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Abstract. Let I" be a graph with diameter d > 2. Recall I is 1-homogeneous (in the sense of Nomura) whenever
for every edge xy of I" the distance partition

{fzeVID) [0z y)=1,0(x,2) = j} 0=, j<d}

is equitable and its parameters do not depend on the edge xy. Let I" be 1-homogeneous. Then I' is distance-regular
and also locally strongly regular with parameters (v, k', A, '), where v = k, k' = a;, (v’ — k' — D' =
K (k' —1—2"yand ¢ > p' + 1, since a pu-graph is a regular graph with valency u'. If c; = ' + 1 and ¢ # 1,
then I' is a Terwilliger graph, i.e., all the p-graphs of I' are complete. In [11] we classified the Terwilliger 1-
homogeneous graphs with ¢; > 2 and obtained that there are only three such examples. In this article we consider
the case c; = u' +2 > 3, i.e., the case when the u-graphs of I" are the Cocktail Party graphs, and obtain that
either ' = 0, &’ = 2 or I is one of the following graphs: (i) a Johnson graph J(2m, m) with m > 2, (ii) a folded
Johnson graph J(4m, 2m) with m > 3, (iii) a halved m-cube with m > 4, (iv) a folded halved (2m)-cube with
m > 5, (v) a Cocktail Party graph K, x> with m > 3, (vi) the Schléfli graph, (vii) the Gosset graph.

Keywords: distance-regular graph, 1-homogeneous, Cocktail Party graph, Johnson graph

1. Introduction

We study 1-homogeneous graphs in the sense of Nomura [16] (defined later in this section).
Some examples of such graphs are distance-regular graphs with at most one i, such that
a; # 0 (e.g. bipartite graphs, complete multipartite graphs K,,; and generalized Odd
graphs, in particular triangle free strongly regular graphs), regular near (2n)-gons (i.e.,
distance-regular graphs with a; = c¢;a; for all i and no induced K5 ), Taylor graphs
(antipodal distance-regular 2-covers of complete graphs with diameter three), the Johnson
graphs J(2d, d), the folded Johnson graphs J (4d, 2d), the halved n-cubes, the folded halved
(4n)-cubes and 3-valent distance-regular graphs [11, Proposition 3.5].

Let ' be a graph with diameter at least 2, and let x, y be vertices of I" at distance 2.
Then the p-graph of x and y is the subgraph of I' induced by their common neighbours.
Let I' be 1-homogeneous. Then I' is distance-regular, locally strongly regular and, by
[11, Proposition 2.1], the local graphs have the same parameters. Let us denote them by
(W', k', A, u'). Obviously, we have v/ = k, k' = a;,(v' — k' — Du/ = kK'K' —1 -1
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and ¢; > @' + 1, since a p-graph is a regular graph with valency u’ by [9, Theorem 3.1].
The case ¢c; = ' + 1 > 2, i.e., the case when T is a Terwilliger graph, was classified in
[11]. The p-graphs of Terwilliger graphs are complete graphs. Since many of the above
mentioned examples of 1-homogeneous graphs have the property that their p-graphs are
complete multipartite graphs, it is natural to study 1-homogeneous graphs or even some
more general graphs satisfying this property. Alternative motivation comes from the study
of extended generalized quadrangles, see for example [5] and [22].

We establish some general properties of distance-regular graphs with certain local struc-
ture, parameters and eigenvalues. There are some families of 1-homogeneous graphs for
which we can show that their u-graphs are complete multipartite. One such (obvious) ex-
ample is the case ¢c; = u' + 2 > 3, i.e., the case when the p-graphs are Cocktail Party
graphs. In this case we show that either A’ = 0 and i’ = 2 or the smallest eigenvalue of each
local graph is —2 and so, by Seidel’s classification [17], [3, Theorem 3.12.4], either A’ = 0
and u’ = 2 or each local graph of I is one of the well known strongly regular graphs. In the
latter case we show that I' must be one of the well known distance-regular graphs. Before
we state the precise statement of our main result, we establish some notation and review
basic definitions, for more details see Brouwer, Cohen and Neumaier [3], and Godsil [8].
At the end of this section we describe the organization of this paper.

Let us first recall that an equitable partition of a graph is a partition & = {Py, ..., P}
of its vertices into cells, such that for all i, j € {1, ..., s} the number c¢;; of neighbours,
which a vertex in the cell P; has in the cell P;, is independent of the choice of the vertex
in P;. Let " be a connected graph with diameter d. For a vertex x of I' we define I';(x)
to be the set of vertices at distance i from x, and set I'(x) = I'j(x). For y € I';(x) and
integers j and i we define Dh(x v) =T'j(x) N4 (y) and ph(x y) = |Dh(x y)|. Then T’
is i-homogeneous in the sense of Nomura [16] when the dlstance partltlon corresponding
to any pair x, y of vertices at distance i, i.e., the collection of nonempty sets Dj (x, y), is
an equitable partition, and the parameters corresponding to all such equitable partitions are
independent of vertices x and y at distance i. Note that the graph I" is 0-homogeneous if and
only if it is distance-regular, and that if I" is 1-homogeneous then it is distance-regular.

Let I be a graph. As usually, we denote the distance between vertices x and y of I" by
d(x, y). If x, y and z are vertices of I" such that a(x, y) = 1, d(x, z) = d(y, z) = 2, then
we define a (triple) intersection number «(x, y, z) = |[['(x) N[ (y)NT'(z)| (see figure 2.1(b)
and (c) and also figure 1.1). We say that the parameter « of I" exists when o = a(x, y, z)
for all triples of vertices (x, y, z) of I such that d(x,y) = 1, d(x,z) = d(y,z) = 2. If
I" is 1-homogeneous graph with diameter d > 2 and a, # 0, then « exists. A strongly
regular graph with a; 7 0, that is locally strongly regular is 1-homogeneous if and only
if o exists (see figure 1. l(a)) Similarly, we say that the intersection number p! i exists in
a graph I if p}h(x y) = p! i for all pairs of vertices x and y at distance i. Of course, if "
is distance-regular, then for all i, j and h the numbers ph exist. Let a;(x, y): —ph(x y),
bi(x,y):=pi ;1 (x, y) and ¢;(x, y):= p|,_(x, y).

For a vertex x of a graph I we define the local graph A(x) as the subgraph of I', induced
by the neighbours of x. If T is distance-regular, then A(x) has k = by vertices and valency
a;.Let C be a graph (or a class of graphs). The graph I" is said to be locally (resp. p-locally)
C, when each local graph (resp. each p-graph) of I" is isomorphic to (or a member of) C.
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Figure 1.1. Let I be a strongly regular graph (v, k, aj, ¢2) with ap = k — ¢ % 0. Then I' is 1-homogeneous,
i.e., it is a locally strongly regular graph (v', k', A", 1”), and for which « exists, if and only if its complement is
2-homogeneous. For the second subconstituent of the complement of I" is isomorphic to the complement of a
local graph of I" and for vertices x and y of I' at distance 2 a vertex in Dll(x, y) has a; — « neighbours in the
set D%(x, y). (a) the distance partition of 1-homogeneous graph I" corresponding to two adjacent vertices; (b)
the distance partition of the complement of 1-homogeneous graph I', corresponding to two vertices at distance 2,
wherea; =v —2k +cy —2,ca=v—2k+aj, N =k —2a;+u' —2, 1/ =k —2a, + N, k=kb|/c; and k — b; =
arbi/cr.

10 110, 53 2
10 5 | 2
1\16 ? 1| 1 1 ]01 g 1
10,16 16)10 10 5)4
1 ( 4 :
1| /16 1 1641 11/10 A 1
o N 5 13 3 12
(a) the Gosset graph (b) the Schlafli graph (c) the Clebsch graph (d) the 3-prism

Figure 1.2. A tower of graphs with their distance partitions corresponding to two adjacent vertices (all but the
last one are 1-homogeneous graphs): (a) the Gosset graph is a unique distance-regular graph with intersection
array {27, 10, 1; 1, 10, 27}, an antipodal 2-cover of the complete graph K»g, and it is locally Schlifli graph see
[3, pp. 103, 313]; (b) the Schléfli graph is a unique strongly regular graph (27, 16, 10, 8) and it is locally halved
5-cube, see [3, p. 103]; (c) the halved 5-cube, also known as the Clebsch graph, is a unique strongly regular graph
(16, 10, 6, 6) and it is locally J (5, 2), i.e., the complement of the Petersen graph, see [3, p. 264] (so the local graph
is not 1-homogeneous), the Johnson graph J(5, 2) is a unique strongly regular graph (10, 6, 3, 4) and is locally
the 3-prism; (d) the 3-prism has two different distance partitions corresponding to an edge.

Note that the distance partition of the Gosset graph corresponding to two adjacent vertices is at the same
time also its distance partition corresponding to two vertices at distance 2 (actually, in general, a 1-homogeneous
2-cover with diameter D is also (D — 1)-homogeneous).

We are now ready to state the main result of this paper.

Theorem 1.1 Let I' be a 1-homogeneous graph with diameter d > 2. Recall that for
each vertex x of T the local graph A(x) is strongly regular with parameters independent
of x; we denote these parameters by (V', k', M, ). If c = ' + 2 > 3, then either
AMN=0,u=2,d>3anda =1, or T is one of the following graphs:

(i) a Johnson graph J(2m, m) withm > 2,
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(ii) a folded Johnson graph J(4m, 2m) with m > 2,
>iii) a halved m-cube with m > 4,
(iv) a folded halved (4m)-cube with m > 2,
(v) a Cocktail Party graph K,,»» withm > 3,
(vi) the Schldfli graph with intersection array {16, 5; 1, 8},
(vii) the Gosset graph with intersection array {27, 10, 1; 1, 10, 27}.

Remark The Gosset graph is locally the Schlifli graph, see figure 1.2.

The graph I' in the above statement is p-locally the Cocktail Party graph. Our study is
part of a larger project to classify 1-homogeneous graphs that are p-locally complete mul-
tipartite. There are also very interesting examples of 1-homogeneous graphs that are u-
locally several copies of complete multipartite graphs or even the 2-extension of the halved
5-cube.

The multipartite graph K, ,, is the complement of ¢ cliques of size n, i.e., the multipartite

graph K, ... With ny = n, = .- = n, = n. In particular, K, is the Cocktail
Party graph. Let I be a distance-regular graph with diameter d > 2 and eigenvalues
6o > 6, > --- > 6;. An easy eigenvalue interlacing argument guarantees ; > 0 and

04 < —+/2. We say that I is tight whenever it is not bipartite and
k(ay +b%b7) = (ar = b*)a = b7),
where

and b= —1-

146y 146,

Ford = 2wehaveb; = —(1+0;)(1+6,),b™ = 0, b~ = 0,, and therefore I' is tight (i.e.,
0, = 0) if and only if it is a complete multipartite graph K, with ¢t > 2 (i.e., a; # 0 and
© = k). Tight graphs of diameter d > 3 were characterized in a number of ways in [10].
For example, if I is a distance-regular graph with diameter d > 2, then I" is tight if and
only if I" is 1-homogeneous with a; # 0 and a; = 0. Some examples of tight graphs are
the Patterson graph and 10 tight antipodal distance-regular graphs with diameter four.

bt =—1-

Corollary 1.2 Let I' be a tight graph with diameter d > 2. Recall that for each vertex x
of T the local graph A(x) is strongly regular with parameters independent of x; we denote
these parameters by (V', k', )/, (). If c; = 1/ + 2, then either ' =0, ' = 2,d > 3 and
o =1, or T is one of the following graphs:

(i) a Johnson graph J(2m,m), withm > 2,

(i1) a halved (2m)-cube, withm > 2,
(iii) a Cocktail Party graph K, «x», withm > 3,
(iv) the Gosset graph with intersection array {27, 10, 1; 1, 10, 27}.

Proof: Ifd = 2 then I is a complete multipartite graph K, withm > 3,and ¢c; — ' =
(m —2)n —(m —3)n = n = 2 implies that I is a Cocktail Party graph K, «» withm > 3. So
let us now assume d > 3. Since I' is a tight graph, it is locally connected and a; = 0 by [10,
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Theorem 12.6 and Theorem 11.7]. Now p/ = 0, implies that the local graph is complete,
and hence T is complete as well, so we have /> 1 and ¢c; = u’ + 2 > 3. Hence, I is one
of the graphs in the list of Theorem 1.1 with a; = 0 and we are done. O

The paper is organized in the following way. In Section 2 we introduce some local conditions
that are satisfied by a 1-homogeneous graph having all the p-graphs equal to the complete
multipartite graph K,,. Then we establish some basic properties of graphs that satisfy
these local conditions. The most important such property is that the intersection parameter
o canonly be f ort — 1. Let I" be a graph that satisfies these local conditions. In Section 3
we study the smallest eigenvalue of the local graphs of I'. If & = ¢, then —n is the smallest
eigenvalue of I". If « = r — 1, then either n # 2,0r A’ = Oand i/ = 2. This sets the stage for
our classification of 1-homogeneous graphs with ¢; = @' + 2. In Section 4 we determine
all such graphs that are additionally locally grid graphs or locally triangular graphs. In
Section 5 we prove the main theorem.

2. Local regularity conditions

We establish some basic properties of graphs that satisfy certain local regularity conditions.

If a graph I' is regular with v vertices and valency k in which any two vertices at
distance 2 have precisely u = u(I") common neighbours, then it is called co-edge-regular
with parameters (v, k, ), see [3, p. 3]. Let I" be a distance-regular graph with diameter
d. For vertices x and y of I' at distance i, 1 < i < d, we define the sets C;(x, y) =
Fici(x) NL(y), Ai(x, y) = Ti(x) N I(y) and B;(x, y) = I'iy1(x) N I(y), and say that T
has the CAB; property, j > 1, when the partition

CABi(x7 )’) = {Ci(x7 y)v Ai(-x’ y)a Bi(x7 )’)}

of the local graph of y is equitable for each pair of vertices x and y of I" at distance i < j.
Since the graph I with a; # 0 is I-homogeneous graph if and only if it has CAB, property
(see [11, Theorem 3.1]), we can now take a local approach to 1-homogeneous graphs.

We will start with a study of a distance-regular graph I with diameter at least 2 that is
p-locally the complete multipartite graph K,,,n,t € N, and for which a, # 0 and the
intersection number « exists witha > 1. Since @ < a; we have alsoa; # 0. The intersection
number o exists in a distance-regular graph with a, # 0 when it has additionally the CAB,
property (« is equal to the number of neighbours that a vertex of A, has in C5), therefore also
for 1-homogeneous graphs. Certain examples of tight graphs are p-locally the complete
multipartite graph K;,, n, ¢t € N, cf.[10] and [12]. If T is 1-homogeneous, thenc, = p'+1
if and only if I is a Terwilliger graph, i.e., I' is u-locally K. Such graphs with ¢, > 1 have
been classified in [11, Theorem 4.10].

Itis quite natural to assume a, # 0in I, since otherwise we have, by [3, Proposition 5.5.1]
and [3, Proposition 1.1.5], either

(a) a; = 0, in which case any partition of a local graph of I" is equitable, or
(b) a; # 0and d = 2, in which case I' is K(41)xn-
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Similarly, as in the case of Terwilliger 1-homogeneous graphs [11, Lemma 4.1], there are
also only two possibilities for « in the present situation.

Lemma 2.1 Let I" be a distance-regular graph with diameter at least 2 that is p-locally
the complete multipartite graph K,,, and for which a, # 0 and the intersection number
o exists with « > 1. Then the following holds.

(1) co = nt, each local graph of T is p-locally Ky_1yx, and co-edge-regular with
parameters (V', k', u"), where v/ = k, k' = ay, and W' = n( — 1). Moreover,
aay = cr(ay — ).

(ii) Let x and y be vertices of T at distance 2. Then for all z € D(x,y) the subgraph
induced by T'(z) N Dll(x, y) is complete.

(i) o e{t —1,t},ie,t —1 <a <t,
(iv) T is a Terwilliger graph (i.e., c; = ' + 1) ifand only ifn = 1, and

(v) T is locally connected if and only if t # 1 (in which case every local graph has
diameter 2).

Proof:

(1) A p-graph of I' is K, so it has ¢, = nt vertices. Let x be a vertex of I'. Since
' has diameter at least 2, the local graph A(x) is not a complete graph. Any two
nonadjacent vertices of A(x)have u’ = (t — 1)n common neighbours in A(x) and these
common neighbours induce K;_1)x,. Hence A(x) is co-edge-regular with parameters
(k,ay, u'). By a two way counting of the edges between Dll(x, y) and D%(x, y), we
find aar, = cr(a; — w).

(i) Suppose the opposite. Then |D]1(x, y) N T'(z)| > 2 and there exist two nonadjacent
vertices u, v € D!(x,y) NT(z). Then D!(u, v) D {x, y, z} and the subgraph induced
by D}(u, v) is not complete multipartite, since y and z are in the same coclique as x
and are adjacent.

(iii) We have o < ¢ by (ii). Let x and y be vertices of I at distance 2. Let z € Df(x, y)
and A = I'(z) N D{(x, y). Suppose o < t — 2. Then there are two adjacent vertices
u,v € D|(x,y) such that the subgraph induced by {u}U{v}U A is complete and
0(u, z) = 2 = 9(v, ). Then the set I'(u) N D%(v, z) contains A U {x}, which means
thata = |A| > |A U {x}| = o + 1. Contradiction! Hence « >t — 1.

(iv) and (v) Let r ## 1 and w;, w, be nonadjacent vertices of the local graph A(x). Then
X € Dll (wy, wyp) 80 dr(wy, wy) = 2 and there is (f — 1)n neighbours of x in the w-graph
of w; and w, and hence also in the local graph A(x). Hence A(x) has diameter 2. The
rest follows now directly from (i). 0

We could relax the distance-regularity assumption on the graph I' in Lemma 2.1 to the
requirement that the intersection numbers k, ¢;, a; and a; exist (see figure 2.1(a)).

Since the 1-homogeneous graphs that are p-locally K, ,, with # = 1 have been classified
in [16], we assume from now on ¢ > 2. Lemma 2.1 implies that we can calculate a, in terms
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Figure 2.1. (a) The distance distribution corresponding to a vertex and the intersection numbers k, aj, ¢ and
ay; (b) The distance distribution corresponding to y and z, d(y,z) = 1. Then we have ID%(y, z)| = a; and
\Dlz(y, 2)| = \Dlz(y, z)| = by. (c) The distance distribution corresponding to x and y, d(x, y) = 2. Then we have
ID}(x, y)| = c2 and | D(x, y)| = [D}(x, )| = a.

of a;,n and ¢:

na; — (@t — Dn? ifa =1,
a = an (1)

—n’t ifa=1r—1.

Let us now assume additionally that the local graphs of I" are strongly regular with parame-
ters (v/, k', A, u’). We have already mentioned that @ < a; implies a; # 0. In Lemma 2.1(i)
we expressed v', k" and ' in terms of ay, n and ¢, therefore we can do the same for A':

_M:al_wn(t_l)_w,
ai aj

)\,/:al_l+ﬂ/ (2)

If d = 2, then I is strongly regular and 1-homogeneous.

3. Eigenvalues of local graphs

Let I" be a distance-regular graph with diameter at least 2, that is locally strongly regular
and p-locally the complete multipartite graph K., ¢ > 2, for which a, # 0, and the
intersection number « exists with « > 1. We study the smallest eigenvalue of a local graph
of I'.

Let xj, ..., x, be vertices of a graph I'. Then we denote the intersection I'(x;)N - - -
NT(x,) by I'(xy, ..., x,) and the corresponding induced subgraph by A(xy, ..., x,).

Lemma 3.1 Let I" be a distance-regular graph with diameter at least 2 that is locally
strongly regular with parameters (V', k', M, u') and w-locally the complete multipartite
graph K;x,,t > 2, for which a, # 0, and the intersection number o exists with o > 1.
For an edge xy of T', the subgraph A(x, y) is co-edge-regular with parameters (v, k", "),
where

V' =K, K'=%, and w’ =n@t—2),
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for t > 3 the subgraph A(x,y) has diameter 2, and it contains an equitable partition
7w = { Py, P,} with quotient matrix

nit—2) N —nt-2)
a—1 N—a+1 )
In particular, |Pi| = n(t — 1), |P,| = a; —n(t — 1) and

(@ — D@ —nt—1)=Q — @ —2n)nE —1). 3)

Proof: The verification of co-edge-regularity is similar as in the case of Lemma 2.1(1).
Let z € D21(x, y). By Lemma 2.1(iii) and the fact that the valency of A(x, y) is A/, the
partition

L) NT(y) NI (), I'(x) N T(y) NTa(2)},

is an equitable partition of the graph A(x, y) with the required quotient matrix, see
Figure 2.1(b, c). The first set in the above partition has u' = n(t — 1) vertices, while the
other one has a) = k' — ' = a; —n(t — 1) vertices. We obtain (3) by a two way counting
of edges that are connecting vertices from different parts of the above partition. O

The relation (3) gives us

aj(e—1)

N=1-n-— t—1 ,
n—ao—+n( )+ ni—1)

“4)

hence n(t — 1) | a;(a — 1). The above relation and (2) imply that one can express k in terms
of n,a, t and a,.

Theorem 3.2 Let I" be a distance-regular graph with diameter at least 2, that is locally
strongly regular and w-locally the complete multipartite graph K,,, for which a; # 0,
and the intersection number « exists with « = t > 2. Then, for all vertices x of ', the
smallest eigenvalue of A(x) equals —n.

Proof: Suppose that the parameters of the local graphs that are strongly regular are
W', k', A, u). It follows directly from the relation (3) and « = ¢ that a; — n(t — 1) =
(A — (t — 2)n)n. Now using that n(t — 1) = u’ and a@; = k' it follows that k' — u’ =
(A — i/ 4+ n)n and hence —n is the negative eigenvalue of the local graph A(x) with
parameters (v, k', A/, i'). O

Theorem 3.3 Let I" be a distance-regular graph with diameter at least 2, that is locally
strongly regular with parameters (V', k', ', u') and u-locally the complete multipartite
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graph K,y,, for which a, # 0, and the intersection number o exists witho =t — 1 > 2.
Then there exists a positive integer a such that —a — n is the smallest eigenvalue of every
local graph and

n\ —n@t —=2) =alt —2)(\ —n@ —3)+a). 5)
In particular, a(t — 2) < n.
Proof: Fix a vertex x of I'. Let s be the smallest eigenvalue of the local graph A(x). Then
w—k =0 —pu —9)s.

On the other hand, k' = a; and ' = n(t — 1) by Lemma 2.1(i), so by (3) and @ = ¢ — 1,
we have

O =W +mn —1) =@ —=2)0" — 1 —5)(=9).

This means that —s > n, in particular s is negative. Seta := —n — s in the above identity and
we obtain (5). To show that a is integral, suppose the opposite. Then A(x) is a conference
graph with parameters (4 + 1,2/, ' — 1, '), s0k =4/ +1,a; =2/ and M = ' — 1.
Applying (4) weobtainn =t — 1, s0k =4t — 1)> +1,a, = b, =2(t — 1), c, = nt =
(t — Dt, M =t(t —2)and ky = kb, /c; = 2(4t> — 8t + 5)(t — 1)/t, which implies ¢|10,
thus, by t > 3, we have t = Sor¢ = 10. Let y € I'(x). Then, by |D%(x, y)| = b; and
|D%(x, W =ai(by — b)) /a =2(t — 1)3, we obtain

(t — 1)(=5t2 4+ 8t —5+1%) -
t

07

ky — |D3(x, y)| — [Dy(x, y)| = -2

which is impossible. Therefore, A(x) is not a conference graph, and so a is integral.
Suppose a(t — 2) > n. Then, by (5), we obtain

AN—n(t—-2)>)N—n(t-3)+a, ie., —n>a,
which is not possible since a is a positive integer. Therefore, we have a(t — 2) < n. O
Note that the assumptionse =t — land o > 1 imply t = + 1 > 2.

Corollary 3.4 Let I" be a distance-regular graph with diameter at least 2, that is locally
strongly regular with parameters (V', k', \', u') and p-locally the Cocktail Party graph
K2, for which a, # 0, and the intersection number o exists witha =t — 1. Then o = 1,
AN =0and ' =2.

Proof: Suppose o > 1,1i.e.,t > 3. By Theorem 3.3, we obtain a(t —2) < n = 2, and

therefore a = 1 and ¢+ = 3. This implies that every local graph in I" is strongly regular with
parameters (57, 16, 5, 4). However, this is not possible, since for these parameters we do
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not have integral eigenvalue multiplicities. Therefore, « = 1, and so r = 2. Hence u’ = 2
and A’ = 0 by Lemma 2.1(i) and relation (4). O

Lemma 3.5 Let I" be a distance-regular graph with diameter at least 2 that is locally
strongly regular with parameters (k, ay,0,2) and eigenvalues a; > p > q. Then p
is a nonnegative integer, not congruent 3(mod 4), ¢ = —p —2,a; = (p + 1)> + 1,
k=14a(a;+1)/2and by = ai(a; — 1)/2.

Proof: The graph I is not locally a conference graph, since A’ =0#£ 1=y —1,s0 p
is a nonnegative integer and we have

)\-/_M/
2

2 )\‘/_ N2
(p+1)2=<p+ ) - 4“) + kK —p)y=a —1.

The multiplicities of the nontrivial eigenvalues are integral if and only if p is not congruent
3 (mod 4). The remaining relations are straightforward. O

Remark 3.6

@i For p = 0,1,2, ie., ag = 2,5,10, the local graphs of I are respectively the
quadrangle, the folded 5-cube with intersection array {5, 4; 1, 2} (also called the Cleb-
sch graph), and the Gewirtz graph with intersection array {10, 9; 1, 2}. These are the
only known strongly regular graphs with A = 0 and p = 2.

(i) We are interested in the case, when I' is additionally p-locally K;x»,t > 2, ap # 0
and the intersection number & = 1. Then, by Lemma 2.1(iii) and (i), Lemma 3.5 and
the nonexistence of a strongly-regular graph with parameters (57, 16, 5, 4), we have

t=2, =4, a >5 ay=4>@a —2),
b, =(a; —5)a; —2)/2 and d > 3.

Finally, if we additionally assume that I" is 1-homogeneous, then we can apply [11,
Algorithm 4.7] in order to obtain that d # 3 and that I" is not locally Gewirtz, i.e.,
a; # 10.

Conjecture 3.7 There is no 1-homogeneous distance-regular graph with diameter at

least 2, that is locally strongly regular with parameters (v’, k', 0, 2), that has a, # 0, the
intersection number o = 1 and that I" is p-locally K;y», t > 2.

4. Locally grid and locally triangular graphs

Before we start to study locally grid and locally triangular graphs, we need to introduce
some basic notions about codes. Let I" be a graph with diameter d and the vertex set X. A
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code C in I" is a nonempty subset of X. Then the distance of a vertex x € X to C and the
covering radius of C respectively are

d(x, C):=min{d(x,y) | y € C} and ¢(C):=max{d(x,C)|x € X}.

Let P; be the set of vertices at distance i from C and t = #(C). The code C is completely
regular when the partition {P; | i = O,...,t} is equitable. This definition is due to
Neumaier [14], who showed that in the case of distance-regular graphs it is equivalent to
the original Delsarte’s definition, that the code C is completely regular when for each vertex
x of " and foreachi € {0, 1, ..., ¢}, the intersection number |C N I';(x)| depends only on
d(x, C), see [6] or [3, p. 351]. A partition 7 of a graph I" gives rise to the quotient graph
G/m with cells as vertices and two distinct cells P; to P; adjacent if there is an edge of
I" joining some vertex of P; to some vertex in P;. An equitable partition 7 is uniformly
regular if there are constants ey; and e such that the parameters of the equitable partition
are

€01 1fl=],
Cij =
Y €11 lfPl’\'Pj inF/rr.

The line graph of K, ,, i.e., the graph K,, x K,,, will be called the (m x n)-grid.

Proposition 4.1 Let I be a distance-regular graph with diameter at least 2. If T is locally
the (m x n)-grid and co = 4, then I is the Johnson graph J(n +m,n), orm = nand I' is
the folded Johnson graph J(2m, m).

Proof: By [3, Theorem 9.1.3], the graph I' is the Johnson graph J(n 4+ m, n),orm = n
and I" is a quotient of the Johnson graph J(2m, m). More precisely, in the latter case we can
partition the vertex set of J(2m, m) into a uniform partition v :=={P; | i = 1,...,(3")/2},
where | P;| = 2. By [3, Theorem 11.1.6], we obtain that & is completely regular, i.e. the
sets P, = {x;, y;} are completely regular with the same intersection numbers. Suppose
d(x;,y;) = h < d = m. Then, by b, # 0, there exists a neighbour v of x; that is at dist-
ance h + 1 from y;. Therefore, each neighbour of a vertex in P; is at distance & + 1 from
the other vertex of P;. Hence 4 = 1 (since otherwise ¢, = 0)anda; = 0. Sincea; = 2m—2,
this is not possible, thus d(x;, y;) = d for every i. It follows that I is the folded Johnson
graph J(2m, m). O

The last part of the above proof was motivated by the proof of [13, Theorem 2.3.3].

The line graph of the complete graph K, is the triangular graph 7'(n), i.e., the Johnson
graph J(n, 2). Note that 7(1) is an empty graph, T(2) is K, T(3) is K3 and T (4) is the
complete multipartite graph K> > », i.e., the octahedron, and 7'(5) is the complement of the
Petersen graph.

Proposition 4.2 Let I" be a distance-regular graph with diameter d > 3 and let
(1) T be locally a triangular graph,
(ii) T have the CAB; property for somei € {2,...,d — 1}.
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Then for 1 < j < i and for all vertices x and y at distance j the induced subgraph on
C;(x,y)is the triangular graph T (2 j). Furthermore, if the distance between vertices x and
yisi+ 1, then the subgraph induced on C;(x, y) is a disjoint union of triangular graphs
T(2i 4 2).

Proof: By [3, Proposition 4.3.9 and Lemma 4.3.10] (cf. [15, 20] and [21]), the condition
(i) implies

e there exists an integer n such that the graph I" is locally T (n),

e I is the halved graph of a bipartite graph I’ with intersection numbers ¢;(I'’) = i for
i <3, and

e the p-graphs in I' are isomorphic to the disjoint union of at most |1 /4] copies of K 5 5.

Sok =n(n —1)/2 and a; = 2(n — 2). Since ¢3(I'") = 3 and a,(I'") = 0, any 3-claw in I/
determines a unique 3-cube by [3, Lemma 4.3.5(ii)]. Therefore, by [3, Proposition 4.3.6 and
Corollary 4.3.7], the n-cube Q,, covers I'’. More precisely, there existsamap 7’ : V(Q,) —
V(I") that preserves distances <3. It induces a map 7 : V(% 0,) — V(I'), that preserves
adjacency (see figure 4.1). Let us denote by V' the set of vertices of I’ corresponding to
the vertices of IT".

Let us define ¢, (u’, v') :=c,,(I")(@’, v) for vertices u" and v’ at distance m in I'” and
m=1,2,...,diam(I"’). Suppose we have shown for an integer #, where 1 < ¢t < i, and
forall j € {1, ..., ¢} that

(a) the subgraph of I' induced by C;(x, y)is T'(2j) forall x, y € V(I') with 9(x, y) = j,
(b) c,(x',y)y=mforallm e {l,...,2t +1},x" € V' and y’ € I'},(x").

Conditions (a) and (b) are certainly true for # = 1 by the observation made at the beginning
of this proof and since C;(x, y) contains only one vertex, which means that it induces 7'(2).

Before continuing with the induction, we need to introduce some new notations. Let m
be a positive integer, x’ € V' and y’ € T, (x"). We say that the number c,, semi-exists if
o, v)=c, (x',y)forallu’ € V' and v’ € I',,(u') and ¢, = c,,(x’, y"). For vertices
u and v at distance s in a graph X we denote by Ix(u, v) the interval graph, that is the

halving 1

Qn - ) Qn

halving .
) r

Figure 4.1. The halved graph of O, is denoted by % Q, and called the halved n-cube.




1-HOMOGENEOUS GRAPHS 91

subgraph of X induced by the set {w € V(X) | dx(u, w) + dx(v, w) = s}, i.e., the set of
vertices that lie on a shortest path between u and v.

Let x be a vertex of I and x’ the corresponding vertex of I''. Without loss of generality
we may choose 7’ to map the vector 0 to x’. Since ¢,,(Q,) = m = c|, for all m €
{1,2,...,2t + 1}, by the induction assumption and since both graphs I and Q, are
bipartite, the map 7’ preserves distances <2¢ + 1 when at least one of the vertices is from
V’, so also the map 7 preserves distances <t, and the words of weight m in Q,, are in 1-1
correspondence with the vertices at distance m from x” in I''.

Let z € T',41(x) and let 7’ be the corresponding vertex of I'". Then 7' € I'y,4,(x") and
since ¢5,, | = 2t + 1 and I'’ is bipartite, the words of weight 2¢ + 2 in the preimage 7'
are mutually disjoint. Moreover, as 2¢ + 1 > 3, we have

_ sl D e D
Crt1 = Ct+1(-x’ Z) = i - ) ’
)

and therefore ¢}, , , semi-exists and it is equal to 2¢; 1 /(2¢ + 1). The interval graph /1 (x’, z')
consist of p :=cj, . ,/(2t + 2) copies of the (2¢ + 2)-cubes sharing only the vertices x" and
7' with each other.

Let X be the subgraph of I" induced by the set C,;1(x, z). Then X consists of p disjoint
graphs and each of them is the halved graph of the second neighbourhood of the (21 + 2)-
cube. The halved graph of the second neighbourhood of the s-cube is the Johnson graph
J(s, 2), i.e., the triangular graph T (s). It follows that the graph X is a disjoint union of p
copies of the triangular graph 7'(2¢ +2). Since I" has the CAB, | propertyandt <i <d—1
(so also t + 1 # d), the set C,1(x, z) is a completely regular code with covering radius
2 in the triangular graph T'(n). The latter graph can be considered as the line graph of K,
and the p copies of T'(2¢ 4 2) correspond to p distinguished disjoint (2¢ 4+ 2)-cliques of K,,,
which do not cover all its vertices. Every edge of K, corresponding to a vertex of A;11(x, z)
connects a vertex from one of the distinguished (2¢ 4 2)-cliques with one of the remaining
vertices of K, or, if p > 1, it connects vertices from two distinct such (27 + 2)-cliques.
However, the latter is not possible by the CAB, ;| property, thus we conclude that p = 1
and so ¢5, , = 2t + 2.

Now we will show that ¢, , = 2¢ + 3. By the fact that C;(x, z) is a completely regular
code in T'(n), it follows that b, = ("~%¥~2). We have chosen x and z to be vertices of I’
at distance ¢ 4+ 1 and x’, 7’ as their corresponding vertices of ' at distance 2¢ + 2, hence

(n—=2t—2)(n—2t—3) 1 Z

> =b1 =b1(x,2) =

b/2[+3(x/v y/)9

"
2 y'€Byia(x',2)

As T is a bipartite graph with ¢, = ¢»(I'") = 2, by [3, Proposition 1.9.1], it follows that
c;(u',v') > i for all vertices u" and v’ of I'” at distance i. So, by | By 42(x’, 2)| = b5, ., =
n—ch o, =n—Q2t+2)and by, ;(x', y) =n—cy, 5(x", y') < n— (2t + 3), we conclude
b5, 5(x',y") = n — 2t — 3, which implies ¢}, , ; = 2¢ 4 3. Now the proposition follows by
induction. O

For the convenience of the reader we give a proof of the following result.
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Theorem 4.3 (A.E. Brouwer) Let I be a bipartite distance-regular graph with diameter
d>4andc; =ifori <d— 1. Then T is a d-cube, a folded (2d)-cube or if d = 4, the
coset graph of the extended binary Golay code.

Proof: For d = 4 it follows from [4, Theorem 5.10 and Theorem 5.12] that either the
valency equals 4, 8 or 24. For valency 24 it follows, by [2], that " is the coset graph of the
binary Golay code. By [3, Theorem 11.1.6 and Corollary 4.3.7], there exists a completely
regular code with the following distance partition (figure 4.2).

IN_/n-1 2\_/n-2 3IN_/n-3 d-I\_Jn—-d+1 n
0 0 0 0 0

Figure 4.2. 'The distance partition of a certain completely regular code.

For d > 5, they were classified by van Tilborg, who showed |C| < 2. The result follows
now. O

Theorem 4.4 Let I' be a distance-regular graph with diameter d > 2. Then

(i) T is locally a triangular graph, and

(i1) T is 1-homogeneous

if and only if T is the halved n-cube, n > 4, or U is the folded halved n-cube with n =
4m, m € Nandm > 4, or I is the halved coset graph of the extended binary Golay code.

Proof: Similarly as in the proof of Proposition 4.2, we start with the following:

(a) there exists an integer n such that the graph I is locally T'(n),

(b) T is the halved graph of a bipartite graph I’ with intersection numbers ¢;(I"’) = i for
i <3, and

(c) the pu-graphsin I" are isomorphic to the disjoint union of at most |1 /4] copies of K3 2 ».

If d > 3, then, by Proposition 4.2, for vertices x and y at distance i € {1,...,d — 1} the
subgraph induced by C;(x, y) is the triangular graph 7'(2i), and for vertices x and y at
distance d the subgraph induced by C4(x, y) is a disjoint union of the triangular graphs
T(2d). Let us show that the same statement is true also when d = 2. We only need to
check it for i = 2. Let x and y be vertices of I" at distance 2. Then we want to show that
the subgraph induced by C»(x, y), i.e., the pu-graph of x and y is a disjoint union of the
triangular graphs 7'(4). Since K, > is isomorphic to 7'(4), this statement coincides with
the above property (¢).

By the CAB, property, this means that the subgraph induced on Cy(x, y) is either one
copy of the triangular graph 7' (2d), or the disjoint union of exactly n/(2d) copies of T'(2d).
Therefore, I' is a distance-regular graph with intersection numbers

2\ (n=2N . [(2d) (2
P = P = or — an — .
“PT\ ) 7 2 '= ’ € 2 )24\ 2
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The first case can happen only when 2d € {n,n — 1}. But then |V(I')| = 27=1 and, by [3,
Corollary 4.3.8(ii)], the graph I is the halved n-cube, n > 4. So we may assume that we
are in the second case. This can only happen when d > 3 and it is easy to see that 2d = d’,
where d’ is the diameter of I'". We are going to show I'’ is a distance-regular graph with
intersection numbers ¢ =i fori < d’ — 1 and ¢y = n. As in the proof of Proposition 4.2,
let V' be the set of the vertices of I'’ of the corresponding to vertices of I' and we have
shown that ¢j(x’, y') =i fori <d—landx' € V', y' € V(I") at distance i. Furthermore,
by assumptions we have ¢, = n.
Letx’ € V' and y' € V(I'). Then

/ n / n
T2 (x)] = (21’)’ T2 (y)I = (21’)’
IPa(x)] = ( n-l ) and |Ty(y)| < (”_ ! )
2d — 1 2d — 1

asci(u',v') > iforallu’,v' € V(I'') at distance i. But

d d
DML =) TG0
i=0 i=0

and therefore ¢; = i fori < 2d — 1 and ¢), = n. Hence I"’ is a distance-regular graph
with intersection numbers ¢; =i fori < d’ —1and ¢, = n, so I'" is either the n-cube, the
folded 2n-cube or the coset graph of the extended binary Golay code by Theorem 4.3. As
the halved folded (4m + 2)-cube is not 1-homogeneous, the result follows now. O

5. Proof of the main result

By Gardiner [7], in an antipodal distance-regular graph I" with diameter D a vertex x, which
is at distance i < [ D/2] from one vertex in an antipodal class, is at distance D — i from
all other vertices in this antipodal class, hence

Fpoi(x) = JITo() |y e Tix)} fori =0,1,..., [D/2]. (6)

If I" is 1-homogeneous and x, y are its adjacent vertices, then it is not hard to conclude by
(6) that, by taking antipodal quotient of I, the cells Dj:l-/ (x,y)and D,-J (x, y) fold together
for0 < i, j < |d/2]. However, it is even more effective to follow antipodal folding through
CAB; partitions of I and its antipodal quotient.

Theorem 5.1 Let I" be an antipodal graph with diameter D > 4 and let ¥ be its antipodal
quotient graph with diameter d. Then fori < d — 1 the graph ¥ has the CAB; property if
and only if T has the CAB; property, and for D = 2d the following are equivalent.

(i) The graph T is 1-homogeneous.

(ii) The graph T has the CAB, property.
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Ya a,—0—fy a8 Y a—roy

@ai_'Yd Qd@ Ba Oy X

Figure 5.1. 'The CABy partition in T" (Ieft) and the CAB, partition in the antipodal quotient graph X (right).

Moreover, if I is 1-homogeneous and a, # 0, then X is 1-homogeneous if and only if D is
even.

Proof: The first part of the statement and (i) < (ii) follow directly from the fact that
a CAB; partition of X, the corresponding CABp_; partitions of I" and the corresponding

CAB; partition of I are isomorphic by the covering projection fori = 1,...,d — 1 (see
figure 5.1).
Let yi, ..., y, be the vertices of an antipodal class of I, let x be a vertex of I at distance

d from yj, and let £ and  be the images of the covering projection corresponding to x and
y; respectively. Consider the following partition

Q=D{"(,y)U---UD{(x, y)U (r(x)\UDf‘loc, yi))
i=1

of the local graph of x (see figure 5.2). If D = 2d, then the first r sets have size c4(I'),
the last one has size a4(I"), and there are no edges between Df_l(x, y;) and D‘li_l(x, yi)
when i # j, which means that the partitions CAB,(x, y;) fori = 1, ..., r are equitable
with the same parameters if and only if the partition €2 is equitable, in which case €2 has the

Figure 5.2. The partition corresponding to the distance distribution of the antipodal class {y, ..., y-} in the case
when D is even (left) and the case when D is odd (right). We have chosen r to be three. Inside this partition there
is a partition of the neighbourhood of the vertex x.
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following quotient matrix

g 00 --- 0 a—¢g
0O g 0 -+ 0 a —g
0 0 g --- 0 a-—g
(7
0 00 --- g a-—g
h h h --- h a —rh

for some integers g and h. If (i)—(ii) holds, then g = vy = a; — 84, h = ag = Ba/(r — 1)
and the CABy partition of X is equitable with the quotient matrix (% , %, ,). Thus, we
have shown that if I" is 1-homogeneous and D is even, then ¥ has the CAB, property, i.e.,
¥ is 1-homogeneous.

Finally, let us suppose the antipodal quotient graph ¥ is 1-homogeneous, i.e., ¥ has
the CABy property, and let (§: §1~%) be the quotient matrix of the CAB4(£, §) partition in
X. Suppose D is odd. Then the local graph of £ is disconnected, (see figure 5.2 (right)),
and we have g = a; and a = 0. By [11, Proposition 2.2], the set C4(9, £)(X) is inde-
pendent in X, which is not possible because a; # 0. Therefore, we have D = 2d by
[3, Proposition 4.2.2]. O

Remark 5.2 The Foster graph is an antipodal distance-regular graph with diameter 4
and intersection array {6, 4, 2, 1; 1, 1, 4, 6}. It is locally disconnected, therefore it is not a
tight graph in the sense of [10], and hence not 1-homogeneous (see [10, Theorem 11.7]).
However, its antipodal quotient is the complement of the triangular graph 7'(6) and it is
1-homogeneous. Thus, under the assumptions of the above result I is not necessary 1-
homogeneous when ¥ is 1-homogeneous and D = 2d.

Theorem 5.3 A graph T is an 1-homogeneous graph with diameter at least 2, that is
w-locally the complete multipartite graph K,«»,t > 2, and for which a, # 0 and the inter-
section number « exists with o = t if and only if T is one of the following:
(1) a Johnson graph J(2m, m) with m > 3,
(ii) a folded Johnson graph J(4m, 2m) with m > 3,
(iii) a halved m-cube withm > 5,
(iv) a folded halved (4m)-cube with m > 3,
(v) the Schldfli graph with intersection array {16, 5; 1, 8},
(vi) the Gosset graph with intersection array {27, 10, 1; 1, 10, 27}.

Proof: Let I' be an 1-homogeneous graph with diameter at least 2 that is p-locally the
complete multipartite graph K,», t > 2, and for which a, # 0 and the intersection number
o exists with « = 7. Let x be a vertex of I". Then the subgraph A(x) is a connected strongly
regular graph by [11, Theorem 3.1 and Proposition 2.1] and the smallest eigenvalue of A(x)
is —2 by Theorem 3.2. By Seidel’s classification [17], [3, Theorem 3.12.4], the local graph
A(x) is either
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a triangular graph 7' (m) withm > 5,

a(m x m)-grid withm > 3,

a Cocktail Party graph K, x» withm > 2,
the Petersen graph,

the Clebsch graph (i.e., the folded 5-cube),
the Schléfli graph,

the Shrikhande graph, or

one of the three Chang graphs.

The p-graphs of the Shrikhande graph, the Petersen graph and all the three Chang graphs
are not all isomorphic to K_yx2. If I' is locally K,,x» withm > 2, then I" is the Cocktail
Party graph K(,+1)x2 by [3, Proposition 1.1.5], so a = 0.

If T is locally Clebsch graph, see [3, p. 104], then u’ = 6, T is the Schléfli graph, see [3,
p- 312], which has a; = 10,a, = 8,¢; =8 = ¢/ + 2 (so it is u-locally K4x2), and o = 4
(so it is really 1-homogeneous graph, cf. [11, Theorem 3.9]).

If T is locally Schléfli graph, then I' is the Gosset graph, see [3, p. 313], which is 1-
homogeneous graph, see [10, Theorem 11.7 and 12.6], and has a; = 16, ¢, = 10 = ' +2
(soitis p-locally Ksy»), and o = 5.

Suppose I' is locally (m x m)-grid with m > 3. Then the eigenvalues of the local graphs
are @ = 2m — 2,m — 2 and —2. Furthermore, ' = 2 = n(t — 1),¢, = nt = 4 by
Lemma 2.1, and I is either a Johnson graph J(2m, m) or a folded Johnson graph J(2m, m)
by Proposition 4.1. The first graph is 1-homogeneous by [10, Theorem 11.7 and 12.6],
with @ = 2 and has ¢; = ' + 2 (so it is u-locally K>y7). Suppose I' is the second
graph and 6, 6, are respectively its second largest and its smallest eigenvalue. Then the
1-homogeneous property of I' implies that —1 — b; /(1 + 6) for some 6 € {6, 6,} is an
eigenvalue of all local graphs of I" by [11, Theorem 3.9]. The latter can only happen when m
is even by [3, Proposition 9.1.5]. The folded Johnson graph J(8, 4) is 1-homogeneous with
o = 4 by Theorem 5.1 and [12, Corollary 5.8], so & # 2 = ¢. Thus m = 2s with s > 3. By
Theorem 5.1, the folded Johnson graph J(4s, , 2s) (obtained by folding 1-homogeneous
antipodal graph of even diameter) is 1-homogeneous with « = 2 and it has ¢; = ' 42 (so
itis p-locally K>y»2).

Finally, we suppose I is locally triangular graph T'(m) withm > 5. Thenu' = 4,1 =3
and I' is either

e the halved m-cube, or
o the folded halved m-cube with 4|m and m > 8, or
o the halved coset graph of the extended binary Golay code,

by [11, Theorem 3.1] and Theorem 4.4. The first graph and the second graph in the case m #
8, are by [10, Theorem 12.6 and 11.7] and by Theorem 5.1 respectively, 1-homogeneous
with « = 3 and have ¢, = 6 = ' + 2 (so it is u-locally K3.»). The folded halved 8-cube
is 1-homogeneous with « = 6 by Theorem 5.1 and [12, Corollary 4.8], so @ # . By a
direct counting argument, we verify that also the halved (2s + 1)-cubes with s > 2 and the
folded halved (4s + 2)-cubes with s > 2 are 1-homogeneous. The third graph is the halved
graph of the distance-regular graph with intersection array {24, 23,22, 21; 1, 2, 3, 24} by
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[3, Theorem 11.3.2] and is therefore a strongly regular graph with parameters (2048, 276,
44, 36) by [3, Proposition 4.2.2(1)],s0¢c; =36 £ 6 = ' + 2.

The converse is straightforward, since we have already verified that the graphs in the
above list have the required properties. O

Proof of Theorem 1.1: Let I' be a 1-homogeneous graph with diameter d > 2. Let
for all vertices x of I' the local graph A(x) be a strongly regular graph with parameters
(', k', A, u)and c; = ' +2 > 3. Since u’ is the valency of the u-graphs, each p-graph is
the Cocktail Party graph K, 2)x2, c2 isevenand u’ > 2. Therefore, I is u-locally K¢, /2)x2.
If a; = 0, then b, = 0 by ' # 0 and connectivity of ', thus d = 2 and I is the Cocktail
party graph K,,,«» withm =t +1 > 3. Now we assume a, # 0. Since I" is 1-homogeneous
and ' # 0, the intersection parameter « exists, u' = n(t — 1) by Lemma 2.1(i), and
a € {t — 1,t} by Lemma 2.1(iii). If « = ¢, then by Theorem 5.3 we obtain that I" has to
be one of the listed examples except (v). If « = ¢t — 1, then, by Corollary 3.4, we have
a=1,t=2,u =2, =0and c; = 4, in which case d = 2 implies, by (1) and (2),
k—4=4a;—8and0 =a;+1—2(k—1)/a;, hence a; = 2 or a; = 5. In the first case we
obtain the octahedron that implies a, = 0, and the second one has already been considered
in Remark 3.6 and is not possible.

The converse is straightforward. O
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