possible combinations of j°, beginning with m = 1 and ending with m =
(n — 1), we generate Q2 = {w = (wy, ..., wy)}.
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Example 3.1 Letr’ = (5,4,3) and r4, = 2. Then, jf) = {0,1, 2}, jg = {0, 1}, and
79 =10, 1}. Thus: € = {(5,4,3,2),(5,4,4,1),(5,5,3,1),(6,4,3,1),(5,5,4), (6,4, 4),
(6,5,3),(7,4,3)}.

4. Construction of the coefficients

For the partition A = (Aq, ..., A,), define:
v; = {p where p = max{l, ..., n}suchthat A, > i}.
Proposition4.1 Let A = (A, ..., A,) be a partition with row i, A;. For each row A,, and

each block dy € A, , 1 < k < A, , numbered left to right,
s(dy) = (v —m).

Proof: Let )’ denote the conjugate partition of A, the partition whose diagram is the
transpose of the diagram of A. Let d;. be the kth block of row A,,. Then, d; is the mth block
of the kth row of 1. Since row A,, of A is equal to column m of 1’ , it follows that the number
of blocks in row A/, is equal to p where:

p=max{l,...,n} suchthat A, >m.

This implies that the number of blocks to the east of dj is the diagram of 1’ is equal to
p — m. Taking the transpose, it follows that the number of blocks south of dj in the diagram
of A equals p — m. O

Remark 4.1 Asdemonstrated by the proof of Proposition4.1,forA = (A, ..., Ay), v; =
A; . As we shall see, the desirability of using v; rather than the conjugate partition is evidenced
by the considerable facility that it gives to the implimentation of the principal formula. For
example, when A = (6, 4, 2, 2) and i = 3, we may simply observe from A that v; = 2.

Proposition 4.2 Let . = (A, ..., A,;) be a partition with row i, ;. For each row Ay,
let {d;}, 1 <k < M\, , denote the set of blocks which compose M\,,, numbered left to right.
Then:

=1 (1 _ q/\m—(i+l)tv(i+1)—(m—1))

bk,,, Zbk({dk}) = 1_[ (1 _ q)nmfitv(,q.l)*m)

i=0

Proof: For the product limits {i = 0, ..., (%, — 1)}, letblock k, di, for 1 <k < A,
correspondtoi = (k—1). Then,{i =0, ..., (%, — 1)} corresponds directly to {d;}, where
1 <k <Ay

It is easily seen that the number of blocks east of block d; in the diagram of A is equal to
(Am — k). By Proposition 4.1, we know that the number of blocks south of dj in the diagram
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of A is equal to (vy — m). Therefore:

(1 _ q)»m—k tv(k)—(m—l))

(1 _ q)»,,,karl tv(m*m) :

by(dy) =

Shifting block by to block b; where i = (k — 1), we have:

_ q)hm7(i+1)tv(i+l)7(7n*1))

b, (dy) = b, (d;) = ( (1 —q*m*"tvﬁ“’_m)

Taking the product over {i =0, ..., (A,, — 1)} to encompass {di}, 1 < k < X, yields the
desired result. O

Let w € Q. In order to utilize the Pieri-type formula, we must construct the required
coefficent for each Q(,):

by(d
1_[ L d e Ra)\r’ — Cw\rr.
A b@

For m € {1,...,(n — 1)}, we compute these coefficients according to row, r,, , and
according to the number of blocks added to 7,,, jO , where @, = (1 + j2).

Proposition 4.3 Letw € Qandr' = (ry, ..., 1m_1).
For row w,, = (r,, + j,%), 1 <m<(n—1), suchthatd € wy, andd € Ry, — Co\r s

br/n(d)

where

=1 (1 _ qrm*(i+1)tv(i+l)*(m*1))(1 _ qrm+j,27itv(i+])7m)

)
DT o ——— Jn 70
Tj2,0 = e (1 — gV m)(l _qr,,,-&-],,‘ (+1) v en—(m 1))
: in=0
“4)
and
e POy S P jO— (1) k—m
— m t 1_ m+ I 1
T = H ( qr —(i+1) k7n)1( . Pt J0—i k—mfl) Jm #0and j #0
0= o, =g th=my(1 — g"m+in=it )
1 otherwise (®)]
restricting vy to r'; vy = {p wherep = max{l,...(n — 1)} suchthat r, >

@+ D).
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Proof:  First, note that within this proof, we use the expressions b, and b, to identify
“incomplete stages” in the development of b, and b,,, .

For row r,,, we include only the d € r,, for which d € R, — C,\,. Since row
w, = (r, — an_:ll jf,’,), it follows that, for each row of @ and hence of r’, the blocks
{dy,...,d st jn)} are not included in R\, — C,,\ . Therefore, by Proposition 4.2:

> Hra— i

rm—1 (1 _ qrm7(i+1)tv(,~+nf(m71))
brm = 1_[ (1 _ qr,,,—itv(i+1)—"1) ’ ©
i=r=30 0

Similarly, for row w,, = (r, + j2):

ol (] = gD ey —mn=D)

b, = I1

. n—1 .
i=ra=320Jn

(7

(1 — qur1+jr37l'[”(i+l)7m)

where we restrict v(;41y to r’ in order to exclude any blocks d ¢ r’ which lie beneath row
Fi-
If j,(,), = 0, we do not include blocks from r,, in (3), and thus from (6) and (7):

/

Imo
;T TJVQ 0
Wiy

rm—1 (1 _ qrm—(i+1)tv(;+1)—(’"—1))(1 _ qr,,,+j,(,’,—itv([+1)—m)

-0

, - Jjo #0

— — g'mTiVa+y—m _ grm+iS—G+1D) svin—(m—1) m
eyt gy (L= @™ =g ! )
1 j’=o.

However, we do not include any d € w,, such thatd € C,,,; therefore, we must get rid
of any terms corresponding to these blocks in the quotient (4). These blocks, which generate
the unwanted terms, directly correspond to the j,? ,for(m+1) <k <(m—1), which were
added below them on row r; to create row wyg. In order for these terms to appear in (4),
we must have jO # 0 and j,? # 0. Therefore, to correct this in order to include only the
d € wy, such thatd € R, — C,\, , we multiply (4) by:

rk+j,?—l (1 _ qrm—itkfmfl)(l _ qr,,,+j,?,7(i+1)tk7m)
G _ 0 i h—m—
i (1 _ qr,,, (i+1) gk m)(l _ qr,,,+jm i pk—m 1)

1 otherwise,

Jm # 0and jQ # 0

Tjo jo0 =

yeilding the desired result. O
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5. Construction of the principal formula

Letr = (ry, ..., r,) be apartition. For/ € {1, ..., (r, — 1)}, let
n—1 [-1
=0, (r,l_zz,-;).
s=1 ¢=0

And, form € {2,...,(n — 1)}, let

n—1 1-1 m—1
0,..., (rn—ZZj”—ZjSl)
s=1

s=1 ¢=0

n—1 1—-1 m—1 -1
if (}’n—ZZ‘]f—Z‘]Yl> < <rm—l_rm+2(j;f1_1_j;f1)>
c=0

s=1 ¢=0 s=1

-1
0,..., (rm_1 —rmt+ Y (o — jni))
=0
n—1 -1 ‘ m—1 -1
if (rn_z ]Sc_ .]]> > (rml_rITl—i_Z(jr;—l_j;[))'

s=1 ¢=0 s=1 c=0

Remark 5.1 The purpose of the jil, 1 <i < (n—1), is to allow us to systematically
reduce row w, = (r, — Z;.:ll j9) to zero. To this end, we first must compute the j in
order to generate Q. Then, restricting the j! such that Z;:ll jt#0,0 < Z:’;‘ il <

(rn — Z?;ll ZIC;B j€), we are able to achieve the desired result. Further, restrict the j° such
that Z:.lz_ll ji0 # 0, excluding the original partition r = (ry, ..., r,) from this reduction.
We must now add at least one block to the partition 7/, and to any subsequently created
partitions (i.e., w € ); thus, the maximum number of times that we may need to repeat

this reduction process is r,,, yielding (r, — Y 1=} Sy i) = 0. O

Example 5.1 Building upon Example 3.1, for the partition v = (6,4,3,1), j? =
1, jg =0, and jé) = 0, we desire to reduce row wy to zero. Using the restriction given in
Remark 5.1, we have j = {0, 1}, j! = {0,1}, j = (0,1} where 0 < Y0 _ jl <.
Taking all possible combinations of the j! dictated by the jl0 =1, jg =0, and j30 =0,1<
m < 3, and applying them to w, yields the set of three-row partitions {(7, 4, 3), (6, 5, 3),
(6,4, H}. O

Given j!,, 1 <m < (n — 1), (4) becomes:
(ratX2h 1)

. —1 ! P
l:(rn—ZLl De=o ./s[)

Tjj0 = (1 —gm+Ze I =D g =m=D) (] gm0 dii o)

Jn #0

(1 — qrmLZ’p_:}) j,‘,}*itvwl)—m)(] _ q’erZIp:o jn‘}*(”l)tv(iﬂ)—(m—l))
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and, (5) becomes:

Pt Yo Ji 1

. -1 ¢
i=r+Y o J§

Ty jlo= (1 — gt e dn=i gh=m=1) (] — grot Yo Jy =41 ph=m) ., .
-1 .o . o s -]m 75 Oand.]k # O
(1 — qrmJFZc:oJm*(“rl)tk—m)(1 _ qrm+2(':0 Jm*’tk—m—l)
1 otherwise
)
where for [ = 0, ZC = jm 0 and where vy is restricted to the partition (r; +

Zl_gjl, e Tl + ZL Ojn s vi+n = {p where p = max({l,...,(n — 1)} suchthat
(rp +ZL on) >+ D}

Theorem 5.1 For the partitionr = (r1,...,r,), me{l,...,(n— 1}, andl € {1, ...,
(r, — 1)}, we have

Qi) = Qetr ) Qi)

+ 2 i( 1y l_i ((1—[1 Tfm)( 1;[1 T.f/,,,jk’,O))

ot = k=m+1

XQ i—1 . 1 -1 i—1 .
(RS e A0 ) 2 (= S0 )

rp—1 —1 n—1
+ >, D l_[ (( Tji.0 )( I1 Tj;.jLO))
0 il =0 m=1 k=m+1

I Im

Q

=

Z:’n I1 ' ]?éo
xQ L y
(’1+Z;"o et A0 J;lel)

where }_ o 51gn1ﬁes to sum over all possible combinations of the values of j and j°

Jm>Im

such that 0<>n_ ( ]l + j%) < r, and all possible combinations of the values ]l dictated
by the jO such that 7" jL # 0.

Proof: We want to show that:

Qurvery = Qtrrera 1) Qi)

- Zi( b l_i ((H Ty, 0)( ﬁ Tj,',,,f£,0>>

0 ,jo i=1 k=m+1
m

X i-1 . - i—1 .
Q(r1+z;:éjf,---.rm+z; Sily) Q(rufz:;:‘] Yirh L)
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rp—1 n—1
= 2 e T((T o) (T 700))
o 1=0 k=m+1
Yl gm0
X Q(r1+z;"01j] ..... Fn— I+Z1nulj,l, 1) - 0 (10)
Using (2), for Y _ 1 jO £ 0, we have:
n—1 n—1
Qi Q) = Qe mf*}j(rlhn)(lq nh£>
]1 Jm k=m+1
XO (o i ) an

Substituting (11) into (10), we need only to show:

n () (11

j0 . . -1
k=m+1 i 0) "*J? ----- ERES RN S )

rp—1 i—1 n—1
xS (T o) (T 7))
]] ]’911 1 m=1
X

k=m+1
(s s+ X0 ) L (e i )
r,—1 n—1 n—1
— _1y»—1 . .
= E (=D l_[ HTJ’WO 1_[ I di0
9,59 =0 m=1 k=m-+1
an .rp— I#O

X m - - .
Q(’ +Zl_0 FHIRRE S W 011;5 1)

(12)

Note that each Pieri-formula expansion (via (2) and (11)) of

E | | | | 0 , 13
( im0 ) < [y 0) r1+j? ..... [T LN J',?,) (13)
j ,J0 k=m+1

yields two terms. To show our desired result, we will show that with each successive

numbered” Pieri-formula expansion of (13), the term which contains the product of two
Macdonald polynomials cancells with the correspondingly numbered term i in

i—1 n—1 n—1
2:2:(1Yr]<(IITWQ< rITLAQ>
11 jo i=1 0 m=1 =

k=m+1

Q(r1+25;(l)jf ----- a1+ 020 Ja 1) 0

(ro—3o S0 1) (14
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and that, in the final Pieri expansion of (13), we will be left only with

rp—1 n—1
Yooy ] ((n o )( ]‘[ Tji . ))
0.9 1=0 m=1 k=m+1

1
ZZ, 1 1/71'x #0

. 1
XQ(r A i+ X 1) (15

To this end, we will induct on i.
Consder i = 1. Completing the first Pieri expansion of (13), and computing i = 1 from
(14), (12) becomes:

n—1 —
2 (HT’g °><k=1;[ ke )Q(~+f? ----- i) @ xich )

JPugg \m=1

1 n—1
- Z TTUIT.Z T Tt jio
Jlo 70 1=0 k=m+1

(’I+Zl IS AP RN S Uj/u)

n—1
(e
r,—1 i—1 n—1 -
xS T (o) T 7))

o0 i=2 1=0 k=m-+1

X i1 . i-1 . — -1 .
Q(n+z; bt S L S )

n—1 n—1
> 11(( 7o) ( T 7200))
Jt JO = m=1 k=m+1

X Q 1 . 1 . -1 1 .
(’l+21:0 JSNIED DI RN DA it ]r’u)

s () )

0 i=2 m=1 k=m+1
XQ i~ 1 Q —1 i-1 .\
(GRS S YRR 3 3 ) Rl (N S0 w879

Therefore, in the first Pieri expansion of (13), the term containing the product of two
Macdonald polynomials cancelled with the correspondingly numbered i = 1 in (14), as
desired.

Assume that with each further “numbered” Pieri expansion of (13), up to (r, — 2), the
term containing a product of two Macdonald polynomials cancells with the correspondingly
numbered i in (14). We will show the result for (r, — 1).
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For i = (r, — 2), we have that (12) equals:

n—1
Z( 3 H ((HTm)( [ T';,jz,o>)
J1 i k=mtl

X 'y T
Q(V1+Zz PR RS Sl 1) Q(rn D Y Jm

rp=2 n—1 n 1
n—2
+ > ] ((HTm)( T, jto ))
11012 =0 m=1 k=m+1

XQ(

- 2.
VH'Z/ 0 J[ ostn— I+Z[_o Jn |r»1_Zm 1l Z;no Jm

rm—3
el ((n )( [T 720))
i m=1 k=m+1

XQ(V1+ZI 0 jl Vn—lJrZ]mo Jn | rn Z):z 11 Zlmo Jm

szl ((H“)( I
Jl jo k=m+1

XQ(’I+Z;”02j1 ostn— 1+er10 ]n 1) Q(r I O Jm

B Z(_l)rn_z 1_[ ((HTI 0)( ]m jk ))

le’jg =0 m=1 k=m+1

XQ("*Z/’”() F AR Dirall AR S Zmo

- Z( ! H ((H .0 )( T dt0 ))
J| ,j0 k=m+1

XQ(

-2 . -2
i+t /1 a1+ ]rlz 1)

XO(, sty )

Performing the Pieri expansion on (13) a final time, (12) is equal to:

o (1) )

Jl ,J0 m=1 k=m+1

xQ 2, RN o
(’l"'z;”o et 00 e 1) (’n - ler”O /m)

+ Z( DA 1;[1 ((ﬁ Tm)( l:[ T‘,il,fk’,t)))

11 ,i0 =0 m=1 k=m+1

X .
Q(rlJFZr”olJI IAEES Sral i 1)
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+ = 1;[2 ((ﬁ TJM)( ﬁ Tf,il,fz.t)))

0L 1=0 k=mtl

X -2 pel 2 ;
Q(rlJrZ/:o J{a~~~vrlx—l+Z/:oz jrll—l) Q(’n*Zm:]1 Z/:o2 jr[n)
rp—1 n—1 n—1
-1
= 2 e TT{{ T 7o J{ 1T Thio
2.0 =0 m=1 k=m+1

Yol im0
X 1. 1. .
Q(H+Z§iol JIRSNARED Yy Jf,,l)

Since, by definition of j! , we must have

n—1r,—1

r,l—Z:Z:j,iZ = 0.

m=1 [=0

Example 5.2 We shall build upon Example 3.1 to calculate the expansion of the
Macdonald polynomial Qs 4,3,2).

Given the nature of the partition r = (5, 4, 3, 2), it is fitting and instructive to use the
following notation:

n—1

Tio=T, .
1_[ jm,O (]][ ~~~~~ ]([n—l))
m=1

.....

s=1 ¢=0
m—1 m—1
0,.... (2— Zj?) if (2— jS) < U1 = Tm)
.0 s=1 s=1
Jn = m—1
0,...,(m=1 —1m) lf(z_ ]s(‘)> > (Fm—1 — Fm),
s=1
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3 I-1 m—1
0, ,(2—2 jf—ZJﬁ)
s=1 ¢=0 s=1
3 1-1 m—1 -1
LR3I 3) I (RS S e A)
o s=1 ¢=0 s=1 c=0
Jm = -1
0,..., (rm—l Tm + Z (-1 ]rfi))
=0
3 1-1 ‘ m—1 -1
if (2 -y - ij) > (rm_l —rmt Y (o — j,f,)>.
s=1 ¢=0 s=1 c=0

We begin with jO since these values determine the subsequent choices for j! . We have:
A=10.120 ji={0.1)
i =10.1) 2 =10.1)
A=10.13 ji={0.1}.
Taking all possible combinations of the j ,1 = {0, 1}, such that 0 < anzl j% <2 and
0< 2,3”:1 jl <1, we have:

3 3
065,432 = 064300 — Z (1_[ Tj,ﬁ,O)( l_[ Tj,g,jg,o)
k

j]()’jrg m=1 =m+1
x
Qsepparioaest) L5, i)
| 3 3
+Zl_[ (HTI"O HTj’jIO ) 1oy 1oy 1o
ot S+ AR Ly
i,y =0 m=1 k=m+1 ‘ (+Z,_U St iz +Zl_0]3)
0 I 0 0 I
= 0643 Q0 + (T1.0.0) T.00) — To.00) Qa3 + (T(I,O,O) To,1,0)
0 1 0 00
+To.1.0 Ti.00) = Ta.1.0) Ton0) Q653
+ (T((l),O,O) T((l),o,u + T(g,o.l) T(11,0,0) - T(?,O,l) T((())(,)o,l)) Q(6,4,4)
0 I 0 I 0 00
+ (To.1.0) To.o.y + Too To.1.0 — To.r.n Toon) 654
0 0 0
= Ti.00 Q643 Q) — To.1,0) 653 Cy — T,0,1) Cis.a4) Q-

6. Very-well-poised hypergeometric series

We may express the coefficients T , form € {1,...,(n — D}, and [ € {0,...,rp—1},
in terms of very-well-poised hypergeometric series.
We will use the following notations.

(a;q) =1

n—1
(@q)n = [ [(1 - ag")
i=0
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(@:q) = | (1 — ag")
i=0
. @9
@ = (aq™; @)oo
(alv-nsam;q)n :(al;q)n"'(am;q)n
@i, -, ;@)oo = (A159)00 - (A3 oo

The basic hypergeometric series ¢, , is of the form:

ap, az PRI ar41
blv bZ ey br q,Z2

where

o0
(ala"~7ar+l;q)n
Qry1,r = 7"
e ;wl,...,br;q)n(q;q)n

We say that ¢, , is very-well-poised, denoted
Wi, = (@1;aa, ..., ar4139, 2),
if
1 1
alq = axby = ... = a,41b, and ay, = qa, a3 = —qa;.

From [1], we have:

aq \ _ (aq. 5. 5. ci29)
W6,5<a;b, ¢, d;q, @> = (@ a_qc m E_qd.q)oo, (16)
’ c 9 9 C b 00

The Coefficients Tj, o and Ty 0 o
We first compute the coefficient 7o in terms of very-well-poised hypergeometric series.
Beginning with row r,,, we identify the “indentions” which lie “under” it in the diagram
of 7. In other words, we identify all rows r;, m < i < (n — 1), such that r; < r;,.
Fork; € {1, ..., (n —m)}, let r,,_4, be the largest indexed row of r’ such that r,,_, < r,,.

Proposition 6.1 Suppose r,,_y, = ry,. It follows that ky = (n —m) and r,,, = r,_,. Then:

n—1 .0 ) . n—1 .0 -0 .
W5 (g st Bgn=m=hyqr=! g, qro Rl g g et ) O
j}”’

1 jd=o.
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Proof: Letr,_y, = ry; ki = (n —m) and r,, = r,_;. There are two cases: j, = 0 and
.0 0
.]m 7é .

For j,‘,)l = 0, we have that Tj o = 1 by Proposition 4.3.

For j,?l # 0, using properties of hypergeometric series and (16), (4) becomes:

rp—1—1 - rmf(i+l)tn7m)(1 _ rm+j,27itn7m71)
Tj’(;,(): 1_[ (1 _ r,n—ztn m— 1)(1 r,,,+j,9,7(i+1)tn—m)

. n—1
i=ry =300 0

F—Tu—1 gN—=M =Ty +jO0+1 n—m—1. "
(q ¢ .q m t ’ q)r”q*rn‘l‘z;:l] j—g

= Fm—Fp1+1lgn—m—1 rym—rp_1+j9 ¢n—m.
(q 1 t s q m n—1 -/mt ’q)’n—lfrn"’ztl;]] 1—9

. n—1 .
(g, qrmﬂ,?,fr,,71+1[nfmfl qrmfrmtzx’:] ],?+ltn7m71’ qrmﬂ,n rut 4 0 pn—m. 1 @)oo

- n—1 .
(qrmfr,mLZ&:, jsotn—m qrm+/,n D 11s+][’l m—1 qr'”_r”"'Hl‘"_m_I,qr’”+]'ﬂ_r”“l"_m;q)oo

n—1 .0 n—1 -0

=W s (qrm FatdC s = m_l;qt_l,q_]qur"il_rﬁ_z“ L :q, qr",—r,,,1+j,(,’1tn—m)

n—1 -0 1

—W6 (qrm Fnt Y e 1y gn—m— -1

Fa1—Tn+Y nl o n— m)

_0
3qtT . q .]m,q s=1Js + iq, qlmt

|

Remark 6.1 Letr, = r,_,. It follows that for all m < k < (n — 1), we have j,? =0,
and thuS Tquijo = 1

Consider the case when r,_y, # r,. Let r,_4, be the largest indexed row of r' =
(r1,...,rq—1) such that r,_y, # rnp_k,. If ry_g, # rm, let r,_, be the largest indexed
row of ¢’ for which r,,_y, # r,_4,, ect. Continue this process until one reaches row r,_ y for
which r, _y, = ry, creating the chain:

Fnky <Th—k, < - < rn—kf =Tm
fork; € {1,...,(n—m)}, 1 <i < f.

Proposition 6.2  Suppose r,_i, # rim. Then, (4) becomes:

_ n—1 .0 o _ _ 0 _ n—1 .0
Ws,s(q’m Y il1 s pn—m kgt g In, g h e By
—1
roo—r +i9 n—m—k+1 I Fm—Tn—k +j0 n—k —m
q,q" " Jmg 1 ) . 1_[ W6,5(C] m=Takgy Fim =k,
Tjp0= 72
=1 G0k, —Takga - P —Tn—ky, si—mM—Ka+1+1 -0
qt", qIn, g e g gt gt Ras L in#0
0 __
1 Jm - 0

Proof: Using our chain, we are able to identify the indentions under row r,, in the diagram
of #’; thus, we obtain all intervals of blocks d € r,,, on which s(d) changes. Using properties
of hypergeometric series and (16), we decompose (4) as follows:
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Vn—kI*l (1 _ qr,,,—(H»])tnfmka»l) (1 _ qr,,,ﬁ»j,g—itn—ntfkl)

— i0

Tpo= [T i
i=ry =Yy

f-1
11
h=2

<qr,,,—r,,,k| tnfmfkﬁrl , qr,,,+j,(:7r,,,kl +1 tnfmflq .
(4

1 - qr,,,—itn—m—kl)(l _ qrm+_i,ﬂ—(i+1)tn—m—k.+l)

Mgy =1 (1 = grn= D gr=m—kusy 1) (1 _ q"m+/‘,[y:’i["*m*kuz+n)

(1 _ qr,,,—iln—m—k(/,ﬂ)) (1 _ qrm+j,ﬁ7(i+l)tn—m—ku,+n+1)

i=ru_i,

’

n-1
)rn—k] —ra+d 01 )

Tt —rn—ky gn—m—k+1 g rh Hlyn—m—ki . q)
s H

—1
Tnky —Tu+ 22021 J0
0
T —Tn—k —m— it Jy—Tn— +1 n—m—. .
f1 (q m =Tk 1) RN k<n+n+|,qm Jm = Tnkgeny T pn—m k(h+l)’q

k1) ~Fn—ky

hes (qrm*rnfk(’,*»”"’ltnfmfk(h*,])’ qrm*rnfk(w, r—m—kgpn+1 ; q)
Tk 1) ~ "=k
N - —1 . —1
<qr,,, —Fn—ky tnfmfkﬁrl , qrerJ,?,*r,,,kl +1tn7mfk| , qr,,, —ra o+ j;‘tn*M*]ﬂ‘F] , qrm—r,ﬁrzf:l jx“+ltn7m7k| ;q)
_ o0
<qrm +i0 =Tk, gn—m—ki+1 , qrm+j,9. ~Tn-ky gn—m—ky , q"n;*’ﬂrz,\tl‘ Jo gn—m—ki+1 , qr,”fr,Her;l] JO+jo+1 fn—m—ki : q)

o0
=1
h

- P

= Wss (qrmfrﬁz"';' 3 gn—m—ki gt quf,’,’ g Y] j,?;q, qr,ﬁj,,",frﬂ, tnfmfkuﬂ)

f-1
0 .
. 1_[ We.s <qrrn7’nfk‘h+1)+./m tn*k(hﬂﬁm;qz—l’ qj,i’ qfn—kh *h(—km“);q’ g tn*m*kmnﬂ) )
h=2

Where:
-0
p = (qrm —Tn—ky1) tn—m—kmﬂﬁ-l , qrm+jm —r,,,k(hﬂ)-!—ltn—m—k(;,ﬂ) , qrm —r,,,kh-&-ltn—m—k(hﬂ) ,
i0
g Fim pr—m—ka+n+1 : )Oo

0= (qrm_rrx—k(h+1)+1tn_m_k(lHrl)’ qrm+j,2—rn—k(h+l,tn—m—k(h+1)+1, qrm_rn—kh tn_m_k(lx+l)+1,

T —Tn—ky, +j,3+1 tnfm*k(hﬂ) .
9

Proposition 6.3 For ry_k, # 1y, the coefficient Tjo 0.0 becomes:
—rg=jQ k=m—1, =0 1 _—jO. —r+ 0 k—
T joo = Wes(g™ e iq™h g™t g7 q, g7t m).

Proof: Using properties of hypergeometric series and (16), we have:

it j—1 (1— qrm—itk—m—l)(l . qrm+j,2—(i+l)tk—m)

T‘(] -0 =
Jm+Jic 0 _ rm—(i+1) tk—m _ atmtj0—itk—m—1
R (R )
—r—jo=1 k—m—1 —r4j0— 0 k—m.
(qrm Tk—Jk t m ’qrm T+ Jm Jkt m’q)]]?
= % — ~—
(qrm Tk jktk*m’qrm Tkt Jm ]k+1tk7mfl;q) o

Ji
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(qrm—rk—j,?-&-ltk—m—l’ qrm—rk-k—j,?l—jkotk—m’ qr,,,—rktk—m’ qrm—rk+j,(,)‘+1tk—m—l;q)
o)

(qrm—rk—j,?tkfm, qrm—rk-&-j,?,—j,?-&-ltkfmfl’ qrmfrkJrltkfmfl’ qr,,,frkJrj,?ltkfm;q)oo

rpm—ri—j k—m—1, —jO —1 —jo. Fn—r3+j0 k—m
=W6,5(q i/ iq /A,qz‘ . q jm’q’q n =Tkt I )

The Coefficients Tj o and T; 3 .

Forl = {1, ..., (r, — 1)}, we compute the coefficients T;: o and leﬂ Lo in terms of very-
well-poised hypergeometric series. To this end, fix / and carry out the procedure previously
described to obtain the chain:

-1 -1 -1
(}’n_k1 + erf—/ﬂ) << <rn_k/ + Zj;_,q) = <rm + Z],Z)
c=0 c=0 c=0

Notation 6.1 Set:

-1
D s = I
c=0
n—1 [
2. =
s=1 ¢=0

-1

2 : .c —
J"—ki = Jn—ki

c=0

Proposition 6.4 Suppose that (r,—i, + Ju—i,) = (rm + Ju). It follows that (r,, + J,,) =
(rn—1 + Ju—1) and (8) becomes:

We S(qr,wrnJerJer [nfmfkl;qfl’ qufn’ g +duty =rads .
f-1
q qrm—rn,k]—J,,,k1+Jm+j,1”tn—m—k1) . 1_[ W S(qrm_rnfki_-,n—ki"'\]m fr—ki—ml.
) N s
TJ’&-O = h=2 )
qt_l , q—j,ln , qrn—qur] —Fn—kj —In—k; FIn—k; 1q, qrm —Tn—ki 1 —In—ki 1 +Jm+]mtn—m—ki
-l
Jm #0
1 it =o.

Proof: Let (r,—i, + Ju—t,) = G + Jn) = (rm + Jp) = (rya—1 + J4—1). There are two
cases: j!, = 0and j! #0.
For j! = 0, by Proposition 4.3, we have that Tpo=1
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For j! = 0, using properties of hypergeometric series, we have:

Pyt dp1—1 (1 . qr,,,+J,,,—(i+l)tn—m)(1 _ qrm+1m+j,l”—itn—m—1)

Ti o= —
Jm:0 ' , (1 _ qrerJ,,,fitnfmfl)(l _ qrmumﬂi,f(zﬂ),nfm)
i=r,—Js
Fm+dp—rpn_1—Jp_1 gn—m rm+J,,,+jl —rp—1—Jp—1+1n—m—1.
_ (q t »q " ! ’q)r,,fﬁfuflfl’,ﬁfy . 5
- Fmtdm—du1—rn+1n—m—1 o rm—ru_1—Jp_1+Jn+jl sn—m. -
(q t 4 i ’q)rnfl*rn‘i"/.y‘i"/nfl Q
— Wﬁ’s(qrrr17r11+‘/.v+1mt'17m71;qt71’ qu,’,,’ qrn_lfrﬁlﬁln_];
q qrm—rn71+1m—1n4+j,’,,,n—m).
Where:
P = (qrm*rnfl“r‘/m*‘/nfltnfm qrmfranrJnrJanrjfﬁltnfmfl qrnrrn+l.v+lm+1tnfm71
9 9 9
Fm—ta+Js I+l n—m.
q m—InTJsTIm ']”‘t ; )OO
0= (qrmfrﬁlﬁlmtnfm qrmfrn+lv+lm+jfn+ltn7mfl gt Syt
s , s
Fmn=Tn—t+dm =1+ jl, ;n—m.
q nt ’q)oo_
O

Remark 6.2  Since (7 + Jy) = (ry—1 + Ju1) = ji = O0forallm < k < (n — 1), we
have that 7 ;1 o = 1.

Proposition 6.5 Suppose that (r,—ix, + Ju—t,) # (rm + Jm). Obtaining the chain
(rnflq + Jnfkl) << (rnfkf + Jnfkf) = (rm + Jn)s

we have that:

W6,5(61r’" =t s+ gn—m—ki : ql‘_l , q_j'/" , qrn—kl —rnt+Juk +Jx;
f—1
q, qr,wrn_klfJn_lierJer” t"*m*kl+1) . l_[ We 5(qrm7r11—k(h+l)+Jm+jyly,7]n—k(h+l)
T o= ) h=2
" R T e N N ] kg H—ty =ik -
q, qrmfrnfkh7Jn7kh+‘/mtn_m_k(h+l)) ]rln #0
1 jL,=o.

Proof: For (r,_, + Ju—k,) # (rm + Jm), using properties of hypergeometric series, (8)
becomes:

Tn—tey +n—ey =1 (1 _ qr,,,JrJ,,,7(i+1)tn7m7k1+1)(1 rm+1m+j£n*i[”*m*k1)

. —q
0= l_[ (1 _ qr,,,+1,,,—itn—m—k,)(1 _ qr,,,+J,,,+j,1”—(i+1)tn—m—k]+1)

Fe1 [ Tnkgraty TIn—kpan -1 (1 _ qrm+jm—(i+1)tn7m7k<h+|)+1)(1 _ ql‘vavaszn*itnfmfk(thl))

— atmt+In—i n—m—k(h 1) — ATmt+ I +j,1,l_(i+1) ”_m_k(h n+l
h=2 i=r”’kh+‘]"’klx (1 qm ! * )(1 qr ' ! A )
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T =Tty = duky gn=m—ki+1 o1 =ruig Hdn—Juoiy Fip 1 pn—m—ki .
(C] 4 )rn—kl —Fnt+Js+JIn-k

P =Tty FIm—In—ky Fiby tn—m—ky+1 o Tm =Tk +Im—JIn—k; gn—m—k; .
(q ! 4 ! ’q)rn—kl_r/x"!‘-]n—kl"'-]s

=1 p,
. iz Q1
P =P

T 150

— —m— — — il —
:W6‘5(qrm rn+\]m+\]:tn m kl;qt 1,q ]m’qrzx—kl+\]n—k1 rlX+JA;

q,q"m " —Juty + I+ j, tn—m—k1+1)
9 .
f-1
1
. 1_[ W6,5 (qull_rn—k(,‘+l)+Jm+]m_']n—k<h+1)t”_k(h+l)_m;
i=2

ql_l , qj,l,l’ qrn—kh Tty 1y HIn—ky —In—kg i) :q, qrm_rn—kh_‘/n—kh +Ji tn_m_k(thl))‘

Where:
P1 — (qrm —Tnkgyry TIm = In—kgpyyy tn—m—k(;,ﬂ)-&-l ,
q”"_r"*kum)*'lm_J"*kuxﬂ)ﬂr[ﬁ‘lt"—m—k(h+1)- )
T ik gry = Pnt Ik~ In—ky
0 = (qrm*’"*k<h+1>+1"’*J"*kmnHt"*’"*kml)’
T =Tk y 1y FIm = In—k g1y Fim tm—kaen L.
4 > J, — —J,
Tn—k(pgry TIn—kgy1y ~Tn—ky —In—ky,
P, = (qrerfm*Vn—k]*Jn—kl tn*m*lirl’ qrerJerj,’,ﬁru—k,7Jn_kl+1tn7m7kl’
qrnﬁrn+l.\-+lm+jlntn—m—k1+1’ qr,,,—rn+1v+1m+1tn—m—k1;q)oo
0, = (qrm*rn_k, +Jm7-]n—k|+jylntn7m7kl+1 qrm*ru—k,JrJnrJn—k, +j,l,,tn7mfk]
? I
qrm—r,,+Jx+Jm,n—m—k1+1, qrm—rA-+Jn+J,,,+j,’,,+ltn—m—kl;q)oo
Py = (qrm7rnfk<h+l>+‘/m7Jn7k(h+l)tVl*Wl*k(h+1)+1 qrm7rn—k(h+]>+‘/m7Jn—k<h+1>+j,1,,+1tn*mfk(thl)
’ 9
qrm_rnfkh +-]n—kh+\/m+]tn_m_k(h+l)’ qrm_rnfkh_ n—kp, +Jm+j,1,1t"—m—k<h+1)+l;q)oo
1
03 = (q’m_’"*k<h+1>_j"*k<h+1>+jm+1t"—’"—kmw’ qr"'+‘/"'+fm_r"*k(h+l)_‘I"*k(h+1)tn_m_k(h+l)+l’

qrm—r,,,kh-}—Jm—J,,,kh tn—m—k(/,ﬂ)+1 , qrm—"n—kh_Jn—kh""]m""jr]n"‘lt”"”"ﬂhﬂ); q)

I~

Proposition 6.6 For leg Jlosm < k < —1), we have:

—p— il k—m—
Wa,s(q”” re—Ji+Im jktk m 1;
- =it gt g—in- SRAREY Sy R (Y 0 Ny
Tt jto g, qrt g Ins g, g/ gk gl o Oand i # 0
Jm>Jies

1 otherwise.
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Proof: Using properties of hypergeometric series, (9) becomes:

retdetji—1 (1— qrm+1m—itk—m—l)(l _ qr,,,+J,,,+j,l,,—(i+1)tk—m)

Ty 0= l_[
Jnodi:0 Al (1 — gratIn=GitDgk=m) (] — gratdntiy—i ph—m—1)
i=r+Ji
=Tk I —Je— i gk—m—1 1y —rtd—Ji+ il — jl gk—m.
(qr e+ 3 ]k+t m ,C]r e+ kt+im it m’q)j,f
= — . — — T —
(qrm e St In—Jigk—m - grm=rictdn—Jitjn = J 1 ph—m l;q)jkl
P
.o il e — il _ il _ sl _
— W6,5(qlm re—=Jit+Jn Jktk m 1’q j",qt 1’q Jm;q’qrm "k+~/m+~/k+Jmtk m)_
Where

e il o . _ Aol
P = (qrm rk—Jk+Im /k""ltk m l’q),,, et —Ji+ jktk m7

Fm—rk—Jx+ I tkfm Fn—rr+Jm 7Jk+j£,+1tk7m71 . )
,
00

q q g
0= (qrm—rk—fkﬂm —jﬁtk—m’ g —netTu—Jetjy =i+l gk—m=1 ,

T =tk = Jet- T+ 1 ph—m—1 g =T =Tty gh—m. q)
9 b .
o0
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