;:‘ Journal of Algebraic Combinatorics 15 (2002), 253-270
' (© 2002 Kluwer Academic Publishers. Manufactured in The Netherlands.

Order Structure on the Algebra of Permutations
and of Planar Binary Trees

JEAN-LOUIS LODAY loday @math.u-strasbg.fr
Institut de Recherche Mathématique Avancée, CNRS et Université Louis Pasteur 7 rue R. Descartes,
67084 Strasbourg Cedex, France

MARIA O. RONCO mronco@mate.dm.uba.ar
Departamento de Matemdtica, Ciclo Bdsico Comiin, Universidad de Buenos Aires Pab. 3, Ciudad Universitaria,
Nuiiez, (1428) Buenos-Aires, Argentina

Received October 17, 2000; Revised June 4, 2001; Accepted September 7, 2001

Abstract. Let X, be either the symmetric group on n letters, the set of planar binary n-trees or the set of vertices
of the (n — 1)-dimensional cube. In each case there exists a graded associative product on ,,., K[X,]. We prove
that it can be described explicitly by using the weak Bruhat order on S,,, the left-to-right order on planar trees, the
lexicographic order in the cube case.
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Introduction

Let S, be the symmetric group acting on n letters. In [6] Malvenuto and Reutenauer showed
that the shuffle product induces a graded associative product, denoted *, on the graded space
K[Ss] := D,-¢ K[S.] (here K is a field). By using the weak Bruhat order on S, we give
a closed formula for the product of basis elements as follows. Let o € § pand T € S, be
two permutations. We define two operations called respectively ‘over’ and ‘under’:

o/t=0XxXT1€8,1y and o\T1=§,,-0XTE Sy,

where &, , is the permutation whose imageis(¢q +1 ¢g+2...q+p 1 2...9).

It turns out that o/t < o'\t for the weak Bruhat order of S,,.,. We prove that the product
x on K[Ss] is given on the generators by the sum of all permutations in between o/t and
o\t:

OxT = Z . @9)

o/t<w<o\t

Let Y, be the set of planar binary trees with n interior vertices (so the number of elements

in Y, is the Catalan number %) In [4] it is shown that there is a graded associative

product on the graded space K [Y] := @nzo K[Y,] induced by the “dendriform algebra”
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structure of K[Y.]. We give a closed formula for the product of basis elements as follows.
There is a partial order on Y,, induced by\</ < . LetueY » and v € Y, be two planar
binary trees. We define two operations called respectively ‘over’ and ‘under’ as follows.
The element u/v € Y, (resp. u\v € Y,,,) is obtained by identifying the root of u with
the left most leaf of v (resp. the right most leaf of u with the root of v). It turns out that
u/v < u\v for the ordering of Y, ,,. We prove that the product * on K[Y] is given on the
generators by

wrv= Y 1. @)

u/v<t<u\v

Let us mention that these operations ‘over’ and ‘under’ on planar binary trees appear in the
theory of renormalisation, cf. [2].

Observe that, since Y,, does not bear a group structure (unlike S,,), the product * is defined
in [5] by a recursive formula. So, a priori, the explicit computation of a product u * v needs
the computation of many terms. The above formula greatly simplifies this computation.

Let Q, = {£1}*"!. There is a graded associative product on the graded vector space
K[Qwl = @n>0 K[Q,], where K[Q,] is identified with the Solomon descent algebra
(cf. [5, 6]). It is in fact a Hopf algebra called the algebra of noncommutative symmetric
functions, which is dual to the algebra of quasi-symmetric functions, cf. [3]. We give a
closed formula for the product of basis elements as follows. There is a partial order on Q,,
inducedby —1 < +1.Lete € Q,andd € Q,. We define two operations called respectively
‘over’ and ‘under’ as follows: €/6 := (¢, —1,6) € Qp14 and €\d := (¢, +1,8) € O piq.
It is immediate that € /§ < €\§ for the ordering of Q,.,. We prove that the product * on
K[Q] is given on the generators by

exS= Y  a=¢/5+e\d. (3)

€/6<a<e\$
In [5] we constructed explicit maps

s, By, % o0,

(see also [8], p. 24) and we observed that they are in fact restrictions of cellular maps from
the cube to the Stasheff polytope and from the Stasheff polytope to the permutohedron
respectively. Moreover, we showed that, after dualization and linear extension, the maps

K[Qol 5 K[Yol 5 K[Sal

are injective homomorphisms of graded associative algebras. We take advantage of this
result to deduce formulas (2) and (3) from formula (1).

The content of this paper is as follows. In the first part (Sections 1, 2 and 3) we deal with
the partial orders on S,, Y,, and Q, respectively, and we show that the maps v, and ¢, are
compatible with the orders. In the second part (Sections 4, 5 and 6) we prove formulas (1),
(2) and (3). In the case of the symmetric group and in the case of planar binary trees the
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algebras K[S] and K[Y.] have a more refined structure: they are dendriform algebras
(cf. [4]). We show that in both cases the products < and > can also be formulated in terms
of the order structure.

In this paper we apply some results about Coxeter groups to the particular case of the
symmetric groups. For the convenience of the reader we recall them in the Appendix.

We thank the referees for their careful reading and valuable suggested improvements of
the submitted version.
Convention. The vector space over Q generated by the set X is denoted Q[X]. The linear
dual Q[X]* is identified with Q[X] under the identification of the basis with its dual. The
image of a permutation o € S, is denoted by (o (1) 0 (2)...0(n)).

1. Weak Bruhat order on the symmetric group S,

Let (W, S) be the Coxeter group (S,, {s1,...,S:,—1}), where S, is the symmetric group
acting on {1, ..., n}, and s; is the transposition of i and i + 1. We denote by - the group
law of S, and by 1, the unit. In this section we compare the weak Bruhat order on S, and
the shuffles by applying the result of the Appendix. We also introduce in 1.9 the operations
‘over’ / and ‘under’ \ from §, x §, to S, that are to be used in the Appendix.

For any permutation w € §,,, its length /(w) is the smallest integer k such that w can be
written as a product of k generators: w = s;, - s, - ... - s;,. Observe that the length of a
permutation counts the number of inversions of its image.

By definition, a permutation o € S, hasadescentati,1 <i <n—1,ifoc(i) > o(i +1).
The set of descents of a permutation o is Desc(o) := {s; | o has a descent at i }. Hence, for
any subset J C {sy, ..., s,—1} the set

X :={o €S, |lo-s;)>1(o) foralls; € J}

described in the Appendix is the set of all permutations o € §, such that Desc(c) <
{S[,...,Sn_]}\.].

In order to simplify the notation, we denote the subset {s, ..., Sp_1,Spt1, .-+, Sprg—1}
of {51, ..., Sp+q—1} by {s,}. The set Xf:”}q is the set of all (p, ¢)-shuffles of S, that is

Ship,q) ={0c € Sprylo(l)<---<o(p) and o(p+1)<---<o(p+q}

There exists a canonical inclusion ¢ : S, x §; < §,,,, which maps the generator s; of S,
to s; in 44, and the generator s; of S, t0 5,4, in §,4,. In other words we let a permutation
of §, acton {1, ..., p} and we let a permutation of S, acton {p + 1, ..., p + ¢}. In what
follows we identify S, x S, with its image in S,4,.

Observe that, for J = {s, }°, the standard parabolic subgroup W; - defined in the Appendix
is precisely S, x S, in Sp4,.

Proposition A.2 of the Appendix takes the following form for the Coxeter group S,,:

Lemmal.l Letp,qg > 1.
(a) Foranyo € §,4, there exist unique elements & € Sh(p, q) and w € S, x S, such that
oc=£-w.
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(b) For any & € Sh(p,q) and any w € S, x S; the length of & - w € Sp4, is the sum:
I¢ - w)=1¢)+ (o)

(¢c) There exists a longest element in Sh(p, q), denoted &, ,, and &, , =(q+1 qg+2 ...
qg+p 12...9).

Definition 1.2 For n > 1, the weak ordering (also called weak Bruhat order) on §,, is
defined as follows:

w=<oin§,, ifthereexistst € S, suchthato =71 -w withl(o)=I(t)+ l(w).

The set of permutations S,,, equipped with the weak ordering is a partially ordered set,

with minimal element 1,,, and maximal element the cycle wg =m n—1...2 1)(ct. [1]).
For instance, for n = 2 we get

12—)5‘1

and for n = 3 we get

15
v N
52 S1
\ \
5152 5281
N e
515281

since §15251 = $25152. Here a — b means a < b.
Forn>1land1<i <j<n-1,letc;; €S, be the permutation:

Ci,j = S8i"Sig1°..."5;.

Given w € Sh(p, gq), itis easy to check that, if @ # 1,,,, then there exist integers [ > 0,
I<iij<ipg<---<ip<p+qg-—1l,andiy <p+k—1,forl <k <[+ 1, such that:

® = Ciy\,p+ * Cip,pHi—1* + -+ Ciy.p-
Under this notation one has
€p.g = Cqptq—1Cq—lptg-2" -+ Clp.
Corollary A.4 of the Appendix and Lemma 1.1 imply the following result:

Lemma 1.3 Let p,q > 1 be two integers. The longest element of the set Sh(p, q) (all
(p, q)-shuffles) is &, ;. Moreover, one has

Sh(p,q)={w e S,17+q |w < sp,q}~
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Lemma 14 Ifo,0’ € S, and t, 1" € S, are permutations verifying o < o' and v < 7/,
theno xt <o’ x 1.

Proof: The permutations ¢ x v and o’ x 1’ belong to the subgroup S, x S, of Sp4,.
Since 0 < ¢’ and T < 7/, there exist 6 € S, and € € S, such that 0’ = §-0 and
v/ =¢€-1,withl(c’) =1(8) + (o) and I(z') = I(¢) + I(7).
Onehaso’ xt' =68 -0 xe-1 =B x¢€) (0 x1),withl(o' x ') =1l(c")+ (7)) =
(6 x€)+ (o x 7). O

Lemma 1.5 Let p and q be two nonnegative integers, and let o € S, and T € S, be two
permutations. If w; and w, are two elements of Sh(p, q) such that v, < w,, then

w;-(0XT)<wy (0 XT1).
Proof: The result follows immediately from Lemma 1.1. O

Definition 1.6 The grafting of 0 € S, and T € S, is the permutation 6 V 7 € S, 4,41
given by:

o(i) if 1 <i<p,
(evoi)=3p+qg+1 ifi=p+1,
ti—p—D+p if p+2<i<p+qg+1.

It is easily seen that,
oNVT=(0XTX11)Sqgqp Sqep=1----"Spsi,
foroc € S,and T € §,.
Lemmal.7 Ifo <o'inS,andt <t inS,;, theno Vvt <o’ Vvt inSp ..

Proof: Suppose ¢’ =€ -0 and 1’ =46 - 7, for some € € S, and § € S, such that /(") =I(¢)
+1l(o)and I(z")=1(8) + (7). Clearly, 0’ VT = (e x § X 11)- (0 V 7).
The permutations ¢ x t x 1; and ¢’ x v/ x 1; belong to the subgroup S,4, x S; of

Sp+q+l-

It is immediate to check that I((sp41 - ... - Spig) - 8i) > (Sps1 - ... - Spyy), for any
1 < i < p+q — l,thatis Sp+1 -+ Spig € Sh(p+q, 1) Sincesp+1 c e Sptq = Cpt1,p+q>
by Lemma 1.1 one has [((Sp41 - ... Sptq) - @) = g + [(w), forany w € Sy, x Si. So

o' vi)y=I1(c'vi)y H=Ilc+I1T)+gq
=le)+106)+ o)+ 1)+ ¢
=le x8x 1)) +1(o V). O
Proposition 1.8 Let o € S, be a permutation such that o (i) = n, for some 1 <i < n.

There exist unique elements oleS_, 0" €S, ;and y € Sh(i — 1,n — i) such that:

O'=(]/X11)-(O']V0'r).
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Proof: Since o (i) = n, the element o may be writtenaso = o’ -s,_1 - $,_2-...-s;, with
o'eS,_1 xS andl(o)=I1(c")+n—1i.

Lemma 1.1 implies that there exist unique elements e € Sh(i — 1,n —i + 1) and § €
Si—1 X Sy_i+1, such that o’ = € - 8. Since the permutation s,,_; does not appear in a reduced
expression of o”, the following assertions hold:

— the element € is of the form ¢ = y x 1, for some y € Sh(i — 1,n —i).
— the element § belongs to S;_; x S,—; x S;.So0,8 = ol x 0" x 1y, for unique ol e S,

ando” € S,_;.

Finally, we get that o = (y x 1;) - (¢! v ¢"). The uniqueness of y, o/ and " follows
easily. O

Definition 1.9 For p, g > 1, the operations ‘over’ / and ‘under’ \ from S, x S, to S,4,,
are defined as follows:

o/t :=0x1, and o\1t:=§,, (0 X 1),
foro € §,and T € §,.

Sinceo x T € §, x S, foranyo € §, and 7 € §;,and &, , € Sh(p, q), the following
relation holds:

o/t <o\T.

Lemma 1.10 The operations / and \ are associative.
Proof: Leto € §,, 7 € S, and § € ;. Itis clear that
(0xT)Xd=0XTXx8=0 X (T X9).

The formula above and the equality
Eprar - Epg X 1) =&pgir - (1p X Egr)

imply that the operation \ is associative too. O

2. Weak ordering on the set of planar binary trees

Forn > 1, let Y,, denote the set of planar binary trees with n vertices:
Yo=(hL Yi={V L=} n= 7,V V. VL

The grafting of a p-tree u and a g-tree v is the (p + g + 1)-tree u V v obtained by joining
the roots of u# and v to a new vertex and create a new root. For any tree ¢ there exist unique

trees t! and " such that t = ¢/ v ". As aresult we have ¥, = ]_[erqH:n Y, xY,.
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Definition 2.1 Let < be the weak ordering on Y, generated transitively by the following
relations:

(@ ifu <uw eY,andv <v eY,, thenuvv <u VvvinY, 441,
(b) ifueY,,veY,andwe Y, then(@Vvv)Vvw=<uVv (Vw).

The pair (Y,, <) is a poset.

Definition 2.2 The operations ‘over’ / and ‘under’ \ from Y, x Y, to Y,,,, are defined
as follows:

u /v is the tree obtained by identifying the root of u with the left most leaf of v,
u\v is the tree obtained by identifying the right most leaf of u with the root of v,

u/v =\u<l/ u\v:\u>ly

It is immediate to check that / and \ are associative.

Equivalently these operations can be defined recursively as follows:

t/| :=t=:\tandt\| :=t =:|/tfort € Y,,
— foru =u' vu and v = v' vV v" one has

u/vi=w/vYyvv', and w\v:=u' V@ \v).
Lemma 2.3 Forany treesu € Y, and v € Y, one has

u/v <u\v.

Proof: This is an immediate consequence of condition (b) of Definition 2.1. O

The surjective map v, : S, — Y, considered in [5] (see also [8] p. 24) is defined as
follows:

= Yol D) = | € Yo,

-y =" e,

— the image of a permutation o € §,, is made of two sequences of integers: the sequence on
the left of n and the sequence on the right of n in (o (1), ..., o(n)). These permutations

are precisely the ones appearing in Proposition 1.8. Observe that one of them may be
empty. By relabelling the integers in each sequence so that only consecutive integers
(starting with 1) appear, one gets two permutations ¢’ and ¢”. For instance (341625)
gives the two sequences (341) and (25), which, after relabelling, give (231) and (12).
Recursively 1,,(0) is defined as 1,0,,(0’) V (o).
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Notation Forn > 1, let S; be the subset of S, such that a permutation o € S, belongs to
S; if and only if ¥, (o) = ¢, i.e.

S, =y (1) C S,
This subset admits the following description in terms of shuffles.

Forn = 1, one has S\/ ={1,}=S;.
Forn >2,lett =t v, witht' € Y, andt" € Y, and ¢ + p = n — 1. We have

Si={ly x1l))-(cvr)|yeShip,q),0 € Sy and T € S},
forl <qg <n-21Ifg =0,then S ={| Vo, foroc € S}. And, if ¢ = n — 1, then

Sy ={o V|, foro € Su}.
For instance when n = 2, SV = {1,} and S\y = {s1}.

Definition 2.4 Forn > 0, let Min and Max be the maps from Y, into S,, defined as follows:

e Forn =1, Min(\/) =1, = Max(\/).
e Forn =2, Min(\</) =1, = Max(V), and Min(\y) =5 = Max(\P/).

e Forn >3,lett =t v, witht! € Y,andt" € Y,and p+g =n— 1.
The permutations Min(¢) and Max(¢) are defined as follows:

—If1 < ¢q < n— 2, then Min(¢) := Min(¢!) v Min(t"), and Max(¢t) := &gp x 1) -
Max (") v Max(¢")).

— If g =0, then Min(¢) := §,_1,; - (1; x Min(¢")) and Max(¢) := &,_;,; - (1; x Max(t")).

— If g = n — 1, then Min(¢) := Min(#') x 1, and Max(¢) := Max(t') x 1;.

Clearly, Min(#) and Max(¢) belong to S;, for any tree ¢ € Y,,.

Theorem 2.5 Letn > 1andt € Y,. The following equality holds:
S; = {w € S, | Min(¢) < w < Max(t)}.

Proof: Supposet =1 v, witht' € Y,, 1" € Y,andn =g+ p+ 1.
Step 1. Let y and y’ be elements of Sh(p, g) such that y < y’. Suppose thato < ¢’in §,
and7 < 7’'in §,.

Lemma 1.7 implies thato VT < o’V 1'.Now, y x 1 and y’ x 1| belongto Sh(p, g+ 1),
ando Vvt and ¢’ Vv v’ are elements of S, x S,41; from Lemma 1.1 one gets,

(yx1)-(evo) <@y x1) (' v).

Forany y € Sh(p, q), Lemma 1.3 states that 1,,,, <y <&, ,. It follows thatall € S,
satisfies Min(¢) < w < Max(z).
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Step 2. Conversely, let w € S, be such that Min(#) < o < Max(t).

Since Min(f) < w, there exists w; € S, such that @ = @ - $p4y - ... - Spp1, With
w) =) +1(Sprg v Spp1) = l(w1) +¢.

By Lemma 1.1, there exist unique elements w, € Sh(p, g +1)and w3 € S, X S,41, such
that w; = ws - w3, with [(w1) = [(w») + [(w3).

Since w < Max(t), there exists § € S, such that

(£pg x 1) - Max(t') x Max(t") x 1}) = 8 - wy,

with () 4) + {(Max(t')) + I(Max(t")) = 1(8) + I(w)).

The permutation s, , does notappearin areduced expression of w;. So,w> € Sh(p, g +1)
and wy(n) = n, which implies that w, < &, , x 1;.

On the other hand, the element w; € S, x S, and 5,4, does not appear in a reduced de-
compositionof ws. So,w; € S, x §; x S;. Consequently wz isof the formws = 04 x 74 x 1y,
for unique permutations o4 € S, and 74 € S;. Moreover, the inequalities

Min(t') x Min(z") X 1)) - $pag - -+ Spii
5602'(0'4XT4X 11)~Sp+q-...~sp+1
< (Epy x 11) - Max(t') x Max(t") X 11) - $pig - -+ Spri
imply

Min(t)) x Min(t") x 1| < wy - (04 X T4 X 1})
<(pq x1y)- (Max(tl) x Max(t") x 1y).

Since 1, < wy <&, 4 x 11in Sh(p, g + 1), by applying Lemma 1.5 we get
Min(#") x Min(t") < o4 x 14 < Max(t') x Max(¢").

The elements o4 and 74 satisfy that Min(¢') < o4 < Max(¢) and Min(t") < 74 < Max(z").
A recursive argument states that o4 € Sy and 4 € S;r, and the proof is complete. O

Corollary 2.6 The weak ordering of S, induces a partial order <g on Y,. This order is
compatible with ¥, : S, — Y,:

o0 =1 = Yu(0) <p V(7).

Proposition 2.7 The order <g induced by the weak order on Y,, coincides with the order <
of Definition 2.1.

Proof: We want to see that the order <p satisfies conditions (a) and (b) of Definition 2.1.
Givent € Y, and w € Y, recall that, for any o € S, and any t € §,,, the permutation
o V 7 belongs to S;y,,. Lemma 1.7 implies that <p verifies condition (a).
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Lett € Y,,u € Y, and w € Y, be three trees. Suppose thato € S,,8 € S, and t € §,,.
One has that (o vV §) V T belongs to S¢;vuyvw, While oV (8 Vv ) belongs to S;v,vu). To prove
condition (b), it suffices to check that (c V) VT <o V(6 V T)in Sytr4m+2-

Now, an easy calculation shows that:

(OVHVT=(0x8X11 XT X1 Sugrqomet = evv Sagrs2 Sngr - Sntl,
and
oVE@VT)=(0 X8XTX12) Sppram o Sntrtl " Sndrtmtl * oo Sutl

We need to show that (0 x § X 1} X T X 11) * Sparamat * -+ - Sparso 1S smaller than
(0 X8 XTX12)  Sparam = vv Snartl * Sntrtmtl * - -~ * Sptr+1. We use the relation

Sntr4m * oo S+l SndrdmAl - - Spdr4d

= Sudrdm+1 o Sndr+1 C SnbrmAl et Spdr42.
We have to prove that
(xdx11 xTXx1))<(0X8XTX12): Sparamel * -« Sntr+ls
which is a consequence of the formula:
I xtxlp)<(tx1y) -Spyti-...-51, forany t €S,, m=>1. (2.6.1)
To prove (2.6.1) it suffices to check that
ISpar-eo-s1-(h xTx1)=m+14+1(1; x T x 1Y)

This is clearly the case since §,41 « ... - sy isin SA(1,m + 1) and 1; x t x 1; belongs to
S1 X Sp+1. To end the proof, it suffices to observe that

(Tx1) Spytree S1=8uy1-...-851- (11 xT x1y), forany t € §,,, m > 0.
O

Corollary 2.8 The map ¥, : S, — Y, is a morphism of posets.

Theorem 2.9 Leto € S, andt € S; be two permutations. The following equalities hold.
Vptq(0/T) = Yp(0)/Yg(r) and  ¥p1q(0\T) = ¥p(0)\Yy(T).

Proof: Ino/t = o x t,underthe map S, x S, — S,4,, the symbols permuted by o are

strictly smaller and all to the left of the symbols permuted by t. Hence under the definition

of v, as given after Lemma 2.3, one has ¥, ,(0c x 7) = v¥,(c)/¥,(7). The proof of the
other case is symmetric. O
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3. Weak ordering on the set of vertices of the hypercube

Forn > 2, let Q, := {+1, —1}""! be the set of vertices of the hypercube. There is a
surjective map ¢, : Y, — Q,, which is defined as follows. First we label the interior
leaves from left to right by 1,2, ..., n — 1. Second, we put ¢, (t) = (€y, ..., €,_1), Wwhere
€; is —1 when the stem of the ith leaf of 7 is right oriented (more precisely SW-NE), and
+1 when it is left oriented (more precisely SE-NW). We take into account only the interior
leaves of ¢, since the orientation of the two extreme ones does not depend on ¢. For instance
$:(7") = (+1)and () = (—1). By convention Q; = {(—1);}and () = (= 1);.
We consider Q» as the partially ordered set O, := {—1 < +1}.

Definition 3.1 The set Q, of vertices of the hypercube is a partially ordered set for the
order:

€ <n ifandonlyif € <mn;, forall 1 <i<n-—1.
We denote by (—1),, the minimal element of Q,, and by (41), its maximal element.

Definition 3.2 Given an element € = (¢y,...,€,_1) € O, and an element n = (14, ...,
Ng—1) € Qg the grafting of € and n, denoted € V 7, is the element of Q441 given by:

evni=(e,...,€6p_1, =1, +1,n1,...,04-1).

The operations over / and under \ from Q, x Q4 to Q 4, are defined by

€/n:=(€e1,...,€p_1,—L,m1, ..., 0y-1),
6\77 = (61, ...,Ep_1,+1, Ny eveny nq—l)-

Remark 3.3 It is easily seen that the maps ¢, preserve the operations grafting Vv, over /,
and under \.

Lemma 3.4 Let t be an element of Y,, such that its ith leaf points to the right, for some
1 <i <n— 1. If wis another tree in Y,, such that w < t, then the ith leaf of w is right
oriented too.

Proof: The result is obvious forn < 2.

Since the order < on ¥, is transitively generated by the relations given in Definition 2.1,
it suffices to show that the assertion is true for the situations described in (a) and (b) of this
Definition.

For (a): Ifw = w' vw andr = ¢ v ", with w' < ¢! and w” < ¢”, then the results is an
immediate consequence of the inductive hypothesis.

For (b): Suppose w = (u Vv)vVsandt =u Vv (vVs), forsomeu € Y,, v € ¥, and
s € Y,.If ¢ > 1, then the kth leaf of w is oriented in the same direction that the kth leaf
oft,foralll <k <n-—1.
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If ¢ = 0, then the kth leaf of w is oriented in the same direction that the kth leaf of ¢, for
all k # p + 2. And the (p + 2)th leaf of w is right oriented, while (p + 2)th leaf of # is left
oriented.

O

Proposition 3.5 Foralln > 1 and all € € Q,, there exist two trees in Y, denoted min(e)
and max(e€) respectively, such that the inverse image of € by ¢,, : Y, — Q, satisfies:

¢ (€)= {r € Y, | min(e) <t < max(e)}.
Proof: Step I. Theinverseimage ¢, 1((=1),) of the minimal element of Q,, is the minimal
tree a, of Y, which has all its leaves pointing to the right. Similarly, the inverse image
o, 1((+1),) of the maximal element of Q, is the maximal tree z, of ¥, which has all its

leaves pointing to the left. So, the theorem is obviously true for € € {(—1),, (+1),} if we
define:

min((—1),) := a, =: max((—1),), and min((+1),) := z, =: max((+1),).

If e ¢ {(—1),; (+1),}, we define max and min recursively, as follows:

(a) If e = —1 there exist k > 1 and €’ € Q,_; such that € = (—1);/€’. Define min(e) :=
ay/ min(e’).
If e, = +1, there existk > 2 and € € O, such that € = (41);/¢’. Define min(¢) :=
Zx/ min(e’).

(b) If €,1 = —1, there exist k > 2 and €’ € Q,_; such that € = €'\(—1);. Define
max(€) := max(e’)\a.
If ¢,.1 = +1, there exist k > 1 and € € Q,_; such that ¢ = €'\(+1). Define

max(¢) := max(e’)\z.

Step 2. Itis easy to prove, by induction on n, thatif r € ¢, I(e), then min(e) < ¢ < max(e).

Conversely, let ¢ be a tree such that min(e) < ¢ < max(e). Since min(¢) < ¢, Lemma
3.4 implies that the ith leaf of ¢ is left oriented, for all i such that ¢, = +1. Similarly,
t < max(e) and Lemma 3.4 imply that the ith leaf of 7 is right oriented, for all i such that
€ = —1. So,  belongs to ¢, ! (¢). O

Corollary 3.6 For n > 2, the order of Y, induces a partial order <g on Q,,. This order
is compatible with ¢,, : Y, — Q.

Proposition 3.7 The order <p of Q,, coincides with the order < of Definition 3.1.
Proof: If w and ¢ are two trees in Y, such that w < ¢, then Lemma 3.4 implies that
On(w) < @,(2). It proves thatif € <p nin Q,, thene < 1.

To prove that € < n in Q,, implies that € <p 1, it suffices to show that

(€1, ... €p—t, =L €pp1, .o €nm1) Sp (€1, .. €pt, +1, €ppr, ooy €0m1),
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foralll < p <n—1landallelementse¢; € {—1,4+1},1 <i <n—1, i # p. Consider the
element k := (€1, ...,€,_1) in O, and the element p := (€p41, ..., €4-1) € Qy—p. Let
t € Y,beatreein ¢;1(K) and w € Y,,_, be a tree in qbn__lp(,o). It is easy to check that

¢Vl(t/w):(611'-'76p717_]36p+13"'aellfl) and
Ou(\w) = (€, ..., €p—1, +1, Eptls -y €n—1).

Since Lemma 2.3 states that t/w < f\w in Y,, one gets the result. O

Corollary 3.8 The map ¢, : Y,, = Q, is a morphism of posets.
(See also [8], p. 24.)

4. The graded algebra of permutations Q[S..]

Consider the graded vector space Q[Sy] := @non[Sn]’ equipped with the shuffle prod-
uct * defined by:

0 *T = Z x-(ocxt), foroce§, and 7€,
xeSh(p.q)

In [6], C. Malvenuto and C. Reutenauer prove that (Q[ S ], *) is an associative algebra over
Q. We denote by Q[Ss] the augmentation ideal.

Theorem 4.1 Leto € S, and t € S, be two permutations. The product o * T is the sum
of all permutations w € S,4, verifying
o0 X1t =w=<E&,, (0 xT1),inother words:

O *xT = E w.

o/t<w<o\t
Proof: Lemma 1.5 implies that
oxXT=<d8-(0x1)<§,4 (0 xT), forany § € Sh(p, q).

Suppose that w € S, satisfieso x 1 <w <§,, (0 x 7). Letw; € S,1, be such that
w = - (0 x 7). Itis obvious that 1,,, < w;.

Since w < &, , - (0 x 1), the definition of the weak ordering implies that there exists
€ € Spygsuchthaté, , - (0 x 1) =€-w;-(0 x 1), withl(§, ;) = I(€) + [(w;). It implies,
by Lemma 1.3, that w; € Sh(p, q). This completes the proof of the Theorem. O

Definition 4.2 For p, ¢ > 0, the subsets Sh'(p, ¢) and Sh*(p, q) of Sh(p, q) are defined
by:

Sh'(p,q) :={we Sh(p,q) | o(p+q) = p+q}, and
Sh*(p,q) == {w € Sh(p,q) | o(p) = p +q}.
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Remark 4.3 The set Sh(p, q) is the disjoint union of Sh'(p, ¢) and Sh*(p, ¢). Moreover,
one has that

Sh'(p,q) ={wx1;|weSh(p,q — 1} =Sh(p,q —1) x 1; and
S (p.q) = {(@ x 11) - (1,_1 V 1p) | @ € Sh(p — 1, ¢)}
= (Sh(p = 1.q) x 1) (1,1 V 1),

Definition 4.4 The products < and > in Q[Ss] are defined as follows:

o<T:= Z w-(o x71), and
weSh2(p,q)

o>T = Z w- (0 X 1),
weSh'(p.q)

foro € S,and T € §,.
From Remark 4.3 one gets that the associative product x of Q[ S ] satisfies
ox1T=0<tT4+0>1, foro,ve Q[S].

Proposition 4.5 The operations < and > satisfy the relations

i) (@<b)y<c=a<b=<c)+a=<b>oc),
i) a>=b=<c)=(@a>>b)<c,

(i) a>=b>=c)=@=<b)>c+(a>>b)>c,
forany a, b, c € Q[Sx]. Hence Q[Sx] is a dendriform algebra (as defined in [4]).

Proof: This is a consequence of the associativity property of the shuffle together with an
inspection about the first element of the image of the permutations. O

The products < and > may also be described in terms of the order < as follows.
Proposition 4.6 For any o € S, and any © € S, one has:

O <T= § w,

(Ip—1Vlg)(ox1)=w=o\1
and

o >T= E w .

0/t=w=(&p -1 x11)-(0 xXT)
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Proof: Lemma 1.3 and Remark 4.3 imply that

Sh'(p,q)={w e Sy |0 <&,,-1 x 11}, and
S (p,q) ={@ € Spig | 11V 1y <0< (Eprg x 11)- (1,1 V 1)}

The result follows immediately from Lemma 1.5. O

5. The graded algebra of planar binary trees Q[Y..]

The graded vector space Q[Yo] := @non[Yn] is a graded associative algebra for the
product * defined recursively as follows:

—tx|=|*xt:=tforallt €Y, n>1,
—iftr=d v andw=w v uw,then

txw:=@Cxw)vw +1 v xw).

Moreover, the map ¥* :Q[Yoo] = Q[Sx1, defined by

Yr) = Y o,

Yn(o)=t

is an algebra homomorphism (cf. [5]).
Theorem 5.1 [ft and w are two planar binary trees, then the product t x w satisfies

fw= Y w

t/w<u<t\w

Proof: Since the ordering < on Y, is induced by the weak ordering of S, the result is a
straightforward consequence of Proposition 2.8 and Theorem 4.1. O

As in the case of the algebra Q[S4 ], we may describe on Q[Yo.] := @Q]Q[Yn] two
products < and >, such that

txw=t<w+t>w, foranyt, w € Q[Ys].

Definition 5.2 Lett € Y, and w € Y. The elements f < w and ¢ > w in Q[Y] are given
by:

t<w:=t'\/(t’>kw), fort =t v,

t=w:=@CxwHvuw, forw=w vuw.

The space Q[ Y], equipped with the products < and > is a dendriform algebra (cf. [4, 5]).
We prove now that ¢* : Q[Y,] = Q[Sx] preserves < and >.
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Proposition 5.3 The K-linear map % : QY] — QlSw] is a dendriform algebra
homomorphism.

Proof: We prove that *(r > w) = ¢¥*(¢) > ¥*(w), for any trees t and w. The proof that
Y™ preserves the product < is analogous.
Recall that the associativity of the shuffle product is equivalent to the following equality

Ship,q+7r)-(1, x Sh(q,r)) = Sh(p +q,r) - (Sh(p,q) x 1,).

Lett € Y,,and w = wvw e Y iry1 wWithw” € Y, and w' € Y,. Recall from [4] that the
right product is given by t > w = (¢ % w') v w’. So,

Y= w)y=Yr@rw) v = Y x L)@ s wh) v grt).

y€Sh(p+q.r)

Since

Prexw) =gyt = Y 8t x ),

3€Sh(p.q)

one has by the preceding formula

e =wy= Y Y (rx 1) x L) - (U@ x Y wh) v g w”)

y€Sh(p+q.r) €Sh(p.q)

- Z Z (@x11)-(1, xex 1)

weSh(p,q+r) eeSh(q,r)

(W) x Y wh) v ).

Since

W) x ) vt = (@) x YFw) x YW X 11) - Sprgir - Spig
= Y1) x (Y v ),

we get

e =w)= Y (w><11)-<w*(t)>< > (exll)-(w*(w’)vw*(w’»)

weSh(p,q+r) eeSh(q,r)

= Y (@x1)- @O x P w) =y = yrw).

weSh(p.q+r) O
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6. The graded algebra of the cube vertices Q[Q ]

Under taking the dual basis, the linear dual of the map ¢, o ¥, gives a map (¢, o ¥,,)* :
Q[Q0,]1— Q[S,]. Its image is the so-called Solomon descent algebra. The direct sum

Q0] = @nzo Q[Q,] is a graded subalgebra of Q[Y,] and so of Q[S.]. Since, by
Section 3, ¥, is compatible with the orders and with the ‘over’ and ‘under’ operations, the
same kind of arguments as in Section 5 implies the following result:

Theorem 6.1 Forany e € Q, and any 5 € Qg, the product * satisfies:

exd= Y a=¢/5+e\s

€/6<a<e\s
Recall from Section 3 that

€/8 = (e1,...,€p—1,—1,81,...,84-1)
€\s := (61,...,6p,1,+1,31, ...,511,1).

Since there is obviously no element between €/§ and €\§ the formula for the product on
the generators takes the form € % § = €/5 + €\4, that is

(1, ... €p)* (81, ..., 8g—1) = (€1, ..., €p1, +1,81,...,84-1)
+ (€1, €p-1, — 1,81, ..., 84-1)-

Hence we recover exactly formula 4.6 of [5, p. 307].

Appendix. The weak Bruhat order on a Coxeter group

Let (W, S) be a finite Coxeter system (cf. [1]). So W is a finite group generated by the set
S, with relations of the form

(s- 5" =1, fors,s €8,

for certain positive integers m(s, s’), with m(s, s) = 1 for all s € S.

For any element w € W the length /(w) is the number of factors in a minimal expression
of w in terms of elements in S. There exists a unique element of maximal length in W,
denoted w°.

Given a subset J C S, the standard parabolic subgroup W; is the subgroup of W
generated by J. Clearly, the pair (W,, J) is a finite Coxeter system too.

Definition A.1 Let (W, S) be a finite Coxeter system and let J be a subset of S. The set
X ; of elements of W that have no descent at J is defined as

X;={fweW|l(w-s)>Il(w), foralls e J}.

A proof of the following classical result can be found for instance in [7], p. 258.
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Proposition A.2 ([1] Ch. IV, p.37, Example 3) Let (W, S) be a finite Coxeter system,
and let J be a subset of S. Every element of W can be written uniquely as w = x - y, where
xeXyjandye Wy Ifx € X;andy € Wy, thenl(x - y) = 1(x) + 1(y).

Definition A.3 Let (W, S) be a finite Coxeter system, the weak Bruhat order on W is
defined by:

x <x'ifx =y x, withl(x) =I(y) + [(x).

The group W equipped with the weak ordering is a finite poset with minimal element
1w, and maximal element w°.

Given a subset J C S, Proposition A2 implies that there exist unique elements x € X,

and w € W, such that w® = x9 - wY. It is easy to check that w9 is the maximal element

of (W;, J), and that xjo is the longest element of Xj.

Corollary A4 Let (W, S) be a finite Coxeter system and let J C S, then X is the subset
of W characterized as follows:

XJ={w€W’w§x(}}.

References

1. N. Bourbaki, Groupes et algébres de Lie, Hermann Paris 1968; reprinted Masson, Paris, 1981, Ch. 4-6.

2. Chr. Brouder and A. Frabetti, “Renormalization of QED with trees,” Eur. Phys. J. C 19 (2001), 715-741.

3. ILM. Gelfand, D. Krob, A. Lascoux, B. Leclerc, V. Retakh, and J.-Y. Thibon, “Noncommutative symmetric
functions,” Adv. Math. 112(2) (1995), 218-348.

4. J.-L. Loday, “Dialgebras,” in Dialgebras and Related Operads, Springer Lecture Notes in Math., Vol. 1763,
(2001), 7-66.

5. J.-L. Loday and M.O. Ronco, “Hopf algebra of the planar binary trees,” Adv. Math. 139(2) (1998), 293-309.

6. C. Malvenuto and Chr. Reutenauer, “Duality between quasi-symmetric functions and the Solomon descent
algebra,” J. Algebra 177 (1995), 967-982.

7. L. Solomon, “A Mackey formula in the group ring of a Coxeter group,” J. Algebra 41 (1976), 255-264.

8. R.P. Stanley, Enumerative Combinatorics, Vol. I, The Wadsworth and Brooks/Cole Mathematics Series, 1986.



