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Abstract. We call an undirected graph X half-transitive if the automorphism group Aut X of X acts
transitively on the vertex set and edge set but not on the set of ordered pairs of adjacent vertices
of X. In this paper we determine all half-transitive graphs of order p* and degree 4, where p is
an odd prime; namely, we prove that all such graphs are Cayley graphs on the non-Abelian group
of order p* and exponent p?, and up to isomorphism there are exactly (p — 1)/2 such graphs. As a
byproduct, this proves the uniqueness of Holt’s half-transitive graph with 27 vertices.
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1. Introduction

Let X = (V(X), E(X)) be a simple undirected graph. We call an ordered
pair of adjacent vertices an arc of X. Let G be a subgroup of Aut X. X
is said to be G-vertex-transitive, G-edge-transitive, or G-arc-transitive if G acts
transitively on the set of vertices, edges, or arcs of X, respectively. X is said to
be vertex-transitive, edge-transitive, or arc-transitive if it is Aut X -vertex-transitive,
Aut X-edge-transitive, or Aut X-arc-transitive, respectively. We call a graph X
half-transitive, or %-transiu‘ve, if it is vertex-transitive and edge-transitive but not
arc-transitive.

The first examples of half-transitive graphs were found in 1970 by Bouwer
[5], who found an infinite family of them. The smallest graph in his family has
54 vertices. In 1981 Holt [10] found an example with 27 vertices and degree 4.
Recently, Alspach et al. [2] proved that Holt’s graph is the smallest j-transitive
graph in the sense that there are no i-transitive graphs with fewer than 27
vertices or with degree less than 4. In [2] they asked, how many i-transitive
graphs of order 27 and degree 4 are there up to isomorphism? We shall give
an answer to that question in this paper. To speak precisely, the purpose of this
paper is to determine all 1-transitive graphs of order p® and degree 4, where p
is an odd prime. We shall prove that there are exactly (p — 1)/2 half-transitive
graphs of order p® and degree 4 up to isomorphism. Thus if p = 3, there is
only one such graph, so Holt’s graph is only the smallest half-transitive graph.
Moreover, our graphs are all metacirculants as defined in [3]. This supports
a conjecture of Alspach and Marusi¢ [1] which claims that every half-transitive
graph of degree 4 is a metacirculant.
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The group- and graph-theoretic notation and terminology used here are
generally standard, and the reader can refer to [9] and [11] when necessary.
Two adjacent vertices « and v in X are denoted by u ~ v or wv € E(X). For
v € V(X), X1(v) denotes the neighborhood of v in X, that is, the set of vertices
adjacent to v in X.

Let G be a finite group, and let S be a subset of G not containing the
identity element 1. The Cayley digraph X = X(G, S) on G with respect to S is
defined by

V(X) = G,
E(X) {(9,39) | g€ G, s € S}.

If S~! = S, then X(G, ) can be viewed as an undirected graph, identifying an
undirected edge gh with two arcs (g, k) and (h, g). This graph is called the
Cayley graph on G with respect to S. It is well known that any Cayley digraph
on G is vertex-transitive and its automorphism group contains the right regular
representation R(G) of G.

From elementary group theory we know that up to isomorphism there are
only five groups of order p? that is, three Abelian groups Z, Z, x Z,, and
Z, x Z, x Z,, where Z, denotes the cyclic group of order n, and two non-Abelian
groups Gi(p) and Gy(p) defined as

Gi(p) = (@, b| o =1, =1, b ab = a'*?) €}
and
Gop) = {(a,b,c|a? =W = =1,[ba] = ¢ [c, a] = [c, b} = 1). 2)

The j-transitive graphs of order p® and degree 4 we found are Cayley graphs
on G,(p) with respect to four-clement sets S; = {b'a, bia~!, (b'a) ', (H'a~)"'}
for 1 < i < (p-1)/2. These Cayley graphs will be denoted by I3(p), that is,
Ii(p) = X(Gi(p), Si). Holt’s graph is IN(3) in our notation. Since Gi(p) is
metacyclic, all Cayley graphs on G;(p) are metacirculants.

The main result of this paper is the following theorem:

THEOREM 1.1. The Ii(p) defined above are %-transitive graphs of order p* and
degree 4, and any %-transitive graph of order p* and degree 4 is isomorphic to a

Ti(p).
As a consequence of this theorem we have the following corollary:

COROLLARY 1.1. Up to isomorphism there is only one %-transitive graph of order
27 and degree 4, namely, Holt’s graph.
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2. Quoted and Preliminary Results

In this section we list some quoted and preliminary results which we need in the
proof of Theorem 1.1.

LEMMA 2.1 ([12]). Any vertex-transitive graph of order p* is a Cayley graph on a
group of order p’.

LEMMA 2.2 ([2]). Every edge-transitive Cayley graph on an Abelian group is also
arc-transitive.

LEMMA 2.3 Any edge-transitive Cayley graph on Gi(p) of degree 4 is also arc-
transitive.

Proof. Let X = X(Ga(p), S) be an edge-transitive Cayley graph on G,(p) with
respect to § = {z,z7, y, y"'}. If (z, y) < G2(p), then every component of X
is an edge-transitive graph with fewer vertices. Thus it must be a Cayley graph
on a group of order dividing p?, hence on an Abelian group. Therefore it is
arc-transitive. Thus we may assume that (z, y) = G,(p).

It is easy to verify that 2 and y and also ! and y~! satisfy the same relations
as do a and b. It follows that the mapping o : z +— 27!,y — 37! is an
automorphism of Gi(p). Hence oR(z), where R(z) is the right multiplication
transformation by x, is a graph automorphism mapping the arc (1, z) to the
arc (z, 1). Since X is edge-transitive, X also is arc-transitive. (m]

LEMMA 2.4 ([7]) . Let X(G, S) be the Cayley graph on G with respect to a subset
S, and let A=Aut X. Let Aut(G, 8) = {a € Aut G|S* = S}. Then the normalizer
NA(R(G)) of R(G) in A is the semidirect product of R(G) by Aut(G, S).

LEMMA 2.5 ([4]). Let X(G, S) and X(G, T) be two connected Cayley graphs on
a p-group G with respect to subsets S and T, and let |S| = |T| < p. Then X(G, 5)
and X (G, T) are isomorphic if and only if there is an automorphism o of G such
that S® =T.

We call a group G a central extension of C by T if C < Z(G) and G/C = T.
The following result is a consequence of the finite simple group classification.

LEMMA 2.6 Assume that a non-Abelian simple group T has order 2™3"p', where
p > 3,aprime. Then | = 1, and p does not divide the order of OutT = AutT/Inn T,
the outer automorphism group of T. Moreover, if a group G is a central extension
of C = Z, by such a simple group T, then G = C x T.

Proof. By [8, pp. 12-14] T is one of the following groups: As, Ag, L2(7), L2(8),
Ly(17), L3(3), Us(3), and Uy(2). Checking the atlas [6] for all groups listed
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above, we have [ = 1, and p does not divide the order of Out T.
Also by [6] we have that for all these simple groups p does not divide the
order of their Schur multiplier. Then we get the last assertion of this lemma. O

LEMMA 2.7 Let G be a finite group, and let |G| = 2™3"p?, where p > 3 is a prime.
Assume that a Sylow p-subgroup P of G is non-Abelian and of exponent p* and
that Oy(G) = 1. Then P4 G.

Proof (L.G. Kovdcs). (i) G has no subnormal subgroup which is non-Abelian
simple, and hence Oy(G) > 1: If G had such a subnormal subgroup T; = T,
where T is non-Abelian simple, then by Lemma 2.6 p || |T'| and p f|Out T|. The
normal closure TF of T; would be generated by some G-conjugates of Tj, all of
which are subnormal in G and hence in TF. It follows that the only composition
factors of TC are T, and hence TC has the form

T =Ty x...x Ty,

where T; & T is conjugate to T; for any i. Since p* || |G|, we have k < 3, implying
|G : Ng(Ty)| £ 3. Since Ng(T;)/T1C¢(T) is isomorphic to a subgroup of Out T3
and p }|Out Tj|, we have p* | |TCs(T})|. Then Sylow p-subgroups of T1Ce(T})
are also Sylow p-subgroups of G. Since TiNCg(T}) = 1, T1Ce(Ty) = Ty x Ce(Th).
Take P; € Syl (T;) and P; € Syl (Cg(T3)). We have that Py x P, is conjugate to
P, contradicting the assumption that P is non-Abelian.

Thus we have proved that G has no minimal normal subgroup which is
insoluble, so O,(G) > 1 since Oy(G) = 1.

If O,(G) = P, then P 4 G and we are done. Thus we may assume that
0,(G) < P. Then O,(G) has order p or p?, and hence O,y(G) is Abelian. We
have the following:

(ii) C = Ce(Op(G)) = Op(G): Assume that C > O,(G). First we claim that
C/0O,(G) has no nontrivial normal p/-subgroup. If it had one, say, M/Oy(G),
taking the complement K of Oy(G) in M would produce M = Oy(G) x K; then
K < Oy(G) = 1, a contradiction. Thus C/O,(G) has a normal subgroup which
is a direct product of isomorphic non-Abelian simple groups. It follows that C
has a subnormal subgroup which is a central extension of O,(G) by a simple
group T. By Lemma 2.6 this extension is a direct product of O,(G) and T.
(If |Ox(G)| = p?, taking a subgroup N of O,(G) of order p, Lemma 2.6 gives
C/N = 0,(G)/N x TN, where T is a central extension of Z, by T. Then use
Lemma 2.6 again.) It follows that C, and then G, has a subnormal subgroup
which is non-Abelian simple, contradicting (i).

(iii) The completion of the proof is as follows: By (ii) G/O,(G) is isomorphic
to a subgroup of Out O,(G). If O,(G) is cyclic, then the Sylow p-subgroup
of Out Oy(G) is normal, implying that the Sylow p-subgroup of G/O,(G), and
then of G, is normal, contradicting our assumption. Thus Oy(G) = Z, x Z,,
and G/Op(G) is isomorphic to a subgroup L of GL(2, p). Assume that L =
(LNSL(2, p))/(LNZ(SL(2, p))). Then L is a subgroup of PSL(2, p), whose Sylow
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p-subgroup is nontrivial and nonnormal. By Dickson’s theorem [11, I1.8.27] the
only subgroup with these properties is PSL(2, p) itself. Therefore L > SL(2, p).
Write R = O, »(G), which is defined by O, »(G)/0,(G) = Oy(G/O0y(G)). We
have R > Oy(G). Let @ be a complement of Op(G) in R. By the Frattini
argument G = RNg(Q) = Op(G)Ng(Q). Write U = Ng(Q) N Op(G), and note
that U and Q commute elementwise, so U < O,(Z(R)). Obviously, O,(Z(R)) is
normal in G. From Cg(0,(G)) = Op(G) < R we know that O,(Z(R)) < Oy(G).
Since L > SL(2, p), Op(G) is minimal normal in G; so the only option is that
U = 1, and therefore O,(G) is complemented in G. However, we know that
O,(G) is not complemented in P, a contradiction. a

The final lemma gives information about the automorphism group of the
group Gy(p), defined in Section 1.

LEMMA 2.8 Aut G(p) has order p*(p—1) and is generated by the four automorphisms
a, B, v, and & defined by

«:a—a, b +— ba?,
B:a— al*?, b b,
~ :a+— ba, br— b,
6:a— at, b+— b,

where ¢ is an element of order p — 1 in z,, the group of units in the ring Z; of

integers modulo p*. Moreover, we may write P = {(a, 8, v) and H = (§), where
P is the normal Sylow p-subgroup of Aut Gi(p) and H is the complement of P
in Aut Gy(p). Furthermore, all p-complements in Aut G,(p) are conjugate. In
particular, Aut Gi(p) has one class of involutions.

Proof. Direct calculation shows that «, 3, 7, and § are automorphisms of G,(p)
and that (o, 8) = Inn G;(p), the inner automorphism group of G(p).

Now assume that = is an arbitrary automorphism of Gy(p):a” = b'a/, b” = bka’.
Since a” has order p? and b" has order p, we have p } j and p|s. Since
(") a™d = (a")!*? and since o € Z(Gy(p)) and G,(p) is p-Abelian, ie.,
(zy)® = zPy? for all z, y € G1(p), we have

b (b'a?)bk (ba?)'*?,
bigi1+0) = pigil+p)

So Jja+ p) = j(1 + p) (mod p?), implying k =1 (mod p). Thus we may assume
= bad, b = ba', where i and ¢ have at most p choices and j has p* — p
cho:ces So |Aut Gy(p)| < p*(p — 1). However, |(e, 8, v, 8)| = p*(p ~ 1), implying
Aut Gy(p) = (e, B, 7, 6).
The remaining assertions of this lemma are obvious. m)
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3. Proof of Theorem 1.1

Let X be a i-transitive graph of order p* and degree 4. By Lemmas 2.1
and 23, X is a Cayley graph on G(p) with respect to a four-element set
T = {z,z7',y,y!}. If X is not connected, then its components would be
Cayley graphs on a group of order p or p?, hence on an Abelian group. By
Lemma 2.2 X would be arc-transitive, a contradiction. Thus, X is connected. It
follows that (z, y) = Gi(p).

Now we assume that X = X(G1(p), T) is a Cayley graph on G;(p) with respect
to T = {z,z"!,y,y"!} and that (z, y) = Gy(p). First we shall determine the
full automorphism group A = Aut X and find conditions under which X is
%-transitive. All of these will be given in the following three Facts.

FACT 3.1. Aut(Gi(p), T) has order at most 2, and if |Aut(G,(p), T)| = 2, the
nontrivial element in Aut(G,(p), T') interchanges = and y.

Proof. Recall that Aut(G;(p), T) is the subgroup of Aut G,(p) whose elements
fix T setwise. Since (T) = G1(p), an automorphism of G;(p) fixing T pointwise
must be the identity. It follows that Aut(Gi(p), T) acts on T faithfully. So
Aut(G1(p), T) is isomorphic to a subgroup of the symmetric group Sy.

Further, Aut(Gy(p), T) has no element of order 3. If it had such an element,
say, 7, then 7 would have a fixed point and an orbit of length 3 in T. Assume
that z is the fixed point, i.e., 7 = x. We would have that z~!, which is in the
orbit of length 3, is also a fixed point of 7, a contradiction. Now we have proved
that Aut(G(p), T) is a 2-group. By Lemma 2.8 Aut(G;(p), T') is a subgroup
of some p-complement conjugate to H in Aut G;(p). Since H is cyclic of order
p — 1, to complete the proof of this fact it suffices to prove that Aut(Gi(p), T)
has no element of order 4.

Assume that o is an automorphism of G;(p) of order 4. o acts on T cyclically.
If 2° = 271, then (z~!)° = =, and this is not the case. So we may assume
that the action of o on T is 0 : 2 — y — 27! — y~! — 2. It follows that
2" = 271,47 = y~1. Since all involutions in Aut G;(p) are conjugate, we may
assume that o? € H. However, H fixes a subgroup (b), which is not in the Frattini
subgroup #(G1(p)), but o* has no fixed subgroup of order p in the Frattini factor
group G1(p)/®(G1(p)); this is a contradiction.

The above argument also shows that if Aut(G,(p), T) # 1, then its nontrivial
element interchanges = and y. a

For convenience, in what follows we identify the right regular representation
R(G) and G itself. The reader can infer the meaning from the context.

FACT 3.2. A = G1(p)Aut(G((p), T) and Gi(p) is the normal Sylow p-subgroup
of A.
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Proof. We use A; to denote the stabilizer of the vertex 1 in A = Aut X. Assume
that € A, is an element of prime order, say, q. If ¢ > 4, then  must fix
the neighborhood X;(1) of 1 pointwise. By the connectedness of X, 7 fixes
all vertices of X; then = 1, a contradiction. Thus ¢ } |4;]. It follows that
|A;| = 23" and |A| = 2™37p°.

If p > 3, we have Gi(p) € Syl,(4). Since A, is core-free, Op(A) = 1. Then
Lemma 2.7 gives G1(p) < A and Lemma 2.4 gives A = G1(p)Aut(Gy(p), T).

If p=23and Gi(3) < Q € Syl;(A), then Na(G1(3)) = Ng(G:1(3)) > G:1(3).
By Lemma 2.4, N4s(G1(3)) = G1(3)Aut(G;(3), T), so 3 divides the order of
Aut(Gy(3), T), contradicting Fact 3.1. So we have G;(3) € Syl;(4) and |4| = 2™33
for some m. By Lemma 2.4, to complete the proof it suffices to show that
G,(3) < A. In this case A is soluble by Burnside’s famous p¢® theorem [11, V.
7.3). Since JA;| = 2™ and A4, is core-free, O;(A) = 1. It follows that O3(4) > 1.
If O3(A) has a characteristic subgroup of order 3, this subgroup must be normal
in A, so it must be G1(3), the derived subgroup of G1(3). Then we have
G1(3)Q = QG (3) for all Sylow 2-subgroups @ of A. By [11, V1.6.10] A has a
normal Sylow 3-subgroup. So we may assume that O3(A4) = Z; x Z;. Since A is
soluble and O,(A4) = 1, we have C4(03(A4)) = O3(A). It follows that A/O;(A) is
isomorphic to a subgroup of GL(2, 3). Now the same argument as in paragraph
(iii) of the proof of Lemma 2.7 works and gives the final contradiction. a

The next fact is a necessary and sufficient condition for X to be %-transitive.

FACT 33. X is }-transitive if and only if Au(Gi(p), T) > 1, if and only if
Aut(G1(p), T) has order 2.

Proof. If X is }-transitive, A > Gi(p). By Fact 3.2 Aut(Gy(p), T) > 1, and by
Fact 3.1 |Aut(Gy(p), T)| = 2.

Conversely, if Aut(G(p), T') = (o) has order 2, then by Fact 3.1 ¢ interchanges
z and y. Thus the Cayley digraph X(G(p), {z, y}) is arc-transitive. It follows
that X, the underlying undirected graph of X(G,(p), {z, y}), is edge-transitive.
Since the stabilizer A, of A has order 2 and A has degree 4, X is not arc-transitive.
Hence X is 3-transitive. u}

Now we shall complete the proof of Theorem 1.1 by the following three steps:

(a) The I'(p) defined in Section 1 are }-transitive for all i: Since §¢-V/% ¢
Aut(Gy(p), S;), where § is defined in Lemma 2.8, by Fact 3.3 we have that
Li(p) = X(G:(p), S;) is 3-transitive.

(b) Let X be a }-transitive graph of order p* and degree 4. Then X = I'(p) for
some i: First, X = X(G1(p), T), a Cayley graph on G;(p) with respect to T =
{z, =z, y,y7'} and (z, y) = G1(p). Since X is i-transitive, Aut X = G,(p)(o),
where o is an automorphism of order 2 of G,(p). By Lemma 2.8 there is a
T € Aut G1(p) such that 7~1o7 = §*~1/2 where 6 is defined in Lemma 2.8. Set
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Y = X(Gy(p), T7). It is easy to verify that Aut Y = 7~1(Aut X)r = G;(p){s*~1/?)
and Y = X. Therefore we may assume that o = §¢#-1/%; thus a° = a7, 5" = b.
Now if z = bia’, since o interchanges = and y, we have y = b'a™’ and
T = {ba?, ba~d, (ba?) ", (ba=7)'}. Without loss of generality we may assume
that i < (p — 1)/2; otherwise, we use (bia’)™' = bP=ia=7+iP to replace bia’. Since
L]
(T) = Gi(p), p [ j, so there is an integer k such that (a’)6 = a;hence T¢ =
S; = {¥a, ba~l, (a)~, ®a~1)"'}. Thus X(Gi(p), T) & X(Gi(p), S;) = ().
(c) I'(p) # Ij(p) when 1 <i< j< (p—1)/2: If Ii(p) & I(p) for some 3,
jwith 1 <i<j<(p—1)/2, by Lemma 2.5 there exists a o € Aut G1(p) such
that SY = S;. Then ¢ maps blabia~! = b¥a® to a product of two elements in
S;. Note that the image of b under any automorphism of G;(p) is ba® for some
integer t by the proof of Lemma 2.8, so (b*a®)’ = b%a*? for some k. However,
it is easy to check that the product of any two elements in S; cannot have this
form; this is a contradiction.
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