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Abstract. We find an explicit formula for the Kazhdan-Lusztig polynomials P, , ,, of the symmetric group
S(n) where, fora,i,n € Nsuchthat 1 <a <i < n, we denote by u; ¢ = SaSa+1 - -si—1 and by v; the element
of &(n) obtained by inserting # in position i in any permutation of S(n — 1) allowed to rise only in the first and in
the last place. Our result implies, in particular, the validity of two conjectures of Brenti and Simion [4, Conjectures
4.2 and 4.3], and includes as a special case a result of Shapiro, Shapiro and Vainshtein [13, Theorem 1]. All the
proofs are purely combinatorial and make no use of the geometry of the corresponding Schubert varieties.
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1. Introduction

In [7] Kazhdan and Lusztig defined, for every Coxeter system W, a family of polynomials,
parametrized by pairs of elements of W, which have become known as the Kazhdan-Lusztig
polynomials of W. These polynomials are intimately related to the Bruhat order of W and
have proven to be of fundamental importance in representation theory and in the geometry of
Schubert varieties. We will focus our attention to the case of the symmetric group. Despite
the rather elementary recursion relations they satisfy, these polynomials are in general
quite difficult to compute. In fact the only families of Kazhdan-Lusztig polynomials that
are known explicitly correspond to situations where the geometry of the corresponding
Schubert varieties is easier (see, for example, [1, 10, 12] and [13, Theorems 1 and 2]),
where the interval [u, v] has some special property (see, for example, [2, Corollaries 6.8
and 6.9]) or when the shape of the indexing permutations lead in some natural way to the
use of induction (see, for example, [4, Corollary 3.2 and Theorem 3.3] or [11]). This work
gives results in the direction of explicit formulae for the Kazhdan-Lusztig polynomials of
the symmetric group when the indexing permutations are of particular forms.

The main results are the following. First we reduce the calculation of P, ,(¢) when
u, v € &(n)satisfy u~'(n) —v~'(n) < 3 to an (easier) problem in &(n — 1). Then we focus
our attention on permutations in G(n) that are obtained from an element of S(n — 1) allowed
to rise only in the first and in the last position by inserting n (or 1) anywhere in its complete
notation. We write down certain recurrence relations satisfied by some related Kazhdan-
Lusztig polynomials and we obtain explicit formulae from these relations. Finally, as an
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application of this result, we find explicit formulae for P, 5(1—2)5(1—1)o(1) n—3--4 t(1)r(2)z(3)
where (0, 7) € 63) x 6(3) \ (e, e) act on the set {n — 2,n — 1, n, 1,2, 3} in the most
natural way, establishing, in particular, two conjectures due to F. Brenti and R. Simion (see
[4, Conjectures 4.2 and 4.3]). The proofs rely on the special shape of the permutations
under consideration that will allow us to deduce some easy recursions satisfied by these
polynomials with no use of geometry.

2. Notation and preliminaries

In this section we collect some definitions and results that are used in the proofs of this
work.

We let N := {0, 1, 2, 3, ...} be the set of non-negative integers and for a € N we let
[a] :={1,2, ..., a} (where [0] = #). Forb € R we let |b] be the largest integer <b. Given

n,meN,n<m,welet[n,m]:={n,n+1,...,m}. Wewrite § = {ay, ..., a,}. tomean
that S = {ay,...,a-}anda; < --- <a,.Forasequenceiy, i», ..., i,and j € [n],wedenote
byii,...,ij,...,1i, thesubsequenceiy,...,i;_1,i;4+1,..., I, obtained by suppressing the
entry i;.

For i € Z we denote by

i—1
il =) ¢’
Jj=0

so that [i], = 0if i < 0. Given a polynomial P(g) andi € N we denote by [¢"1(P(q)) the
coefficient of ¢’ in P(g).

Given a set T we let G(T') be the set of all bijections of T. To simplify the notation we
denote by &(n) instead of &([n]) the symmetric group on n elements and we denote by e the
identity of &(n). If 0 € &([n, n + k]) for some n, k € N, then we write 0 = 0107 . .. Oy
to mean that o(n + i) = 0,41 fori = 0, ..., k, and call this the complete notation of o,
while we denote by s; the transposition (i,7 + 1). Given o, t € &(T),weletot ;=0 o1,
i.e. we compose permutations as functions, from right to left.

Given o € G(n), the right descent set of o is

Dr(o):={i e[n—1]:0; > 0iq1},
the left descent set is
Di(o):={i €[n—11: (0" > (07 Dis1}
and the length of o is defined by the number of inversions:
(o) :=inv(o) :=#{(a,b) € [n] x [n] : a < b, 0, > 0Op}.

For example, if o = 635241 then Dg(c) ={1,3,5}, Dr(0) ={1,2,4,5}and £(0) =
12. If u, v € &(n) we also denote £(u, v) := £(v) — £(u).
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Throughout this work we view G(n) as a poset ordered by the strong Bruhat order. We
are not going to define this order in the usual way (see [6, Section 5.9] for its definition), but
we shall use the following characterization of it that is due to Ehresmann [5]. Foro € &(n)
and j € [n], let

{o/'l, ool i=Hor, ., o)

Theorem 2.1 Leto, t € G(n). Then o < t if and only ifaj’i < t-f’ifor all<i<j<
n—1.

For u, v € G(n) we also write u </ v to mean that u < v and £(u, v) = 1.
We take the following fundamental result (see [6, Section 7.11] for a proof) as the
definition of the Kazhdan-Lusztig polynomials:

Theorem 2.2 (Kazhdan-Lusztig) There exists a unique family of polynomials { P, ,(q), u,
v € 6(n)} C Zlq] such that:
(D) Puu(@) =0ifu £ v
(2) Puo(@) =1ifu=nv;
3) If u < v then
L(u,v)—1
deg(Pu,v) S f’

@) Ifu <vandi € Dr(v) then

e ¢ e
Pu,v(‘]) = CII Pus,-,vs,(Q) +q Pu,vs,- (Q) - Z q PL(Z’ vSi)Pu,z(q)
(z:i€Dr(2))

where, for u,v € &(n),

[q2 €@ =D)(P,w(g)).  if u<w and £(u, w) is odd,
wu, w) = .
0, otherwise,

c = 1ifi € Dr(u) and c = 0 otherwise.
An important consequence of Theorem 2.2 is the following:
Proposition 2.3 Let u, v e &(n) be such that u <v and i € Dg(v). Then
Puv(q) = Pus, 0(q)-
It should be remarked that Theorem 2.2 and Proposition 2.3 can be reformulated in a

similar way using left descents instead of right descents. An immediate consequence of
Proposition 2.3 is the following:
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Corollary 2.4 Let z, w € &(n), z < w, be such that u(z, w) # 0 and £(z, w) > 1. Then
Dr(z) 2 Dgr(w) and Dy (z) 2 Dr(w).

Corollary 2.4 motivates the following notation: for u, v € G(n) andi € [n — 1] we let

Zi(u,v;i):={z€Bm):u<z=<v,zH8v, Dr(z) 2 Dr(v)U{i} and Dp(z) 2 D (v)},
Zo(u,v;i):={z€6Mm):u<z<v,i € Dr(z)}

and Z(u,v;i) = Zi(u, v;i) U Z(u, v;i) so that Theorem 2.2 can be reformulated in the
following way:

Theorem 2.5 Letu,v € &(n) be such that u < v andi € Dg(v). Then
z,v)

1—c c «
Pu,v(Q) =q Pusi,usi(q) +q Pu,vs;(q) - Z q 2 /’L(Zv Usi)Pu,z(Q)

zeZ(u,vs;;i)

where ¢ = 1 ifi € Dg(u) and ¢ = 0 otherwise.

Now it is clear that if we want to compute a Kazhdan-Lusztig polynomial using a recursion
based on Theorem 2.5 we need to know whenever pu(z, vs;) # 0. This problem is very
difficult in general but there are some classes of permutations where it has been solved.
Suppose u, v € G(n) are such that u < v < (1, n). By one of the characterizations of
the Bruhat order (see, for example, [6, Section 5.10]) this implies that # and v admit a
reduced expression that is a subword of sy ...s,_; ...s;. Fix such expressions and denote
them by # and ¥ respectively. Moreover denote by ii; and ¥ the number of occurrences of
s in @i and D respectively. For example if v = 4 132 we may choose ¥ = 515,535, so that
91 = 1, U, = 2 and 73 = 1. The following result is due to Marietti and its proof can be
found in [11, Corollary 6.1]):

Theorem 2.6 Let u,v € &(n) be such that u <v <(l,n), v and it be two reduced
expressions for them that are subwords of s ...8,_1...81. Then u(u,v) = 0or 1 and it is
1 if and only if there existi, j e N, 1 <i < j <n — 1 such that

5k:I/~lk, ifk<i,
c=1, ifk=i,

Uy =2 and 1,
r=0, ifi <k<j,

it
Uy =2 and @
f)k = ftk, if k > ] .
One more useful property of the function u (see [7, Corollary 3.2]) is the following:

Proposition 2.7 Letu,v € S(n) . Then

w(u, v) = p(wov, wolt),

where wy = n...2 1 is the longest element of S(n).
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Two other elementary properties of Kazhdan-Lusztig polynomials are the following (see
[2, Corollaries 4.3 and 4.4] for proofs):

Proposition 2.8 Letu, v € &(n). Then

Pu,v(Q) = Pu“,v‘l(q)

= Lwouwgy, wovwy (6])

Let w € &(n). We denote by w (respectively w) the permutation of G(n — 1) obtained
from w by suppressing the value n (respectively by suppressing the value 1 and rescaling)
from its complete notation. For example, if w = 35214 then w = 3214 and w = 2413.

Proposition 2.9 Letu, v € &(n) be such that n occurs in the same position in both u and
v. Then

Pu,v(q) = Pﬁf)(q)

On the other hand, if 1 occurs in the same position in both u and v, then

Pu,v(Q) = Pg,y(Q)-

Proof: This a special case of [3, Theorem 4.4]. However, the proof of this particular case
is so simple that can be included in this work for completeness. We prove only the first
statement, the proof of the second being similar. We proceed by induction on £(v), the
case £(v) = 0 being trivial. Observe that if u < z < v then z7'(n) = u~'(n) and that if
X,y € 6(n), x <y, satisfy x ') = y~!(n), then £(x, y) = £(%, ). In particular we can
suppose that if £(y) < £(v) then pu(x, y) = w(x, ¥). If Dy (v) € {n — 1} then u < v implies
u = v and the result follows. So suppose i € Dy (v), i #n — 1.

We compute

Pu,v(Q) = ql_(.Ps;u,s;v + qCPu,s,u - Z /,L(Z, S,‘U)P ,Z

ziieDy(z)
=q" " Psaso+q Pasv — Z n(z, siv) Py 2,
zieDL(2)
by our induction hypothesis and hence
Pu,v(q) = ql_CPs;t?,x,ﬁ + q[?PIZ,s;D - Z /.L(Z, sil_))Pﬁ,z
ze6(n—1):ieDy(z)
= Pis(q)
by Theorem 2.2. O

We conclude this section with a simple characterization of the permutations that, if used as
the second index, give rise to Kazhdan-Lusztig polynomials equal to 1 (see [9] for a proof).
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Lett € G(m)and o € G(n) with n > m. We say that o avoids 7 if there is no subsequence
1 <ii <--- <i, < nsuchthat

O'(it(l)) <. <0 (it(m)) .

Theorem 2.10 (Lakshmibai-Sandhya) Letv € &(n). Then
P,(q) =1V u < v <= v avoids both 3412 and 4231.

3. A reduction theorem
Definition Letu, v € G(n). Then we set
d(u,v) :==u"'(n) — v (n).

Note that by Theorem 2.1, if u < v we have d(u, v) > 0.

We are going to reduce the calculation of P, ,(q) to a problem for Kazhdan-Lusztig
polynomials for S(n — 1) when d(u, v) < 3. We have already seen that if d(u, v) = O then
P,.,(q) = Pi.5(g), so we may restrict our attention to the case d(u, v) > 0.

The next results, for d(u, v) = 1 or 2, are a reformulation and a generalization of a
theorem of F. Brenti and R. Simion (see [4, Theorem 3.1]).

Theorem 3.1 Letu, v € &(n) be such that u < v andi = v="(n). Then
1. Ifd(u,v) =1,

Pu.v(q) = Pﬁf)(CI)
2. Ifd(u,v) =2,

4" Pas,5(@) + ¢ Pas(q), ifi+1¢ Dg(v),

Pu v = L
D) {Pu,a(q), ifi +1 € Dg(v),

where ¢ = 1 ifi € Dg(u) and ¢ = 0 otherwise.

Proof: Part 1 follows easily from Proposition 2.3 and Proposition 2.9.

Thecasei+1 € Dg(v) of part2 is again a consequence of Proposition 2.3 and Proposition
2.9 so we may suppose i + 1 ¢ Dg(v). By Theorem 2.5 and the first part of Theorem 3.1
we may write

_c . Uzv)
Pu,v(‘])qu CPus,,us,(Q)‘|"]LPu,vs[((I)_ Z q 7 ulz, vsi)Pu,z((Z)

zeZ(u,vs;;i)

— . Uzv)
=q" " Puy o @ +qPas@— D, q 7 nGE vs)Pu:(q)

zeZ(u,vs;;i)
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and hence it is enough to show that the sum appearing in this formula is actually zero in
this case. Suppose z € Z;(u, vs;;i). Theni,i +1 € Dg(z) and hence z~!(n) > i +2 (since
z < vs;). But this implies that u £ z and hence Z(u, vs;; i) = @. It’s not difficult to verify
that also Z,(u, vs;; i) = ¥ and the thesis follows. O

Suppose now that d(u, v) = 3 and again seti = v~!(n). To fix the ideas we write
U= ... Uillj41Uip2N . ..
and
Vi= ... NVi41Vif2Vig3 - ..
If vi4» > v;43 then, by Proposition 2.3, we may swap u; 4, and n in u and hence we go
back to the case d(u, v) = 2. So, with no lack of generality, we may suppose v;12 < vj+3,

ie.i +2 ¢ Dg(v). We would like to use Theorem 2.5 taking i as a right descent for v. The
next result will allow us to simplify the sum in that formula in this case.

Lemma 3.2 Let u, v e &(n) be such that u<v, du,v) =3, i = v-'(n)andi +2 ¢
Dg(v). Then the application z + Z establishes a bijection between the following sets of
permutations:

z € &(n) such that z > u z€ &(n—1)suchthat z > ii
i € Dp(2), u(z,vs;) #0 3 «— i,i+1¢€ Dg(2)
and z Qvs; and pu(z, v) #0

Moreover, if z belongs to the set in the left-hand side, we have u(z,vs;) = u(z, v),
Uz, v) =z, 0)+ 3 and P, .(q) = Pa:(q).

Proof: Let z be in the set in the left-hand side. The condition z > u implies z~!(n) < i +3
while the condition z < vs; implies z7'(n) > i + 1. But since i,i + 1 € Dg(z) these
conditions force z~!(n) = i + 3 which implies that, if the map is well defined, it is actually
injective. Hence, locally, we have:

z=...edcn...
withe > d > ¢ and

v=...nxab...

with a < b. Since d(z, vs;) = 2 we can use Theorem 3.1 to obtain

Pz,vs; (Q) = P...ecdn...,...xanb... (q) + qP,,,ed(,-n,,,,,,,xanb___ (CI)
= Pmecdn ........ xanb... (61) + qP___ednL-___,,,,xanh___ ((])
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By Corollary 2.4 the first polynomial gives no contribution for u(z, vs;) and hence we
may conclude that

w(z, vs;) = w(zsiz2, vS;Sit1)
= w(zZsiz2, v8iSit1)
= u(z, v),

where we have used Propositions 2.3 and 2.9. It’s a routine calculation that z and Z verify
the other conditions of the statement and we are done. O

We are now ready to state the main result of this section:

Theorem 3.3 Let u, ve &(n) be such thatu < v, d(u,v) =3,i = v '(n)andi +2 ¢
Dg(v). Then

Pu,v(‘]) = 4276.0'17cn‘2PE¢s;si+1,ﬁ(Q) + qlico'lJrco"zPr?si,ﬁ(q) + q1+CO.176L2P5!S/+1~,5((])
. ) £z0)+3 _
+ g Py 5(q) — Z q 7 iz, 0)Pa:(q)
{zes(n—1):i,i+1€Dg(2)}

—e0qP; 5(q) — equﬂ,ﬁs,-H(q)

where

. {0, if vig1 < Viyjt2,
j =

1, otherwise

and

{0, If wivj < Uik,

Cjk = o

1, otherwise.

Proof: The proof follows directly from Lemma 3.2 and Theorem 3.1. We only have to
check that the contribution of Z,(u, vs;; i) is actually given by the last two polynomials and
this verification is left to the reader (the only two candidates for Z,(u, vs;;i) are vs;s; 41
and vs;(i + 1,1 4+ 3)...). O

It should be mentioned that both Theorems 3.1 and 3.3 can also be stated in a “dual”
version when u, v € &(n) satisfy d(u, v) :== v~ '(1) — u~'(1) < 3.

The next example will show us that, unfortunately, there can be many terms different
from O in the sum appearing in Theorem 3.3.

Example 3.4 Letn >5andv:=3...(n —2)n(n —1)12 (and hence v = 3...(n —
2)(n —1)12)and u = e. Then it is easy to check that forevery i € [3,n — 2], (1, i)v gives
rise to a non-zero summand in Theorem 3.3.
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4. Main results

The main goal of this section is to find an explicit formula for all polynomials P, ,(g),
u,ve&(n), when Dg(v) 2 [2, n — 2] and u has some particular shape depending on that
of v.
With this purpose we fix x, y, n € Nsuchthatx, y € [2,n— 1] and x # y. We denote by
oo the unique element v of G(n—1) such thatv(l) = x,v(n—1) = yand [2, n—2] C Dg(v).
For any i € [n] we denote by v; the unique permutation of G(n) satisfying the following
two conditions:

v = 0y
vl =i

We also denote by u; , € G(n),Va,i eN,1 <a <i<n,
Uig = SaSa+1 -+ - Si—1

so that, in particular, u;; = e,V i € [n].

For example, forn =6, x =4and y =2 we have vy =453612,v5 =453162 and
Uugsz = 124356.

We denote by R;.(q) := Py, (q). Note that R; 1(g) can be easily expressed as a
linear combination of polynomials R;, with @ > 1 and suitable values of x and y by
Proposition 2.3 and its “dual” version, so we only have to deal with the case a > 1.

The following is the main result of this paper:

Theorem 4.1 Let2 < a <i < n—3.Then the polynomials R; ,(q) satisfy the following
relations: if x >y

Ria(@) = qRi1.4(Q) + Ris1,i41(@) — GRi+2,i+2(q) — Sin—y—1q — Sinxq™ >t
andifx <y
Ria@) = qRit1,a(q) + Rit1,i+1(q@) — g Ri42,i+2(q) — i n—yq,

where §; ; is the usual Kronecker symbol.

Proof: Casel:x > y.
Leti € [2, n — 3]. By Theorem 2.5 and Proposition 2.3 we have:

£(z,v;)
Rial@) =P,y oy @D+ Puper v @ = Y g 7 @ 0i1)Pu, (@)
2€Z(Uj a,Vit151)
=qRit1a@+ Ristini(@ — Y, q 7 G )P, Q).

2€Z(Ujq,Viq15)
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Ifz € Z1(u; 4, viy1;i) wehave [2, n—2] € Dg(z) thatforces z~!(n) = n(sincez < v;41).
Moreover the condition [1, n —2]\{y — 1, x} € Dy (z) implies thatz(1) € {y — 1, x, n —1}.
Butif z(1) = n — 1 we have z £ v;4 (unless x = n — 1 but in this case it’s okay to exclude
n — 1 since we still have x) and hence we have two possibilities for z, namely:

Gi=xn—1...2...1n

H=y—1ln—1...y—1...1n.

So we have to check whether wu(¢;, vi41) = O ornot for j =1, 2.

Suppose j = 1.Ifi > n —y — 1 (i.e. n appears after y — 1 in the complete notation of
Vi+1), it’s easy to check that if we call ¢ | and #; ;| the permutations obtained by suppressing
the values 1,2 ...n — i — 2 (and rescaling) from ¢; and v, respectively we have:

(&1, vig1) = w(@ 1, Bit1)
=uxn—-1...x...n—i—1Inxn—1...2...9y...n—i—1ny)
=0

by Corollary 2.4.
Similarly, if i <n —y — 1, we have

wiC,vip)=pxn—1...%...yn,xn—1...y+1y)
=0.

Finally, if i = n—y — 1 we have ¢; <\ v;41 and hence it doesn’t belong to Z; (u; 4, Vi+1; 1)
by definition.

Suppose now j = 2. If i > n — y — 1 then the same proof of the case j = 1 implies
(&2, viy1) = 0 and hence we may suppose that i < n — y — 1. But in this case we have
;{1(h) = vijrl] (W) forh =1,...,y—2,s0we can suppose y = 2 with no lack of generality
(substituting x with x — y 4+ 2 and n by n — y 4 2). So we have

viigg=xn—1...n...312
where n appears in position i 4 1 and

HL=1n—1...2n.

By Proposition 2.7 we can compute pu(wov;+1, woéz) instead of w(&z, viyr).
Ifn—x—i+1>0wehave

WoVi+1 = St -+ - 8i—18p—18n—x - - - S1
and

wol2 = 8182 ... Sp—18p—2 . .. S1-
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Hence, by Theorem 2.6, we have that p(wov;+1, wosz) # 0 if and only if i = n — x and
in this case u(wov;+1, wor) = 1.
Ifn —x—1i+4+1 < 0wehave

WoVi+1 =81+ 8iSn—18p—x—1--.351

s0, by Theorem 2.6, we have pu(wov;+1, wosr) = 0.

Now it is an easy exercise to verify that £({>, v,—) = 2(x — y + 1) and that P, . (q)
=1.

Finally we leave to the reader to verify that

{viga}, ifi #n—y—1,

Zo(Uj g, Vig151) = .
2(tiar Vi3 ) {{vi+2,xn—1...)?...1n}, ifi=n—y—1,

and the proof is complete.

Case 2: x < y. With an argument similar to that of Case 1 (and actually easier) we can
prove that Z;(u; 4, vi11;i) = 9.

As before we have

. {via}, ifi #n—y,
Zy(Uig, Vig13i) = . .
{Viszp,xn—1...%...1n}, ifi=n-—y,
and we are done. O
Theorems 3.1 and 4.1 can be used to find explicit formulae for the polynomials R; ,(q).

Recall that we have defined, for all n € Z, [n], = Z;’;(l) q-/ . We first need the following
observation about this function that we state as a lemma for future reference.

Lemmad4.2 Letn € Z. Then
(C] + 1)[n]q - Cl[n - 1]q = [I’l + l]q - 80,n~
Corollary 4.3 Letn,x,y € Nbe suchthat2 <y < x <n — 1. Denote by

Hi(q):=qln—y—ily+q" 7 'Ix—ily+¢" 7 n—x+1-i],
+q" 7y —1-il,.

Then, for 2 < a < i, we have:

(I+g"Dn—1—1i], — Hi(q), ifael2y—1]
Rialq) = [n—il, +¢ 7 [n—1-il, — Hi(q), ifacly x],
(I+q¢* ) [n—1il, — Hi(q), faelx+1,n—1].
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Proof: We proceed by a double induction on n and n — i. If n = 4 the statement is an
easy verification. So suppose that the statement is true forn — 1. If i = n—2, n — 1, n then,
by Theorem 3.1, R; ,(¢q) can be easily reduced to the n — 1 case and hence it is a simple
verification. So suppose i < n — 2. By Lemma 4.2 it follows directly that

(q+ DHiy1 —qH;n = Hi — 80,u—y—i—19 — So.x—i—1¢" " 4.1)
- 50,117%:'61)(_”1 - 50,)'7i72qn_y‘

Denote by

{1, ifj <y, 1, ifj<ux,
Ej =

and =
0, otherwise i {

0, otherwise.

Observe that we have [n —i — 1 — gi41], —qln —i —2 — &i2ly = (1 = 8i41.9-1¢" %)
and a similar equation where ¢ is substituted by 1. We have, by Theorem 4.1 and (4.1),

Ria(@) = qRit1.4(@) + Ris1,i+1(Q) — GRiz2,i42(@) — 8iney—1q — 8in—rq™ >

=qln—i—1—el;+qq 7 In—i—1=nd;+[n—i—1-¢4],
+q¢ =i —1—=mnl—H —qln—i—-2—¢4],
—qq I —i —2—nisaly + 80-i—19" T + 80y-i-2¢"
=qln—i—1—ely+qq > In—i—1-n,);, +0 —811,-1¢4""72)
" (0 = Si10q" 77 = Hi A S0amic1q" T A Soymiag"
=[n—i—¢gdg+q n—i—n.,;—H;

and the proof is complete. O

Corollary 44 Letn,x,y € Nbe suchthat2 < x <y <n — 1. Denote by
Ki(q):=qln—y+1—il,+q" [y —1—il,.
Then, for 2 < a < i, we have:

(n—1—ily —Ki(q), ifacl2y—1],

Ria = . .
@ {[n —il, — Ki(q).  ifaely.n—1l.

Proof: We proceed, as in the proof of Corollary 4.3, by a double induction on » and n —i.
Again the case n = 4 is an easy verification and the cases i = n—2, n — 1, n follow directly
from Theorem 3.1. So suppose i < n — 2. By Lemma 4.2 we have

g+ DKy —gK; n = K; —80n—y—iq — 80,y—i—29" .
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Then, by Theorem 4.1, we have that

Ria(@) = qRit1.4(q) + Rit1,i+1(q) — qRiv2,i12(q) — 8in—yq
=qn—i—1l—-egl+n—i—1—¢g11l;—qln—i—-2—¢2],
—Ki(q)+ 80,y—i—29"""
=gqln—i—1—¢g4ly+ 1 =3841y-19"") — Ki(g) + 80,y—i—2q" "
=[n—i—eds —Ki(q)

where, for j € [n],

| <
0, otherwise. X <) g

{ 1, ifj <y,
Sj =
Note that in this case R; ,(¢) doesn’t depend on x.

Remark By the explicit formulae appearing in Corollaries 4.3 and 4.4, it is easy to see
that all the polynomials R; ,(¢) have nonnegative coefficients.

Corollaries 4.4 and 4.3 give us an elementary proof of the following theorem of Shapiro,
Shapiro and Vainshtein [13, Theorem 1], which was originally proved in a geometric way:

Corollary 4.5 Letn >3 andu,v € 6(n), u < v, be such that [2,n —2] € Dg(v). Then

1, if vi < vy, 0rv, <up,0rv > Uy,

Pu,v(‘]) = {

1+ g"7 ", otherwise.
Proof: We proceed by induction on n. If n = 3 the statement is trivial, so suppose

n > 3. By Proposition 2.3 we can suppose that uy, < u3 < --- < u,_;. If u # e or
{vy, v, } N {1, n} # @ we have that

P, o(q) = Pis(q) or P,,(q)= P,.,(q)

by Propositions 2.3 and 2.9 and the thesis follows by induction. If u = e and {v;, v,} N
{l,n}=40

14+qV ™", ifv > v,

Pe,v(q) = RZ,Z(Q) = .
1, if v < v,

and we are done. O

The following two results have been conjectured by Brenti and Simion [4, Conjectures 4.2
and 4.3]:
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Corollary 4.6 Letn > 6. Then

Pe,n—2n—l nn—=3..421 3((]) =1+ 2‘1%5 + q'174'

Proof: Setx =n —2and y = 3. Then

Pe,n—2n—l nn-=3..421 3(61) - R3,3(q)
=[n—3l,+¢"°[n—4], —qln— 6], —q" *[n - 5],
=1 +2qn—5 +qn—4‘ 0

Corollary 4.7 Letn > 6. Then
Pe,n72n71nnf3...312(q) =1+ an_4'
Proof: Setx =n —2andy = 2. Then

Pen—2n—1nn-3.312(q) = R33(q)
=[n =3l +¢" *n—4l, —qln =51, —q¢"ln = 5,
=1+42¢"* 0

The conjectures of Brenti and Simion suggest, more generally, the problem of computing
P, , when the first and the last three entries of v are respectively any permutation of the sets
{n—=2,n—1,n}and {1, 2,3}, and [4, n — 4] C Dr(v).

With this purpose we let n € N, n > 6, and G(3) act at the same time on {1, 2, 3} in the
usual way and on {n — 2, n — 1, n} in the natural way identifying n — 2, n — 1 and n with
1, 2 and 3 respectively.

Definition V (o0, t) € 6(3) x G(3) we denote by D, - (¢) the following Kazhdan-Lusztig
polynomial:

Dy - (q) := Peo(n-2)6(n—1)s(n)n=3..47(1) 72 13)(q)-

We conclude by showing that (unless o =t =e¢) all these polynomials admit simple
explicit formulas:

Theorem 4.8 V n > 6 the following formulae hold:

(1) D123321(9) = D321,123(q) = 1,

(2) D132,321(q) = D321,132(q) = D321,213(q) = D2z 321(¢) = 1,
(3) Da31,321(q) = D31 312(9) = 1,

4) D3ziz2(q) =1,

(5) D312,321(q) = D321231(q) =1 +¢q,

(6) Dyzisnn(g) =1+¢"">,
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(7) Da13312(q) = Da31132(q) = Daz1213(q) = Dimsin(g) = 1+ ¢" 4,

(8) Di32213(q) = Doz 132(q) = 1+ 4",

9) Di32,132(q) = Daizpiz(g) = 14+ ¢" (1 + q),
(10) Di23312(q) = Dazi123(q) = 1 +2¢" 4,
(11) Di123132(9) = D132,123(¢) = D213,123(¢) = D123213(q) = 1 + ¢" (2 + q),
(12) D123 231(q) = D312,123(¢) = (1 + ¢)(1 +2¢" ),
(13) Daz1231(9) = D3insin(@) = 1+ q +q¢" 4,
(14) D132231(9) = D312,132(q) = D312213(¢) = D213231(q) = (1 + ¢)(1 + ¢" ),
(15) D3ppo31(q) = (1 +¢)*(1 +¢" 7).

Proof: All the equalities among the D, ; (¢)’s in each row of Theorem 4.8 are due to
Theorem 2.8 while Eqgs. (1)—(4) follows directly from Theorem 2.10. Equations (6)—(11)
are particular cases of the explicit formulae appearing in Corollary 4.3.

We sketch the proofs of the other cases leaving the details to the reader:

&)

Pe,nn—2n—1n—3“.l(q) = qul,n72nn71nf3,,,1(q) + Pe,n—Znn—ln—3...1(CI)
=q+1,

by Theorem 2.10.
(12) We would like to compute P, ,—2,—1,1-3.4231(¢) using Theorem 2.5 taking i =

%—1.It’snotdifﬁculttocheckthatZl(e, n—2n—1nn-3...4213;n—1)={21n...3}.
ut

u@2lin...3,n—2n—1nn—-3...4213)
=uRln—-1...3,n—2n—1n-3...4213)
=0,

by Corollary 2.4,since2 € Dr(n—2n—1n—3...4213)\Dr21n...3,n—2n—1nn—
3...4213).It’s easy to check that Z,(e,n —2n—1nn—3...4213;n — 1) = 0, so we
may write:

Pen—an-1nn-3.423109) = 4P, | y_2n_1nn-3.4213(@) + Pen—2n—1nn-3.4213(q)
=qP, n—2n-1n-3.4231(9) + Pen—2n—1nn-3.4213(q)
=q(1+q" )+ 1+2¢" +¢"*
= (1 +g)(1+2¢"),

by Corollary 4.3.
(13) Using Theorem 2.5 it’s easy to see that

Pen—1nn-2.4231(9) = qP;, | y_1nn-2.4213(q) + Pen—1nn-2._4213(q)
=qP,—1n-.4213@) + Pen—1nn-2.4213(q)

— 1+C]+(]]174,
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by Corollary 4.3.
(14) Always by Theorem 2.5 we have:

Pe,nn—Zn—ln—S...4213(q) = qul,n72nn71n73_"4213(q) + Pe,n—Znn—ln—3...4213(q)
=q(1+¢")+1+4"7
=1+ +¢"),

by Corollary 4.3.

(15) In this case we have Z1(e,nn —2n—1n—3...4213;n—1)={21n...3}.

Infact,ifz € Zi(e,nn—2n—1n—-3...4213;n—1)wehave {1} U[3,n—1] C Dg(2)
forcing z7'(1) = 2 (since z < nn —2n — 1n — 3...4213). Moreover the condition
1 e Dy(z)forcesz=21n...3.

Now, by Theorem 3.1, we have

Prin.3nn-2n-1n-3..4213(q@) = P12n.3.n-2nn-1n-3.4213(q)
+4P21n 3n-2nn-1n-3.4213(q)-

This implies that

pznn—2n—1n—3...4213)=uRln—1...3, n—2n—1n—3...4213)
=0,

by Corollary 2.4, since 2€ Dg(n —2n —1n—3...4213)\Dg(21n —1...3).
So we have, by Theorem 2.5 and repeated use of Proposition 2.3,

Pe,n n—2n—1n-3..423 1(6]) = (]PX”_]JL,1,2,171 n73“,4213(CI) + Pe,nn—Zn—l n—3..421 3(f])
= qu 2n3.n—l,nn—2n—1n-3..421 3(q) + (1 + q)(l + qn—S)’

by (14). So, by Theorem 3.1 and Proposition 2.9 we may conclude that

Penn—2n-11-3.42310) = @*Patn3.n—t.n—2nn-1n-3.4213(@)
+4P12y3. n-1n—2nn-1n-3..4213(@) + (1 +¢)(1 + q"7)
= q*Pr3 n-tn—2n-1n-3.423(q) + q(1L + ")
+(+ )1 +¢")
=1+ 4" )+ 1 +29)(1 +¢")
=1 +¢?(+4¢"),

by (7). O

Remark 4.9 The only missing case from Theorem 4.8 is D33 123(¢). This has turned out
to be much more difficult than the others and will be treated apart in a joint work of the
author and M. Marietti.
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