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Abstract
We give an example of a planar self-affine tile that intersects some of its neighbors
in the tiling it generates in Cantor sets. The reasoning also shows that it has
nontrivial fundamental group. The technique used is to obtain information from a
good approximation of the tile, namely, an estimation of its convex hull.

1. Introduction

A planar integral self-affine tile is a compact set T in R? of positive Lebesgue
measure for which there is an expanding integral matrix B and a digit set D =
{do,...,dm-1} C Z?* such that

m—1

B(T) = U (T + d;),

i=0
with (T'+d;) N (T +d;) of measure zero. In this case, we must have | det B| = |D| =

m. See [8].
We consider the tile T'= T'(B, D), where

=(21) o=fa(§)imotl )

We know that T + Z? is a tiling of R? (see Lagarias-Wang [8, Theorem 1.2(ii)]).
We will prove the following two theorems.

Theorem 1 Let T = T(B, D) be the self-affine tile with B, D given in Equation
(1). In the planar tiling generated by T, there are neighbors intersecting in Cantor
sets, that is, totally disconnected perfect sets. More precisely, T intersects with at
least four of its neighbors in Cantor sets. (See Figure 1.)

Theorem 2 T has nontrivial fundamental group. Hence its fundamental group is
uncountably generated [10].
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Figure 1: The central tile T, painted red, intersects four of its neighbors in Cantor
sets, the blue and the black ones.

To put these into perspectives, we recall two theorems on tilings. Leung and Lau
[9] give a necessary and sufficient condition for certain planar self-affine tiles to be
disklike.

Theorem A [9, Theorem 1.4] Let C' € M>(Z) be an expanding matrix with
characteristic polynomial f(x) = 2? + pr + ¢. Let v € Z* — {(0,0)} with v,Cv
independent. Let D = {0,v,2v,...,(|q| — 1)v}. Then T := T(C, D) is disklike if
and only if 2|p| < |q + 2|.

Akiyama and Thuswaldner [1, 2] gave a proof for the special case of tilings
generated by canonical number systems, hence requiring f(z) to be irreducible,
—1<p<gqandq > 2, that T is disklike if and only if 2p < g + 2.

We next state a theorem of Bandt and Gelbrich. Recall that two tiles 77, 7"
are tiling neighbors if 7" N T" # (). They are vertex neighbors if their intersection
is a point. They are edge neighbors if their intersection contains a point inside
(T"uT")".

Theorem B [3, Lemma 5.1] Let T be a topological disk which tiles R? by the lattice
L. Then in the tiling T + L, one of the followings is true:

(i) T has no vertex neighbors and six edge neighbors T £ o, T+ 3, T + (o + )
for some a, 8 € L, with Za+ 73 = L.

(ii) T has four edge neighbors T + «, T £ 3, and four vertex neighbors T + a £ 3
for some a, 8 € L, with Za+ 73 = L.

From Theorem A, the tile T' = T'(B, D) is not disklike, with B, D given in Equa-
tion (1). In contrast to Theorem B for disklike tiles,Theorem 1 shows that Cantor set
intersections among neighbors can occur for non disklike self-affine Z? tiles. While
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one can construct non self-affine tiles that have this property, the authors are not
aware of any example that is self-affine. There are certainly self-affine tiles that
intersect in finite but more than one point with some of its neighbors. For example,
the fundamental domain of the canonical number system of base —2 + 3.

There are different ways to be non disklike, even for fractal tiles. For example,
the Heighway dragon is pinched, but doesn’t have holes. Theorem 2 says that the
tile we study has holes, and that is not clear from its picture.

The method used here is to get conclusions from a good enough approximation
of the tile T', namely, an estimation of the convex hull of T" from the outside. This
estimation is given by Duda [4]. He gives an example where the estimation gives
exactly the convex hull. For our tile, the method also works very well. Indeed, a
little more work gives the exact convex hull in our case.

The paper is organized as follows. In Section 2, we give an estimation of the
convex hull of the tile we study. We prove Theorem 1 in Section 3 and Theorem 2
in Section 4.

2. Convex Hull Estimation

We recall the theory of convex hull estimation [4] for the tiles we are dealing with.
Let T be self-affine tiles satisfying the equation

T= |J AT+d), di=(0)

where A = B~! for an integral expanding matrix B. Let S C R? be the unit circle
and d € S be a direction. The width function centered at zero is the function
h:S — R given by

h(d) :=1inf{t: T C H(d,t)},

where H(d,t) is the half space {x € R? : x-d < t}. We have the following theorem.

Theorem C [4, Observation 4] Let T be as above. Then for d € S,

h(d) =" [|A7d||h* (Aid).

j=0
Here, Aid = Ald/||A7d]|, and for any v € S, h*(v) = max;—o,  m—10 - Ad;.

Theorem D [4, Observation 5| Let xg be the center of symmetry of T: T — xg =
xog—T. Then

1
To = 5(B — 1) .
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We now estimate the convex hull of T'(B, D), with B, D as given in Equation (1).

Proposition 2.1 Let B, D be given as in equation 1. Then T'(B, D) lies in the par-
allelogram P with vertices (0,0), (7/2,—-7/6),(14/3,—7/3),(7/6,—7/6). Moreover
T contains (0,0),(14/3,—7/3).

Proof. Let A = B~!. The eigenvalues of A are \; = 1/2 and X\ = 1/4, with
eigenvectors v; = (—1,1)!,v3 = (1,1)? respectively. Notice that the vectors Ad; =
(3i/8,—i/8)" are nonnegative multiples of (3, —1)".

Let d = (1/,3\)75 As the eigenvector v; = (—1,1) correspond to the larger eigen-
value and vy = (1, 1) corresponds to the smaller one, Aid — (=1/v/2,1//2)* ‘mono-
tonically’ as j — oo. Hence for ¢ = 0, ..., 7 and nonnegative integer j, Zj\d-Adi <0.
By definition, h*(A7d) = max;—o,.. 7 Aid- Ad; = 0 for j =0,1,2,..., implying that
h(d) = 0 from Theorem C. That is, T is below the line x + 3y = 0. See Fig. 2. The
same reasoning applied to d = (fT,?l)t shows that T is to the right of the line
z+y=0.

From Theorem D, the center of symmetry of T' is (7/3, —7/6). Obviously, (0,0) €
T from the definition of T. Hence (14/3,—7/3) € T. Therefore T and its convex
hull lies in the region bounded by the lines

x+3y=0, x24+y=0, =z4+y=7/3, x+3y=-7/3. i

See Figure 2 for a picture for the convex hull approximation. Indeed, a little
further work can give us the exact convex hull of the tile we are working with.

0
0.5 Xx+3y=0--: a
x+y=0
r (7/2,-7/6) 7
(7/6,-7/6)
X+y=7/3
15
X+3y=-7/3
s | |
‘ ‘ ‘ ‘ ‘ (14/3,-7/3)
0 0.5 1 15 2 25 3 35 4 45

Figure 2: An approximation of the convex hull of the tile T'.
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Figure 3: (left) T(-%2) N T is a Cantor set. The same is true for T(-Y N T (right)

3. Cantor Set Intersections: Proof of Theorem 1

In this section, we show that there are neighbors in the tiling generated by T'(B, D)
that intersects in Cantor sets. See Fig. 3. We first introduce some notations. They
are general though we only state them for our tile.

Fori=0,...,7, let fi(z) := A(x +d;) for x € R, Let fi,...;, := fi, oo fi, be
their compositions, where k is a positive integer and for j = 1,...,k, i; € {0,...,7}.
For £ C R?, we also write Ej,...i, for fi,..i, (E). Let F*(E) =l . o fir.i, (E).
For (i,5) € Z2, define E(9) := E + (i,5)! to be the translate of E by (i,)!. We
will write E for E©). We call T/} a k-th level piece of 79, with the tile 70+
itself being the 0-th level piece. For the polygon P given in Proposition 2.1, we
will call (for convenience) Pz(1” )lk a k-th level polygon of P("7). Notice that PZ(IU )lk
contains the k-th level piece Tl(fj )Zk of T3,

We now show that 7N T(-%2) is a Cantor set. Then we can conclude that
TNTEL 77O and TNT®=2) are also Cantor sets as they are either a
translate of TN T(-%2) or unions of translates of T N T(~%2) (see Fig. 1). The
following lemma shows that it suffices to figure out F*(P) N F*(P)(=%2) for each

positive integer k.

Lemma 4 For all positive integers k,

TNTC = ([FHP) N FHP) 2.
k=1

Proof. As F'(P) C P, we have F*(P)(7) decreasing in k, and

T=(FP), TU = FHP)
k=1 k=1

see, for example, [5]. The lemma follows. O
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Lemma 5 Let P be the parallelogram in Proposition 2.1. Let k be a positive integer
and for j=1,...,k, i; €{0,...,7}. Then
(—4,2) _ p(-42)
(a> Ale ik P6i1“'ik'
(b) APy, .i,, = Poiy.iy.-
(c) PS4 4 (3/8,—1/8)t = P2 | Notice that (3/8,—1/8)t = Ad;.

67,1---’Lk 77,1 ’Lk

As usual, A stands for the map ‘multiplication by A’.

Proof. By the definitions given at the beginning of this section,
k
—4,2 .
z1 zk) iy lk( ) (_47 2)t = Akp + ZAJdij + (—4, Q)t.
j=1

Hence

k
AP{ED = ARFLp 1 N AT+ 4 A(—4,2)"

11 7,k
=1

On the other hand,

k
pl-42) _ Ak+1P+ZAj+ldij + Adg + (—4,2)".

6ip---ig
j=1

As (A —1T1)(—4,2)t = Adg, (a) is proved.
(b) can be proved similarly. (c) follows from Ad; = (3/8, —1/8)". O

Lemma 6 For k=1,2,3,...,

11tk

fk(P)(izl’Z)ﬁfk(P): U [P( 42)ﬁp(“ —6)-- (lk—ﬁ)]'

Proof. We use induction. For k = 1, it can be verified directly using the equations
of the boundary of P, or can be seen clearly from Figure 4 that

FUPYD N FYP) = (BT nR) U (P ).
Suppose the statement is true for k. For k + 1, as
FELUP) 4D FEY(P) c FYP) 4D N FY(P)

= (PSP np)u (PP Ny,

we just need to find out the portions of F*F+1(P)(=42) 0 FE+1(P) in Pé_4’2)ﬂ
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Figure 4: (left) The intersection F*(P)(=%2) N F(P), consisting of intersections
of first level polygons Pﬁ(_4’2) N Py and P7(_4’2) N Py;. (right) The polygons drawn
are second level polygons of P(~%2) and P inside PG(_4’2)7 P7(_4’2) and Py, P;. The
intersection shown is F2(P)(~+2 0 F2(P). It consists of four pieces, two in i 2N
Py and two in P7(_4’2) NP

P, and in P7(74’2) N P;. Notice that for ¢ = 6,7, the only 1-st level piece of P
intersecting Pi(_4’2) is P;_g. Similarly, for ¢ = 0,1, the only 1-st level piece of
P(=%2) intersecting P; is Pi(_:64’2). Hence the portion of FF1(P)(=42) 0 Fk+1(p)
in P\ N PRy is

7 7
(-42) .
U P6¢2"'ik+1 N U P012'“11c+1
12,050 +1=0 12,00 +1=0
7 7
_ (—4,2) .
— U 4pr, 50 |0 U AP,
12,k +1=0 12,00yt +1=0
7 7
_ (—4,2)
= 4 U Piz'--ik+1 n U Pi2"'ik+1
12,00k +1=0 12,0k +1=0

where we have used Lemma 3.2(a)(b) in the first equality. By the induction hy-
pothesis, this is equal to

4,2
A U [Pz(zu)ﬂ N P(i2_6)"'(ik+1_6)]

12,000 +1=6,7

—4,2
- U [P6(1222+1 m PO(ZZ*G)(Z)C_*_;[*G)]

12,50k 41=6,7
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Next, the part of FF+1(P)(=42) N FF+1(P) in P7(74’2) N P is, using Lemma 3.2
and the induction hypothesis,

7 7

(7472)
U P7i2<-~ik+1 N U Priyip
i2,50k+1=0 02,0000k 4+1=0
7 7
4,2
- U Péizm’ii+1 N U Poiz“‘ik+1 + (3/8, —1/8)t
i, ik 41 =0 i25eeyigp1=0
' (-1,2) ’
—4,2

= 4 U Pig"‘ik+1 N U P1;2"‘ik+1 + (3/8,*1/8)t

iz,...,ikH:O ’L‘2,~.‘,ik+1:0

—4,2
= A U [PZ(QZk«)Fl N P(l'z_ﬁ)...(l'k+1_6)] + (3/8, —1/8)t

12,0k +1=6,7

—42
= U [PéiQ"'i])c+1 N Po(i2*6)"'(ik+1*6)] + (3/87 _1/8)t

12,50k 41=6,7

4,2
= U [P7(i2"'il)c+1 N Pl(iZ—G)"‘(ikJrl—ﬁ)]'

12,000k 41=6,7

Hence

FHP)D APy = ) PN NP e Geno) O

G141
0150yt 41=6,7

Lemma 7 The union on the right-hand side of Lemma 3.3 is a disjoint union.

Proof. Use induction on k. For k =1, Pé_4’2) N Py and P7(_4’2) N P, are disjoint, as
can be verified directly, or seen clearly from Figure 4.
Suppose the statement is true for k. Consider the pieces
— p(—42) — p(—42)
Ri=P i NVPa—6)(ina—6), S =D, N Py —6)--(l41-6)

L1 lp41

in FEHL(P)(=42) 0 FEHL(P). That is, i;,l; € {6,7} forall j = 1,...,k+ 1. If
i; # l; for some j € {1,...,k}, then R and S are disjoint as they are contained
in different pieces of F*(P)(=%2) N F%(P), which are disjoint by the induction
hypothesis. Suppose that i; = [; for j € {1,...,k}, and i1 # lp41, say, igp1 =6
and lp41 = 7. Then R and S are respectively the images of the disjoint sets
P6(_4’2) N Py and P7(_4’2) N P; under the same sequence of affine maps consisting of
A(-) and A(-) + (3/8,—1/8)*, and hence are disjoint. 0
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Figure 5: (left) Second level polygons of P in Py, P, are drawn. Py and Py
are drawn non-filled, bounded by solid and dotted lines respectively. Part of the
intersection Pjg N Poys is not covered by other second level polygons of P. (right)
The affine map F', defined in step 2 in section 4, maps PELD U P oonto Pig U Pyg.

Proof of Theorem 1. The maps A(-) and A(-) + (3/8,—1/8)" are contractions. As
the eigenvalues of A are not bigger than 1/2, for any bounded set E C R? with
diameter diam FE, diam A(E) < 1/2(diam E). The same is true for the map A(-) +
(3/8,—1/8)t. Hence from Lemmas 5, 6, and 7, each piece Pi(l_“i?z) N Piy—6)..-(ix—6)
of F¥(P)(=%2) n F*(P) contains two disjoint pieces of F*¥+1(P)(=42) n Fr+l(p),

each of diameter less than 1/2 of its own. This is true for every k = 1,2,.... It is
standard to prove that (3=, [F*(P) N F*(P)(~42)] is a totally disconnected perfect
set. Theorem 1 follows from Lemma 4. o

4. Nontrivial Fundamental Group: Proof of Theorem 2

In this section, we prove that 71(7") is nontrivial. In short, the reason is that there
are affine images of Té_4’2) U T7(_4’2) U Ty UTy (an area studied in section 3) in T,
with the hole it bounds mapped to points not in 7'.

Proof of Theorem 2. Step 1. Look at the second level polygons Pyy and Pjy of P
(see Figure 5). They have nonempty intersection. Part of this intersection is not
covered by other second level polygons of P. Call this set

W i= (Poa N Pro) — | J{Piri, ¢ (i1,42) # (0,4),(1,0)}.

We will show that there is a hole of T in W.

Step 2. The affine map F(z) = A%(x+dy) for z € R? maps P to P4, and P(—11)
to Pig. For example, the reason for the latter is

F(PTYDY = A2(P + (—1,1)! + dy) = A%P + Ady = Py.
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So F maps Po(fl’l)UPl(fl’l)UPQUPg homeomorphically onto P100UP101UP042UP043,
also mapping the hole R bounded by the former (see Fig. 5) to a hole called S
bounded by the latter.

Step 3. The set S (the hole) does not intersect the second level polygons in P
other than Py, and Pjp. To see this, we can check that the images under F~1(-) =
B?(+)—dy4 of these other second level polygons of P do not intersect R. For example,
we check whether P;; intersects S as follows:

F~YPy) = FYA?P+ A%d, + Ady)
= DB?(A%’P 4 A%, + Ady) — d4
= P+(071)t7

and it doesn’t intersect the hole R. Others are checked similarly. Therefore, S is
not contained in F2(P) and hence not in 7.

Step 4. Notice that the intersection (Po(_l’l) UPI(_M)) N (P, UPs) is congruent to
(Pé74’2) u P7(74’2)) N (PyU Py), the set we have studied in detail in Section 3. They
differ by a translation of 2 x (3/8,—1/8)f. Similarly, the intersection 711 N T
is congruent to three copies of T-*2) N T, differing by translations by multiples of
(3/8,—1/8)* (see Figure 3). Now pick any point p € TN TV in Po(fl’l) N Py,
and any point ¢ € TNT1Y in Pl(_m) N Ps.

Step 5. Notice that T is connected [7] and hence path connected [6]. The path
connectedness of T(—11) guarantees that there is a path y; ¢ T(-11 ¢ UZ:O Pi(fl’l)
joining p,q. The same reason gives a path v C T C UZ:O'PZ' joining p,q. Then
41 U"~s is a nontrivial loop in TUT (1Y) surrounding the hole R. Hence F(y; Uys)

is a nontrivial loop in T" because of the hole S.

Step 6. By Luo and Thuswaldner [10], 71(T") nontrivial implies that it is un-
countably generated. m]

Acknowledgments. We thank the referee for the detailed comments on the
manuscript.
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