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Abstract. If a GQ S’ of order (s, 5) is contained in a GQ S of order (s, s2) as a subquadrangle, then for each
point X of S\’ the set of points Ox of S’ collinear with X form an ovoid of &’. Thas and Payne proved that
if &'=0(4, q), q even, and Oy is an elliptic quadric for each X € S\&’, then S = Q(5, ¢). In this paper we
provide a single proof for the ¢ odd and g even cases by establishing a link between the geometry involved and
the first cohomology group of a related simplicial complex.
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1. Introduction and definitions

In this paper we apply the theory of cohomology and homology over Z, to characterise the
GQ Q(5, q) by the embedding of the subquadrangle Q(4, ¢). We shall see that considering
the embedding as a covering problem that the cohomology may be naturally introduced and
a relatively straightforward calculation provides the characterisation result.

If Q(4, q) is contained as a subquadrangle in a GQ S of order (g, g°), then for each
point of S\ Q(4, ¢q) the set of points of Q(4, g) collinear with this point is an ovoid of
04, g). In the classical case where Q(4, g) is a subquadrangle of Q(5, ¢) each such
ovoid is an elliptic quadric. In [19] Thas and Payne gave the following characterisation
of 0(5. ).

Theorem 1.1 Let S= (P, B,]) be a generalized quadrangle of order (q,q*), q even,
having a subquadrangle S’ isomorphic to Q(4, q). If in S8’ each ovoid Ox consisting of
all of the points collinear with a given point X of S\S' is an elliptic quadric, then S is
isomorphic to Q(5, q).

They provided an elegant geometrical proof which made use of the nucleus of Q(4, ¢)
and the characterisation of Q(5, ¢) as a GQ of order (s, s?) with a 3-regular point and a
non-incident regular line. In this paper we give a proof that applies in both the ¢ odd and ¢
even cases. Calculating a particular cohomology group (which will be reduced to a problem
of quadric geometry) we show that given the classical case S = Q(5, ¢) there are no other
examples of GQ of order (g, ¢°) containing Q(4, ¢) as a subquadrangle with all associated
ovoids being elliptic quadrics.
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Theorem 1.2 Let S = (P, B,1) be a generalized quadrangle of order (¢, q*) having a
subquadrangle S’ isomorphic to Q(4, q). If in 8" each ovoid Ox consisting of all of the
points collinear with a given point X of S\S' is an elliptic quadric, then S is isomorphic
10 (5, g).

In this section we will deal with geometric definitions and preliminaries, including def-
initions of terms mentioned above. In Section 2 we give a brief introduction to algebraic
topology on a simplicial complex over Z,, the connection between homology on a simplicial
complex and properties of the associated graph, and finally covers of a graph and covers of
a geometry. In Section 3 we show that Theorem 1.2 may be proved if it can be shown that
a particular homology group of a simplicial complex related to the elliptic quadric ovoids
of Q(4, g) is trivial. In Section 4 we perform the calculation to show that the homology
group in question is trivial. In Section 5 we discuss the possible generalisation of the results
presented in this paper.

We now give some formal definitions that put the characterisation problem of
Theorem 1.2 in context and lay the groundwork for the rest of the paper. We begin with the
definition of a finite generalized quadrangle. (For more details on generalized quadrangles
see [13]). A (finite) generalized quadrangle (GQ) is an incidence structure S = (P, B, I) in
which P and B are disjoint (non-empty) sets of objects called points and lines, respectively,
and for whichI € (P x B)U(B x P) is a symmetric point-line incidence relation satisfying
the following axioms:

(i) Each point is incident with 1 + ¢ lines (¢ > 1) and two distinct points are incident with
at most one line;
(ii) Each line is incident with 1 + s points (s > 1) and two distinct lines are incident with
at most one point;
(iii) If X is a point and £ is a line not incident with X, then there is a unique pair (¥, m) €
P x BforwhichXImIYICL.

The integers s and ¢ are the parameters of the GQ and S is said to have order (s, t). If s = ¢,
then S is said to have order s. If S has order (s, ), then it follows that |P| = (s + 1) (st +1)
and |B] = (t + 1)(st + 1) ([13, 1.2.1]).

The examples that we have already mentioned are the GQs Q(5, ¢) and Q (4, g). The GQ
Q(5, q) has order (g, g%) and arises as the geometry of points and lines of a non-singular
elliptic quadric in PG(5, ¢) with canonical form given by the equation f (xg, x1) + x2x5 +
x3x4 =0 where f is an irreducible quadratic binary form. The GQ Q(4, g) has order ¢
and arises as the geometry of points and lines of a non-singular (parabolic) quadric in
PG(4, ¢) with canonical form given by the equation xg + x1x4 + x2x3 = 0. We note that
Q(5, q) contains subquadrangles isomorphic to Q(4, ¢) in the form of non-singular hy-
perplane intersections with Q(5, ¢). For more information on quadrics and their properties
see [9].

An ovoid of a GQ S of order (s, t) is a set O of points such that each line of S is
incident with precisely one point of O. It follows that O has st + 1 points. In this paper we
will be interested in the GQ Q (4, ¢) and its classical ovoids the elliptic quadric ovoids. If a



A CHARACTERISATION OF THE GENERALIZED QUADRANGLE Q(5, gq) 109

three-dimensional subspace of PG(4, ¢) intersects Q (4, ¢) in a non-singular elliptic quadric
&, then the points of £ form an elliptic quadric ovoid of Q(4, q).

Lemma 1.3 ([17], [12], see [13],2.2.1) Let S = (P, B,1) be a GQ of order (s, s*) with
a subquadrangle ' = (P', B',1') of order s and let P € P\ P'. Then the set of points of S’
which are collinear with P form an ovoid of S'.

An ovoid defined as in Lemma 1.3 is said to be subtended by P, or just subtended if P
is understood. The ovoids of S’ subtended by the points in P\P’ are said to be the ovoids
subtended by S or just the subtended ovoids.

A rosette based at a point X of a GQ S of order (s, t) is a set R of ovoids with pairwise
intersection { X } and such that {O\{X} : O € R} is apartition of the points of S not collinear
with X. The point X is called the base point of R. It follows that a rosette R contains s
ovoids.

If S= (P, B, 1) is a GQ of order (s, s?) with a subquadrangle S’ = (P’, B/, I) of order s,
then every line of S is either a line of S’ or is incident with exactly one point of S’ (by [13,
2.1] and a count). A line of S meeting S’ in exactly one point is called a tangent. Given a
tangent line £ to &', the set of s ovoids subtended by points of ¢ not in S’ form a rosette
of &’. We say that this rosette is the rosette subtended by the line £ or that the rosette is
subtended if ¢ is understood.

The GQ Q(5, ¢g) has a single orbit of subquadrangles isomorphic to Q(4, ¢) under the
group of Q(5, g) each member of which arises as a hyperplane section of the quadric
defining Q(5, q). If P is a point of Q(5, ¢)\Q (4, q), then the ovoid of Q (4, g) subtended
by P is precisely the set of points in the intersection of Q (4, ¢) with P+, where L denotes
the polarity of Q(5, g). Consequently, each subtended ovoid of O (4, ¢) is an elliptic quadric
ovoid. Further, if £ is an elliptic quadric ovoid of Q (4, ¢) contained in the three-dimensional
space X, then the points of Q(5, g) collinear in Q(5, g) with each point of £ are the points
of X1 N Q(5, g) and none of these points is contained in Q(4, ¢). Since X+ is a secant to
Q(5, q) it follows that £ is subtended by precisely two points of Q(5, ¢)\Q (4, ¢). If S is
a GQ of order (g, g*) containing a subquadrangle Q (4, g) such that each subtended ovoid
of Q(4, g) is an elliptic quadric ovoid (and hence each elliptic quadric ovoid of Q(4, q)
is subtended by precisely two points of S\ Q (4, g)), then Q(4, g) is said to be classically
embedded in S.

A (finite) semipartial geometry (SPG) is an incidence structure 7 = (P, B, I) in which
P and B are disjoint (non-empty) sets of objects called points and lines respectively, and
for which I € (P x B) U (B x P) is a symmetric point-line incidence relation satisfying
the following axioms:

(i) Each point is incident with 1 4 ¢ lines (# > 1) and two distinct points are incident with
at most one line;
(i) Each line is incident with 1 4 s points (s > 1) and two distinct lines are incident with
at most one point;
(iii) If X isapointand £ is aline notincident with X, then the number of pairs (Y, m) € Px B
for which X Im 1Y I ¢ is either a constant « (« > 0), or O;
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(iv) For any pair of non-collinear points (X, Y) there are u (u > 0) points Z such that Z
is collinear with both X and Y.

The integers s, ¢, ., u are the parameters of T . For more information on SPGs see [5].

The example of an SPG of interest to us in this paper is that of R. Metz, which we shall
refer to as 7 from this point. We shall present two models of the SPG. The first model, that
of Metz, takes as points the elliptic quadrics of Q(4, ¢) and as lines the sets of g elliptic
quadrics meeting pairwise in a common point (and sharing a common tangent plane at that
common point). This incidence structure is an SPG with parameters s = g — 1, t = g2,
o =2, u=2q(g — 1). Since we will be often working with 7" and its properties we now
give a proof that 7 is indeed an SPG. If £ is an elliptic quadric ovoid of Q(4, ¢), P a point
of £ and mp the tangent plane to £ at P, then 7p is contained in g + 1 three-dimensional
subspaces of PG(4, ¢g). Of these one is the tangent space of Q(4, ¢) at P and ¢ intersect
Q(4, q) in the elliptic quadric ovoids of a rosette. Since 7 p is the unique tangent plane to £
at P we have thats = g — 1, = ¢ and two points of 7 are collinear if and only if they are
elliptic quadric ovoids intersecting in exactly one point. If £ and £’ are two distinct elliptic
quadric ovoids in three-dimensional spaces ¥ and X', respectively, then ¥ N ¥’ is some
plane 7. If 7 is a tangent plane to Q (4, ¢), then it is also a tangent plane to both £ and &',
and so they are collinear in 7. Otherwise, = meets Q(4, ¢) in a conic C which is also the
intersection of £ and &’. Now suppose that R = {£), ..., &} is rosette of elliptic quadric
ovoids with base point P and common tangent plane 7p such that £ ¢R. If P € &, then
since the tangent plane to £ at P is not 7p it must be that £ intersects each element of R in
a conic and so in 7 there are no lines on £ intersecting R. If, on the other hand, P ¢ £, then
p meets ¥ in a line £ which is external to £. Of the ¢ + 1 planes of ¥ on £ one intersects
£ in a conic which is the intersection of £ and the tangent space to Q (4, ¢) at P, and the g
other planes intersect £ in EN &;, i = 1,..., g, respectively. Of these intersections g — 2
are conics and two are single points. Thus £ is collinear, in 7, with precisely two of the
points of R and so « = 2. Finally, suppose that £ and £’ are two non-collinear points of 7,
that is two elliptic quadric ovoids meeting in a conic C. Let P € £\C and 7 p be the tangent
plane to £ at P. If ¥/ is the three-space of &', then &' N 7 p is a line external to £’. The line
¥’ N mp is contained in two tangent planes to &', wy and g, say, tangent at the points Q
and R, respectively. Now both (np, 7o) and (mp, mg) intersect Q (4, g) in elliptic quadric
ovoids meeting both £ and £’ in a single point and hence are collinear with them in 7.
Repeating this argument for all points of £\C yields u = 2¢(q — 1). Note that this SPG is
the subtended ovoid/rosette structure of Q(4, g) in Q(5, q).

The second model is due to Hirschfeld and Thas in [8, page 268]. Let Q be the non-
singular elliptic quadric in PG(5, ¢) with polarity L. Let P be a point of PG(5, ¢)\ Q and
IT a hyperplane of PG(5, ¢) not incident with P. Then the SPG has point set the projection
of Q\ P~ onto IT and line set the set of lines of IT containing ¢ points of the SPG.

2. Preliminaries

In this section we introduce a number of algebraic and geometrical tools that will be used
in Section 3 and Section 4.
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2.1. Algebraic topology of a simplicial complex over Z;

In this section we give a brief introduction to concepts of a simplicial complex and the
homology and cohomology groups of a simplicial complex over Z,. Useful introductory
texts to algebraic topology are [6], [15] and [16].

A simplicial complex T' = (V, S) consists of a set V of vertices and a set S of finite
non-empty subsets of V called simplexes such that

(a) Any set consisting of exactly one vertex is a simplex.
(b) Any non-empty subset of a simplex is a simplex.

A simplex containing exactly g 4 1 vertices is called a g-simplex. If s is a g-simplex of "
comprising the vertices Py, Py, ..., P;, then werepresent s by the ordered list (Po Py . .. P,).
Any permutation of the list represents the same g-simplex s.

We define C, (T, Z,) to be the group of formal linear combinations ) _  r,o, where o runs
through the g-simplexes of I and 7, € Z,. An element of C,(I", Z,) is called a g-chain of
I" over Z,. If T is non-empty, then we define C_(I", Z;) = 0 and we define C,(I", Z,) = 0
for g > n if n < oo and n is the size of the largest simplex of I".

The g-th boundary operator is a homomorphism 9, : C,(I", Zy) — C,_1(T', Z). Let s
be a g-simplex of I" (and so also a g-chain) represented by (PyP; ... P,). Then the action
of 9, on s is

q
dg(s) =Y (PoPr... Py Pry1 ... Py).
i=0

Note that this definition is independent of the representation of s that we use. A face of s
is a (¢ — 1)-simplex with vertices in s and the (g — 1)-simplex (PoP; ... Pi_1Piy1... Py)
is the face of s opposite P;. We extend 9, to act on g-chains of I" by letting it act linearly.
The (¢ — 1)-chain 9, (s) is called the boundary of s.

The following lemma is an elementary result in algebraic topology.

Lemma2.1 09,009,4 =0.

A g-chain s such that 9, (s) = 0 is called a g-cycle and if s = 9,41 (s") for some (g + 1)-
chain §’, then s is called a g-boundary. Two g-chains that differ by a boundary are called
homologous and a g-cycle that is homologous to the zero g-chain is called null homologous.
The set of g-cycles form a group (the kernel of 9,) denoted by Z, (I, Z,) and the set of
g-boundaries also form a group (the image of 9,.;) which is denoted by B, (I", Z,). If s
is a g-boundary with s = 9,41 (s"), then 9,(s) = 9, 0 9y+1(s") = 0 by Lemma 2.1 and so
B,(T", Zy) is a subgroup of Z,(I', Z). The quotient group Z,(I", Z,)/B,(I", Z,) is called
the g-th homology group of I' over Z,, and is denoted H, (", Z).

We denote by C4(I', Z) the group of homomorphisms from C,(I', Z;) to Z,. Any
element of C9(I", Z,) is called a g-cochain of T into Z,. The g-th coboundary operator
is a group homomorphism 87 : C4(T", Z,) — C47(T', Z,). Let ¢ be a g-cochain and s a
g + 1-simplex of I" represented by (PyP; ... P,41). Then the action of 6%¢c on s is defined
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to be

q+1

d1c(s) =) c(PoPr... Py Pyt ... Pyyr);
i=0

Which is independent of the representation of s used. By linearity this determines the action
of 89c on all g + 1-chains. The g + 1-cochain §9c is called the coboundary of c.
We have an analogous result to Lemma 2.1 for §:

Lemma 2.2 897087 =0.
The following lemma links the boundary and coboundary operators:
Lemma 2.3 Let s be a (q + 1)-chain and c a q-cochain. Then

89c(s) = c(3y3418).

A g-cochain ¢ such that 87¢ = 0 s called a g-cocycle and if ¢ = 87~ !¢’ for some (g — 1)-
cochain ¢’, then c is called a g-coboundary. Two g-cochains that differ by a boundary are
called cohomologous. Z4 (I, Z;) is the group of g-cocycles (the kernel of 67) and B4 (T, Z,)
is the group of g-coboundaries (the image of §9~!). Lemma 2.2 tells us that B(T", Z,) is a
subgroup of Z9(I", Z,). The quotient group Z9(I", Z,)/B4(I", Zy) is the g-th cohomology
group of T" over Z,, and is denoted HY(T", Z,).

The following theorem states the precise connection between homology groups and
cohomology groups.

Theorem 2.4 Let " = (V, S) be a simplicial complex with V non-empty and finite. Then
H,(T',Zy) = HI(I', Z) forallq > —1.

This result will prove extremely useful to us in both Section 3 and Section 4. In Section 3
we will reformulate our desired characterisation of Q(5, ¢g) in terms of the order of a
particular cohomology group, however it is the corresponding homology group that we
actually calculate, which is done in Section 4.

2.2.  Graphs and homology of a simplicial complex over Z;

In this section we first define the graph associated with a simplicial complex and the simpli-
cial complex associated with a graph. We then proceed to describe the connections between
algebraic topology on a simplicial complex and properties of the graph associated with
the simplicial complex. In particular we establish necessary and sufficient conditions on
a simplicial complex I' for the group H,(I", Z;) to be trivial and then reformulate these
conditions on the graph associated with I".

If I is a simplicial complex, then the g-skeleton I'? of I' is the simplicial complex
consisting of all p-simplexes of I" for p < g. The 1-skeleton of T" is the simplicial complex
of 0-simplexes and 1-simplexes of I, which we will consider as a graph.
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Let G be a graph with vertex set V and edge set E. We define I'g to be the simplicial
complex with O0-simplexes the vertices of G, 1-simplexes the edges of G, 2-simplexes the
complete subgraphs on 3 vertices and in general, with the set of g-simplexes the set of
complete subgraphs of G on g + 1 vertices.

An alternative representation of C,, (I, Z,) is the following. The elements of C, (", Z,) are
the subsets of the set of g-simplexes and the group operation on two elements of C, (", Z5)
is symmetric difference. Given an element s of C, (I, Z;), as a sum of g-simplexes, the
subset of g-simplexes corresponding to s contains those g-simplexes whose coefficient in
s is 1. The boundary of a g-simplex s is the set of (g — 1)-faces of s and the boundary of a
g-chain o is the symmetric difference of the sets of (¢ — 1)-faces of the ¢g-simplexes of 0.
Note that for a g-simplex s we will often use s to mean the g-chain {s}.

We now consider the group H; (", Z,) and the graph I"!, for some finite simplicial complex
I'. Let o be a 1-cycle of T, then 9; (o) = 0 and so each 0-simplex of I' is contained in an
even number of 1-simplexes of o (the number may be 0). Let 6’ be a 1-boundary of " with
o' =09,(c"”), then o’ is the symmetric difference of the sets of 1-faces of the 2-simplexes of
o”.

We now make some important observations, which will be assumed for the rest of the
paper regarding the correspondence between 1-cycles of a simplicial complex and circuits
of its 1-skeleton. Let o = {sy, 52, ..., s, } be a 1-cycle of I'. We say that ¢ is an elementary
I-cycle of T', if each vertex of I' appears in exactly none or two 1-simplexes of o. We
say that o is induced if for any 1-simplex s such that 9,(s) ={P, Q} with P €9;(s;),
Q€0(sj),fori, jefl,...,n},i #j,thens €o.If o is an induced 1-cycle that is not the
boundary of a 2-simplex, we say that o is a proper induced 1-cycle. The above definitions
make more intuitive sense in the graph I'!, the 1-skeleton of I'. Recall that a 2-simplex
of T is a triangle in T'!, a I-simplex an edge and a O-simplex a vertex of I''. In T'! a
I-cycle of T is a set of edges such that each vertex appears in an even number of edges,
that is, the set of edges of a circuit of I''. An elementary 1-cycle is the set of edges
of an elementary circuit of T'' and an induced 1-cycle is the set of edges of an induced
circuit of T''. Note that in I'! a 1-cycle does not correspond to a single circuit, since the
1-simplexes of a 1-cycle aren’t ordered, but rather to a set of circuits. In the work that
follows we will often abuse notation and refer to a circuit as both a set of vertices and a set
of edges.

We now state some elementary results which will allow us to establish when H, (I", Z;)
is trivial.

Lemma 2.5 A 1-cycle of ' may be written as the sum of elementary 1-cycles, with no
common 1-simplexes.

Lemma 2.6 An elementary 1-cycle of T containing n 1-simplexes can be written as the
sum of induced 1-cycles of I' each of which contains at most n 1-simplexes.

Combining Lemma 2.5 and Lemma 2.6 gives us the following result.

Corollary 2.7 A 1-cycle of T can be expressed as the sum of induced 1-cycles of T.



114 BROWN

Recall that H|(T", Z,) is trivial if and only if each 1-cycle of T is a 1-boundary. Since each
1-cycle of I" can be expressed as the sum of induced 1-cycles of I we have the following
theorem.

Theorem 2.8 H (I, Zy) is trivial if and only if each induced 1-cycle of T is a 1-boundary.

A circuit C of a graph G is said to be decomposed into circuits Cy, C», ..., C, if the edge
set of C is the symmetric difference of the edge sets of the C;. With this definition we can
reformulate the above results in terms of the graph I''. Lemma 2.5 says that every circuit
may be decomposed into elementary circuits, while Lemma 2.6 says that any elementary
circuit may be decomposed into induced circuits. Thus Theorem 2.8 becomes the following
result.

Corollary 2.9 The group H|(T', Z,) is trivial if and only if each induced circuit of the
graph T'! can be decomposed into triangles.

2.3.  Covers of a graph and covers of a geometry

In this section we introduce the cover of a graph and the cover of a geometry, as in [4] (see
also [14]), which we will use in Section 3 to reformulate the characterisation of Q(5, ¢) as
a GQ S with a classically embedded subquadrangle isomorphic to Q (4, ¢) in terms of the
first homology group over Z; of a particular simplicial complex.

Let G be a graph, then an m-fold cover of G is a pair (G, p) where G is a graph and p
is a map from the vertex set of G to the vertex set of G satisfying:

(i) For any vertex P € G, p~!(P) consists of m pairwise non-adjacent vertices
(ii) For any edge e = {P, Q} of G, p~!(e) consists of m disjoint edges
(iii) For any non-edge {P, Q} of G, p~' ({P, Q}) is a graph with no edges.
The graph G is called the covering graph, the map p the covering map, m is called
the index of the cover and any set of vertices of G of the form p~1(S) for some set S
of vertices of G (possibly a single vertex) is called a fibre of S.
If G is the point graph of a geometry S = (P, B, 1) and (G, p) satisfies
(iv) For any line £ of S, if Pp={P eP: P 1 ¢}, then p~'(P,) consists of m disjoint
complete graphs,

then we can form a geometry S with point set the vertices of G and lines (as sets of points)
defined to be the complete graphs from (iv). The map p naturally induces a map from the
point set of S to the point set of S, which, introducing an abuse of notation, we also call p.
The pair (S, p) is called an m-fold cover of S. The geometry S will be called the covering
geometry and the terms covering map, index and fibre are defined as for the cover of a graph.
We will often take the existence of the map p to be understood and call S an m-fold cover
of S. Any element of the fibre p~!(P) will be called a cover of P. The map p induces
a well-defined map from the line set of S to the line set of S that, abusing notation once
again, we shall denote by p.
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Note that if (iv) is satisfied, and £ is a line of S, then (i) and (ii) imply that each line
in the set p~!(£) has the same size as £ (as a set of points). Also, if P I ¢, then each
point in the set p~!(P) is incident with exactly one element of p~'(£). This means that if
£ (as a set of points) is { Py, P», ..., Psy1}, then each line of the set p’l(ﬁ) has the form
{P,P},..., PS/H}, where P/ € p ' (P),fori =1,2,...,s+ 1. Thatis, P’ incident with
¢ in S implies that p(P’) is incident with p(¢') in S.

Let G be a graph and I';; the simplicial complex associated with G. To simplify matters,
we will identify a vertex of I'¢ with the corresponding vertex of G, and a 1-simplex of
"¢ with the corresponding pair of adjacent vertices of G. Recall from Section 2.1 that a
1-cochain ¢ of I'g over Z; is a homomorphism from the group C;(I'g, Z,) into Z,; which
is completely determined by its action on the 1-simplexes of I'. An algebraic 2-fold cover
of G over Z, is an 2-fold cover of G, (G, p) where G is the graph with

Vertex Set: {(P,a): PeG, aeZ,}
Adjacency: (P,a) ~(Q,B) if P~Qandc(P,Q)=a+ 8

and p is the map p((P, «)) = P. It should be noted that c(P, Q) = ¢(Q, P), since (P, Q)
and (Q, P) represent the same 1-simplex.

Any 1-cochain ¢ defines an 2-fold cover of G in the above way. If G is the point graph
of a geometry S and (5 , p) is an algebraic 2-fold cover of S, then we say that (S , p) is an
algebraic 2-fold cover of S. It is relatively straight-forward to show that any 2-fold cover
of a graph may be represented as a algebraic 2-fold cover of the graph.

Let G be the point graph of a geometry S and let (G, p) be an algebraic 2-fold cover of
G. We investigate conditions under which condition (iv) above is satisfied.

Let £ be a line of S such that P, ={P;, P5,..., P}, then (P;, ) is collinear to
the set of points {(P2, & +c(P, P2)), (P3,a +c(P1, P3)), ..., (P, a+c(Pr, Pyp))}
Thus, p~' (P,) consists of m disjoint complete graphs if and only if the m complete graphs
have vertex sets

{(Pr, ), (P2, +c(Pr, P), ..., (Psyr,a +c(Py, Py))} fora € Z,.
This is true if and only if

(Pi,a+c(Pr, P) ~ (Pj,a+c(Py, P;)) forall P, P;
where i # j, i, j # land o € Z;.

Writing § for the first coboundary operator 8!, we see that this is true if and only if
Sc(Py, P;, Pj) =0 forall P, P; wherei # jandi, j # 1.

This is the case if agd only if §c(P;, Pj, Pr) = Oforall P;, P; where i, j, k are distinct and
i, j,k # 1. Thus (G, p) gives rise to an algebraic 2-fold cover of § if and only if

dc(P, Q, R) =0 for all distinct collinear points P, Q, R.
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We will call (G, p) and (S, p) the algebraic 2-fold covers of G and S respectively, defined
by ¢, or say that ¢ defines (G, p) and (S, p) respectively.

If (S, p) and (S, p’) are two algebraic 2-fold covers of the geometry S, defined by ¢
and ¢’ respectively, such that S and S’ are isomorphic geometries, then we say that (S, p)
and (5 ', p) are equivalent. Where S and & are understood to be covers of S, we say that ¢
and ¢’ are equivalent. Note that if ¢ and ¢’ are cohomologous, with ¢’ = ¢ + 8b, then ¢ and
¢’ are equivalent, and the map i : (P, @) — (P, o+ b(P)) is an isomorphism from St S

3. Introducing the cohomology

In this section we reformulate our characterisation problem of Section 1 using cohomology.

Let S = (P, B, 1) be a GQ of order (¢, ¢g*) with a subquadrangle isomorphic to Q (4, g),
which we will denote by Q(4,q) = (P, B,T). Let each ovoid of Q(4, gq) subtended
by a point of S\Q(4, g) be an elliptic quadric ovoid of Q(4, ¢); that is, Q(4,¢q) is a
classically embedded subquadrangle of S. Define 7* = (P\P’, B\B’, I*) where I* is the
natural restriction of I. Let 7 be the SPG of Metz that has point set the set of elliptic
quadric ovoids of Q(4, g) and line set the set of rosettes of Q(4, g) subtended by S. Note
that each elliptic quadric of Q(4, g) is subtended and each rosette of Q(4, ¢) consisting
entirely of elliptic quadrics is subtended. We will denote the point graph of 7 by G and, as
in Section 2.2, the simplicial complex constructed from the graph G by I';.

A number of the results presented in this section are special cases of results in [3].
We include proofs here for the sake of clarity. The following result is a special case of
[3, Theorem 3.1].

Lemma 3.1 Let © be the set of elliptic quadric ovoids of Q(4, q) and represent P\P’ as
the set {(O, 0), (O, 1): O € B}. Let ¢ be a 1-cochain of T over Z, acting on the 1-simplex
(0, 0) by

0 if (0, 0) and (O, 0) are collinear,

c(0,0) =1 :
1 if (O, 0) and (O, 0) are not collinear.
Then T* is an algebraic 2-fold cover of T defined by c.
Further, c satisfies the coboundary condition

8¢(0, 0,0 =0= 0,0, 0" are collinear in T . (1)

Proof: Let O and O’ be two collinear points of 7. So O and O’ are two elliptic quadric
ovoids of Q (4, g) contained in a common rosette that is subtended by two distinct lines of
S. The point (O, 0) of 7* is incident with one of these lines and (O, 1) is incident with
the other, and similarly for (O, 0) and (O, 1). Thus (O, «) is collinear with (O, 8) if and
only if ¢(O, O") = a + B, and so ¢ defines an algebraic 2-fold cover of the point graph
of 7.

To show that 7* is an algebraic 2-fold cover of 7, defined by ¢, we need to show
that 6¢(O, O, O") =0 whenever O, O’ and O” are distinct collinear points of 7. So let
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O, O and O” be distinct collinear points of 7 and R the subtended rosette of Q(4, g)
containing them. Now (O, 0) is collinear with (O’, ¢(O, O’)) and with (O, c(O, O")).
Since {(O, 0), (O, c(O, O))) and ((O, 0), (O”, c(O, O"))) both subtend the rosette R, it
follows that (O, ¢(O, O")) and (O”, c(O, O")) are collinear and so §c(O, O’, 0”) = 0.
Thus ¢ defines a cover of 7.

If O, O and O" are pairwise collinear but not incident with a common line of 7, then
it follows that they are not contained in a common subtended rosette of Q(4, ¢g). Thus
(0,0), (O, c(O, O)) and (O”, c(O, O")) are not incident with a common line of 7* and
so (O, c(O, @) and (O”, (O, O")) are not collinear since this would be a triangle in S.
Hence §c(O, O', O”) =1 and c satisfies (1). O

We have shown that if Q(4, ¢g) is classically embedded in S then we may define a
1-cochain ¢ of I'g over Z, satisfiying (1). We now show that a 1-cochain c¢ satisfying (1)
can be used to construct a GQ S of order (g, g?) such that Q(4, q) is classically embedded
in S. In the following result we show that the geometry 7 * and the GQ S containing Q (4, q)
as a classically embedded subquadrangle can be reconstructed from 7 and c satisfying (1).
The result is a special case of [3, Theorem 3.2].

Lemma 3.2 Let ¢ be a 1-cochain of the simplicial complex T over Z such that
8c(0,0,0" =0« 0,0, 0" are collinear in T,

and let T* be the algebraic 2-fold cover of T defined by c.
Let S be the following incidence structure.

Points (i)  Points of Q(4, q).
(i)  Points of T*.
Lines (a) Linesof Q4,q).
(b)  The sets of points £ U P where £ is a line of T* and P the base
point of the subtended rosette covered by £.
Incidence (i), (a) Asin Q(4, q).
(i), (b) A point P of type (i) is incident with a line £ U Q of type (b) if
and only if P = Q.
(i1), (a) None.
(>ii), (b) A point P of type (ii) is incident with a line £ U Q of rype (b)
if and only if P is incident with £ in 7*

Then S is a GQ of order (q, ¢*) with a classically embedded subquadrangle Q (4, q).

Proof: The proof that S is a GQ of order (g, ¢?) is straightforward apart from showing that
the third GQ axiom holds for a non-incident point-line pair (P, £ U Q) where P is of type (ii)
and £ U Q is of type (b). We consider this case. Let O be the ovoid of Q (4, ¢) corresponding
to P and R = {04, ..., O,} the subtended rosette of Q(4, q) corresponding to £. Without
loss of generality suppose that P = (O, 0). There are two possibilities for £, either £ =
{(01,0), (02, ¢(O1, Dr)), ..., (Oy, c(O1, Op))} or £ = {(O1, 1), (02, c(O1, O2) + 1),
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..., (04, c(O1, Oy)+ 1)}. Suppose that O € R and that without loss of generality O = O.
Then since (O, 0) is not incident with £ we have that £ = {(Oy, 1), (O, c(O1, Oy) + 1),
.y (04, ¢(0O1, Oy) + D} and (O, 0) is collinear with none of the points on £. Thus Q
is the unique point on £ U Q that is collinear with P. Now suppose that O ¢ R and that
without loss of generality £ = {(O1, 0), (02, c(O1, 02)), ..., (O, c(O;, ON}. I Q € O
then O meets each of the O; in g + 1 points and is contained in a unique subtended
rosette with Q as the base point, which gives a unique line incident with P and a point
of £U Q. If Q €O, then there are two ovoids of R that meet O in precisely one point.
Without loss of generality let these ovoids be O; and O,. Now (O, 0) is collinear to
(O3, c(0Oy, Oy)) (on £) and (Oq, 1) is collinear to (O,, c(Oq, Oy) + 1), while (O, 0) is
collinear to exactly one point of the form (O;, —) and one of the form (O,, —). So (O, 0)
is collinear to exactly one point on £ U Q if and only if either (O, 0) is collinear to (O, 0)
and (O3, c(Oq1, Oy) + 1) or (O, 0) is collinear to (Oq, 1) and (O,, c(O;, O,)). This occurs
if and only if ¢(O, O;) = ¢(O, O;) + ¢(Oy, O;) + 1. That is, if and only if

6¢(0, 01, 02) = ¢(0, 01) + (c(O, O1) +¢(O1, O2) + 1) +¢(O1, O02) =1,

which ¢ satisfies. Thus S is a GQ of order (g, ¢2).

Clearly S contains Q(4, g) as a subquadrangle, so it remains to show that Q(4, g) is
classically embedded in S, that is, every subtended ovoid is an elliptic quadric.

Let P be a point of S\ Q(4, g), that is, a point of 7*. The lines of S incident with P are
the lines of the form £ U Q where P € ¢ and Q is the base point of the rosette covered by
£. A line of this form meets Q (4, ¢) at Q. So if O is the ovoid of Q(4, ¢) subtended by the
point P and (' is the elliptic quadric covered (as a point of 7) by P, then O is the set of
base points of rosettes containing @'. Hence © = O and Q(4, q) is classically embedded
inS'. O

From Lemma 3.1 and Lemma 3.2 it follows that considering GQs of order (¢, ¢*) contain-
ing a classically embedded subquadrangle Q(4, ¢) is equivalent to considering 1-cochains
of I'g over Z, that satisfy the condition (1). We now consider when two such 1-cochains
give rise to isomorphic GQs.

Lemma 3.3 Let ¢ be a 1-cochain of T over Z; satisfying (1). If ¢’ is the 1-cochain ¢ + 8b
for some 1-coboundary 8b, then ¢’ also satisfies (1). Furthermore, the GQs S(c) and S(c'),
defined from c and ¢, respectively, as in Lemma 3.1, are isomorphic.

Proof: Since 8¢’ = §(c +8b) = 8¢ +8%b = 8¢ (by Lemma 2.2) it follows that ¢’ satisfies
(1) if and only if ¢ satisfies (1).

The isomorphism i from S(c¢) to S(c¢’) acts on points of S(c) as follows. If P is a point
of type (i) of S(c), thatis P € Q(4,q), then i : P+ P (that is, i maps P € Q(4, q) as
a point of S(c) to P € Q(4, g) as a point of S(c)). If (O, @) is a point of type (ii) of
S(c), where O is an elliptic quadric ovoid of Q(4,¢q) and @ € Z;, then i: (O, a) +—
(O, o+ b(0)). O

The above result is a special case of [3, Theorem 3.3].
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Lemma 3.3 means that if all 1-cochains c satisfy (1) are cohomologous, then all corre-
sponding GQs S(¢) are isomorphic (necessarily to Q(5, q)).

Now suppose that ¢ and ¢’ are two 1-cochains that satisfy (1). Both §c and 8¢’ are zero
on any 2-simplex of I'g corresponding to a set of three collinear points of 7; and both are
non-zero on any 2-simplex of I'g corresponding to a set of three pairwise collinear points
of 7 not incident with a common line of 7. For the latter case we must have §¢ = 8¢’ = 1,
since both §c and §¢’ map into Z,. Thus we have the following result.

Lemma 3.4 Ifc and ¢’ are 1-cochains of T g over Z, satisfying (1), then 8(c + ¢’) = 0.
This leads to the following result.

Theorem 3.5 If the group H' (T, Z,) is trivial, then any GQ S with subquadrangle
0(4, q) such that Q(4, q) is classically embedded in S is isomorphic to Q(5, q).

Proof: Letc be the 1-cochain satisfying (1) constructed from Q(5, ¢) asin Lemma 3.1 (so
S(c) constructed as in Lemma 3.1 is isomorphic to Q(5, ¢)) and let ¢’ be another 1-cochain
satisfying (1). Now by Lemma 3.4 §(c + ¢’) =0 and by the hypothesis of the theorem
H'(Tg, Z») is trivial so ¢ + ¢ is a 1-coboundary, say 8b. As ¢’ =c + &b it follows from
Lemma 3.3 that S(¢’) = S(c), and so S(c’) = Q(5, g). Since every GQ of order (g, ¢°)
containing Q(4, q) as a classically embedded subquadrangle may be represented as S(c)
for some c¢ satisfying (1) it follows that any such GQ is isomorphic to Q (5, g). O

So we have now reformulated our characterisation problem to calculating the size of
H'(T'g, Z,). By Theorem 2.4 this is equivalent to calculating the size of H,(I'g, Z») which
we do in the next section.

4. Calculating the homology

In this section we show that if 7 is the SPG of Metz, G the point graph of 7 and ' the
simplicial complex of G, then H, (I, Z) is trivial. By Theorem 3.5 and Theorem 2.4 this
characterises Q(5, ¢) as a GQ of order (g, ¢g*) with a subquadrangle isomorphic to Q (4, q)
that is classically embedded.

By Theorem 2.8 we know that the group H, (I, Z,) is trivial if and only if each induced
1-cycle of I'g is a 1-boundary. We proceed to show that H; (I, Z5) is trivial by first showing
that the problem may be simplified to showing that each induced 1-cycle consisting of four
I-simplexes is a 1-boundary and then use the graph G to show this is indeed the case.

From Section 2.2 we know that the 1-simplexes of an induced 1-cycle of I'; are the edges
of an induced circuit of the graph G. For convenience we shall use both representations
interchangeably and often abuse definitions by saying that two vertices of I' are adjacent
to mean they are the boundary of a 1-simplex.

Lemma 4.1 Let 0 be an induced 1-cycle of ' consisting of at least four 1-simplexes.
Then there exist induced 1-cycles o1, 02, ..., 0, such that each o;,i = 1, ..., r, consists
of four 1-simplexes and o is homologous to the sum of the o;.
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Proof: Let o consist of n 1-simplexes; we proceed by induction on n. If n =4, then the
result is immediate. If n > 5, then let o be the 1-cycle (0,0, ... O,), where we recall that
each O; is an elliptic quadric ovoid of Q (4, ¢). Now suppose that O; N O, = {P} and that
R is the rosette, with base point P, containing both O, and O,. By the proof of Theorem
2.5 of [3] or by elementary properties of the quadric Q (4, ¢), if O, does not contain P, then
there are precisely two ovoids of R that intersect O, in exactly one point. If O, does contain
P then O, does not intersect any ovoid of R in exactly one point. Suppose first that P is not
a point of O,. Since o is an induced 1-cycle and we have assumed that n > 5, it follows that
Oy is adjacent in G to neither O nor O,. Thus there exists an ovoid O, O # Oy, O,, such
that O is in R and O intersects O in exactly one point. Hence the induced 1-cycle o may
be expressed as the sum of the 1-cycles (000405 ... 0,), (010,0) and (0O,0;0,40).
If O3 is adjacent to O, then (O,030) and (O4030) are triangles in G and so the 1-
cycle (0,03040) is null homologous. If O3 is not adjacent to O, then (O,0;0,0) is
an induced 1-cycle. Now the induced 1-cycle o contains n 1-simplexes, and the 1-cycles
(0100405 ...0,) and (0,03040) contain n — 1 and four 1-simplexes, respectively.
Thus the induced 1-cycle o is homologous to the sum of an elementary 1-cycle containing
n — 1 1-simplexes and a 1-cycle containing four 1-simplexes (both of which may or may
not be induced). By Lemma 2.6 we can write both of these 1-cycles as the sum of induced
1-cycles, each consisting of fewer than n 1-simplexes. Consequently, o may be written as
the sum of induced 1-cycles, each of which contains fewer than n 1-simplexes.

Now suppose that P is a point of the ovoid Oy4. Let Q be a point, distinct from P, contained
in the ovoid Oy but in neither O3 nor O4. From the geometry of Q (4, ¢) we know that there
is a (unique) subtended rosette R’, containing O, and having base point Q. Since O3 does
not contain the base point of R’ it follows that O is adjacent to two ovoids in R’. If we
let one such ovoid be (0, then o can be expressed as the sum of the 1-cycles (O;0,0;0")
and (O10'030y...0,). Now since O, does not contain the base point of R’ and Oy is
not adjacent to Oy, by above arguments (O;0’'O3;0; ... O,) and consequently o may be
written as the sum of induced 1-cycles, each consisting of fewer than n 1-simplexes.

Finally, the result follows by induction. g

Given Lemma 4.1 we now need a method for showing that a given induced 1-cycle of
[ that contains four 1-simplexes is null homologous. The following lemma provides this
method. In the work that follows the term four-circuit refers to a circuit of G consisting of
four vertices and an induced four-circuit is an induced circuit of G with four vertices. Also,
for A and B vertices of G we will use the notation G4 p) to refer to the subgraph of G
induced by the vertices adjacent to both A and B.

Lemmad4.2 Leto = (010,0304) be an induced 1-cycle of . If G0, 0,) is connected,
then o is null homologous.

Proof: Suppose that G o, o, is connected and let 0,22, . . . 2,04 be a path connecting
O, and O, in Gp,,0,}- Then o is equal to the sum of the 1-cycles (O10,2), (030,9),
(0120221), (0320221, ... (O12,-124), (032,212,), (012,0,) and (03£,04). Since
each of these is a triangle in G, the corresponding 1-cycles are all 1-boundaries and hence
o is null homologous. O
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We now show that if (O;0,050,) is an induced four-circuit, then the graph G0, o) is
connected and so the corresponding 1-cycle is null homologous. To do this we recall the
Hirschfeld-Thas representation of 7', the SPG of Metz.

Let Q= Q0 (5, ¢) be the non-singular elliptic quadric of PG(5, ¢) and let the polarity
of Q be represented by L. Let P be a point of PG(5, ¢) not on Q and IT a hyperplane of
PG(5, ¢) not containing P. The geometry 7 may be represented in IT with point set the
projection of Q\ P+ onto IT and line set the set of lines of IT containing ¢ points of 7.
Alternatively we may think of the point set of 7 as the set of intersections of secants to Q
on P with IT and the line set as the set of intersections of planes on P meeting Q in two
lines with T1. This representation will allow us to study the geometry of 7 in the quadric
Q. We first make the following observation.

Lemma 4.3 The geometry of Q\ P+ is a 2-fold cover of T.

Proof: Either verify directly or note that applying the polarity L of Q to the secants and
double line planes of Q on P gives the Metz representation of 7 in P+ N Q = Q(4, q).
O

Now let (ABC D) be an induced four-circuit of G. Let (A, P)NQ = {A}, Az}, (B, P)N
Q ={By, By}, {C,P)NQ = {Cy,Cy} and (D, P) N Q = {D,, D,}; that is the fibres of
A, B, C and D, respectively, with respect to the 2-fold cover. Let G4 ¢; be the subgraph of
the point graph of Q\ P+ (which is the 2-fold cover of G) induced by the set {A;, C;}* U
{Ay, Cz}L U {A,, Cl}L U {A,, CQ}L; that is G{A,C} is the fibre of G{A.C}-

Lemma 4.4 If G4 ) is connected, then G4 cy is connected.

Proof: Let X and Y be any two vertices of G4,c}. Let X and Y; be in the fibres of X

and Y, respectively. Under the covering map a path from X to Y; is mapped to a path from

X to Y. Hence G4,y is connected. O
We now work towards proving the following proposition.

Proposition 4.5 The graph G4 ¢ is connected.

Let 7 be the plane (P, A, C) and let H be the subgraph of G4 ¢ induced by the vertex
set

(A1, C1)" N Q) U (A2, Co) N Q)\C,
where C = 7w N Q. For convenience we let £, = (4, C))*NQand & = (45, C,)T N Q.
Note that both &£ and &, are non-singular elliptic quadrics and that since (A, C;) and

(A,, C;) are in 7 it follows that C = £, N &,.

Lemma 4.6 If H is connected, then G, ¢y is connected.
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Proof: Since both £\C and ({4, C,)* N Q)\C are contained in AlL it follows that each
point of £ \C is adjacent to a unique point of ((A;, C,)* N Q)\C. Similarly each point of
&1\C is adjacent to a unique point of ((A,, C;)* N Q)\C, and each point of & \C is adjacent
to a unique point of ({(A,, C;)* N Q)\C and a unique point of ((A, C,)* N Q)\C. From
this we see that H being connected forces G4 ¢} to be connected. O

Let pp be the involutary collineation of PG(5, ¢) that fixes Q and acts on points of
Q by up(Q)=Q if Qe P+ and up(Q)=R if (Q, P) N Q={0Q, R}, R# Q (see [9,
Section 22.6]). The map w p interchanges A and A,, interchanges C; and C,, interchanges
&1 and &, and fixes C pointwise. So “‘geometrical” statements about & are also true for
&,. Given a statement involving £ we will often assume the equivalent statement for &,
without explicitly mentioning it.

We now consider the graph H and the corresponding geometry on the quadric Q. The ge-
ometry of H separates into two classes depending on whether (£, A,, C) and (&;, Ay, C1)
are both four dimensional subspaces of PG(S5, ¢) or both PG(5, ¢) itself.

Lemma 4.7 For Re&\C, Ck = R+ N (&\C) is a conic and one of the following two

cases holds:

(1) DIim({&;, Az, Co)) =Dim((&,, Ay, C1)) =4, and so (E1) N (A;, Co) = Wy and (&) N
(A1, C1) = Wh, for points Wi, W, € PG(5, Q)\Q. For R, S€E\C, R # S,Cgr = Cs
if and only if Wy € (R, S). In this case W, € (Cg).

Furthermore, if q is odd, then W\ # W, Wi, W, are external points of the conic & N Q
and Wy, W, & at. If q is even, then W, = W, = N, the nucleus of the conic m N Q,
and N e t.

(i) Dim({&;, A, C3)) = Dim({(&,, Ay, C1)) = 5. For R, S € E;\C and R # S we have

that Cg # Cs.

Proof: Firstlet W = (A4,, C;) N (A,, C3), then Wt = ((A}, C1)*, (A, Co)H) = (&1, &).
In Wt N Q = Q(4, q) the tangent space at R € &\C is a quadratic cone meeting &, in
a conic Cg which contains no points of C since R and C are contained in the nonsingular
elliptic quadric &;.

The collineation u p fixes Q and maps (£, A,, C,) onto (&;, Ay, C1) and so it follows that
they have the same dimension, either fouror five. IfDim((&;, A;, C»)) =Dim((&,, Ay, C1))
= 4, then it follows that (£}) N (A,, C;) and (&) N (A}, C}) are points W, and W,, respec-
tively. If Dim({&;, A,, C2)) = Dim({&;, Ay, C1)) = 5, then (&) and (A,, C;) are skew as
are (&) and (Aq, Cy).

Now if R € & \C and Cg = R+ N &, then (Cgr) = R N (As, o)t = (R, Ay, Cr)* and
so for § € £\C with R # S it follows that Cgr =Cy if and only if (R, A, Co) = (S, Az, Cp).
This is the case if and only if (A,, C;) meets (£;) in a point W; and W, € (R, S). In
this case we know from the above that (£,) and (A;, C;) intersect in a point W,. Since
(Cr) = R N (A, Cr)*F and (41, C;) C R, it follows that W, € (Cg). Also in this case
since Wi = (A, C1)* N (A,, C,) it follows that W, is on 7 and is also on the tangents to
7 N Qat Ay and Cy. Similarly, W, is on = and on tangents to 7 N Q at A, and C,. If g is
odd, then W and W, are external to the conic w N Q, W # W, and since & ¢ Wi, WZJ-
it follows that W,, W, & & . If q is even, then since W; and W, are each on two tangents
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to a conic, they coincide in the nucleus N of the conic. Since 7 C N+ it also follows that
Nent. O

At this point we make the comment that for 7' € £&\C we will use Cy to represent the
conic T+ NE;.
Given Lemma 4.7 we are now equipped to show that H is connected.

Lemma 4.8 The graph H is connected.

Proof: If every two distinct points of R, S € £,\C, R # S, are connected, then by applying
the automorphism of H induced by the collineation wp it follows that any two distinct
points of &\C are connected. As we have already seen, for R € £;\C we have that R+ N
& =R* N (&\C) and so there is an edge between £\C and &\C. It follows that H is
connected.

So let R and S be two distinct points of £;\C. We first show that R is connected to more
than half the vertices of £,\C. We case split according to Lemma 4.7.

Case (i) Let R’ € &£\C, R’ # R be the point such that Cr =Cg'. Now for T, T’ € Cy, either
Cr =Cr or Cr N Cr ={R, R'}. Hence the number of points of £;\C connected to a point
of Cp is at least

2
g9 —q _1&\C]
g-—1)+2> T =5

(¢+D
2

Case (ii) If U € £,\C, U # R, then it is connected to the points Cgx N Cy of Cg, that is, at
most two points. Hence the number of points of £;\C connected to a point of Cg is at least

q(qg+1) ¢ —q _1&6\C|
+1> = .
2 2 2

So in either of the two cases R is connected to more than half the points of £;\C and the
same argument applies to S. It follows that if S is any other point of £;\C that R and S must
be connected to a common point of £;\C and hence are connected. O

As we have shown that H is connected by Lemma 4.6 it follows that G4 ¢y is connected
and Proposition 4.5 is proved. Finally, we have our main theorem.

Theorem 1.2 Let S= (P, B, 1) be a generalized quadrangle of order (q, q*) having a
subquadrangle S’ isomorphic to Q(4, q). If in S’ each ovoid Ox consisting of all of the
points collinear with a given point X of S\S' is an elliptic quadric, then S is isomorphic
10 (5, q).

Proof: As usual let 7 be the SPG of Metz, G the point graph of 7 and I' the associated
simplicial complex. By Proposition 4.5 and Lemma 4.4 if (ABCD) is any four-circuit of
G, then B and D are connected in the subgraph of G induced by the common neighbours
of A and C. Hence (ABCD) may be decomposed into triangles and the corresponding
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1-chain of ' is a 1-boundary. By Lemma 4.1 this implies that each induced 1-cycle of
I is a 1-boundary. By applying Theorem 2.8 we see that H|(I'g, Z) is trivial, which by
Theorem 2.4 means that H'(I'g, Z,) is trivial. Finally applying Theorem 3.5 the theorem
is proved. O

5. Generalisation of techniques

The focus of this paper has been the proof of Theorem 1.2; that is to show that if a GQ S of
order (g, g?) contains a subquadrangle isomorphic to Q (4, ¢) such that all of the subtended
ovoids are elliptic quadrics, then S = Q(5, ¢g). However, the techniques employed to prove
the result may be extended as follows. Suppose that S is a GQ of order (s, s%) containing a
subquadrangle &’ of order s such that each subtended ovoid of S’ is subtended by precisely
two points of S\S&’. Then by [3, Theorem 2.5] the incidence structure of subtended ovoids
and subtended rosettes of S’ is an SPG 7 with parameters s =g — 1, t =¢%, a =2, u=
2q(g — 1). The subquadrangle S’ is said to be doubly subtended in S. In a manner directly
analogous to that in Section 3 the geometry of S\S’ defines a 2-fold cover of the SPG
7T and in fact an algebraic 2-fold cover. The condition (1) also determines precisely those
I-cochains that define a GQ via a construction analogous to that given in Lemma 3.2.
Thus the number of embeddings of S’ in a GQ of order (s, s?) with the same subtended
ovoid/rosette structure is determined by the group H;(I'g, Z,) where I'¢ is the simplicial
complex defined by the point graph G of 7. (Two such embeddings of S’ in GQs S; and
S, are “distinct” if there is no isomorphism from S; to S, that maps S’ onto S” and 7 onto
T.) If the group H, (g, Z,) is trivial, then the embedding of S’ is unique. We will omit
the precise connection between |H;(I'g, Z;)| and the number of embeddings of S’ with
subtended ovoid/rosette structure 7 (this is explained in detail in [2]) and just make the
comment that if the group H, (I, Z,) is non-trivial, then it does not necessarily follow that
there are distinct embeddings of S’.

In Section 4 it was shown that if S'= Q(4, ¢) and 7 is the SPG with points elliptic
quadrics of Q(4, ¢) and lines the rosettes of elliptic quadric ovoids, then every induced
1-cycle of I' is homologous to the sum of induced 1-cycles each of which contains four
1-simplexes. The proof of this result was entirely combinatorial and extends to the general
case of a GQ S’ of order s doubly subtended in a GQ S of order (s, s?) as does the
interpretation of this result in the graph G.

The GQ of Kantor [11] contains a subquadrangle isomorphic to Q(4, g) (¢ odd) and
it was pointed out in [3] that this subquadrangle is doubly subtended with the subtended
ovoids being ovoids constructed by Kantor in [10]. Thus, by the above, calculating the group
H,(T'g, Z,) for this case will yield either a characterisation of the GQ of Kantor or a new
GQ of order (g, ¢?) that contains Q(4, ¢) and subtends the Kantor ovoids of Q(4, ¢). This
is a possible avenue for future work, although the lack of a sufficiently “nice” representation
of the graph G may make it more difficult than the calculation presented in this paper. In
the case when s is odd it has been shown by Thas ([18, Theorem 7.1]) that if S is a GQ of
order (s, s?) and S’ is a doubly subtended subquadrangle of S, then &’ must be a GQ with
all points antiregular.
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When s is even Thas [18, Theorem 7.1] also proved that S’ must be isomorphic to
Q(4, s). For s even Q(5, s) is the only known GQ of order (s, s?) containing Q(4, s) as a
subquadrangle. (By [1] the existence of another such GQ of order (s, s2), s even, implies
the existence of a new ovoid of PG(3, ¢).)
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