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Abstract. A new combinatorial expression is given for the dimension of the space of invariants in the
tensor product of three irreducible finite dimensional sf(r + 1)-modules (we call this dimension the
triple multiplicity). This expression exhibits a lot of symmetries that are not clear from the classical
expression given by the Littlewood—Richardson rule. In our approach the triple multiplicity is given
as the number of integral points of the section of a certain “universal” polyhedral convex cone by a
plane determined by three highest weights. This allows us to study triple multiplicities using ideas
from linear programming. As an application of this method, we prove a conjecture of B. Kostant
that describes all irreducible constituents of the exterior algebra of the adjoint sf(r + 1)-module.
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1. Introduction

Let g be a semisimple complex Lie algebra of rank r, and V,, V,, V, be
three irreducible finite-dimensional g-modules with highest weights A, u, v. The
multiplicity ¢}, of V, in the tensor product V) ® V, plays an important part in the
representation theory of g and its physical applications. For g = sf(r + 1) this
multiplicity is given by the classical Littlewood—Richardson rule (see e.g., [10]).
The results of this paper provide an alternative to the Littlewood—-Richardson
rule.

In [2] we suggested the following geometric interpretation of ¢, (see also
[1], [7]), [8]). We associate to g a convex polyhedral cone K C L and a linear
map pr: L — R¥, where L is a real vector space of dimension N = 1/2 (dim
g + 3r), and R* is the space of triples of g-weights. Then ¢, is computed as
the number of integral points in the section of K by the plane pr~!(\, u,v).

The choice of K is not unique; in [1], [7], [8] it is constructed by means of the
Gelfand-Tsetlin patterns whereas in [2] it is given in terms of partitions of weights
into the sum of positive roots. In the present work we give a new construction
of K for g = sf(r + 1) that is, in a sense, the most symmetric. More precisely,
instead of ¢}, we consider c),, = dim(Vy,® V, ® V,)*, the dimension of the space
of g-invariants in the triple tensor product. We call cy,, the triple multiplicity;
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evidently c,, = c‘;y, where p* is the highest weight of the module V; dual to
V, (since there is a natural isomorphism Homy(V;,VA® V) & (VA ® V, @ V,)).
Clearly c),, is invariant under all 6 permutations of (), x,v) and also under the
replacement of (A, u,v) by (A%, u*,v*). These transformations generate a group
of 12 symmetries; our construction of K will make evident 6 of them.

As an application of our approach to multiplicities we determine (for g =
sl(r + 1)) the spectrum of the g-module A*(g), the exterior algebra of the
adjoint g-module. The Weyl character formula implies that the g-module A*(g)
is isomorphic to the direct sum of 2" copies of the g-module (V,®V,), where p is
the half-sum of all positive roots of g. Therefore, V,, is an irreducible constituent
of A*(g) if and only if ¢4, # 0. B. Kostant conjectured (private communication)
that ¢4, # 0 if and only if the weight (20 — u) is a nonnegative integral linear
combination of simple roots of g. Using our expression of triple multiplicities,
we reduce the proof of this conjecture (for g = sé(r + 1)) to a problem of
linear programming, i.e., to the study of compatibility of certain systems of linear
inequalities. Such an approach allows us also to obtain more precise information,
i.e,, to describe all 4 such that ¢, = 1.

Our main result on multiplicities is stated and proven in Section 2 (Theorem 1).
The results on ¢#, are collected in Section 3; the main results here are Theorems 6
and 14 describing all p such that ¢;, > 0 (respectively, c;, = 1).

Our proof of Theorems 6 and 14 is based on general criteria for existence and
uniqueness of solutions of a system of linear inequalities. For the convenience
of the reader we discuss these criteria in the Appendix. Although they must
be well known to experts, we were not able to find the statements in the form
needed for our purposes in the literature, thus we provide brief sketches of the
proofs here.

2. A symmetric expression for triple multiplicity

We fix a natural number r and put T = T, = {(4,5,k) € Z3:i + j + k = 2r — 1}.
Put also H = H, = {(i,5,k) € T,: all i,5,k are odd} and G = G, = T, — H,.
Thus T; is the set of vertices of a regular triangular lattice filling the regular
triangle with vertices (2r — 1,0,0), (0,2r — 1,0), and (0,0,2r — 1); this triangle is
decomposed into the union of elementary triangles having all three vertices in
G, and of elementary hexagons centered at points of H, (see Figure 1).

Let a = (1,-1,0), 8 = (0,1,-1), and v = (-1,0,1) so that a + B + v = 0.
Clearly, for any n € H, six points nxa, n+ 8, n£~ lie in G, (they are vertices of
the elementary hexagon centered at 7). Consider the vector space RS consisting
of families (z(£)) (€ € G,) of real numbers. Let L C R be the vector subspace
defined by the equations

gn+a)-z(n-a)=z(n+B)-z(n-F=z@n+v)-z(0-7) (@)
for any n € H,. Geometrically this means that if [£,,&;] and [£],£}] are two
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Figure 1. Sets G, and H, for r = 3. The points of G, are depicted as circles, and the points of H,
as stars.

opposite edges of an elementary hexagon then z(&;) + z(€2) = z(&}) + z(£5). We
define a convex cone K C L to be the intersection L NRY", ie., the set of all
points = € L such that z(¢) > 0 for all £; let also Kz = LNZ.".

Now let g = s{(r + 1). We identify the lattice P of integral g-weights with Z"
using as a standard basis the family wy,...,w, of fundamental weights of g in a
standard numeration (see [3]). This identification takes the semigroup P* of the
highest weights to Z,. We recall that the triple multiplicity c,,, for), u,v € P*
is defined as dim(V, ® V, @ V, )8,

We define a linear projection pr: L — R¥ = (P®R)® by the formulas
pr(z) = (&y,...,&;;my,...,menq,...,n,), Where

6, = zQ(r-p)+1,2(p-1),0) + z(2(r — p),2p - 1,0)
np, = 2(0,2(r—p)+1,2(p-1)) +z(0,2(r —p),2p - 1)
m, = z(2(p—-1),0,2r—p)+1)+x(2p-1,0,2(r-p))yp=1,...,7r (2)

Note that the points of G, contributing to (2) liec on the boundary of our
triangle (see Figure 1).

THEOREM 1. Let A = Y Lyw,,pb = Y mewg,v = > nuw, be the three highest
sl(r + 1)-weights. Then the triple multiplicity c»,, is equal to #(KzNpr_i(\ p,v)),
i.e., to the number of families (2(£)), £ € G,, of nonnegative integers satisfying (1)
and (2).
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Proof. We shall deduce Theorem 1 from the results of [2] expressing c), in
terms of so-called g-partitions. By a g-partition of weight 6 we mean a family
(mq) of nonnegative integers indexed by all positive roots o of g, such that
>.Mae = 6. For g = sf(r + 1) positive roots correspond in a standard way to
pairs 1 < p < g <r+1, and we write my, instead of m,. Following [2], for any
8(r + 1)-partition m = (m,,) wWe put Ay = Apg(m) = mpy — Mps1441 (With the
convention Agy = —mqg41, Aprt1 = Mprat).

PROPOSITION 2. (=Theorem 2.1 from [2]). The multiplicity c, is equal to the
number of st(r + 1)-partitions (my,) of weight (A + v — p) satisfying the inequalities

b1+ Y Argy 20 3
t<p
Ny — Z 4 20 4
t2q

forall (p,q) such that 1 <p<qg<r+1

To prove Theorem 1 it remains to establish a bijective correspondence between:
Kz npr~!(\ p*,v) and the set of partitions from Proposition 2. Notice that the
weight p* has the form u* = muw; + m_jws + ... + mw,. To any (z(¢)) €
Kz npr~Y(\, u*,v) we associate an sf(r + 1)-partition (mp,) by the rule

mpg = o(2(r +1-¢),2(¢—p) - 1,2(p - 1)) )

Conversely, to any partition (my,) of weight A + v — p satisfying (3) and (4) we
associate a point (z(€)) defined by (5) and

:L‘(2(T +1- q) + 1’2(q -1- p),2(p - 1)) = eq—l + Z At,q—-l (6)

t<p
2Qr +1~9)2(q~1-p),2p~1) = np= Y Ay Y
t2q
It is straightforward to verify that these formulas give the desired correspon-
dence. This proves Theorem 1. O
Remarks.

(a) Obviously, the sets G, and H, are invariant under all permutations of indices
(ij,k). Therefore, we have a natural action of S3 on R%, and it is evident that
L, K, and Kz are invariant under this action. Let s; = (1,2) and s; = (2,3)
be two standard generators of S;. Equations (2) imply at once that if
pr(z) = (A, p,v) then pr(sy(z)) = (3, v*, u*), and pr(sy(z)) = (u*, \*,v*). We
see that our expression of triple multiplicities makes evident the following
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SYMMELries: Cyy = Crprpr = Curdevs = Cury = Cud = Cyepere. The remaining
symetries also can be derived from Theorem 1, e.g., we can prove that
Cyw = Cuxv DY constructing an explicit bijection between Kz Npr=!(\, u,v) and
Kz npr~1(u, A\, v) but this requires some work.

(b) Consider the set A = {(\, p,v) € Z% : ¢\ # 0}. One can prove that 4 is a
finitely generated semigroup (this can be done by means of invariant-theoretic
arguments (F. Knop, August 1989, private communication)). Theorem 1 makes
this statement for g = s{(r + 1) evident. Indeed, in this case A = pr(Kz),
and it is enough to show that Kz is a finitely generated semigroup but this
is a consequence of the following general statement: if K C RY is the set of
solutions of a finite system of homogeneous linear equations and inequalities
with rational coefficients, then Kz = KNZY is a finitely generated semigroup.

In [2] we suggested an analogous (conjectural) expression for ¢}, for other
classical Lie algebras. This would also imply at once that A is a finitely
generated semigroup. It would be very interesting to describe this semigroup
explicitly.

(c) We hope that the expression for triple multiplicities given by Theorem 1 will
be useful for the explicit computation of so-called fusion coefficients (see
[11]).

(d) In the classical Littlewood-Richardson rule [10] an sf(r + 1)-weight X is
represented by a partition A = (A1,..., Ap4q), Where Ay 2> X 2 -+ 2 A4y are
nonnegative integers. The coordinates ¢;,...,%4, of A used in Theorem 1 are
given by £, = A, — Ag41. A direct relationship between our Theorem 1 and
the classical Littlewood-Richardson rule has been recently established by C.
Carré [4].

We conclude this section by several equivalent versions of Theorem 1. First,
we construct an isomorphism A : L — R¥, where N = r(r+5)/2. We extend H,
to the set H, = {(i,5,k) : 1, , k are odd integers, —1 < 4,5,k <2r—1,i+j+k =
2r — 1}. Definitions imply at once the following.

LEMMA 3. For any ¢ € G, the set {£ — a,& — 3,& — v} meets H, at a unique point
(see Figure 2).

It is easy to see that #H, = N, and we write y € RY as (y(n)),n € H,. We
put A(z) = y, where y(n) is defined as follows. If n € H, then y(n) is equal
to each of the three expressions in (1), and if 7 € H, - H,, i.., exactly one
coordinate of n is (-1) then y(n) = z(§), where £ is the unique point among
n+ a,n + B,n + v lying in G, (see Lemma 3).

PROPOSITION 4.

(a) A is a vector space isomorphism L & RN,
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(1,5,-1) (0,5,0) (-1,*5.1)
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Figure 2. Sets G, and H, for r = 3. The points of G, are depicted as circles, and the points of H,
as stars. The map G, — H, from Lemma 3 is shown by arrows.

(b) The image A(K) of the cone K C L is defined by the inequalities y(n) 2 0 for all
n€ H,—H, and 3 ,qy(n—2pa) 2 0, 3,50 y(n—2pB) 2 0,300 ¥(n—2py) 20
for all n € H,, the summations over p € Z. such that the corresponding point
lies in H,. Furthermore, A(Kyz) = A(K)NZV.

(c) The isomorphism A takes pr: L — R to the linear map RY — R*" (denoted
also by pr) given by

b = Y yGik), ng= Y. y(4.k)
i=2(r-g)+1 i=qr-g)+1

me = Y., y(i,5k) (8)
k=2(r—¢)+1

the summations over all (i, j,k) € H, indicated above.

Proof. Let us construct the inverse isomorphism 3 : RY — L. Let y = (y(n)) €
RY. By Lemma 3, for any ¢ € G, there is the unique element of {c,3,}, say
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a, such that (¢ — a) € H,. Then we put L) = L y(¢ — o — 2pa), the sum
over all p € Z4 such that (¢ - a ~ 2poa) € H, (for (¢ -8) € H, or (¢ —v) € H,
the definition is similar). The facts that > (y) belongs to L, and that ) and
A are mutually inverse, are verified directly. The proof of b) and c) is also
straightforward. ()

Using this proposition we can reformulate Theorem 1 as follows: cy,, is
equal to #(A(Kz) Nnpr-i(A p,v)), ie., to the number of families of integers
(¥(n)),n € H,, satisfying (8) and the inequalities of Proposition 4 b).

In the next section we use one more equivalent version of Theorem 1. Let
ay,...,a, be the simple roots of g = sé(r + 1), and wy,...,w, the fundamental
weights of g in a standard numeration. The transition matrix between these
two bases of the space of g-weights is the Cartan matrix of g [3] i.e, if u =
mw + -+ mew, = giog + - -+ + g, then the coefficients m, and g, are related
by my, = —gp+1 + 29, — gp-1 (With the convention g = g1 = 0).

PROPOSITION 5. Let A = Zl,,w,,, v =) nywp be two highest weights for st(r + 1),
and suppose a highest weight u is expressed as p = A+ v =73 goop. Then ¢, is equal
to the number of families (g3)(1 < p < g € r + 1) of nonnegative integers satisfying
the following conditions for all D q

Gt = g 9)

er+l—q+p + (gq_l - 93) - (gq:} = QZ—I) >0 (10)
np— (g8 — gl )+ (@ -gf) 2 0 (11)
-9 —git+g Tt > 0 12)

(with the convention gi = O unless 1l <p<g<r+1).

Proof. 1t suffices to establish a bijective correspondence between the set of all
(¢) from our proposition and the set Kz Npr “1(\, p*,v) (see Theorem 1). To
any family (gq) we associate a point (z(£)), £ € G, so that z(2(¢—p)—-1,2(r+1~

q),2(p— 1)) is the left-hand side of (10), z(2(¢—1—-p),2(r +1— q), 2p—1) is the
left-hand side of (11), and z(2(g—1-p),2(r +1—¢q) + 1,2(p—1)) is the left-hand
side of (12). We have to verify that these values of z(E) satisfy (1) and (2) (with
my, replaced by m,,,_,). This can be done by straightforward calculations. The
inverse map is given by the formula g¢ = - 2(2(¢'-1~p),2(r +1-¢)+1,2(p'-1)),
the sum over all (¢/,¢') suchthat 1<p’<pand1<¢ -p <q-p m|

Note that the index p plays the same part in (5) to (7) and in (9) to (12) but
this is not so for q.
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3. Kostant conjecture for s{(r + 1)
The main goal of this section is to prove the following theorem.

THEOREM 6. Let g = sf(r + 1), p be a highest g-weight, and p be the half-sum of
all positive roots of g. Then the following conditions are equivalent:

(a) V, is an irreducible constituent of A*(g)

(b) ¢, >0

(c) pis a weight of V3,

(d) (2p — p) is a linear combination of simple roots with coefficients in Z..

Note that the equivalences (a) < (b) and (c) © (d) are well known. Further-
more, the implication (b) = (d) is evident. In fact, for any g the multiplicity ¢},
can be nonzero only if (A + v — u) is a linear combination of simple roots with
coefficients in Z,. It remains to prove (d) = (b).

We shall use Proposition 5 in the case when A = v = p. So from now on we
assume that £, = n, = 1 for all p.

PROPOSITION 7. Let p = 2p — Y gpoy, where g1,...,9- € Z. Then p is a highest
weight if and only if

2+ g 1—29,+gp+120 for p=1,...,r (13)
(with the convention gy = g,.1 = 0).

Proof. The left-hand side of (13) is the coefficient m, in the decomposition
p= 3 mpwy. ]

Propositions 5 and 7 reduce the proof of the remaining part of Theorem 6
to the next statement concerning integral programming.

PROPOSITION 8. Let gy,...,9. € Z,. Then the following conditions are equivalent:

(a) (917 ree ,gr) satisﬁes (13);
(b) there exists a family (g3) of nonnegative integers satisfying conditions (9) to (12)
(with all n,, £, equal to 1).

Proof. First we observe that by induction on ¢ we can deduce from (12) the
inequalities
G- 20, ¢i-g¢ 120 (14)

Now let us introduce some terminology. A vector (¢i,...,g-) € Z, satisfying
(13) will be called admissible. Denote the vector (gf,...,g?_,) by g®@. We shall



TRIPLE MULTIPLICITIES FOR sé(r + 1) 15

say that a pair (¢9,¢"V) is admissible if ¢'@ and g4~V satisfy (10), (11), and
(14).

LEMMA 9. If a pair (g9, g4=V) is admissible then both g9 and g9~V are admissible.

Proof of Lemma 9. The inequality (13) for g'@ is simply the sum of (10) and
(11) with the same p and q. To get (13) for g9~ it suffices to add (10) and
(11) with the same ¢ and p shifted by 1. Im|

The implication (b) = (a) in Proposition 8 follows at once from Lemma
9. To prove (a) = (b) choose an admissible g"*V; we have to construct
g™, gD, .. ¢ satisfying (10) to (12). This can be done by repeated application
of the next two lemmas.

LEMMA 10. For any admissible ¢'9 ¢ Z‘ﬂ:l there exists g0 € Z(f—z) such that
(99, gla=V) is admissible.

LEMMA 11. For any admissible pair (g9, g(™D) there exists g2 € Z9™ such
that (g\4=V, g\9-2) is admissible, and the triple (g9, gt4~V, g9-2) satisfies (12).

Our proof of both lemmas is based on the following.

LEMMA 12. Suppose we are given real numbers g}, g; (0 <p< k), d7,d;(0<p<
k —1). Then the system of linear inequalities

9 <G <gy dy <gp—gpr1<dy (15)
in real variables g,,...,gi has a solution if and only if (g} .9, ,dy ,d;) satisfy
dy <df , gy <gt+ > db, gzg+ Y d (16)
p<s<t p<s<t

forall 0 < p <t < k. Moreover, if all g7, g, ,dy,d; are integers satisfying (16), then
(15) has an integral solution.

The proof will be given in the Appendix.

Proof of Lemma 10. It is easy to see that the conditions on ¢‘9~! assuring
the admissibility of (¢(?, gl@~D) can be written in the form (15) with k = ¢—1,
9% =0,95 = min(gg,g:H), d, = gzﬂ - gz+2 -1,d} =gf- ggﬂ + 1 (recall that
we use the convention gj = ¢¢ = 0). It remains to verify that the inequalities
(13) for g9 imply that the data just defined satisfy (16).

The inequality d,; < dj is just (13), and the last two inequalities in (16) can
be written as

gf < min(gf,gf,)+gl+t-p (O<p<t<g-1) (17)
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gy < min(gl, gl )+l +t-p 0<p<t<q-1) (18)

In fact, the stronger inequalities hold:

g St—p+[(gf + (¢t -p)g},,)/(t—p+1)] a7)
Gos1 St=p+ (g5, + t—p)gf)/(t —p + 1)] (18)
Indeed, it is easy to verify that (right-hand side of (17')) - (left-hand side of

17) = F:;,l'ﬁ Y opcsct(8 = D)2+ g7, —2g7+gl,,), which proves (17), the proof
of (18') is analogous. This completes the proof of Lemma 10. m}

Proof of Lemma 11. We see again that the conditions on {42 to be satisfied
can be written in the form (15) with k = ¢ — 2, g; = max(gg‘1 g _1 ~ 9 7 0
g = min(gp—l, ,,+1) d, ggﬁ gp+2 1, dy = 1 g8 o Ty It remains to
verify that the mequahtles (10), (11), and (14) for (g(q) g(q‘l)) imply that these
data satisfy (16).

The inequality d; < d; again coincides with (13). The inequality g, <
9+ Lpcace ds can be rewritten as

: -1 -1
mln(g agH.l) + mln( ’ ;1,4.1 - 9;4-1) - p 2 gg . (19)

If g < [ ! then (19) is a consequence of (14). It remains to prove
gl <t-p+git+ gl (19)

(gz+1 p+1) (gt~ t+1) tt-p20 (19")

But (19’) follows at once from (17') (wiht ¢ replaced by ¢ — 1), and the left-hand
side of (19") is equal to

(gf“ - 93111) + Z (1 + (!JZ’ - 934.1) - (ga—l - .+1))a

p<s<st

which is nonnegative by (10) and (14). The last inequality in (16) is proven the
same way, a

Proposition 8 and hence Theorem 6 are proven.

By our method we can obtain more information about the multiplicities ¢},
namely to find all p such that ¢, = 1. To formulate the result consider the
convex polytope P(2p) C R" which is the convex hull of all dominant weights
p of the form pu = 2p — 3" g,a,, where g, € Z, for p = 1,...,r. The following
result is due to B. Kostant (private communication).
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PROPOSITION 13. The polytope P(2p) is combinatorially equivalent to an r-cube.
Vertices of P(2p) are in a bijective correspondence with subsets I C {1,...,7}: a
vertex v; corresponding to I is equal to p + wip, where wy is the maximal element
in the Weyl group generated by reflections 3,,(i € I).

Remarks.

(a) The result of Proposition 13 can be extended to any regular dominant weight
A instead of 2p.

(b) For g = s{(r + 1) the polytope P(2p) is naturally identified with the Newton
polytope of the discriminant of a polynomial of degree (» + 1) in one variable

(see [9)).

THEOREM 14. For g = si(r + 1) the multiplicity c;, is equal to 1 if and only if p is
a vertex of P(2p).

Proof. The “if” part follows at once from the well known inequality ¢, < K -y,
where K, is the multiplicity of weight (u —v) in V) (see, e.g., [2]). Indeed,
we have 5" < Ky, = Kp, = 1.

To prove the “only if” part we shall use the following criterion for uniqueness
of a solution of a system (15). Suppose we are given real numbers g;,9, (0 <p <
k),dy,d;(0 < p < k — 1) satisfying (16). Consider the set [0,k] = {0,1,...,k}.
Define a subset I' of [0, k] as follows: w € I' if and only if for some p and ¢ with
0<p<u<t<kwe have either g, = gf + 3, ;d; or g =g + 3 ¢, @y
Denote also by E the set of pairs {p,p + 1} C [0,k] such that d; = dJ; we
represent {p,p + 1} as an edge connecting points p and p + 1. (m]

LEMMA 15. In the conditions of Lemma 12 the system (15) has a unique solution
if and only if any p € [0,k] can be connected with a point from I" by a sequence of
edges from E. Furthermore, if all g7 , g, ,dy; ,d; are integers then the same conditions
are necessary and sufficient for the system to have a unique integer solution.

Lemma 15 will be proven in the Appendix.

Now let ¢+ = (g1*1,...,gr*1) € Z, and p = 2p -3 g;*'a,. By Proposition
7, g"*V is admissible if and only if u is dominant. The next lemma follows at
once from Proposition 5 and Lemmas 10 and 11,

LEMMA 16. If ¢, = 1 then there is a unique vector g € Z';" such that g™+, g))
is admissible.

LEMMA 17. Suppose there is a unique vector ¢ € Z77! such that (g"+P, g()
is admissible. Then at least one of the following two conditions is satisfied: (a)

g,(,r“) = ( for some p € [1,7]; (b) p = myw, for some v € [1,7] and m, € Z,.
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Proof of Lemma 17 . Recall that (¢"*Y, ¢™) is admissible if and only if g
satisfies the system of type (15) with k = r, g; = 0, g& = min(g;*!,g73}),
dy =gil-g;13—1, dy = g;*' - gii1 +1 (see the proof of Lemma 10). Let us
apply Lemma 15 to these data.

By our conventions, g, = gy =0forp=20,r so {0,7} C I Consider
two cases: a) I'N[l,r ~1] # ¢. Analysing the proof of Lemma 10 we can
easily understand when the inequalities (17) and (18) become equalities, and this
implies that either g("*? satisfies (a), or 4 = 0 (which is a special case of (b)).

b) I' = {0,r}. By Lemma 15, F must contain all edges {p — 1,p} except
maybe one edge {v—1,u}. But we have d;“_l ~d,_ =my, s0omy =0 for p # u,
which is exactly (b). a

We shall treat cases (a) and (b) in Lemma 17 separately. In the case (a)
we shall reduce the statement of Theorem 14 to the smaller values of ». To
do this we need some notation. Denote by P, the polytype {(¢g1,...,9-) ER":
2p ~- > gy € P(2p)}. For (g1,..,9:) € Z3 N P, put c(gy,...,9:) = ch,, Where
1=2p=73 gpop.

PROPOSITION 18. A point (g1,...,9:) With g, = 0 lies in P, if and only if
(915++++9p-1) € Py_y and (gp41,...,9-) € Pr—p. If in addition all g are nonnegative
integers then c(gh ey g'f‘) = C(glv vy gp—l)c(gp-Ha see ,gr)'

Proof. The first statement follows at once from definitions. The second one
follows readily from Proposition 5 (this is also a special case of a general result,
see [2], Proposition 1.3). D

PROPOSITION 19. A point v =Y myw, = 2p— 3 gpoy, € P(2p) is a vertex of P(2p)
if and only if min(gp, m,) = 0 for all p.

Proof. It is easy to see that for v = p + wyp we have g, = 0 for p ¢ I,
and m, = 0 for p € I. Conversely, suppose that v € P(2p) is such that
min(g,,m,) = O for all p. It is clear that g, and m, cannot be both equal
to 0. Therefore, if I = {p : m, = 0} then {p:g, = 0} = [1,7r] —I. Then
we have 2p = 37 ;g + X oympw,. But it is easy to see that the vectors
oap(p € Dwyp(p g1 5) are linearly independent, hence v = p + wyp as required. 0O

Propositions 18 and 19 imply the statement of Theorem 14 in the case (a)
of Lemma 17 by induction on r. It remains to consider the case (b), when u is
proportional to a fundamental weight.

Let o = mw,, where m € Z,,u € [1,7). Putn = mu/(r+1). Direct calculation
shows that the vectors g¢*1 and ¢ from Lemma 17 take the form:

r+l

9 pir+l—-p—m+n)
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&Y = (t-n)r+1-1)
0<pLusgtsr+1 (20)
g, = p(r—-p-m+n)
g = (t-n)r-t)
0<p<u<gt<r 1)

(it is easy to see that the expressions in (20) coincide for p = t = u). It follows
that n must be an integer and 0 < n < u. Futhermore, if n =0 or n = u then u
is a vertex of P(2p) according to Proposition 19. It remains to verify

LEMMA 20. Let g0+ and g") be defined by (20) and (21), where u € [1,r],n €
[1,2% — 1] are such that m = n(r + 1)/u € R Then there are at least two different
vectors g~V such that the triple (g1, g, g=V) satisfies the conditions of Lemma
11

Proof. The vectors g"~1) in question are integral solutions of the system (15) with
k=r-1, g, = max(g; + Gpa1 _9;1}’0)’ 9 = min(g;,g;+1), d, = 9pr1 = Gpr2— L,
d, =g, ~ gy, + 1 (see the proof of Lemma 11). By Lemma 15 it suffices to
verify the inequalities df > d; for p=u -2, u—1 and

g <g+ D d, g>g+ ) d (22)
p<s<t p<s<t
forp<u-1<t.

It follows from (21) that d} , ~d, , = n, &}, —d__, = m —n, both obviously
positive. To prove the first inequality in (22) it suffices to examine the proof of
(19) given above and to check that in our case the inequality in (19) is strict.
The second part of (22) is proven in the same way. 0

Theorem 14 is proven.

Remark. Let v = (gq,...,9-) € Z, be an admissible vector. Denote by G(v) the
set of all families g = (¢? = (g2)), 2 < ¢ < 7 + 1 from Proposition 8. We supply
G(v) with the following partial order: g = (¢?) > h = (h@) if there exists some
t such that g@ = h@ for ¢ > t, g® # h® and g}, > hi for all p. One can show
that for any « the set G(v) has a unique maximal element gmax(y) and a unique
minimal element gpi,(v). This follows from the fact that any system of type (15)
has the unique maximal and the unique minimal solution with respect to the

componentwise partial order, which can be proven directly.

Appendix. Systems of linear inequalities and proofs of Lemmas 12 and 15

We shall deduce Lemmas 12 and 15 from general existence and uniqueness criteria
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for systems of linear inequalities. Suppose we are given a set F = (fy,..., fn)
of linear forms on R! of rank ¢. Consider the system of linear inequalities

fi@)<eg  j=1,..,N (A1)

with real parameters ¢ = (c;,...,cy). Denote by A(F,c) C R! the polyhedral set
of solutions of (Al). Since rk(F) = ¢ is is easy to see that if A(F,c) is nonempty
then it has a vertex.

A subset C C F is called a circuit if the forms f; € C are linearly dependent,
and C is minimal with this property (the terminology comes from the matroid
theory). Clearly, for any circuit C a linear relation of the form - ca;f; = 0 is
unique up to a scalar multiple. We say that the relation is positive if all a; > 0,
and that C is positive if it admits a positive relation.

THEOREM A.l.

(a) A(F,c) # 0 if and only if for any positive circuit C and a positive relation
2secaif; = 0 we have

Y aje; 0. (A2)

(b) Under the assumptions of a), A(F,c) consists of one point if and only if the
union of all positive circuits C such that (A2) becomes an equality has rank L.

(c) Suppose that all f; € (Z%)*, i.e., have integral coefficients, and c; € Z for all j.
Suppose also that each subset of F which is a basis of (RY)* is also a Z-basis of
(ZY)*. Then all vertices of A(F,c) lie in Z'.

All statements of Theorem A.1 are well known in linear programming. Since
we have not found the statements exactly in this form in literature let us give a
brief sketch of the proofs. First note that if A(F,c) # @ then obviously 3 b;c; 2 0
for any linear relation )~ b;f; = 0 with all b; > 0. The converse statement is also
true (see, e.g., [6]). Therefore, a) is a consequence of the following.

PROPOSITION A.2. [5]. Any linear relation 3 b;f; = 0 with all b; > 0 can be
represented as a sum of positive relations f,eC % fi = 0 corresponding to positive
circuits C.

Now suppose that A(F,c) # @ and consider the statement A.1 b). If (A.2)
becomes an equality for a positive circuit C' then f;(x) = ¢; for any f; € C,
z € A(F,c). Therefore, if the union of such circuits has full rank then z satisfies
a system of linear equations of full rank hence is unique. Let us outline the proof
of the converse statement. So we suppose that A(F,c) consists of one point
z. Consider the subset S = {f; € F: f;(z) = ¢;} and let K be the convex cone
generated by S. Let KY = {y: fi(y) 2 0 for all f; € §} be the dual cone. We
claim that KV = {0}. Indeed, if KV contains some y # 0 then (z — cy) € A(F,c)
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for sufficiently small € > 0. It follows that K = (KV)" = (RY)*. So Al b)is a
consequence of Proposition A.2 and the following,

PROPOSITION A.3. [5] Let S C R’ be a finite subset of rank £. Then the convex
cone generated by S coincides with R® if and only if there is a subset S' C S such
that vk(S') = £ and some linear combination of the elements of S’ with positive
coefficients is equal to 0.

Finally, part A.1 c) is evident since each vertex of A(F,c) is uniquely deter-
mined from a system of linear equation of the form {f;(z) = c;}, where f; runs
over a certain subset of F, which forms a basis in (R)*.

Proofs of Lemmas 12 and 15 . We apply Theorem A.l. in the following situation:
R’ = R**! with coordinates go,...,g; F = (90, 90, gk ~gir 90—~ 91, ~(90 =
gl)a v k-1~ Gk — (gk 1—gk)) C_(goa g()y 1gkv gk’d()a do’ dk 1’ d— )
For any subset S C F put I'(S) = {p € [0, k]: S contains g, or (—g,,)} c [0, k] and
let E(S) be the set of all pairs {p,p+ 1} C [0, k] such that S contains (g, — gp+1)
or —(g, — gp+1). As in Lemma 15 we represent {p,p + 1} as an edge connecting
the points p and p + 1. O

LEMMA A4. A subset S C F is of rank k + 1 if and only if any p € [0, k] can be
connected with a point from I'(S) by a sequence of edges from E(S). Any such S
of cardinality k + 1 is a Z-basis of Z"*!

The proof is straightforward.

Now let us list all positive circuits of F. For any p € [0,k —1] put C, =
{9p-1 — 9p»—(gp-1 — gp)}. For any p,t such that 0 < p <t < k put Cp =
{9p, ~(gp~Gp+1)s- - —(@=1—9), —0:}, and Cip = {—gp, Gp —Gp1++++, Ge-1 ~ Gt, 9t }-
Clearly, all C,, Cy, and C,, are positive circuits; the corresponding positive linear
relations have all coefficients equal to 1.

LEMMA A.S. The circuits Cp, Cy, and Cy, exhaust all positive circuits of F.

This follows easily from Lemma A.4.
Taking into account Lemmas A.4 and A.5 we see that Lemma 12 is a special
case of Theorem A.1 a), ¢), and Lemma 15 is a special case of Theorem A.1 b),

c).
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