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Abstract. Let I' denote a bipartite distance-regular graph with diameter D > 3 and valency k£ > 3. Let
6p > 01 > --- > Op denote the eigenvalues of I" and let qihj (0 < h, i, j < D) denote the Krein parameters of T".
Pick an integer 4 (1 < h < D — 1). The representation diagram A = Aj, is an undirected graph with vertices
0,1,...,D.For 0 <i, j < D, vertices i, j are adjacent in A whenever i # j and qihj # 0. It turns out that in
A, the vertex 0 is adjacent to /2 and no other vertices. Similarly, the vertex D is adjacent to D — & and no other
vertices. We call 0, D the trivial vertices of A. Let [ denote a vertex of A. It turns out that / is adjacent to at least
one vertex of A. We say / is a leaf whenever / is adjacent to exactly one vertex of A. We show A has a nontrivial
leaf if and only if A is the disjoint union of two paths.
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1. Introduction

In recent research on distance-regular graphs, the following theme emerges. Let I denote
a distance-regular graph and let £ and F denote primitive idempotents of I"'. When is the
entrywise product E o F a linear combination of a “small” number of primitive idempotents
of I'?

We refer the reader to the articles of MacLean [5-7], Pascasio [9—11], and the present
author [4] for work on this theme. In this paper we consider the case where E o F is a linear
combination of F and one other primitive idempotent. To keep things simple, we assume
I" is bipartite. Before we state our main result, we recall a bit of notation.

Let I' = (X, R) denote a bipartite distance-regular graph with diameter D > 3 and
valency k > 3. (Definitions are contained in the next section.) Let 6y > 6; > --- > 0p
denote the eigenvalues of I'. Recall that 6y = k and 6p = —k; we call 6y and 0 the trivial
eigenvalues of I'. For 0 < i < D, let E; denote the primitive idempotent of I" associated
with 6;. Let qlh/ (0 < h,i, j < D) denote the Krein parameters of I'. Recall that

D
EioE;=I|XI""Y qliEx (0<i, j<D)
h=0

where o denotes entrywise multiplication.
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Pick an integer 4 (1 < h < D — 1). We recall the representation diagram A = A,
[12-14]. A is an undirected graph with vertices 0, 1, ..., D. For 0 < i, j < D, vertices i
and j are adjacent in A whenever i # j and ql’; # 0.

It turns out that in A, the vertex O is adjacent to & and no other vertices. Similarly, the
vertex D is adjacent to D — & and no other vertices. We call 0 and D the trivial vertices of
A.

Let [ denote a vertex of A. As we see in the next section, / is adjacent to at least one
vertex of A. We say [ is a leaf whenever [ is adjacent to exactly one vertex of A. Our main
result is the following.

Theorem 1.1 Let I denote a bipartite distance-regular graph with diameter D > 3 and
valency k > 3. Pick an integer h (1 < h < D — 1). The representation diagram Ay has a
nontrivial leaf if and only if Ay, is the disjoint union of two paths.

Hypercubes and doubled Odd graphs have representation diagrams satisfying the con-
ditions of Theorem 1.1. At diameters greater than 5, these are the only such graphs
known.

2. Preliminaries

Let ' = (X, R) denote a finite, undirected, connected graph, without loops or multi-
ple edges, with vertex set X, edge set R, path-length distance function 9, and diameter
D = max{d(x,y) : x,y € X}. Let k denote a nonnegative integer. We say I" is regu-
lar with valency k whenever for all x € X, |{z € X : 9(x,z) = 1}| = k. We say I is
distance-regular whenever for all integers h,i, j (0 < h,i, j < D)and all x, y € X with
d(x,y) = h, the scalar chj = |{z € X : d(x,z) = i,0(y,z) = j}| is independent of
x and y. For notational convenience, set ¢; := p{;_,; (1 <i < D), a; :== p}; (0<i < D),
b; = Plii+1 (0<i<D—1),and ¢y := 0, bp := 0. For the rest of this section, suppose I"
is distance-regular. To avoid trivialities, assume D > 3 and £ > 3. We observe I is regular
with valency k = by. Further, we observe ¢; +a; +b; = kfor0 <i < D.

We say I is bipartite whenever there exists a partition X = X+ U X~ such that no edge
joins two vertices in the same cell of the partition. Observe I' is bipartite if and only if
a; =0(0 <i < D), and in this case,

ci+bi=k (0=<i=<D). 6]

For the rest of this section, suppose I" is bipartite.

Let ~ denote the binary relation on X such that for any x,y € X, we have x ~ y
whenever x = y or d(x, y) = D. We say I" is antipodal whenever ~ is an equivalence
relation.

Let R denote the field of real numbers. By Matx(R) we mean the R-algebra consisting
of all matrices whose entries are in R and whose rows and columns are indexed by X.
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For each integer i (0 < i < D), let A; denote the matrix in Matx (R) with x, y entry

1 ifa(x,y) =i,

Ai xy = . , V€ X).
(Aidsy {0 otherwise (. )

Abbreviate A := A;. We call A the adjacency matrix of I'. Let M denote the sub-algebra
of Matx(R) generated by A. We call M the Bose-Mesner algebra of T". By [1, Theorem
20.7], Ag, Ay, ..., Ap is a basis for M.

By [2, Theorem 2.6.1], M has a second basis Eq, £y, ..., Ep such that E; E; = §;; E;
O <i,j<D).Wecall Ey, Eq, ..., Ep the (primitive) idempotents of T.

Observe there exists a sequence of scalars 6y, 61, . .., 6p taken from R such that

M

A=Y GE,.

i=0

We call 6; the eigenvalue of T" associated with E;. Note 6y, 61, ..., 0p are distinct since
A generates M. Throughout this paper, we assume the eigenvalues are labeled so that
6p>6;>--->0p.By[2,p.82],0) =kand Op_; = —6; for 0 <i < D. We call 6, and
Op the trivial eigenvalues of I.

Let 6, denote an eigenvalue of I" and let E; denote the associated idempotent. Since

Ao, Ay, ..., Ap is a basis for M, there exist real scalars oy, o, ..., op such that
D
-1
Ep=my|X|™' Y oA, 2)
—

where m;, = rank E;. We call oy, 01, ..., op the cosine sequence associated with 6;,. By [2,
p. 128],

¢ioi—1 +bioj1 =00; (0<i < D), 3)

where o_; and op, denote indeterminates.
Let o denote entrywise multiplication in Matx (R) and observe

AiOAj:5iin (Ofl,]SD) (4)
This implies M is closed under o. Since Ey, E1, ..., Ep is a basis for M, there exist scalars
qlh/ € R(0 < h,i, j < D) such that
D
EioE; = |X|’IZqihth. )
h=0

We call the qihj the Krein parameters of T'.
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In the next two lemmas, we recall a few basic facts about the product o and the Krein
parameters.

Lemma 2.1 [9, Lemma 3.3, Theorem 3.6] Let I' = (X, R) denote a bipartite distance-
regular graph with diameter D > 3.

(i) EgyoE; = |X|"'E; for0 <i < D.

(ii) EpoE; = |X|"'Ep_i for0<i <D.

(iii) For 1 <i,j <D — 1, E; o E; is not a scalar multiple of a single idempotent of I".

Lemma 2.2 Let T denote a bipartite distance-regular graph with diameter D > 3.
@) ¢/ =4’ O <h,i j<D).

(ii) mhqf‘j = miq;h =m;qy; (0 <h,i, j <D).

(iii) g; =81 (0 <h, j < D).

(iv) qp; =8np-j (0 <h, j < D).

(i) gp—f'; =ql (0 <h,i,j < D).

Proof: (i) Immediate from (5). (ii) [2, Lemma 2.3.1(iv)] (iii) Immediate from
Lemma 2.1(i). (iv) Immediate from Lemma 2.1(ii). (v) Taking the entrywise product of
both sides of (5) with Ep and applying Lemma 2.1(ii), we get the result. O

Definition 2.3 [12] Let " denote a distance-regular graph with diameter D. Pick an integer
h (0 < h < D). We define the representation diagram A = Aj,. A is an undirected graph
with vertices 0, 1, ..., D. For 0 < i, j < D, vertices i and j are adjacent in A whenever
i # jand qih,- = 0. We sometimes say A is the representation diagram associated with the
eigenvalue 6j,.

Let C denote a connected component of A. We say C is a path whenever there exists an
ordering vy, vy, ..., v; of the vertices of C such that for 0 < i, j < [, vertices v;, v; are
adjacent in A if and only if |i — j| = 1.

Lemma 2.4 Let I" denote a bipartite distance-regular graph with diameter D > 3. With
reference to Definition 2.3, the following hold.
(i) For 0 < h,i,j < D, vertices i and | are adjacent in Ay, if and only if D — i and
D — j are adjacent in Ay,.
(i) Ag has no edges.
@iii) In Ap, vertexi (0 <i < D) is adjacent to D — i and no other vertices.
(If D is even then vertex D /2 is not adjacent to any vertices.)
@iv) Suppose h # 0. In Ay, vertex 0 is adjacent to h and no other vertices. Moreover,
vertex D is adjacent to D — h and no other vertices.
(v) Suppose 1 < h < D — 1. Each vertex of Ay, is adjacent to at least one other vertex.

Proof: (i)—(iv) Immediate from Lemma 2.2. (v) Leti denote a vertex of Aj, and suppose i is
not adjacent to any vertices of Aj,. By (iv) above, we find 1 <i < D — 1. By Definition 2.3,
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ql’; = 0 for j # i. Applying Lemma 2.2(ii), we find q,{i = 0 for j # i, which implies
Ej o E; is a scalar multiple of E;. This contradicts Lemma 2.1(iii). O

We call 0 and D the trivial vertices of a representation diagram.

Lemma 2.5 Let T denote a bipartite distance-regular graph with diameter D > 3 and
valency k > 3. The following are equivalent for 1 <h < D — 1.

(i) Ay is not connected.

(1) T is antipodal and h is even.

Suppose (1)-(ii) hold. Then Ay, has two connected components, one consisting of the even
vertices and one consisting of the odd vertices.

Proof: Let 0y, 01, ..., op denote the cosine sequence associated with 6.

(i) — (ii) Since A, is not connected and by [2, Proposition 2.11.1], o; = 1 for some i
(1 <i < D). By [2, Proposition 4.4.7], T is antipodal and op = 1. Now # is even by [2,
p. 142].

(i) — (1) By [2, p. 142], op = 1. Now A, is not connected by [2, Proposition 2.11.1].

Suppose (1)—(ii) hold. We already mentioned op = 1. By [2, Proposition 4.4.7], o; # 1
for1 <i < D — 1. Now by [2, Proposition 2.11.1], A, has two components. By [2, p. 413],
q[h,- = 0 if one of i and j is even and the other is odd. The result follows. O

Example 2.6 LetI" denote a bipartite distance-regular graph with diameter 3 and valency
k > 3. With reference to Definition 2.3, the following hold.

(1) A;isthepathO,1,2,3.
(i1) Suppose I' is not antipodal. Then A, is the path 0, 2, 1, 3.
(iii) Suppose I' is antipodal. Then A; is the disjoint union of the paths 0, 2 and 1, 3.

Proof: (i) By Lemma 2.4(iv), vertex O is adjacent to 1 and no other vertices. Also, vertex
3 is adjacent to 2 and no other vertices. By Lemma 2.5, A is connected, so 1 is adjacent to
2 and we are done.

(i), (iii) Similar to the proof of (i). a

3. Leaves

Definition 3.1 Let I" denote a bipartite distance-regular graph with diameter D > 3 and
valency k > 3. Fix h (1 <h < D — 1) and let A = A}, denote a representation diagram
of I". Let / denote a vertex of A. By Lemma 2.4(v), / is adjacent to at least one vertex of
A. We say [ is a leaf whenever [ is adjacent to exactly one vertex of A. Observe / is a leaf
if and only if there exists an idempotent F' of I with F' # E; such that

Eh o) E] [S Span {El, F} (6)

By Lemma 2.4, [ is a leaf if and only if D — [ is a leaf. Also, the trivial vertices 0 and D of
A are leaves.
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Theorem 3.2 Let I denote a bipartite distance-regular graph with diameter D > 3 and

valency k > 3. Let A, (1 < h < D — 1) denote a representation diagram of T'. Suppose

Ay, has at least one nontrivial leaf. Then the following hold.

(1) Ay is the disjoint union of two paths, one consisting of the even vertices and one
consisting of the odd vertices.

(i) T is antipodal and h is even.

Proof: We abbreviate A := A,

(1) If D = 3 the result follows from Example 2.6, so suppose D > 4. Let o0y, o1, ..., 0p
denote the cosine sequence associated with 6,. We show there exists § € R such that
0i—1 — Bo; + 0,4 is independent of i for 1 <i < D — 1.

By assumption, A has a nontrivial leaf. Let us denote this leaf by /. Let ¢ denote the vertex
of A to which/ is adjacent. Apparently, ¢ # [ and there exist €, { € R with ¢ # 0 such that

E,oE =€E, +CE,. @)

Let po, p1, ..., pp and 19, Ty, ..., Tp denote the cosine sequences associated with 6, and
0, , respectively. We use (2) to eliminate Ej, E; and E; from (7) and then apply (4). In the
result, we equate coefficients of A; and simplify to find that for 0 <i < D,

0ipi = Xpi + YT, 3
where x = |X|m;16 and y = |X|m,m;1mf1§. Note y # 0 because ¢ # 0.
We use (8) for 0 < i < 4. Repeatedly applying (3) and (1), we find for 0 < i < 4 that
o; = fi(6h), pi = fi(6)) and T; = f;(6;), where the functions f; are given by

A2 —k
kb,

A
o) =1, fl(?»)=%, ) = 9

A3 — (k + c2b1)A A — (k + c2by + C3b2))\.2 + c3kby
AN)= —M—— A) = . . 10
f3(A) Kb1bs Ja(d) kb babs (10)

We seti = 0, 1 in (8) to obtain two linear equations in x and y. To solve this system, we
first verify the coefficient matrix is nonsingular. This coefficient matrix is

(’: Z(’) (11)
1 1

Evaluating the determinant of (11) using (9), we find this determinant equals (6, — 6,)k .
This is nonzero, so the coefficient matrix is nonsingular. We now solve the system of
equations to find in view of (9) that

_ Ot — O,k _ Ok —6y)

ke T ka6 2
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Note 6 is a factor of y and so cannot be zero. We set i = 2 in (8), apply (9) and (12) and
solve for 6, to get

0, = 9129}1 + 0[2 - ehk - k2

13
t = (13)
We seti = 3 in (8), apply (9)—(10), (12) and (13), and simplify to find

k2 _ 02 k2 _ 02

2= 00U 2 60) (4, — ey — 18,067 — otk + ) = 0. (14)

0,k2b3b?

The fraction is nonzero and b,(k + 6;,) # 0, so by — (¢, — 1)6;, #£ 0. We solve (14) for 912
to get

o (kt6)b

SR (1

We set i = 4 in (8) and apply (9)—(10), (12), (13) and (15) to find the left side minus the
right is

(k> = 67)(k + 64) (k> — 67) 2
07 (by — (c2 — 1)6),)2k>b2bb3

(16)

times
(by — b3)6j} + (by — b3¢2)0; + (2b3by — b3caby — b3)6) + b3 (b3 — 1). (17)

Since (16) is nonzero, (17) must be zero.
By [3, Lemma 9.3] and since (17) is zero, there exists 8 € R such that o;_; — o, + 0,41
is independent of i for 1 <i < D — 1. Now, by [4, Theorem 5.4], either A is a path or A
is as in (i). Since A has a nontrivial leaf, A cannot be a path. So A is as in (i), as desired.
(>ii) By (i), A is not connected. Now the result follows by Lemma 2.5. O

Example 3.3 Let I" denote a bipartite antipodal distance-regular graph with diameter 4
and valency k > 3. With reference to Definition 2.3, the following hold.

(i) Aj is the disjoint union of the paths 0, 2, 4 and 1, 3.
(i1) Suppose h =1 or & = 3. Then A; has no nontrivial leaves.

Proof: (i) Immediate from Lemma 2.4(iv) and Lemma 2.5.
(ii) Since & is odd, Aj, has no nontrivial leaves by Theorem 3.2. O

Example 3.4 Let I' denote a bipartite antipodal distance-regular graph with diameter 5
and valency k£ > 3. With reference to Definition 2.3, the following hold.
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(1) Aj is the disjoint union of the paths 0, 2, 4 and 5, 3, 1.
(i) Ay is the disjoint union of the paths 0,4, 2 and 5, 1, 3.
(iii) Suppose 2 =1 or h = 3. Then A; has no nontrivial leaves.

Proof: (i) By Lemma 2.5, the even vertices of A, comprise a connected component.
This component consist of the path 0, 2, 4 since vertex 0 is adjacent to 2 but not 4 by
Lemma 2.4(iv). Now the odd vertices form the path 5, 3, 1 by Lemma 2.4(i).

(i1) Similar to the proof of (i).

(iii) Since & is odd, Aj, has no nontrivial leaves by Theorem 3.2. O

In the next lemma and the following two examples, we recall some information about
the D-cube.

Lemma 3.5 [2, Section 9.2] Let T" denote the D-cube.
(i) T is antipodal.
(i) ForO0 <h,i,j<D,q}, #0ifli — jl =handq]; =0ifli — j| > h.

Example 3.6 Let D denote an odd integer with D > 3 and let I" denote the D-cube. With
reference to Definition 2.3, the following hold.

(i) A; is the disjoint union of the paths 0,2,4,...,D —land 1,3,5,..., D.
(il)) Ap-_; is the disjoint union of the paths 0, D — 1,2, D —3,...and D, 1,D —2,3,....
(iii)) Suppose i # 2 and h # D — 1. Then A, has no nontrivial leaves.

Proof: (i) I is antipodal by Lemma 3.5(i), so by Lemma 2.5, A, has two connected
components, one consisting of the even vertices and one consisting of the odd vertices. For
0<i,j< D,weseebyLemma3.5(ii)thatqi2j #0if i — j| = 2andqi2j =0if i —j| > 2.
The result follows.

(i) We mentioned I" is antipodal, so by Lemma 2.5, A p_; has two connected components,
one consisting of the even vertices and one consisting of the odd vertices. For0 < i, j < D,
we see by Lemma 3.5(ii) that qilj #0if |i — j| =1and qilj =0if |i — j| > 1. Applying
Lemma 2.2(v), we then get g5~} # 0if i — j| = L and g5~} = 0if |i — j| > 1. The
result follows.

(iii) Follows from Theorem 3.2, [4, Theorem 5.4]and [3, Example 17.1] |

Example 3.7 Let D denote an even integer with D > 4 and let I denote the D-cube.
With reference to Definition 2.3, the following hold.

(i) A; is the disjoint union of the paths 0,2,4,..., D and 1,3,5,..., D — 1.
(ii) Suppose i # 2. Then Aj has no nontrivial leaves.

Proof: (i) By Lemma 2.5, A; has two connected components, one consisting of the even
vertices and one consisting of the odd vertices. For 0 < i, j < D, we see by Lemma 3.5(ii)
that qizj #0if |i — j| =2 and ql-zj = 0if |i — j| > 2. The result follows.

(i1) Follows from Theorem 3.2, [4, Theorem 5.4]and [3, Example 17.1]. O
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Theorem 3.8 Let I denote a bipartite distance-regular graph with diameter D > 3 and
valency k > 3. Let A = A, (1 < h < D — 1) denote a representation diagram of T.
Suppose A has a nontrivial leaf. Suppose T is not one of Examples 2.6, 3.3, 3.4, 3.6, 3.7.
Then either (a) D is odd and h = D — 1 or (b) D = 1(mod4) and h = (D — 1)/2. In case
(a) the nontrivial leaves are (D — 1)/2 and (D + 1)/2. In case (b) the nontrivial leaves are
land D — 1.

Proof: Let/ denote a nontrivial leaf of A. Then D —1 is also a leaf. Replacing / by D —/
if necessary, we assume / < D /2. Recall Ej, o E; is a linear combination of £; and one other
idempotent of I'. By [7, Lemma 4.4], I" is either 2-homogeneous in the sense of Nomura
[8] or taut in the sense of MacLean [7].

First suppose I' is 2-homogeneous. By [8, Theorem 1.2], either I is antipodal with D < 5
or I' is the D-cube. But this implies I" is as in one of the examples we excluded.

Next suppose I is taut and D is even. Set d := D /2. By [7, Theorem 4.3], [ is either 1
ord.By [7, Corollary 6.6],/ = d — 1. Combining these facts, we find/ = 1 and d = 2. Now
D = 2d = 4. Recall T is antipodal by Theorem 3.2(ii). Now I is as in Example 3.3(ii),
which is a contradiction.

Finally, suppose I is taut and D is odd. Set d := (D — 1)/2. By Theorem 3.3(ii), % is
even. By [7, Theorem 4.3], the ordered pair (%, /) isone of (D — 1, d), (d, 1),and (D —d, 1).
First suppose (h,/) = (D — 1, d). Then we have (a). Next suppose (4,[) = (d, 1). Since
D = 2d + 1 and since d = h is even, we have (b). Finally, suppose (4,!) = (D —d, 1).
By [7, Theorem 6.2, Corollary 6.3], Ep_; 0 E| € Span {E, Eg} for some R, S such that
1 < S < R. But this contradicts (6). O

Note 3.9 The doubled Odd graph 2.0y is the only known graph for which (a) holds in
Theorem 3.8. There is no known graph for which (b) holds.
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