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Abstract

In this paper, we discuss the properties of a class of generalized harmonic numbers
H(n,r). By means of the method of coefficients, we establish some identities involv-
ing H(n,r). We obtain a pair of inversion formulas. Furthermore, we investigate
certain sums related to H(n,r), and give their asymptotic expansions. In particu-
lar, we obtain the asymptotic expansion of certain sums involving H(n,r) and the
inverse of binomial coefficients by Laplace’s method.

1. Introduction

It is well-known that the harmonic numbers H,, are defined by

Hy =0, Hn:i%
k=1

and the generating function of H,, is

~In(1 -
Z oo = 2122
1—-2
The harmonic number H,, plays an important role in number theory and has been
generalized by many authors (see[1], [2], [5], [7], [8], [11]). In this paper, we consider
a class of generalized harmonic numbers H(n,r). The definition of H(n,r)[7] is
1
H(n,r) = Z —— for n>1, r>0.

n n .. .n
1<no+ny+-+np<n O L r

It is clear that H(n,0) = H,,. The generating function of H(n,r) is (see [4])

—1)™ " (1 - 2)

Z H(n,r)z" = ( 1 . (1)

n=r+1
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nology.
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From (1) we obtain

- N G M R )
S Hn+r+1,r)" = TR (2)
n=0
S HOL) | U
WS +1 r+2
i Hn+r+1,r) , (—1)"In""2(1 — 2)
— ntr42 S (r 4 2)zr+2

There are many relations between H(n,r) and H,. For instance (see [4]),

1
;7(7"+1>!H(n’?ﬁ) = mn,

n—1 (71)7« B
;mH(n,r) = 1,

()

o Hn+1,r) = H,.

r=1

The numbers H(n,r) can be computed by the formula (see [4])

)

Some initial values of H(n,r)(n > r 4+ 1) are given in Table 1.

—1)"t /1 d® [In(1 — )] !

n\r| O 1 2 3 4 5
1

—_

3
25 35

4 |5 1 o3 1
137 15 17

5 |% 1 a1 3 1

7
20 45 8 6 2
Table 1: Initial Values of H(n,r)

6 49 203 49 35 1

In this paper, we investigate the properties of H(n,r). The paper is organized as
follows. In Section 2, we obtain some identities for H(n, r)and Cauchy numbers of the
first kind (associated Stirling numbers of the first kind) by means of the method of

coefficients [10]. In Section 3,we obtain a pair of inversion formulas.In Section 4, we
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give the asymptotic expansion of certain sums related to H(n,r) and Cauchy num-
bers of the second kind (binomial coefficients) when r is fixed.

For convenience, we recall some definitions involved in the paper. Throughout,
we denote the Cauchy numbers of the first kind and the second kind by «a,, and
by, respectively. Let s(n, k), sa(n, k), and S(n, k) stand for Stirling numbers of the
first kind, associated Stirling numbers of the first kind, and Stirling numbers of the

second kind, respectively. Their definitions are respectively (see [3]):

o0 n oo n

z z z -z

n— = 777 bn_ = T N1 v
7;) n! In(1+2) 7;) n! (1-2)In(l-2)
> 2" In"(1+2) > 2 (e —1)F
Z s(mk‘)m =0 ZS(n,k)m =y
n=~k n=~k
> 2" [In(1+2) — 2]k
O

Throughout this paper, the binomial coefficients (;:l) are defined by

n!

(n>: mlin—my? "M

m 0, n<m,
where n and m are nonnegative integers.
Let [2"]f(2) denote the coefficient of 2™ for the formal power series of f(z). The
[t"] are called the “coeflicient of” functionals [10]. If f(¢) and ¢(t) are formal power

series, the following relations hold [10]:
[t")(af(t) + Bg(t)) = alt"]f(t) + B[t"]9(D), ®3)
[")ef (1) = [ £ (8), (4)

[/ (0g() = (W1 )" *1g (). ()

k=0

2. Some Identities Involving H(n,r)

In this section, we establish some identities involving H(n,r) by using (3)-(5).
Cauchy numbers of the first kind a,, and Cauchy numbers of the second kind b,,
play important roles in approximate integrals and difference-differential equations

(see [9]). Some values of a,, and b,, are:

n |0 1 2 3 4 5 6 7 8 9

a 1L 1 1 _1 9 83 1375  _ 33953 57281
n 2 6 4 30 1 84 24 90 20

b 1 L 5 9 251 475 19087 36799 1070017 2082753
n 2 6 4 30 12 84 24 90 20
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In Section 4, we give the asymptotic expansion of the the sum involving H(n,r)
and b,. In this section, we establish some identities related to H(n,r) and a,. In
[9], there is an identity involving Cauchy numbers of the first kind a,, and harmonic

numbers H,,, namely

2

— (-1)"a,H, =«
1+n§::1 nln T 6

From the generating functions of H(n,r) and Cauchy numbers of the first kind a,,,

we have

Theorem 1 Letn>1 andr > 1. Then

n

(=1da;H(n—j+r+1,7)

ZO o = Hn+rr—1), (6)
= Ja] (n—j+r+1r)  (r+1)HMnA+7rr—1)
Z Jln—j+r+2) 2+l Q

j=0

Proof. From the definitions of a,, and H(n,r), we have

1)7a,H(n .—jJr r+1,7) _ i({ﬁ}ﬁ) B ((1):;11(1;;1(21) Z)>

QM:

J! =
_ [Zn} (_1)T lnr(l — Z)
2" (1—2)
= Hn+rr—1),

n

B S g ()

Jj= J=

= [2"] (_1)T+1 lnr+1(1 — Z)
(r+2)zr+1

(r+DHMn+r,r—1)
(r+2)n+r+1) °

Identities (6)-(7) relate H(n,r) and Cauchy numbers of the first kind.
It is well-known that Stirling numbers play an important role in combinatorial anal-

ysis, and associated Stirling numbers are significant in enumerative combinatorics
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(see [3]). We know that associated Stirling numbers of the first kind sa(n, k) are
related to the number of a set, and the value of |sy(n, k)| is the number of derange-
ments of a set N(|N| = n) with k orbits. By the generating functions of H(n,r)
and the Stirling numbers of the first kind s(n,r), we immediately get

(r+1)!
n!

H(n,r) = (=) Hs(n + 1,7 +2). (8)

The associated Stirling numbers of the first kind sg(n, k) and harmonic numbers
H, satisfy [13]:

i JHszQ(n j—l—kk ’“i ]-l—l (G+2)s(n+j+2,7+2)
(G+2)(n—7+k) p - n+3j+2)! ’

7=0

For sa(n, k) and H(n,r), we have the following result.

Theorem 2 Letk>1,n>1 andr > 0. Then

zn: 1)iso(j +k,k)H(n—j+7r+1,7)
= (j +k)!

k k

Z <> (n+j+r+1,j+7).

Jj=

Proof. From the generating functions of sa(n, k) and H(n,r), we get

2": (=1 so(j+ Kk, k)H(n—j+7r+1,7)

= (j+k)!
B " j [In(l —2)+ z]k n—j (=1)r+t lnr+1(1 —z)
) Fooz]<n%uk Jer 1y

. k k (71)7“4*1 lnj+7"+1(1 72;)

_ (—1)* zk:(—l)j (k) o (—1)F+r+ /T — 2)

2ITr+(1 — 2)

(k
= Sy (D) a1,
’ 0

<.
I
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3. Inversion Formulas

For sequences {f,} and {g,}, it is well-known that

n n

fn = ZS(nvk>gk <~ gn = Zs(n’k)fk

k=0 k=0

Now we prove that

Theorem 3 Let {f,} and {g.} be two sequences. Then

= ZH(n+ 1,k)gx
k=0

n

,Z )Rk 4 1)IS(n + 2,k 4 2) f.
k=0

Proof. Let
z) = Z gm2™,  f(z) = Z Jm2™.
m=0 m=0
(i) When
k=0
we have

fz) = D> g > H(m+1,k)z"""
k=0 m=k

)kJrl 1nk+1(1 Z)

= ng 20— 2)

- ‘;(rfl_‘zf)mln(l ).

Let w =1n(1 — 2). Then z =1 —e* and

o) = TN

u
00

_ 7% i m+1f - 1)m+2 - % Z (*1)m+1fm(€u - 1)m+1.
m=0

m=0
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Tt follows from the definition of S(n, k) that

0 uptm+1

m:O p=0
yptm

m:() p=0

Then

"]

(=1)"gn

~S(n+1,5+ D=1+ DI
(n+1)!

g(—u)

Jj=0

= S+ 1,5+ 2) (1) 2N

* (1)

J=0

On the other hand,

S+1j+1)+(+2S(n+1j+2)=Sm+2j+2), Smn) =1 (10)

Then we have

SN ; T 2 (D" Tk DS+ 2,k + D
k=0
(ii) When
O i 1)! S (1" (k4 DIS(n+ 2,k +2) fi,
k=0
we have

9(z) = Z 2"
k=
o0

00 k,
+1)! S(k+2,7+2)2"
;)J kz k+1 j+2)
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Tt follows from (10) that

(oo} o0 k‘—
g(z) = D G+ Z k+1 [S(k+1,5+1)+ (j +2)S(k +1,5 +2)]z"
7=0 k=
0 0 _1)k—i-1
= > G+ Y %S(k,jJrl)zk“
J=0 k=j+1 ’
oo o0 _1 k—j
+ G+DLG+2) Y %S(k+l,j+2)z’“
J=0 k:j+1( +1)!
Then

g(z) = ZZ(fl)ijj(e ]+1 +ZZ ]+1f 1)j+2
= —z(eiz — l)eizf(l — 672).

Let v=1—e"*. Then z = —In(1 — v),

~

(L =0) ) a1 - v))

()

oo

= ZQMZH.Hlm

Hence (9) holds. a

4. Asymptotic Expansion of Certain Sums Involving H(n,r)

Sometimes it is difficult to compute the accurate values of sums involving H(n,r).
However, we give the asymptotic values of certain sums related to H(n,r). In
this section, we give asymptotic expansions of certain sums involving H(n,r) and
Cauchy numbers of the second kind (binomial coefficients). At first, we recall a
lemma.

Lemma ([6]) Let o be a real number and

L(z)=In

1—2
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When n — oo,

1
I'(—a)
[2"](1 — z)mLk(z) ~ (=1)™kmln—m~1 In*"1n, (m€Zsy, keZs1). (12)

[2")(1 — 2)*LF(2) ~ n~* tnfn, (agZs0), (11)

Now we give the asymptotic expansions of certain sums involving H(n,r) using

above lemma.

Theorem 4 Assume that r is fized with r > 1. For H(n,r) and Cauchy numbers

of the second kind b,,, we have
— b; , .
Z],—"H(n—]—l—r—l—l,r)w(n—i—r)ln (n+7r), (n— o0). (13)
=07’

Proof. We can verify that

n

ijH(nfj+r+l,r)

j=0 7
RS ; —z gy (=17 In" (1 - 2)
- ;0 (V T—oma —z))[z e TE
— [Zn] (_1)7‘ 1nr<1 — Z)
2"(1 - 2)?
Then

n

j—J'H(n —jHr+1,r) =" - 2) 2L (2).
j=0""

Tt follows from (11) that

n+r

211~ 2)7* L) ~

In"(n +7).

Since I'(2) = 1, (13) holds. m|

It is well-known that the Stirling numbers of the first kind s(n, r) satisfy

s(n,r) = Z (=1)7t" (?) (Z : i I Z) (n2nr—rh> W

0<j<h<n—r
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Due to (8), we can express H(n,r) in terms of binomial coefficients:

H(n,r) = (— 1)+ (4 1)! > (_1)j+h(@>( n+h )

! —r—1+h
mn: n T
0<j<h<n—r—1 J +

" 2n —r (h — j)n—r—1th
n—r—1-—nh h! '

Now we give the asymptotic expansion of certain sums involving H (n,r) and bino-

mial coefficients.

Theorem 5 Assume that k and r are fized with k > 1 and r > 1. When n — oo,

" /2)\ H(n — j 1 / 1
Z<jj> (n ]Z;T“F a”‘) ~ 9 ﬂln’ﬂrl(n—k’r—f—l), (14)
iy

j=0
itk L (n+7r+ DI (n+r+1)
;( k: )H(n j+r+1,7) ) . (15)

Proof. We note that

>, /2 n 1
Z( ")Z—= <1, (16)
o n ) 4n 1—

= (n+k\ , 1
n=0

From (2), (16), and (17), we can prove that

i(i.j)H(n—j;rH,r) _ i(w 1 )[znj}(—1);:11?1r+_121)_2)

= = 1—=2

Lr+1(z)
2T (1 — 2)3/2

= ["]

— [Zn-',-r-',-l](l o Z)—3/2Lr+1 (Z),

and

n LT-’rl(Z)
e

(]
A~
<
> +
>
~
=
3
|
.
_|_
=
+
“)—‘
=
|

_ [Zn+r+1](1 o Z)ikierJrl(Z).
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Due to (11),
- 2j>H(n—j+r—|—1,r) (n+r+10Y2
: - ~ —— —In n+r+1), (n—oo
;%@ v ETR) e, e
" i+ k ) (n+r+ DI (n+r+1)
H(n — 1 ~ .
;( k,) (n—j+r+1r) N ;. (n— )

Noting that
(3/2) = g and T(k+2) = (k+ 1)L,
we show that (14)-(15) hold. O

In particular, for k = r =1 and n — oo in (15), we get

n . k 22
E (j—;; )H(n—j+r+1,r) ~ —(n—; ) In?(n + 2)
=0
~ n2+4nln2n.
2

From (11)-(12) and the proof of Theorem 1, we obtain

n

—1)ajH(n—j+r+1,r
Z( )a;H(n—j )

~ Wn+r), (n— o),

j=0 j!
i(—l)jajH(n—j—i—r—i—l,r) N (r+1)In"(n+r+1) (n— 00)
= jln—j7+7r+2) (r+2)(n+r+1) ’ ’

where 7 is fixed.
Now we compare the asymptotic values of

n

i 1Ya;H(n—j+r+1,r) and Z(—l)jajH(n—j+r+1,r)
7! jin—j+r+2)

=0 =0

with their accurate ones, when r =1 and n — oo. For r =1,

n .
VajH(n—j+r+1,r
I EE e
J!
j=
Zn: Ja] n—j+r+1,7)  2H,4
= Jln—j+r+2) 3(n+2)
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It follows from Euler-Maclaurin’s formula that

1 1
H,=lnhn+~v+ —+0|—= |, n=>1,
2n n?2

where v = 0.57721 - - - is Euler’s constant. Hence we have

" (=1)a;H(n—j+2,1) 1 1
Z g = 1n(n+1)+7+m+0<ﬁ),
7=0
2”: Jaj (n—j+r+1,7) _ 21n(n+1)+ 27 40 1
n—j+r+2) 3(n+2) 3(n+2) n? )’

Jj=0

where n > 1.

It is evident that the harmonic numbers H,, satisfy that

1
H, —H, = —.
n

For H(n,r), we derive an asymptotic recurrence relation:

Theorem 6 Let r be fized with r > 1. When n — oo,

1) In"
H(n,r)— H(n—1,7) ~ w
Proof. Tt follows from (1) and (12) that
H(n,r)—Hn—1r) = ["[L""(2)
N (r+1)In n’ (n — oo).

n

O

In the final result of this section, we give the asymptotic expansion of certain

sums for inverses of binomial coefficients and H (n,r) by Laplace’s method.

Theorem 7 Let r > 1. When r — o0,

— (=1)"H(n,r) 12 [ 5\ /2
2 aarney OV m(hﬁ) : (18)
> H(n,r) 2 /[ 3m 4\"3/2
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Proof. We know that the inverse of a binomial coefficient is related to an integral
[12] as follows:

(”>_1 - (n+1)/01zm(1 s, (20)

m

Owing to (20),

= (—1)”H(7’L,’F) _ = ! — (1 — 2)"dz
Zm— ZH(HW)/O()U )"dz,

n=r+1 n=r+1
00 H o0 1
> A Y #en) [ -
n=r+1 (271 + 1) ( n ) n=r+1 0
For z € [0,1],

Z Hnr/ 2)"(1 —2)"dz = /(Z H(n,r)( (1z)">dz,

n=r+1 n=r+1
Z Hnr/ "1-2)"dz = / ( Z H(n,r)z"(1—2)" )dz.
n=r+1 n=r+1

It follows from (1) that

R G (R o i (T Er)
I e G | 0,

n=r+1 (2 +1)( ) 1+Z(1iz)
> et = [
n=r+1 (2n + 1) (2’ﬂ) 1= Z Z)
Put

eninll+=(1-2)] 5 ¢ (0, 1),

9(z) =40, z=0,
0, z=1

and 1

IS S 1].

Then g¢(z) reaches the maximum at z = 1/2, ¢’(1/2) = 0, and ¢”(1/2) < 0. By
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applying Laplace’s method, we have

, DI+ 2(1 - 2))]
=1 +1/0 T+l ©

—2m

N R

~ (1)) (g<1/2>)r+3/2

Then (18) holds.
Using the same method, we obtain (19). O
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