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Abstract. Let I' denote a distance-regular graph with diameter D > 3, valency k, and intersection numbers

ai, bi, ci. Let X denote the vertex set of I' and fix x € X. Let A denote the vertex-subgraph of I' induced on the
set of vertices in X adjacent x. Observe A has k vertices and is regular with valency aj. Let ny > n > --- >

denote the eigenvalues of A and observe n; = a;. Let ® denote the set of distinct scalars among 1, 03, ..., k-
For n € @ let mult,, denote the number of times 1 appears among 72, 13, .. ., Nx. Let A denote an indeterminate,
and let pg, p1, ..., pp denote the polynomials in R[A] satisfying pp = 1 and

Api = Cit1Pi+1 +(ai — civ1 +ci)pi +bipi-1 (0<i<D-1),

where p_; = 0. We show

Pi-1(®) k .
1+ ——————multy < — (1<i<D-1),
”EZQ, @A +n " b
n#—1
where we abbreviate 7j = —1—b;(141)~!. Concerning the case of equality we obtain the following result. Let T =
T (x) denote the subalgebra of Maty (C) generated by A, Ejj, EY, ..., E},, where A denotes the adjacency matrix of

I" and E; denotes the projection onto the ith subconstituent of I" with respect to x. T is called the subconstituent
algebra or the Terwilliger algebra. An irreducible 7-module W is said to be thin whenever dimE}W < 1 for
0 <i < D. By the endpoint of W we mean min{i|EW # 0}. We show the following are equivalent: (i) Equality
holds in the above inequality for 1 < i < D — 1; (ii) Equality holds in the above inequality for i = D — 1; (iii)
Every irreducible 7-module with endpoint 1 is thin.
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1. Introduction

In this paper I' will denote a distance-regular graph with diameter D > 3, valency k,
and intersection numbers a;, b;, ¢; (see Section 2 for formal definitions). We recall the
subconstituent algebra of I'. Let X denote the vertex set of I' and fix a “base vertex”
x € X.Let T = T(x) denote the subalgebra of Maty(C) generated by A, Ej, Ef, ..., E},
where A denotes the adjacency matrix of I' and E; denotes the projection onto the ith
subconstituent of I with respect to x. The algebra T is called the subconstituent algebra (or
Terwilliger algebra) of I with respect to x [28]. Observe T has finite dimension. Moreover
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T is semi-simple; the reason is each of A, Ejj, Ef, ..., E7}, is symmetric with real entries,
so T is closed under the conjugate-transpose map [16, p. 157]. Since T is semi-simple, each
T-module is a direct sum of irreducible 7-modules.

In this paper, we are concerned with the irreducible 7-modules that possess a certain
property. In order to define this property we make a few observations. Let W denote an irre-
ducible T-module. Then W is the direct sum of the nonzero spaces among EgW, ETW, ...,
E7,W. There is a second decomposition of interest. To obtain it we make a definition. Let
k =6y > 60, > --- > 0p denote the distinct eigenvalues of A, and for 0 < i < D let E;
denote the primitive idempotent of A associated with ;. Then W is the direct sum of the
nonzero spaces among EoW, E\W, ..., EpW. If the dimension of E}W is at most 1 for
0 < i < D then the dimension of E; W is at most 1 for 0 < i < D [28, Lemma 3.9]; in
this case we say W is thin. Let W denote an irreducible T-module. By the endpoint of W
we mean min{i |0 <i < D, E!W = 0}. There exists a unique irreducible 7-module with
endpoint 0 [19, Proposition 8.4]. We call this module V. The module Vj is thin; in fact £}V,
and E;V, have dimension 1 for 0 < i < D [28, Lemma 3.6]. For a detailed description of
Vo see [9, 19]. In this paper, we are concerned with the thin irreducible 7-modules with
endpoint 1.

In order to describe the thin irreducible 7-modules with endpoint 1 we define some
parameters. Let A = A(x) denote the vertex-subgraph of I" induced on the set of vertices
in X adjacent x. The graph A has k vertices and is regular with valency a;. Let n; > n, >

- > n; denote the eigenvalues of the adjacency matrix of A. We call ny, n,, ..., n the
local eigenvalues of I" with respect to x. We mentioned A is regular with valency a; so
n = a; and n; > —a; [3, Proposition 3.1]. The eigenvalues 1,, n3, . . ., i satisfy another
bound. To give the bound we use the following notation. For any real number 1 other than
—1 we define

i=—1=b(1+n""

By [27, Theorem 1] we have 6, < n < Op for2 <i < k. Weremark 8, < —1 and 6p > 0,
since ) > —landa; — k < 6p < —1[25, Lemma 2.6]. Let W denote a thin irreducible
T-module with endpoint 1. Observe ETW is a 1-dimensional eigenspace for EfAET; let
denote the corresponding eigenvalue. As we will see, 1 is one of n,, 13, ..., nx. We call n
the local eigenvalue of W. Let W’ denote an irreducible 7-module. Then W’ and W are
isomorphic as T-modules if and only if W’ is thin with endpoint 1 and local eigenvalue 5
[31, Theorem 12.1].

Let W denote a thin irreducible T-module with endpoint 1 and local eigenvalue 1. The
structure of W is described as follows [22, 31]. First assume n = éj, where j = 1 or
J = D. Then the dimension of W is D — 1. For 0 <i < D, EfW is zero if i € {0, D},
and has dimension 1 if i & {0, D}. Moreover E; W is zero if i € {0, j}, and has dimension
1if i ¢ {0, j}. Next assume 7 is not one of ;, 8. Then the dimension of W is D. For
0<i<D,EWiszeroifi =0, and has dimension 1 if 1 <i < D. Moreover E;W is
zero if i = 0, and has dimension 1 if 1 < i < D. For a more complete description of the
thin irreducible 7-modules with endpoint 1 we refer the reader to [22, 31]. More general
information on 7 and its modules can be found in [6-10, 12—-14, 17-21, 24, 26, 28, 32].
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In the present paper we obtain a finite sequence of inequalities involving the intersection
numbers and local eigenvalues of I". We show equality is attained in each inequality if and
only if every irreducible 7-module with endpoint 1 is thin. We now state our inequalities. To
do this we define some polynomials. Let A denote an indeterminate, and let R[A] denote the
R-algebra consisting of all polynomials in A that have real coefficients. Let pg, pi, ..., pp
denote the polynomials in R[A] satisfying po = 1 and

Api = cip1pit1 + (@ — cipr +c)pi +bipii 0<i <D -1),
where p_; = 0. One significance of these polynomials is that
pi(A)=Ao+ A1 +---+ A (0=<i=<D),

where Ag, Ay, ..., Ap are the distance matrices of I". Let ® denote the set of distinct scalars
among 12, 13, .. ., Nx. For n € @, let mult, denote the number of times 1 appears among
2, N3, - - ., Nk We show

It
14 mul, =k, 14 :Ilni? =0,
ned ned ’7

n#—1
mult, k
+ = —.
Z A+ b

ned
n#-—1

Our first main result is the inequality

pi 1) k
1 _ 1 — 1
2 e ™ = g %

n#=1

for 1 <i < D — 1. We remark on the terms in (1). Let n denote an element in ® other than
—1. We mentioned above that 8, < n < 0p.If§, < n < —1 then # > 6y, and in this case
pi(ii) >0for0 <i <D —1[31,Lemmad4.5].If -1 <n < 6p then 7 < Op, and in this
case (—1) p;(7)) > 0for 0 <i < D — 1 [31, Lemma 4.5]. In either case, the coefficient of
mult, in (1) is positive for 1 <i < D — 1.

Our second main result concerns the case of equality in (1). We prove the following
are equivalent: (i) Equality holds in (1) for 1 < i < D — 1; (ii) Equality holds in (1) for
i = D — 1; (iii) Every irreducible T-module with endpoint 1 is thin.

Our two main results are found in Theorems 13.5 and 13.6.

2. Preliminaries concerning distance-regular graphs

In this section we review some definitions and basic concepts concerning distance-regular
graphs. For more background information we refer the reader to [1, 4, 23] or [28].
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Let X denote a nonempty finite set. Let Maty (C) denote the C-algebra consisting of
all matrices whose rows and columns are indexed by X and whose entries are in C. Let
V = CX denote the vector space over C consisting of column vectors whose coordinates
are indexed by X and whose entries are in C. We observe Matx(C) acts on V by left
multiplication. We endow V with the Hermitean inner product (, ) defined by

(u, vy =u'd (u,vev), 2

where ¢ denotes transpose and — denotes complex conjugation. As usual, we abbreviate
llull> = (u,u) forallu € V. Forall y € X, let § denote the element of V with a 1 in the y
coordinate and O in all other coordinates. We observe {y | y € X} is an orthonormal basis
for V. The following formula will be useful. For all B € Matx(C) and for all u, v € V,

(Bu,v) = (u, B'v). 3)

Let I' = (X, R) denote a finite, undirected, connected graph, without loops or multiple
edges, with vertex set X and edge set R. Let 0 denote the path-length distance function
for ', and set D = max{d(x,y)|x,y € X}. We refer to D as the diameter of T'. Let
x, y denote vertices of I'. We say x, y are adjacent whenever xy is an edge. Let k denote
a nonnegative integer. We say I" is regular with valency k whenever each vertex of I' is
adjacent to exactly k distinct vertices of I'. We say I' is distance-regular whenever for all
integers h,i, j (0 < h,i, j < D) and for all vertices x, y € X with d(x, y) = h, the
number

Pl =z e X |0(x,2) = i3z y) = )l “)

is independent of x and y. The integers pihj are called the intersection numbers of I'. We ab-
breviatec; = pj;_, (1 <i < D), a; = p}; (0<i < D),and b; = p’li+1 O<i<D-1.
For notational convenience, we define ¢g = 0 and bp = 0. We note ag =0 and ¢; = 1.
For the rest of this paper we assume I" is distance-regular with diameter D > 3.
By (4) and the triangle inequality,

pl;j=0 if |h—jl>1 (0<h j<D). %)
Observe I' is regular with valency k = by, and that ¢; +a; + b; = kfor 0 < i < D.
Moreoverb; > 00 <i <D -—1)and¢; >0(1 <i < D).For0 <i < D we abbreviate
ki = p?, and observe

ki={z € X|9(x,2) =i}, (6)
where x is any vertex in X. Apparently ko = 1 and k; = k. By [1, p. 195] we have

__boby by
cier- ¢

ki O=i=<D). (N
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The following formula will be useful [4, Lemma 4.1.7]:

biby - - - b;
pla=""2—" (0<i<D-1). ®)
’ C1Cy -+ Cj

We recall the Bose-Mesner algebraof I'. For 0 < i < D let A; denote the matrix in Maty (C)
with xy entry

A _ 1, ifo(x,y)=1i ¥
( l)xy—{o’ 1f8(x,y)7éz (X,ye )

We call A; the ith distance matrix of I'. For notational convenience we define A; = 0 for
i <0Oandi > D. We abbreviate A = A, and call this the adjacency matrix of T". We
observe

Ao =1, )
D
A=, (10)
i=0
A = A 0<i<D), (1D
Al = 4 0<i<D),
D
AiAj =) "plAy (0<i j<D), (12)
h=0

where I denotes the identity matrix and J denotes the all 1’s matrix. Let M denote the
subalgebra of Maty(C) generated by A. We refer to M as the Bose-Mesner algebra of T'.
Using (9) and (12) one can readily show Ag, Ay, ..., Ap form a basis for M. By [4, p. 45],
M has a second basis Ey, E;, ..., Ep such that

Ey=|X|7"J, (13)

D
Y E =1 (14)

i=0
E; =E; (0<i =< D), (15)
E:E; =§;E; (0<i,j<D). (17)
We refer to Ey, E1, ..., Ep as the primitive idempotents of I". We call E, the trivial

idempotent of T".

We recall the eigenvalues of I'. Since Ey, E|, ..., Ep form a basis for M, there exist
complex scalars 6y, 61, ..., 0p suchthat A = Zi o 9 Ei. Combining this with (17) we find
AE; = E;A = 6,E; for 0 < i < D. Using (11), (15) we find 6,, 0y, ..., 0p are in R.

Observe 6y, 01, ..., Op are distinct since A generates M. By [3, Proposition 3.1], 6y = k
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and —k < 6; < k for 0 < i < D. Throughout this paper we assume Ey, E, ..., Ep are
indexed so that 8y > 6; > --- > 0p. We refer to 0; as the eigenvalue of T" associated with
E;. We call 9, the trivial eigenvalue of T'. For 0 < i < D let m; denote the rank of E;. We
refer to m; as the multiplicity of E; (or 6;). By (13) we find my = 1. Using (14)—(17) we
readily find

V=EW+EV+---4+ EpV (orthogonal direct sum). (18)

For 0 < i < D, the space E;V is the eigenspace of A associated with 6;. We observe the
dimension of E;V is equal to m;.
We record a fact about the eigenvalues 6}, 6p.

Lemma 2.1 ([25, Lemma 2.6]) Let I' = (X, R) denote a distance-regular graph with
diameter D > 3 and eigenvalues 6y > 6 > --- > 0p. Then

(1) =1 <6, <k,

(i) aj —k <0p < —1.

Later in this paper we will discuss polynomials in one variable. We will use the following
notation. We let A denote an indeterminate, and we let R[1] denote the R-algebra consisting
of all polynomials in A that have coefficients in R.

3. Two families of polynomials

Let I' = (X, R) denote a distance-regular graph with diameter D > 3. In this section we
recall two families of polynomials associated with I". To motivate things, we recall by (5)
and (12) that

AA; =bi1Ai_1 +aiAi +citiAisn (0<i < D), (19)

where b_; = 0and cp4 = 0. Let fy, f1, ..., fp denote the polynomials in R[A] satisfying
fo=1and

Ai=bioficitaifitcinfin O=i<D-1), (20)

where f_; = 0. Let i denote an integer (0 < i < D). The polynomial f; has degree i, and
the coefficient of A’ is (cic; - - - ¢;)~!. Comparing (19) and (20) we find f;(A) = A;.

We now recall some polynomials related to the f;. Let pg, p1, ..., pp denote the poly-
nomials in R[A] satisfying

rvi=fo+tHh+---+fi O=<i=<D). (2D
Let i denote an integer (0 < i < D). The polynomial p; has degree i, and the coefficient

of Al is (cica -+ - ¢;)~'. Moreover p;(A) = Ag+ Ay +--- + A;. Setting i = D in this and
using (10) we find pp(A) = J.
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‘We record several facts for later use.

Lemma 3.1 ([22, Theorem 3.2]) Let ' = (X, R) denote a distance-regular graph with
diameter D > 3. Let the polynomials py, p1, ..., pp be from (21). Then py = 1 and

Api = Cip1pit1 + (@ — cipr +c)pi +bipii 0=<i <D -1),
where p_1 = 0.

Lemma 3.2 ([31, Lemma 4.5]) Let ' = (X, R) denote a distance-regular graph with
diameter D > 3 and eigenvalues 6y > 6, > --- > Op. Let the polynomials p; be from (21).
Then the following (i)—(iv) hold for all 0 € R.

(1) If0 > 6, then p;(0) > 0for0 <i < D.

@ii) If0 = 6, then p;(0) > 0for0 <i < D — 1 and pp(@) = 0.
(i) If0 < Op then (—1) p;(6) > 0for0 <i < D.
(iv) If0 = 0p then (—1)' p;(8) > 0for0 <i < D — 1 and pp(8) = 0.

4. The subconstituent algebra and its modules

In this section we recall some definitions and basic concepts concerning the subconstituent
algebra and its modules. For more information we refer the reader to [6, 9, 10,21, 22, 24, 28].

LetI' = (X, R) denote a distance-regular graph with diameter D > 3. We recall the dual
Bose-Mesner algebra of I". For the rest of this section, fix a vertex x € X. For0 <i < D
we let E} = E}(x) denote the diagonal matrix in Matx (C) with yy entry

. _{1, =i o
= o, e,y £i DT

We call E} the ith dual idempotent of I with respect to x. We observe

D
Z Ef=1, (23)
i=0

Er=E  (0<i=<D), 24)
Ef = E} (0<i<D), (25)
Using (23), (26), we find Ej, Ef, ..., E}, form a basis for a commutative subalgebra

M* = M*(x) of Matx(C). We call M* the dual Bose-Mesner algebra of T with respect to
x. We recall the subconstituents of I'. From (22) we find

EV =span{y |y € X,d(x,y) =i} (0=<i=<D). 27)
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By (27) and since {y | y € X} is an orthonormal basis for V we find
V=E;V+E{V+-.--+ ELV (orthogonal direct sum). (28)
Combining (27) and (6) we find
dimEV =k (0<i<D). (29)

We call E}'V the ith subconstituent of T' with respect to x.
We recall how M and M* are related. By [28, Lemma 3.2] we find

E;A;E} =0 ifandonlyif p; =0 (0<h,i,j< D). (30)
Combining (30) and (5) we find

EfAET =0 ifli—jl>1 (0<i, j<D) 31)
EFAJEI =0 ifli—j|>1 (0<i, j<D). (32)

Let T = T(x) denote the subalgebra of Maty(C) generated by M and M*. We call T the
subconstituent algebra of I" with respect to x [28]. We observe T has finite dimension.
Moreover T is semi-simple; the reason is 7 is closed under the conjugate-transponse map
[16, p. 157].

We now consider the modules for 7. By a T-module we mean a subspace W C V such
that BW C W for all B € T. We refer to V itself as the standard module for T. Let W
denote a T-module. Then W is said to be irreducible whenever W is nonzero and W contains
no 7-modules other than 0 and W. Let W, W' denote T-modules. By an isomorphism of
T -modules from W to W’ we mean an isomorphism of vector spaces o : W — W’ such
that

(cB—Bo)W =0 forall BeT. 33)

The modules W, W’ are said to be isomorphic as T-modules whenever there exists an
isomorphism of T-modules from W to W’.

Let W denote a T-module and let W’ denote a T-module contained in W. Using (3) we
find the orthogonal complement of W’ in W is a T-module. It follows that each T-module
is an orthogonal direct sum of irreducible 7-modules. We mention any two nonisomorphic
irreducible T-modules are orthogonal [9, Lemma 3.3].

Let W denote an irreducible T-module. Using (23)—(26) we find W is the direct sum of
the nonzero spaces among E;W, EYW, ..., E,;W. Similarly using (14)—(17) we find W
is the direct sum of the nonzero spaces among EqW, E\W, ..., EpW. If the dimension of
ErW is at most 1 for 0 < i < D then the dimension of E;W is at most 1 for0 <i < D
[28, Lemma 3.9]; in this case we say W is thin. Let W denote an irreducible 7-module.
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By the endpoint of W we mean min{i |0 < i < D, EW # 0}. We adopt the following
notational convention.

Definition 4.1 Throughout the rest of this paper we let ' = (X, R) denote a distance-
regular graph with diameter D > 3, valency k, intersection numbers a;, b;, c;, Bose-Mesner
algebra M, and eigenvalues 6y > 0; > --- > Op. For 0 < i < D we let E; denote the
primitive idempotent of I" associated with 6;. We let V denote the standard module for I".
We fixx € X andabbreviate Ef = Ef(x)(0 <i < D), M* = M*(x),T = T(x). We define

si= Y. 9 (0<i<D). (34)
8(;‘.?;:[

5. The T-module V,

With reference to Definition 4.1, there exists a unique irreducible 7-module with endpoint
0 [19, Proposition 8.4]. We call this module V. The module V; is described in [9, 19]. We
summarize some details below in order to motivate the results that follow.

The module Vj is thin. In fact each of E; Vy, E;Vy has dimension 1 for 0 <i < D. We
give two bases for Vj. The vectors EyX, E X, ..., EpX form a basis for Vj. These vectors
are mutually orthogonal and || E;%||> = m;|X |~ for 0 < i < D. To motivate the second
basis we make some comments. For 0 < i < D we have s; = A; X, where s; is from (34).

Moreover s; = E}§, where 6 = ZyEX y. The vectors s, 1, ..., sp form a basis for V.
These vectors are mutually orthogonal and ||s;||> = k; for 0 < i < D. With respect to the
basis so, 51, . .., Sp the matrix representing A is
a bo 0
1 a bl
(&)
(35)
bp_i
0 Cp ap
The basis Egx, E|X, ..., EpX and the basis sq, 51, ..., sp are related as follows. For 0 <

i < D wehaves; = Z;?:o fi(6n)Eypx, where the f; are from (20).
We define the matrix ¢y. Let VOJ- denote the orthogonal complement of V; in V. Observe

V=V+ VOL (orthogonal direct sum).
Let ¢y denote the matrix in Maty (C) such that ¢y — I vanishes on V, and such that ¢g

vanishes on V. In other words ¢y is the orthogonal projection from V onto V;. For all
y € X we have

9o = ki 'si, (36)
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where i = 9(x, y). To see (36) observe k; 's; is contained in V,. Moreover y— ki lsi is
orthogonal to each of sg, 51, . .., sp and hence is contained in VOL.

6. The local eigenvalues

A bit later in this paper we will consider the thin irreducible 7-modules with endpoint 1.
In order to discuss these we recall some parameters known as the local eigenvalues.

Definition 6.1 With reference to Definition 4.1, we let A = A(x) denote the graph (X, R),
where

yeX|akx,y =1},

X:
R={yz|v,ze X, yz€R)}.

{
{
We observe A is the vertex-subgraph of I" induced on the set of vertices in X adjacent x. The
graph A has exactly k vertices, where k is the valency of I". Also, A is regular with valency
a;. We let A denote the adjacency matrix of A. The matrix A is symmetric with real entries;
therefore A is diagonalizable with all eigenvalues real. We let n; > n, > --- > n; denote
the eigenvalues of A. We mentioned A is regular with valency a; so n; = a; and g, > —a;

[3, Proposition 3.1]. We call ny, na, ..., nx the local eigenvalues of T with respect to
X.

For notational convenience we make the following definition.

Definition 6.2 With reference to Definition 4.1, we let & denote the set of distinct scalars

among 1y, 13, . . ., Nk, where the 7; are from Definition 6.1. For n € R we let mult, denote
the number of times 1 appears among 1, 13, . . ., Nx. We observe mult,, # 0 if and only if
neob.

With reference to Definition 4.1, we consider the first subconstituent E7V. By (29) the
dimension of E{V is k. Observe ETV is invariant under the action of E{ AEY. To illuminate
this action we observe that for an appropriate ordering of the vertices of I,

R A0
EIAE1=OO,

where A is from Definition 6.1. Apparently the action of Ef AE} on E}V is essentially the
adjacency map for A. In particular the action of EfAE} on ETV is diagonalizable with
eigenvalues 1y, 12, . . ., Nx. We observe the vector s; from (34) is contained in EYV. Using
(35) we find sy is an eigenvector for ETAE] with eigenvalue a;. Let v denote a vector in
ETV. We observe the following are equivalent: (i) v is orthogonal to sy; (ii) Jv = 0; (iii)
Egv = 0; (iv) EjAv = 0; (v) gov = 0. Let U denote the orthogonal complement of s; in
E}V.We observe U has dimension k — 1. Using (3) we find U is invariant under EfAET.
Apparently the restriction of Ef AEY to U is diagonalizable with eigenvalues 12, 13, .. ., 1.
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For n € R let U, denote the set consisting of those vectors in U that are eigenvectors for
E7AET with eigenvalue 1. We observe U, is a subspace of U with dimension mult,. We
emphasize the following are equivalent: (i) mult, # 0; (ii) U, # 0; (iii) n € ®. By (3) and
since E{AEY is symmetric with real entries we find

U = Z U, (orthogonal direct sum). 37
ned
In Definition 6.1 we mentioned n; = a; and 1, > —a;. We now recall some addi-

tional bounds satisfied by the local eigenvalues. To state the result we use the following
notation.

Definition 6.3 With reference to Definition 4.1, for all z € R U oo we define

—1—— ifz#-1,7#

- 14z 7 7 (38)
00, if z=-—1
-1, if z = o00.

We observe 7 = z forall z € R U 0. By Lemma 2.1 neither of 6y, 6p is equal to —1, so
6 = —1—b;(14+6)""andfp = —1 — b;(1 +6p)~". By the data in Lemma 2.1 we have
6, < —1land8p > 0.

Lemma 6.4 ([27, Theorem 1]) With reference to Definitions 4.1 and 6.1, we have 0, <
niféDfOVZSifk.

We remark on the case of equality in the above lemma.

Lemma 6.5 ([5, Theorem 5.4, 22, Theorem 8.5]) With reference to Definition 4.1, let v
denote a nonzero vector in U. Then (1)—(iii) hold below.
(1) The vector Egyv is zero and each of Ev, Esv, ..., Ep_yv is nonzero.
(ii) E1v = 0ifand only if v € Up,.
(ii) Epv =0ifandonlyifv € Us,.

Corollary 6.6 With reference to Definition 4.1, let v denote a nonzero vector in U. Then
(1), (i1) hold below.

(i) Ifv € Uy, or v € Uy, then Mv has dimension D — 1.

(ii) Ifv & U, and v ¢ Up, then Mv has dimension D.

Proof: By (18) and since Ey, E, ..., Ep form a basis for M, we find Mv has an orthog-

onal basis consisting of the nonvanishing vectors among Egv, Ejv, ..., Epv. Applying
Lemma 6.5 we find that in case (i) exactly two of these vectors are zero. Similarly in case
(i) exactly one of these vectors is zero. The result follows. O

The following equations will be useful.
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Lemma 6.7 With reference to Definition 4.1, the following (i)—(iii) hold.
(i) 143, co multy = k.

.. mult

(i) 1+ Znecb,n;é—l Tﬁn =0.
mult, _ k
) T+ Dot Tar = b

Proof:

(i) There are k — 1 elements in the sequence 1, 13, . . . , Nk.

(i) Each diagonal entry of A is zero so the trace of A is zero. Recall ny, na, ...,
are the eigenvalues of A so Zle n; = 0. By this and since n; = a; we have a; +

Zn <¢ N mult, = 0. In this equation, write each n in terms of # using Definition 6.3 to obtain
the result. V2

(iii) Recall A is regular with valency aj, so each diagonal entry of A™ is a;. Apparently
the trace of Az is kay, so Zle T),'z = ka,. By this and since 1n; = a; we have a% +
Zneq, n? mult, = ka;. Proceeding as in (ii) above we obtain the result. O

7. The local eigenvalue of a thin irreducible 7-module with endpoint 1

In this section we make some comments concerning the thin irreducible 7-modules with
endpoint 1 and the local eigenvalues.

Definition 7.1 With reference to Definition 4.1, let W denote a thin irreducible 7-module
with endpoint 1. Observe E{W is a 1-dimensional eigenspace for EfAET; let n denote
the corresponding eigenvalue. We observe E{W is contained in E{V and orthogonal to
s1, 80 EfW C U,. Apparently U, # 0 so n € ®. We refer to n as the local eigenvalue
of W.

Lemma 7.2 ([31, Theorem 12.1]) With reference to Definition 4.1, let W denote a thin
irreducible T-module with endpoint 1 and local eigenvalue 1. Let W’ denote an irreducible
T -module. Then the following (i), (ii) are equivalent.

(1) W and W' are isomorphic as T -modules.

(i1) W’ is thin with endpoint 1 and local eigenvalue 1.

Lemma 7.3  With reference to Definition 4.1, for all n € R we have
Uy 2 ETHy, (39)

where H, denotes the subspace of V spanned by all the thin irreducible T-modules with
endpoint 1 and local eigenvalue 1.

Proof: Observe E H, is spanned by the E{ W, where W ranges over all thin irreducible
T-modules with endpoint 1 and local eigenvalue 7. For all such W the space EfW is
contained in U, by Definition 7.1. The result follows. O
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We remark on the dimension of the right-hand side in (39). To do this we make a
definition.

Definition 7.4 With reference to Definition 4.1, and from our discussion below (33), the
standard module V can be decomposed into an orthogonal direct sum of irreducible T'-
modules. Let W denote an irreducible T-module. By the multiplicity with which W appears
in V, we mean the number of irreducible 7-modules in the above decomposition which are
isomorphic to W. We remark that this number is independent of the decomposition.

Definition 7.5 With reference to Definition 4.1, for all n € R we let u, denote the
multiplicity with which W appears in the standard module V, where W denotes a thin
irreducible 7-module with endpoint 1 and local eigenvalue 5. If no such W exists we set

wy = 0.

Theorem 7.6 ([31, Theorem 12.6]) With reference to Definition 4.1, for all n € R the
following scalars are equal:
(1) The scalar ., from Definition 7.5.
(ii) The dimension of E{H,, where H, is from Lemma 7.3.
Moreover

mult, > [i,. (40)
We consider the case of equality in (39) and (40).

Theorem 7.7 ([31, Theorem 12.9]) With reference to Definition 4.1, the following (1)—(ii)
are equivalent.
(1) Equality holds in (39) for all n € R.
(i) Equality holds in (40) for all n € R.
(iii) Every irreducible T -module with endpoint 1 is thin.

In summary we have the following.

Corollary 7.8  With reference to Definition 4.1, suppose every irreducible T -module with
endpoint 1 is thin. Then for all n € ® there exists a thin irreducible T -module with endpoint
1 and local eigenvalue n. The multiplicity with which this module appears in 'V is equal to
mult,. Up to isomorphism there are no further irreducible T -modules with endpoint 1.

8. The space My forv € EJV

With reference to Definition 4.1, let n denote a scalar in ® and let v denote a nonzero vector
in U,,. We seek a criterion which determines when v is contained in E{ H,,, where H,, is from
Lemma 7.3. Our criterion is Corollary 12.6. In order to develop this criterion we consider
the space Mv. We begin by constructing a useful orthogonal basis for Mv.
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As we proceed in this section, we will encounter scalars of the form p;(#) appearing in
the denominator of some rational expressions. To make it clear these scalars are nonzero,
we begin with the following result.

Lemma 8.1 With reference to Definition 4.1, let n denote a real number.

G) If0, < n < —1thenii > 0,. If =1 < n < Op then i < Op. In either case pi(ij) # 0
for0 <i < D.

(i) Ifn = 0; then?y = 0,.Ifn = Op then i) = Op. In either case p;(})) # 0for0 <i < D—1
and pp(ip) = 0.

Proof: Combine Definition 6.3 and Lemma 3.2. |

Definition 8.2 With reference to Definition 4.1, let 5 denote a real number (6, < n < 8p)
and let v denote a vector in U,,. We define the vectors vy, vy, ..., vp_; as follows.

(i) Suppose n # —1. Then

_ - 2@ kib
h=0 pl(ﬁ) khbh

pr(Av (0<i<D-1). (41)

Vi

(ii) Suppose n = —1. Then
vi=pi(A)v O0O=<i=<D-1). (42)
(The polynomials p; are from (21).)

Theorem 8.3  With reference to Definition 4.1, let n denote a scalar in ® and let v denote

a nonzero vector in U,. First assume n # o, n # Bp. Then the vectors vy, vy, . .., Vp_i
Jfrom Definition 8.2 form a basis for Mv. Next assume n = 6, or n = 0p. Then vp_; =0
and vy, vy, ..., Vp_o form a basis for Mv.

Proof: For0 < h < D the polynomial p; has degree exactly /. By this and Definition 8.2
we find that for 0 <i < D — 1 the vector v; = g;(A)v, where g; is a polynomial of degree
exactly i. First assume n # o1, n # 0p. We show vy, vy, . .., vp_; form a basis for Mv. By
Corollary 6.6(ii) we find M v has dimension D. From this and since A generates M, we find
v, Av, A%v, ..., AP~y form a basis for Mv. By this and our initial comment the vectors
Vo, V1, ..., Up_ form a basis for Mv. Next assume n = 6; or n = fp. Then vp_; = 0 by
[22, Theorem 9.6]. We show vy, vy, ..., vp_p form a basis for Mv. By Corollary 6.6(i) the
space Mv has dimension D — 1, so v, Av, A2v, ..., AP~2y form a basis for M. By this
and our initial comment vg, vy, ..., Vp_p form a basis for Mv. O

The vectors v; from Definition 8.2 are investigated in [22, 31] and a number of results
are obtained. One result we will use is the following.
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Theorem 8.4 ([22, Lemma 10.5, 31, Theorem 10.7]) With reference to Definition 4.1, let
n denote a real number (8, < n < 0p) and let v denote a vector in U,,. Then the vectors
Vo, V1, - . . , Up—1 from Definition 8.2 are mutually orthogonal. Moreover the square-norms
of these vectors are given as follows.

(1) Suppose n # —1. Then

2
lvill* =

1 (P)civy biby - by .
P D002 0 <i< D). 43)
pi@@ +1) cicr---ci

(ii) Suppose n = —1. Then

b1b

) )
nmﬁ=;7—§mw O<i<D-1.
1€2 ¢

9. The space Mv, continued

With reference to Definition 4.1, let n denote an element in & and let v denote a vector in
U,. In the last section we used v to define some vectors v;. In this section we consider the
v; from a different point of view.

Lemma 9.1 With reference to Definition 4.1, let v denote a vector in E{V. Then
EfAjw=0 ifli—jl>1 (0<ij<D)

Proof: Let i, j be given and assume [i — j| > 1. Observe EfA;E] = 0 by (32) so
EFA;Ejv =0.0Observe Efv =vso EfA;v =0. O

Lemma 9.2 With reference to Definition 4.1, let v denote a vector in E{V which is
orthogonal to s. Then ZJ.DZO EfAjv=0for0<i <D.

Proof: Observe Jv = 0so EJv = 0. Eliminate J in this expression using (10) to get
the result. O

Lemma 9.3 With reference to Definition 4.1, let v denote a vector in E{V which is
orthogonal to s,. Then

pi(Av =E | Ajv—EfAjv (0<i<D-1). (44)

Moreover pp(A)v = 0.
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Proof: For0 <i < D — 1 we have

pi(Av = (Ag+ A1 + -+ Apv
=(Ey+Ef+---+Ep(Ag+ A1 +---+ A
=Y EAw, (45)

where the sum is over all integers r, s suchthat 0 <r <i+ 1,0 <s <i,and |[r —s| < 1.
Cancelling terms in (45) using Lemma 9.2 we obtain (44). Recall pp(A) = J and Jv =0
so pp(A)v =0. O

Theorem 9.4  With reference to Definition 4.1, let ) denote a real number (6; < n < 6p)
andletv € Uy. Thenfor0 < i < D —1 the vector v; from Definition 8.2 is given as follows.
(i) Suppose n # —1. Then

v, = Ef

(i) kb ( P T0)?
1+1

EfA,_(v ).
= piG) kb T e, )

(i1) Suppose n = —1. Then
| = El*_HA,‘U - Ei*Ai-‘rlv'

Proof:

(1) On the right-hand side in (41), first eliminate p,(A)v (0 < h < i) using Lemma 9.3,
then rearrange terms, and simplify the result using E5Av = 0.

(i1) Combine (42) and (44). O

Theorem 9.5  With reference to Definition 4.1, let ) denote a real number (6, < n < 0p)
and letv € U,. Let vy, vy, . .., vp_; denote the corresponding vectors from Definition 8.2.
(i) Suppose n # —1. Then for0 <i < D — 1,

il = 1Ef Aol + Z p’;g”i glb’i E} A % Epan |
(i1) Suppose n = —1. Then for0 <i < D — 1,

il = IEF, Aol + 1 Ef Aol
Proof: Take the square-norm in Theorem 9.4 and use (28). O

In the next two sections we analyze the formulae in Theorem 9.5. In Section 10 we consider
these formulae when n = 6; or n = 0p. In Section 11 we consider these formulae when
é] <n< éD.
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10. The local eigenvalues 8y, 8,

In this section we consider the implications of Theorem 9.5 in the case = 6, or n = 0.
We acknowledge all the results in the present section appear in [22]. Nevertheless, we will
give short proofs to indicate how things follow from Theorem 9.5.

Theorem 10.1 ([22, Lemma 9.4, Theorem 9.6, Theorem 10.5]) With reference to
Definition 4.1, let j = 1 or j = D and define n = 9j. Then for all v € Uy,

10D

EfApsv = Pi-10,)by EfA,_iv (1<h<D-1, (46)
pr(0;)c
d 0,) kib;

Ef Ajv = Pu®)) Kiby pr(Av (0<i<D-1), 47)

= pi(0;) knby

it1(0)civ1 biby---b; .
1B Al = DO PO yp 0 << p, (48)
pi(0;)0; + 1) cicz--- ¢

Moreover both sides of (47) and (48) are O fori = D — 1.

Proof: We assume v # 0; otherwise the result is trivial. Now U, # 0 son € ®. We
assume n = 67j so n # —1 by Definition 6.3. Let the vectors vy, vy, ..., vp—; be asin (41),
with n = éj. Consider the equation in Theorem 9.5(1) for i = D — 1. Recall vp_; = 0
by Theorem 8.3, so both sides are 0. On the right-hand side each term is nonnegative so
each term is 0. By Lemma 8.1 we find p,(7) # O for 1 < h < D — 1. By (7) we have
kp—1bp—1 # 0. From these comments we obtain

and (46) follows. Evaluating the equation in Theorem 9.4(i) using (41) and (46) we obtain
(47). Evaluating the equation in Theorem 9.5(i) using (43) and (46) we obtain (48). We
mentioned above that vp_; = 0, and the last assertion of the theorem follows from this. O

2

_16:)Hb
Pn-10)bn =0 (I<h=D-1

E*Ah 1V —
e Pr(@))c

*
E;A,_qv

Theorem 10.2 ([22, Theorem 9.8])  With reference to Definition 4.1, let j = 1 or j = D
anddefinen = éj. Then for allnonzerov € U,), the space Mv is a thin irreducible T -module
with endpoint 1 and local eigenvalue 7.

Proof: We first show Mv is a T-module. It is clear Mv is closed under M. We show Mv
is closed under M*. We assume n = 6 i so n # —1 by Definition 6.3. Let the vectors v;
be as in (41), where n = 9,». By Theorem 8.3 the vectors vy, vy, ..., Vp_ form a basis for
Mv. From (47) we find

vi=E, Av (0<i<D=2). (49)
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Combining this with (26) we find Mv is closed under M*. Recall M and M* generate
T so Mv is a T-module. We show M is irreducible. From (49) and since the v; form a
basis for Mv, we find v is a basis for Ef Mv. In particular E{ Mv has dimension 1. Since
Mv is a T-module it is a direct sum of irreducible 7-modules. It follows there exists an
irreducible 7-module W’ such that W' C Mv and such that E{ W’ # 0. We show W' = M.
Observe EfW' C EfMv, and we mentioned EMv has dimension 1, so EfW’' = EfMv.
Now apparently v € EfW’. Observe W’ is M-invariant, so Mv € W’, and it follows
W’ = Mv. In particular Mv is irreducible. We mentioned the vectors (49) form a basis
for M. It follows EfMv is 0 for i € {0, D} and has dimension 1 for 1 <i < D — 1.
Apparently Mv is thin with endpoint 1. We mentioned v is a basis for Ef Mv. From the
construction v is an eigenvector for EfAE] with eigenvalue 7. It follows Mv has local
eigenvalue 7. O

Corollary 10.3 ([22, Lemma 11.2])  With reference to Definition 4.1, let j = 1 or j = D
and define n = 0;. Then U, = E} H,, where H, is from Lemma 7.3.

Proof: The inclusion U, 2 E} H, is from Lemma 7.3. We now show U, C ETH,. We
assume U, # 0; otherwise the resultis trivial. Let v denote a nonzero vector in U,,. We show
v € ETH,. By Theorem 10.2 we find Mv is a thin irreducible 7-module with endpoint 1
and local eigenvalue n, so Mv € H,,. Of course v € Mv so v € H,. From the construction
ve EfVsov = Efv. It follows v € EfH,. We have now shown U, C EYH, and the
result follows. O

11. The local eigenvalues 1 (él <n< 91))
In this section we consider the implications of Theorem 9.5 for the case 8; < 1 < Op.
Lemma 11.1 With reference to Definition 4.1, let n denote a real number @, <n < 0p)

and letv € U,
(1) Suppose n # —1. Then for0 <i <D — 1,

" piv1(f)ciy1 biby---b;
IEf  Apvl? < lvll?. (50)
pi@M@ +1) ciea-- ¢
(i1) Suppose n = —1. Then for0 <i < D — 1,
i biby - - b;
IEf Al < ——|lv]|. (51)
c1e2 G
Proof: Combine Theorems 8.4 and 9.5. O

We now consider the case of equality in (50) or (51).
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Lemma 11.2  With reference to Definition 4.1, let n denote a real number (8; < 1 < 0p)
and let v € U,,. First assume n # —1. Then for 0 < i < D — 1 the following (1)—(iii) are
equivalent.

(1) Equality holds in (50).

_1(ib
(i) Efdyv= 2P0 oy <<,
pu(i)cn
"  pilii) kiby
(iil) Ef Ajv= - pr(A)v.
! Z;mm)mm
Next assume n = —1. Then for 0 < i < D — 1 the following (I')—(iii") are equivalent.

(") Equality holds in (51).
(i) EfAiz1v=0.
(i) E;,, Aiv = pi(A)v.

Proof: First assume n # —1.

(i)=(ii) Let the vector v; be as in (41). We assume equality in (50); combining this with
(43) we find ||v; ||> = || Ef A v||2. Therefore in the equation of Theorem 9.5(i), in the sum
on the right each term is 0. We examine these terms. By Lemma 8.1 we find p;(77) # 0 for

1 < h <i.By (7) we have k;b; # 0. From these comments we obtain

and the result follows.

(i))=>(ii1) Evaluate the equation of Theorem 9.4(i) using (41).

(iii)=>(i). Let the vector v; be as in (41). We assume E}, | A;v = v; so [|Ef | A;v]|* = |Jv; |1
Combining this with (43) we obtain equality in (50).

2

_1(7)b
P10y =0 (I<h<i

E*Ah 1V — =
e pr(f)cn

E;Ah,ﬂ)

The proof for the case n = —1 is similar, and omitted. O

12. Stable vectors

In Lemma 11.1 we obtained a sequence of inequalities. In this section we consider the case
when equality is attained in each of the inequalities. In order to treat this case we make a
definition.

Definition 12.1 With reference to Definition 4.1, let n denote a real number 6, < n < 6p)
and let v € U,,. We define what it means for v to be stable. First assume 7 # —1. Then we
say v is stable whenever

i—1(M)b; .
Eraigv =% gy <i<p—), (52)

pi()ci
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Next assume n = —1. Then we say v is stable whenever

EfAiqiv=0 (1<i<D-1. (53)
Lemma 12.2  With reference to Definition 4.1, let ) denote a real number (6, < n < 0p).
Then the set of stable vectors in U, is a subspace of U,,.

Proof: Let v denote a stable vector in U, and let « denote a complex scalar. Then av is
a stable vector in U,,. Let v’ denote a stable vector in U,,. Then v + v’ is a stable vector in
U,. O

Lemma 12.3  With reference to Definition 4.1, let n denote a real number (8; < 1 < 0p)
and letv € U,. If n # —1 then the following (1)—(iii) are equivalent.
(1) Equality holds in (50) for0 <i < D — 1.
(ii) Equality holds in (50) fori = D — 1.
(ii1) v is stable.
If n = —1 then the following (i')—(iii") are equivalent.
(") Equality holds in (51) for0 <i < D — 1.
(ii") Egquality holds in (51) fori = D — 1.
(iii") v is stable.

Proof: First assume n # —1.

(i) = (i) Clear.
(ii)) = (iii) Observe Lemma 11.2(i) holds at i = D — 1 so Lemma 11.2(ii) holds at
i = D — 1. Therefore (52) holds so v is stable by Definition 2.1.
(iii) = (i) The vector v is stable so (52) holds. Apparently Lemma 11.2(ii) holds for 0 <
i < D — 1 so equality holds in (50) for0 <i < D — 1.

Now assume n = —1.

(i) = (i) Clear.
(ii') = (iii") Applying Lemma 11.2("),(ii') ati = D — 1, we find E},_;Apv = 0. We claim

EfAiqiv=0 (0<i<D-1. (54)
To obtain (54) we use the equation

Ef (AEfA;( ET =bEf (AJE] (1 <i<D-—1). (55)
To verify (55), observe corresponding entries agree. Indeed for all y, z € X, on either side
of (55) the yz entry is equal to b; if d(x,y) =i —1,0(x,z) = 1, d(y,z) = i,and O

otherwise. We now have (55). Applying (55) to v we find

E;‘_IAEI-*A,'+1U = b,-Ei*_lA,-v (I1<i<D-1).
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Apparently
EfAiqiv=0—E |[Aiv=0 (I1<i<D-1)

and (54) follows. Now (53) holds so v is stable by Definition 12.1.

(iii") =(1") We show equality holds in (51) for 0 <i < D — 1. Let i be given. We assume
i > 1; otherwise the result is trivial. Observe E*A; ;v = 0 by (53) and since v is stable.
Applying Lemma 11.2 (i’), (ii’) we find equality holds in (51). O

In the next two lemmas we present several more characterizations of the stable condition.

Lemma 12.4  With reference to Definition 4.1, let n denote a real number (6; < n < 0p)
and let v € U,. If n # —1 then the following (i)—(iii) are equivalent.

. L pu(i) kib; .
(i) Ef Aiv= ! (A (0<i<D-—1).
i ;pi(n) kb "
D—1 ~
kp_1bp_
(i) EBAD—W:Z pr(7) D—10p ]ph(A)v.

= po-1(M)  kiby
(>iii) v is stable.
If n = —1 then the following (i')—(iii") are equivalent.
() Ef A= pi(Aw (0<i<D-1)
(i) EpAp_1v = pp_1(A)v.
(iii") v is stable.

Proof: First assume n # —1.

(i) = (ii) Clear.

(i1) = (ii1) Observe Lemma 11.2(iii) holds at i = D — 1 so Lemma 11.2(ii) holds at
i = D — 1. Now (52) holds so v is stable by Definition 12.1.
(iii) = (i) The vector v is stable so (52) holds. Apparently Lemma 11.2(ii) holds for 0 <
i <D —1soLemma 11.2(iii) holds for 0 < i < D — 1. The result follows.

Now assume 1 = —1.

(i) = (ii’) Clear.

(ii") = (iii’) Observe Lemma 11.2(iii’) holds at i = D — 1 so equality holds in (51) at
i = D — 1. Applying Lemma 12.3(ii’), (iii") we find v is stable.
(iii') = (i") We show E}, | A;v = pi(A)vfor0 <i < D — 1. Let the integer i be given. We
assume i > 1; otherwise the result is trivial. Observe E¥A; v = 0 by (53) and since v is

stable. Applying Lemma 11.2(ii), (iii’) we find E},; A;v = p;(A)v. O

Theorem 12.5 With reference to Definition 4.1, let n denote a scalar in ® (n # 0,
1 # Op). Then for all nonzero v € U, the following (i), (ii) are equivalent.

(i) v is stable.

(i1) v is contained in a thin irreducible T -module with endpoint 1 and local eigenvalue 1.
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Proof: (i) = (ii): We show M is a thin irreducible 7-module with endpoint 1 and local
eigenvalue 7. We first show Mv is a T-module. It is clear Mv is closed under M. We
show Mv is closed under M*. Let the vectors vy, vy, ..., vp_1 be as in Definition 8.2.
By Theorem 8.3 we find vy, vy, ..., vp— is a basis for Mv. We assume v is stable, so by
Lemma 12.4 we find

vi=Ef Ay 0<i<D-—1). (56)

Combining (56) and (26) we see M is closed under M*. Recall M and M* generate T so
Mv is a T-module. We show M is irreducible. By (56) and since the v; form a basis for
Mv, we see v is a basis for E{Mv. In particular E{ Mv has dimension 1. Since Mv is a
T-module it is a direct sum of irreducible 7-modules. It follows there exists an irreducible
T-module W’ such that W' € Mv and such that Ef W’ # 0. We show W' = Mv. Observe
E;W' € EfMv, and we mentioned ETMv has dimension 1, so EfW’ = EfMv. Now
apparently v € EfW’. Observe W’ is M-invariant, so Mv € W', and it follows W' = M.
In particular Mv is irreducible. We mentioned the vectors in (56) form a basis for Mv.
It follows EfMuv is O for i = 0 and has dimension 1 for 1 < i < D. Apparently Mv is
thin with endpoint 1. We mentioned v is a basis for E{Mv. From the construction v is an
eigenvector for EYAE} with eigenvalue 7. It follows Mv has local eigenvalue 7.

(i1) = (i): To show v is stable we apply Lemma 12.4. We show v satisfies Lemma 12.4(i)
ifn # —1 and Lemma 12.4(i") if n = —1. To do this, let the vectors vy, vy, ..., vp_; beasin
Definition 8.2. We show Ei*HAiv =v; for0 <i < D — 1. By assumption v is contained in
a thin irreducible 7-module with endpoint 1 and local eigenvalue 1. We denote this module
by W. By (31) we find Alv is contained in EfW 4.+ Ei*+1W forO<i <D —1.Also

for0 <i < D — 1, v; is a linear combination of v, Av, ..., A‘v, so v; is contained in
EfW 4.+ Ei*+1 W. By this and since vg, vy, ..., vp_; are linearly independent, we find
Vo, V1, ..., vjisabasis for EFW + E;W 4 --- + Ef,,/W (0<i<D-1). (57

For the rest of this proof, fix an integer i(0 < i < D — 1). We show v; is contained in
E} W. To see this, recall EfW, ..., E,;W are mutually orthogonal. Therefore E}, W

i+1
is the orthogonal complement of EfW + --- + EfW in EYW + --. + E7  W. Recall
v; is orthogonal to each of vy, vy, ..., v;—;. By (§7) the vectors vy, vy, ..., v;—; form a

basis for EfW + --- 4+ EfW, so v; is orthogonal to EfW + .- 4+ EfW. Apparently v;
is contained in E7 | W, as desired. We show E  A;v = v;. We mentioned the vector
v; is a linear combination of v, Av, ..., A'v. In this combination the coefficient of A'v is
(cica - - - ¢;)~ ! in view of our comments below (21). Similarly A;v is a linear combination of
v, Av, ..., A'v, and in this combination the coefficient of A'vis (cics - - - ¢;) 7. Apparently
A;v — v; is a linear combination of v, Av, ..., A"~ !v. From this and our above comments
Ajv — v; is contained in EYW + .- + EfW, s0 Ef | (A;v — v;) = 0. We already showed
v € Ef W soE} v; = v;. Now apparently E, | A;v = v;. We have now shown v satisfies
Lemma 12.4(i) if n # —1 and Lemma 12.4(i’) if n = —1. Applying that lemma we find v

is stable. O
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Corollary 12.6  With reference to Definition 4.1, let ) denote a real number @, <n < bp).
Then the set of stable vectors in U, is equal to E{ H,, where H, is from Lemma 7.3.

Proof: Assume n € ®; otherwise U, and H, are both 0. Let U,’] denote the set of stable
vectors in U,. We show U, = E}H,. We first show U, C E}H,. Assume U, # 0;
otherwise the result is trivial. Let v denote a nonzero vector in U,. We show v € E{H,.
By Theorem 12.5, v is contained in a thin irreducible 7-module with endpoint 1 and local
eigenvalue 7. This module is contained in H, so v € H,. By construction v € E}V so
v = Ejv. It follows v € E}H,. We have now shown U,; C E{H,. We now show U,; )
ETH,. Observe E} H), is spanned by the EfW, where W ranges over all thin irreducible
T-modules with endpoint 1 and local eigenvalue n. For all such W the space ETW is
contained in U, by Theorem 12.5. It follows U; 2 ETH,. We have now shown U; =
E*H,. m

13. The main results

In this section we prove the main results of the paper, which are Theorems 13.5 and 13.6.
To prepare for these results we make a definition.
With reference to Definition 4.1, let n denote an element of ® and observe

V=U,+ U,]l (orthogonal direct sum),

where U,f- denotes the orthogonal complement of U, in V. Let F), denote the matrix in
Maty (C) such that F;,, — I vanishes on U, and such that F,, vanishes on Unl. In other words
F, is the orthogonal projection from V onto U,. We make a few observations about F;.
We claim F,; = F,,. To see this observe (Fyu, v) = (Fyu, F,v) forall u, v € V. From this
and (2) we find F, = F, F;. Taking the conjugate-transpose of this we find F;, = F| F), so
F,é = F). Let y denote a vertex in X such that d(x, y) # 1. We claim F,,§ = 0. To see this,
observe J is orthogonal to EfV and U,y C EfV so ) € Unl. Now F,9 = 0 by the definition
of F),.

Lemma 13.1 With reference to Definition 4.1, for 0 <i < D — | we have

0= (IE AP = I1E Aipod I = IIEf+1AiFn9||2>, (58)
yex ned
Ax,y)=1

where @ is from (36).

Proof: In view of (37),

Ef =@oEf + ) _F,. (59)

ned
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Applying E}, | A; to each term in (59) we obtain

Ef AiE} = Ef\\ AigoE + Y Ef\ AiF,. (60)
ned

For all ¥, Z € Matx(C) let (Y, Z) denote the trace of Y Z!. We observe (,) is a positive
definite Hermitean form on Maty (C). We claim that in (60) the terms to the right of the
equals sign are mutually orthogonal with respect to (,). To see this, observe that for n € ®
we have o E{ F;) = 0. It follows E} | A;poET and E}_ | A; F, are orthogonal with respect
to (,). Further observe that for distinct n, n’ € ® we have F,F,; = 0 in view of (37). It
follows E | A; F, and E[ | A; F,y are orthogonal with respect to (,). We have now shown
that in (60), the terms to the right of the equals sign are mutually orthogonal with respect
to (,). It follows

IE AETI® = I Ao EFIP + ) IS, AiFy 1%, (61)
ned

where we abbreviate || Z||> = (Z, Z) for all Z € Maty(C). To obtain (58) from (61) we
observe || Z||> = Z},EX 1 Z$||? forall Z € Matx (C). Evaluating (61) using this we routinely
obtain (58). O

In the next few lemmas we evaluate the terms in (58).

Lemma 13.2 With reference to Definition 4.1, let y denote a vertex in X such that
d(x,y)= 1. Then

. biby---b; .
IE ASIP =2 0si=D-1). (62)
S

Proof: Observe E;‘+]A,- $ = Y%, where the sum is over all vertices z € X such that
d(x,z) =i+ 1 and d(y, z) = i. There are p},ﬂrl such vertices, so (62) follows in view of
(8). O

Lemma 13.3 With reference to Definition 4.1, let y denote a vertex in X such that
0(x,y)=1.Thenfor0 <i < D — 1 we have

Ef Aipod = cipik ™ siqa, (63)

where s; 1 is from (34) and @y is from (36). Moreover

biby---b; ciq1
Ef Ao = 122100 Gixt 64
IEY, 1 Aigodl ook (64)
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Proof: To get (63) observe gpy = k~'s; by (36). Also 51 = AZX, so goy = k'A%,
Evaluating the left-hand side of (63) using this, and simplifying the result using (19), we
routinely obtain the right-hand side of (63). We now have (63). To get (64) take the square
norm in (63) and evaluate the result using ||s; 1> =k jand (7). O

Referring to (58), so far we have evaluated the terms on the left and in the middle. To
evaluate the terms on the right we will use (48), Lemma 11.1, and the following result.

Lemma 13.4  With reference to Definition 4.1, for all n € ® we have

Z IF,3)? = mult,. (65)
yeX
ax,y)=1

Proof: We show both sides of (65) equal the trace of F,. We start with the left-hand
side. Let y denote any vertex in X. Observe the yy entry of F,; F, is equal to || F,§||>. We
mentioned earlier Fé = F,; F,,. Combining these facts we find the yy entry of F, is equal to
| F, 9 |I%. Recall F,y = 0if 9(x, y) # 1. From these comments we find the left-hand side of
(65) is equal to the trace of F;. We show the right-hand side of (65) is equal to the trace of
F,. Recall F, is the orthogonal projection from V onto U,,. Therefore U, is an eigenspace
for F, with eigenvalue 1 and U,]l is an eigenspace for F, with eigenvalue 0. Since the trace
of F), is equal to the sum of its eigenvalues, we see the trace of F;, is equal to the dimension
of U,. This dimension is just mult,. We have now shown the right-hand side of (65) is equal
to the trace of F;,. The result follows. O

Evaluating the terms in (58) using our above comments we obtain the following theorem.
Theorem 13.5 With reference to Definition 4.1, for 1 <i < D — 1 we have

pi—1(7) k
1+ —————mult, < —.
; pi@A+7) T b

n#—1

(66)

(The polynomials p; are from Lemma 3.1 and the scalars 7 are from Definition 6.3. The set
® and the scalars mult, are from Definition 6.2.)

Proof: Let the integer i be given. We evaluate the terms in (58). The terms on the left
are found in Lemma 13.2. The terms in the middle are found in (64). We now consider the
terms on the right. Let y denote a vertex in X such that d(x, y) = 1, and pick any n € ®. We
evaluate ||E;k+1AiFnj)||2. First suppose 1 = 6, orn = Op. Thfin ||E;Zr1AiFnjz||2 is obtained
by setting v = F,y in (48). Next suppose n # 6; and n # 6p. In this case we obtain an
upper bound for || £, | A; F,$|? by setting v = F,$ in Lemma 11.1. Evaluating (58) using
these comments, and simplifying the result using Lemma 13.4, we find
Pi+1(M)cit1
k <ciyy +mult_; + Z _

= pi@)(1 + 1)
n#=1

mult, . (67)
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We simplify (67) a bit. Let n € & and assume n # —1. Setting A = 7 in Lemma 3.1 we
find

ipi(M) = civ1pi+1(M) + (a; — ciy1 + ci)pi (i) + bi pi—1 (7). (68)
Dividing (68) by p; (i) we find

pir1(Mciy1 Di—1(M)b;
———— =ii—a+ciq1 — ¢ — ————.

- - (69)
pi(i) pi()

Evaluating the right-hand side of (67) using (69), and simplifying the result using Lemma 6.7

we routinely obtain (66). O

We now consider the case of equality in (66).

Theorem 13.6  With reference to Definition 4.1, the following (1)—(iii) are equivalent.
(1) Equality holds in (66) for 1 <i < D — 1.

(ii) Equality holds in (66) fori = D — 1.

(iii) Every irreducible T-module with endpoint 1 is thin.

Proof: (i)=(ii): Clear.

(ii) = (iii): By Theorem 7.7 it suffices to show equality holds in (39) for all n € R. Let
n be given. We show U, = E}H,. Assume nn € ®; otherwise U, and H, are both 0. We
assume 1 # 6y, n # Op; otherwise we are done by Corollary 10.3. By the construction
U, D E{H,; we show U, € E}H,. Since U, = F,V, and since the vectors {y |y € X}
span V, it suffices to show F,,y € ETH, forall y € X. Let the vertex y be given. We assume
F,» # 0; otherwise the result is trivial. Observe d(x, y) = 1; otherwise F, = 0. By
Corollary 12.6 the set ET H,, consists of all the stable vectors in U,,. To show F,$ € ETH,
we show F} ¥ is stable. To do this we examine the proof of Theorem 13.5. We must have
equality in (67) fori = D — 1. From the discussion above (67), we find that if  # —1 then
equality holds in (50) fori = D — 1 and v = F),§. Similarly if n = —1 then equality holds
in(51)fori = D—1andv = F,3. Applying Lemma 12.3 we find F}, ¥ is stable as desired.
(iii) = (1): We show equality holds in (66) for 1 < i < D — 1. To do this we examine
the proof of Theorem 13.5. Apparently it suffices to show (67) holds with equality for
1 <i < D — 1. Pick any vertex y € X such that d(x,y) = 1. Pick any n € ® and
assume 1 # 6, n # 0p. Recall F,V =U, so F,y € U,. By assumption and Theorem 7.7
we have U, = E}H,. Now apparently F,, € E}H,. By this and Corollary 12.6 we find
F,y is stable. Suppose for the moment n # —1. Applying Lemma 12.3(i),(iii) we find
equality holds in (50) for v = F,y and 1 <i < D — 1. Next suppose n = —1. Applying
Lemma 12.3(i'),(iii’) we find equality holds in (51) forv = F,y and 1 <i < D — 1.
From these comments and from the discussion above (67), we find equality holds in (67)
for 1 <i < D — 1. It follows equality holds in (66) for 1 <i < D — 1. O
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14. An example

We illustrate the results of this paper for the Johnson graph J(D, N) [4, p. 255]. This graph
is defined as follows. Let D and N denote integers with D > 3 and N > 2D. Let 2 denote
a set with cardinality N. The Johnson graph J(D, N) has vertex set consisting of all subsets
of Q2 that have cardinality D. Let y, z denote vertices of J(D, N). Then y, z are adjacent
in J(D, N) whenever the cardinality of y N z is D — 1. It is routine to check J(D, N) is
distance-regular with diameter D and intersection numbers

¢ =i%, a =i(N—=2i), b =(D—i)N—-D-=1i)

forO <i < D. Since k = by we find k = D(N — D). Let 6y > 6; > --- > 0p denote the
eigenvalues of J(D, N). Itis known 6; = (D —i)(N — D —i)—ifor0 <i < D [4, p.
256]. In particular 6 = D(N — D) — N and 6p = —D. Using this and Definition 6.3 we
findd, = —2andfp, = N — D — 2.

Let X denote the vertex set of J(D, N) and fix x € X. We compute the corresponding
set ® from Definition 6.2. Let A denote the vertex-subgraph of J(D, N) induced on the
set of vertices in X adjacent x. One finds A is the Cartesian product of complete graphs
Kp x Ky_p. Apparently the eigenvalues of A are N — 2 (with multiplicity 1), N — D —2
(with multiplicity D — 1), D — 2 (with multiplicity N — D — 1), and —2 (with multiplicity
(D — 1)(N — D — 1)). Since the multiplicity of N — 2 as an eigenvalue for A is 1, we find
@ consists of the three scalars N — D —2, D — 2, —2.

In the table below we display the elements n of ®. For each n € ® we display the scalars
mult, and #, along with the coefficient of mult, from (66).

. Pi—1()
U mult, n RGNS
N-D-2 D—1 -D e
D-2 N-D-1 D-N D—Tav==
-2 (D—1N-D—1) D(N—-D)—N i2

D-DN-D-D(D-)(N-D—1)

Using the data in the above table we find equality holds in (66) for 1 <i < D — 1. Let
T = T(x) denote the subconstituent algebra of J(D, N) with respect to x. Applying The-
orem 13.6 we find all the irreducible 7-modules with endpoint 1 are thin. By Corollary 7.8
we find that for all n € & there exists an irreducible 7-module with endpoint 1 and local
eigenvalue n. If n = N — D —2 or n = —2 this module has dimension D —1.If n = D —2
this module has dimension D. In all three cases the multiplicity with which this module
appears in the standard module V is equal to mult,. Up to isomorphism there are no further
irreducible 7-modules with endpoint 1.

For more detail on the irreducible 7-modules for J(D, N) see [30, Example 6.1].
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15. Directions for further research
In this section we give some suggestions for further research.

Problem 15.1 Investigate the implications of Theorem 13.5 for the case in which ® has
at most two elements. For this case the subgraph A from Definition 6.1 is strongly-regular

[4, p. 3].

Problem 15.2 Referring to Definition 4.1, assume I is bipartite. Find results reminiscent
of Theorem 13.5 and Theorem 13.6 that relate the intersection numbers of I', the irreducible
T-modules with endpoint 2, and the eigenvalues of the subgraph A, = (X, R), where

X={yeX|ox y =2}
R={yz|y,zeX, d(y,2) =2},

and where 9 denotes the path-length distance function for I'. See the work of Curtin [9, 10,
15] for some results in this direction.

Problem 15.3 Referring to the inequality (66), for 2 < i < D — 1 the expression on the
left-hand side does not involve the intersection numbers a;, b; for j > i or the intersection
number c; for j > i + 1. Apparently by that inequality b; is bounded above by an expres-
sion involving the following: (i) k, by, ..., b;_y; (ii) ¢1, ¢2, . . ., ¢;; (iii) the set ®; (iv) the
scalars mult, (n € ®). Use this information to bound the rate of decrease of the sequence
k,bi,by,...,bp_1.

Problem 15.4 Referring to Definition 4.1, suppose there exists at least one irreducible
T-module with endpoint 1 that is not thin. However, let us assume these modules are
“scarce” in the following sense. Let the set @ be from Definition 6.2. Fix ¢« € & and
assume equality holds in (39) for all n € ®\«. (Compare this with Theorem 7.7.) For
1 <i < D —1 find alower bound for the right-hand side of (66) minus the left-hand side of
(66).

Problem 15.5 For this problem let mult : R — R denote any function. For n € R let
mult, denote the image of n under mult. Let ® denote the set of real numbers n such
that mult,, # 0. Let I" denote a distance-regular graph with diameter D > 3, valency k,
intersection numbers a;, b;, ¢; and eigenvalues 6y > 0; > --- > 6p. We say mult is feasible
for I" whenever the following six conditions hold: (i) ® is finite; (ii) mult,, is positive for
n € @; (iii) —a; < n < a, forn € &; (iv) 6, < n < p for n € ®; (v) the three equations
of Lemma 6.7 hold; (vi) the inequality (66) holds for 1 <i < D — 1. Let F denote the set
of functions from R to R that are feasible for I". For each vertex of I' we get an element of
F by combining Definition 6.1, Definition 6.2, Lemma 6.4, Lemma 6.7, and Theorem 13.5.
In particular F is nonempty. The set F is determined by the intersection numbers of I'.
Therefore the condition that F is nonempty gives a feasibility condition on the intersection
numbers of I'. The set F is convex. In other words for all pairs of functions mult € F,
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mult’ € F, and for all « € R such that 0 < o < 1, the function emult + (1 — o)mult’ is
contained in F. We suggest using linear programming to investigate F [2].
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