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This paper deals with the existence of positive solutions for the elliptic problems with sublinear
and superlinear nonlinearities —Au = Aa(x)u” + b(x)u?in Q, u > 0in Q, u = 0 on 0L, where A > 0
is a real parameter, 0 < p < 1 < g. Q is a bounded domain in RN (N > 3), and a(x) and b(x) are
some given functions. By means of variational method and super-subsolution method, we obtain
some results about existence of positive solutions.

1. Introduction

In this paper, we consider the elliptic problems with sublinear and superlinear nonlinearities

—Au = da(x)uf + b(x)u? in Q,
u>0 in Q, 1),
u=0 onoQ,

where A > 01is a real parameter, 0 < p < 1 < g.Q is a bounded domain in RN (N >
3),and a(x) and b(x) are some given functions which satisfies the following assumptions:

(Hi) a(x),b(x) € L*(Q), a(x) > co, b(x) < —c1, where ¢y, ¢; are positive constants,
or
(H») a(x), b(x) € L*(Q), a(x),b(x) > ¢y, where ¢y is a positive constant.

For convenience, we denote ((1),) with hypothesis (H;) or (H,) by (1) and (1)},
respectively.
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Such problems occur in various branches of mathematical physics and population
dynamics, and sublinear analogues or superlinear analogues of ((1),) have been considered
by many authors in recent years (see [1-9] and their references). But most of such studies
have been concerned with equations of the type involving sublinear nonlinearity (see [3-
6, 8, 9]), with only few references dealing with the elliptic problems with sublinear and
superlinear nonlinearities. In [1], Ambrosetti et al. deal with the analogue of ((1),) with
a(x) = b(x) = 1. It is known from [2] that there exist 1* € (0, o0), such that problem ((1),) has
a solution if A < 1* and has no solution if A > 1*, provided b(x) =1 on Q.

Our goal in this paper is to show how variational method and super-subsolution
method can be used to establish some existence results of problem ((1),). We work on the
Sobolev space H}(Q) equipped with the norm ||x|| = ([, |Vul*dx)"/*. For u € H}(Q) we
define I, : H& (Q) — R by

Iv(u) = % fQ [Vul>dx - % fQ a(x)|ulPdx - ﬁ fg b(x)|u|™ dx. (1.1)

Let A4 be the first eigenvalue of

-Au=2\u, x€Q,
(1.2)
u=0, xeoQ.

1 denotes the corresponding eigenfunction satisfying 0 < ¢1(x) < 1. LP(Q), (1 < p < o),
denotes Lebesgue spaces, and the norm in L? is denoted by || - [|,,.

2. The Existence of Positive Solution of (1),

It is well known that

Vii(x)#£0, Vx € 0Q. (2.1)

Define a = minaQ|V(p1|2; from (2.1) we know a > 0, so we can split the domain € into
two parts: Q. and Q \ Q,, where Q. = {x € Q : |V(,01|2 > a/2}Nf{x € Q : p1(x) <
g, € is small enough}. Let b = info\o, ¢1(x); we obtain that b > ¢ by the positivity of ¢; in Q,
and Q\ Q, is nonempty when ¢ is small enough.

Theorem 2.1. Let a(x), b(x) satisfy assumption (Hy), and 0 < p <1 < g < 2* -1, where 2* =
2N/(N=2) is the limiting exponent in the Sobolev embedding. Then there exists a constant A > 0 such
that (1), possesses at least a weak positive solution u*(x) € Hol(Q) for A > A

Proof. Let e(x) denote the positive solution of the following equation:

-Ae=1, xe€Q,

e=0, xeo0Q. (2.2)
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Here and hereafter we use the following notations: A = ||al|,, B = ||b|l,, E = |le|l. Since
0<p<1, forall A € R*, thereexists T = T(1) > 0 satisfying

T > LATPEP. (2.3)

Observing that b(x) < —c; <0, as a consequence, the function Te verifies

T = -A(Te) > MA(Te)? > Aa(x)(Te)? + b(x)(Te), (2.4)

and hence it is a supersolution of (1)}. Let v(x) = (pll, x€Q,1>1. ForxeQ wehavex € Q,
or x € Q\ Q.. We will discuss it from two conditions.
(I) For all x € Q,, observing that [ > 1 and when ¢ is small enough, we have

al(l - 1)5772 - Bs'@™ D > 111, VYse (0,¢). (2.5)
Since x € Q, then it follows that ¢;(x) < ¢, |V(p1|2 > a/2. From (2.5) we infer
ML <I(I= )92 |V |* = B ()07, vx e Q.. (2.6)
Multiplying (2.6) with ¢!, we get
1(1 =Dk Ve |* + Mlgh < B, 2.7)
It follows that
~a(g}) < Aa(x) (%)” ~b(x) (4#1)”. (2.8)
(I) For all x € Q \ Q, there exists 1 >0, such that for all A > 1, and we have
Aeos?' = Bs® > \qls!, VseR, b<s<l. (2.9)
Since x € Q \ Q,, then we have ¢;(x) > b (and ¢;(x) <1). From (2.9), it follows that
-A <(pll> < llyh < )Lco(pllp - Bs? < da(x) <(le>’” +b(x) <<pll>q. (2.10)
From (2.8) and (2.10), we derive that there exists 1 >0 such that forall x € Q, forall A > 1,
-A(g1) <da@)(9h)" + b0 (0))", @1

that is, v(x) = (pll(x) is a subsolution of (1);. Taking T as sufficiently large, we also have
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Te > (pll by minimal principle. Define w(x) = Te(x), and let K = {u € Hj(Q): v(x) < u(x) <
w(x), forall x € Q}, then K is closed and convex (and weakly closed). Let f(s) = Aa(x)s? +
b(x)s1, for all s € R, s > 0. We consider the function

Li(u) = % fQ |Vuldx - fQ fo f(s)ds dx. (2.12)

Observe that b(x) <0, 0 <p <1 < g <2*-1; we infer that I, is coercive, bounded, since it is
blow and weakly lower semicontinuous. Using this fact, we conclude that there exists u* € K,
such that I) (u*) = infgI, (see [10]). In the following, we will prove that u* is a solution of
problem (1);.

For ¢ € K, define h : [0,1] — R, such that

h(t) = I(tp + (1 -t)u). (2.13)
Clearly, h(t) achieves its minimum at t = 0, and

H ()|, = Lz [Vu'V (¢ —u*)]dx - fQ fW)(¢p-u*)dx >0. (2.14)

Forall ¢ € H& (Q), 1> 0, define

v, when u* +np < v,
Y(x)=qu +np, whenv<u*+np<w, (2.15)
w, when u* +np > w.

Obviously, ¥ € K, and inserting (2.15) into (2.14), we find

0< f [Vur -V (ng) - f (") (ng)] dx
v<u*+np<w
+I [Vu'V(w - u*) - f(u*)(w - u*)|dx
ur+ne>w

+I [Vu'V(v—-u*) - f(u*)(v-u*)]dx
ur+np<ov
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=1 [Vu" - Vo - f(u")p]dx

o<t +np<w

+I [Vw - V(w-u*) - f(w)(w - u*)]dx
u*+np>w

+f [Vo-V(v-u*) - f(v)(v-u)]|dx
u*+np<ov

- f |Vw — Vu*[dx - f |Vo - Vu*Pdx
u*+np>w u*+np<ov

I - ) -
u*+np>w

of - fan)e-uw)d,
u*+np<ov

Since w(x) and v(x) are supersolution and subsolution, respectively, then

f [V V(w - u") - f(w)(w - u")]dx < 7 [Vw- Vo~ f(w)g]dx,
ur+ne>w

ur+np>w

f [Vo-V(o-u) - f(o)(v-u)]dx <7 [Vo- V- f(v)p]dx.
u*+np<ov

u*+np<ov

Observe that meas[u* + 179 > w] — 0, meas[u* +np <v] — 0,asn — 0,

f [Vw - Vo - f(w)p]dx — 0,
ur+np>w

f [Vo- Vo - f(v)p]dx — 0.
u*+np<v
Since u* € K, b(x) <0, it follows that

[ - fa =i
ur+np>w

=f Aa(x)(w’” —u*p>(w—u*)dx+f b(x) <wq —u*q>(w —u")dx
ur+np>w

ur+np>w

< f Aa(x) <w’” - u*p> (w —u*)dx.
ur+np>w

(2.16)

(2.17)

(2.18)

(2.19)
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Similar to (2.19), we have
[ @-fae-wnx
u*+np<ov
= J. Aa(x) (U” - u*p> (v—u")dx + J. b(x) <U‘7 - u*q> (v —u")dx (2.20)
u*+np<ov u*+np<ov
< f Aa(x) (U” - u*p> (v —u")dx.
ur+np<ov
Similar to (2.18), as 1 — 0, it follows that
f Aa(x) <w’” - u*p> (w-u")dx — 0,
ur+np>w
(2.21)
f Aa(x) <v’” - u*p> (v-u")dx — 0.
u*+np<ov
Asn — 0, we also have
f [Vu*- Vo - f(u)p]dx — f [Vu*- Vo - f(u*)gp]dx. (2.22)
v<u*+1p<w Q

Inserting (2.17), (2.19), and (2.20) into (2.16), we find

Osn{f [Vu' - Vo - f(u)p]dx +f [Vw - Vo - f(w)p]dx
v<u*+np<w

ur+np>w

+ Vo- Vo - f(v)|d }
J.u*+rlzp<v[ ¢ v f v (P] x (223)
+ a(x)(w” - ) (w - u")d

J.u*ﬂw»w ax <w u > w-u X

+ f Aa(x) <vp - u*p> (v —u")dx.
u*+np<ov
Dividing by 7 and letting 7 — 0, using (2.18), (2.21), and (2.22), we derive
f [Vu* - Vo - f(u*)p]dx > 0. (2.24)
Q

Noting that ¢ is arbitrary, this holds equally for —¢, and it follows that u* is indeed a weak
solution of (1)}, and the strong maximum principle yields u* > (pll, in Q. Therefore it is a
weak positive solution of (1);. O
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3. The Existence of Positive Solution of (1)}

Theorem 3.1. Let a(x), b(x) satisfy assumption (H>), and 0 < p <1 < q < +oo. Then there exists
AeR A >0, such that

(i) for all A € (0, A) problem (1)} has a minimal solution u, such that I (u,) < 0. Moreover
u, is increasing with respect to \;

(ii) for A = A problem (1) has at least one weak solution u € H N LP*L;

(iii) for all X > A problem (1)} has no solution.

To prove Theorem 3.1, let us define

A =sup{A>0:(1)] hasa solution}. (3.1)

First of all we prove a useful lemma.
Lemma 3.2. One has 0 < A < +oo.

Proof. Let e(x) denote the solution of the following equation:

-Ae=1, x€Q,
(3.2)
e=0, x€0Q.

Since 0 < p < 1 < g, we can find 1p > 0 such that for all 0 < A < Ay there exists T = T(\) >
0 satisfying

T > \MATPEP + BT9EA. (3.3)
As a consequence, the function Te verifies

T = —A(Te) > LA(Te)” + B(Te)? > \a(x)(Te)? +b(x)(Te), (3.4)

and hence it is a supersolution of (1)]. Moreover, let 1y denote the solution of the following
problem:

—Au = )La(x)ug, x €Q,
(3.5)
uy =0, x€0Q.

(From [3] we know that ug exists.) Then ey is a subsolution of (1)}, provided

—A(eug) = Aea(x)ub < da(x)(euo)? + b(x)(euo)?, (3.6)
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which is satisfied for all € > 0 small enough and all . Taking ¢ as possibly smaller, we also
have

eug < Te. (3.7)

It follows that (1)} has a solution u, euy < u < Te whenever A < Ay, and thus A > A,.
Next, let A* be such that

co(A*tP + #9) > Mqt,  VE> 0. (3.8)

If A is such that (1)} has a solution u, multiplying (1)} by ¢; and integrating over Q we find
.)Llf uprdx = .A,J‘ a(x)uPprdx + f b(x)ulpdx > co U (AP o1 + ulyr)dx|. (3.9)
Q Q Q Q

This and (3.5) immediately imply that A < 1* and show that A < 1*, hence 0 < A < +c0. O

We are now ready to give the proof of Theorem 3.1.

Proof. (i) From the proof of lemma, it follows that, for all A € (0,A), problem (1)} has a
solution u,. Let uy satisfy (3.5); the iteration

—Attyiq = da(x)ul, + b(x)u) (3.10)

satisfies u, 1 uy by making use of Lemma 3.3 of [1] and maximum principle. It is easy to
check that u, is a minimal solution of (1)}. Indeed, if u is any solution of (1)}, then u > 1y and
u is a supersolution of (1)}. Thus u, < u, for all n, by induction, and u, < u. Next, we will
prove that I) (1) < 0. Indeed,

I(u) = % fQ |Vul>dx - % fQ a(x)|ulPdx - ﬁ fg b(x)|u|™ dx. (3.11)
Since u, is a solution of (1)} we have
fQ |Vu)L|2dx = fQ )La(x)uiﬂdx + fQ b(x)uTldx. (3.12)
From Lemma 3.5 of [1], we know
fg[|V(p|2 - <)Lpa(x)ui_l + qb(x)uz_l><p2] dx >0, VY¢e€H,. (3.13)
In particular with ¢ = u,, we infer

f |Vuy [ dox — /\pf a(x)ui”dx - qf b(x)uzﬂdx > 0. (3.14)
Q Q Q
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Combining (3.12) and (3.14), we obtain

_ 1_ 1 p+1 1_ 1 q+1
I)L(u)h)—)u<2 p+1>J‘Qa(x)u)L dx+<2 —q+1>J‘Qb(x)uA dx

(3.15)
1- +
< P(_ ! + ! )f a(x)uildx<0.
2 p+1 qg+1/)q
To complete the proof of (i), it remains to show that
uy <uy, whenever A < y. (3.16)

Indeed, if A < \; then u,, is a supersolution of (1)]. Since, for € > 0 small, euy is a subsolution
of (1)} and eug < uy,, then (1)} possesses a solution v, with

(eup v < uy,. (3.17)
Since u, is the minimal solution of (1);, we infer that ) < v < uy,. Moreover

—“A(uy, —uy) = )Lla(x)ui1 + b(x)uz1 - (J\a(x)ui + b(x)ui)
(3.18)
> )La(x)ui1 + b(x)uz1 - a(x)ui - b(x)uz > 0.

Since uy, #u, (because A < 1), then the Hopf Maximum principle yields u) < u,,.
(ii) Let A, be a sequence such that A, T A; then from I, (u,,) < 0 we deduce that there
exists C > 0 such that

[Vual* < C,
(3.19)

p+l
273 < C.

Then there exists u* € Hj such that u, — u* > 0a.e.in Q, strongly in LP*! and weakly in H.
Such a u* is thus a weak solution of (1)} for A = A.
(iii) This follows from the definition of A. O
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