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In our previous paper, we obtained a reverse Holder’s type inequality which gives an upper
bound of the difference:

(X QP b)YV - 0T ary

with a parameter A > 0, for n-tuples a = (ay, ..., a,) and b = (b, ... b,) of positive numbers
and for p > 1,9 > 1 satisfying 1/p+1/q =1. In this paper for commutative positive
operators A and B on a Hilbert space H and a unit vector x € H, we give an upper bound
of the difference

(4Px, )P (Bx, x)'/9 — A(ABx, x).

As applications, considering special cases, we induce some difference and ratio operator
inequalities. Finally, using the geometric mean in the Kubo-Ando theory we shall give a
reverse Holder’s type operator inequality for noncommutative operators.
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1 INTRODUCTION

This paper is a continuation of our paper [7]. In this paper, we assume
that real numbers p > 1,9 > 1 satisfy 1/p+1/g = 1.

The Holder inequality is one of the most important inequalities in
analysis: If a = (ay,...,a,) and b = (by, ..., b,) are n-tuples of non-
negative numbers, then

OANULONAED WIS (1)
In [7], we introduced a complementary inequality derived from (1), i.e.,
)P DY — 1Y apby < nMiMyFo(3) for 4> 0

under certain conditions (see Theorem A and Fy(4) is defined there). We
consider the operator version of this inequality, i.e., we give an estimation
of the following difference:

(A4Px, x)'/P (B%x, x)'/9 — )(4Bx, x) )

for commuting positive operators A and B on a Hilbert space H satisfy-
ing

O<m <A<M,0<m <B<M, m <Myandmy; <M, (3)

and for a unit vector x € H. We show M| M,Fy(2).as the upper bound of
(), i.e.,

(APx, x)'P (Bx, x)'/7 — A(ABx, x) < M{M,Fy(2), 4)

which we call a reverse Holder’s type operator inequality. We derive
some other inequalities which are given for p=¢g=2 and B=1 (I
is the identity operator) in (4). Considering the cases 4 = 1 and A satis-
fying Fy(2) = 0, we obtain difference and ratio inequalities which are
operator versions of known inequalities. Furthermore we obtain a non-
commutative version of a reverse Holder’s type operator inequality,
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using the s-geometric mean Afi;B introduced in the Kubo—Ando theory
[8], which is defined by

AftsB = AV2(A7V2BATV2)¢A4V2 (0 <s< 1)

for invertible positive operators 4 and B.

2 AN OPERATOR VERSION OF A REVERSE HOLDER'’S TYPE
INEQUALITY

First we define several notations needed later. Let o and f be real num-
bers with 0 <a <1 and 0 < f§ < 1, and denote several constants as
follows:

. K. K, 1K
Kpp =L Ry =20 K =i
1 - Y y p /Pq /q
. K
K= =0a,p, r=p,9.

ol/a ﬂl/p

In our paper [7, Lemma 2.3], we pointed out that for any positive real
number 4, the equation

(1 — o) — Kt/ = (1= )2 — Kz~')
has a unique positive solution 7 = 7;. We defined the constant c; by
er= (1= a)(h —Kt;") (= (1 = i — K7;'7)). )

Furthermore in [7, Theorem 3.5], we showed the following theorem
which gives an upper bound of the difference in Hoélder’s inequality (1):

THEOREM A Leta = (ay,...,ay) and b = (by,...,b,) be n-tuples of
positive numbers satisfying 0 <my < ap <My, 0<my <by <M,
(k=1,2,...,n), m <M; and my <M,. Put a=m[M; and
B = my/M,. Then for any A > 0

(X @)'P(T b)Y = 2T axby < nMiMyFo(h), (©)
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where Fo(A) = Fo(4; a, f, p) is the constant defined by
1-12 if0</1<min{K°"p K
p q
1 (K 1 } Kp, K.p Kp
— =) +=—-1}2 q( mln{ ”’,——“’-})
e G) b v 2
<A<K
1 1 (K\? } K,, K.p Kp
+— =) -1} i p( mm{ “"’,—’-‘-’-})
{Ka.p Kp.q (?») T P’ q
<il<K
1 1
+——_Qa
(Km,p Kpq
1 —orp? . -
Fo(A) = T -w){ _ﬁQ)ci fK=A=K @)
o 1 (K\? } - K,
+— (=) —alpr fK<ir<2L
{Km-p Kpq (’1> ey p
(= max{i{a’p,&])
p q
{ ! (K)p—}————ﬂ}a/l tf1~(<,1<—--—‘”-
Km‘p A Kﬁq - q

Since K <1< IE', we remark for 4 =1

ap(l —2)

1 1
Fo(l) = 4 ——1—

1— o

Kop  Kpg

a—a)(1—p% "

and the following inequality [6, Theorem 2.2] is obtained

(Z a’;ﬂ)'/”(Z bZ)l/q —

Y arby < nMM,Fo(1). )
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Moreover the equation Fy(4) = 0 has a unique solution [7, Theorem 3.6
and Lemma 5.1]

_ 1—oPp?
~ pMrgV (B — ap?)' o — )0

=l

(e[K,KD, )

and the following Gheorghiu inequality [4] (or a reverse Holder’s in-
equality [10, p.685]) is obtained:

PP < 20 3 aibs (10)

Now we give a reverse Holder’s type operator inequality, that is, an op-
erator version of (6). We also consider the special cases of 4 = 1 and
A= A.

THEOREM | Let A and B be two commuting positive operators on H
satisfying (3). Put o = my /My, B = my/M,. Then for any ). > 0 and any
unit vector x € H

(APx, x) /P (Bx, x) /9 — A(ABx, x) < MiMyFo(7), (11)

where Fo(1) is the constant defined by (7).
Furthermore the following facts hold:

() If A =1, then

(4Px, x)\/P (Bx, x)'/9 — (4Bx, x)

11 1 —arp
s o (= (e R M

(i) The equation Fy(2) = 0 has a unique solution A = lo(€ [K, K])
defined by (9) and the following inequality holds

(4Px, x) /P (Bx, x)!/9 < )o(ABx, x). (13)

Proof Let a and b be n-tuples with the same conditions of Theorem A
and let w = (wy,...,w,) be an n-tuple of nonnegative numbers with
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w =Y _i_, wk. Then by the same method as [6, Theorem 4.1], we have
the weighted version of Theorem A, that is, for any 4 > 0

(X wid)'"P(C wibD)VT =AY warhy < wMiMyFo(R).  (14)

Next let u be a positive measure on the rectangle X =
[my, Mi] x [my, M>] with u(X) = 1, and let L'(X)(r > 1) be the set of
measurable functions f* such that |f|" are integrable on X. Suppose
that f € [P(X) and g€ L9(X) satisfying 0 <m; <f <M, and
0 < my < g < M,. Furthermore let X7, X5, ..., X, be a decomposition
of X and let x;, € Xi(k = 1,2,...,n). Then from (14) we obtain

(X Sl X)) {2 g uX)} =2 % fx0)ge)uXe)
< MiMyFo(2).

Taking the limit of the decomposition, we obtain

1/p 1/q
(] f"du) (J g"du) —zj fedi < MMl (15)
X X X

Now since 4 and B are commuting, there exist commuting spectral
families £4(-) and Ep(-) corresponding to A and B such that for any
polynomial p(4, B) (or a uniform limit of polynomials) in 4 and B,

00

(p(4, B)x, x) = j p(s, d(E*(s)EB(0)x, x) for xeH,

[13, p.287]. Let du = d(E*(s)E®(t)x, x) = d||E*(s)E®()x|. Then from
(15) we have

1/p 1/q
(APx, x)'P (Bx, x)'/1 — \(4Bx, x) = (” s"’du) (” t"du>
X X

- AJJ stdu < MiMyFy(2)
X

and hence we have the desired inequality (11).
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Furthermore we easily have (12) and (13), putting A =1 and 1 = 4¢
in (11), respectively. |

We remark that the difference inequality (12) was obtained in [6, The-
orem 4.3] as an operator version of (8), and that the ratio inequality (13)
was obtained in [2, Theorem 4] as an operator version of Gheorghiu’s
inequality (10).

3 FURTHER APPLICATIONS TO OPERATOR INEQUALITIES

In this section as applications of Theorem 1, we deduce three corollaries
which give special inequalities as the cases of p =g =2 or § — 1. The
inequalities for 4 =1 correspond with difference inequalities given
in [6], and those for the solution A of Fy(4) =0 correspond with
ratio inequalities which are operator versions of known numerical
inequalities.

If f — 1 in Theorem 1, then we can easily see that K — (K, , /p)'P
and K — (Kap /po?~HVP_ So we obtain the following corollary:

COROLLARY 2 Let A be a positive operator on H satisfying (3). Put
o = my/M,. Then for any A > 0 and any unit vector x € H

(APx, x)!VP — J(Ax, x) < MiF1(2), (16)

where Fy(1) is the constant defined by

K,
1-1 if0<i<—22
4 p

1 1= |7 a—o? Ky, p K,
Fiy =121 _ o Bar D ap
1) q{p(l—a)/l} 1—06"/1 4 p 5/151)0(;,_1

ol —4) if Koy < A
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Furthermore the following facts hold.
(W) If A =1, then

11— )" a—o
p _ - -
(Apx’ x) P (Ax7 x) = Ml [q {p(l — a)} 1— w;:lo (17)

(ii) The equation Fy\(2) = 0 has a unique solution

1 —o? K,, K
A=l == (‘;p 1/q (e [ﬂ’ otfl:l)’
p'/Pql/a(1 — o) "P(a — o) p p¥

and the following inequality holds

(APx, x)\/P < )y (Ax, x). (18)

Proof Let M, =1 and my = f# — 1 in Theorem 1. Then we obtain

(16) by using the same method as in [7, Theorem 4.1]. Moreover (17)

. K
is ensured by =2 < 1 < —£

and (18) is obtained by an elementary

a1
computation, using the fact that a unique solution 4 = 4; of the equa-
. , . K K
tion Fy(A) = 0 satisfies —2 < A; < —L_ -
p par~!

The inequality (17) was given in [6] and the inequality (18) was given
in [2], [3], [9], [11]. The constant 4; coincides with the p-th root of the
constant defined by Ky Fan [1], or Furuta [3].

Next we take p = ¢ = 2 in Theorem 1:

COROLLARY 3  Let A and B be two commuting positive operators on H
satisfying (3). Put o =min{m;/M;,my/My}, B = max{m /M,
my /MY,y = (14 0)"2(1 + B)'?/2 and 7 = y/a'/2B'2. Write c the
constant of (5) with respect to p = q = 2. Then for any 2 > 0 and any
unit vector x € H

(A%, x)"/2(B?x, x)'/* — J(ABx, x) < MiMyF(2),
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where F»(2) is the constant defined by

1-2 fo<i<

1+a o L l4a
(W‘m‘)ﬂ f—g=t<y

] a-apna 1 —o?p? , 3
PO e e ) 754

1+o o o~ 1+«
(G 1) ¥ I1<t=

ap(l — 2) if

Furthermore the following facts hold.
() If A= 1, then

(A%x, x)'*(B?x, x)'/? — (4Bx, x) < MM, _(-apy (19)
’ ’ = 20+ )1+ p)°

(ii) The equation F»(1) = 0 has a unique solution

l+ocl3

202G (€ [y, 7D,

=A==

and the following inequality holds

(A%x, x)'*(B*x, x)\/? < J,(4Bx, x). (20)

Proof Let p=q =2 in Theorem 1. Then we obtain the desired in-
equalities by using the same method as [7, Theorem 4.3]. ]

The inequality (19) was given in [6]. The inequality (20) is a commu-
tative operator version of the Polya-Szego inequality [12], [10, p.684]:

(MM, + mymy)*
4M1M2M1M2

Y a Yy b <

X axbi)?,
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or Greub-W. Rheinboldt inequality [5]:

(MM + mymy)?
4M|M2m|m2

Y piar Y pib} < (X praxbp)*.

with a weight py >0 (k=1,2,...,n) with ) _p; = 1.

In particular, we obtain the following corollary, putting p = ¢ =2 in

Corollary 2 or § — 1 in Corollary 3:

COROLLARY 4 Let A be a positive operator on H satisfving (3). Put

o =m /M. Then for any A > 0 and any unit vector x € H
(A%x, x)1/% — MAx, x) < M F3(R),

where F3(A) is the constant defined by

r 1-2 f0<i< ! -;a
I4+a o l4+a 1+«
)= ———— j
D=\ T TRt T siEg

L l4a

a(l —2) if < A

Furthermore the following facts hold.:
() If =1, then

(My —my)?

42 172 _ ’ )
(A%x, x) (Mﬂsmmgm

(ii) The equation F3(1) = 0 has a unique solution

A—A—l+a 14+a 14a
=h=amm \S 722 |)

and the following inequality holds

(A4%x, x)1/? < J3(dx, x).

@1

(22)
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The inequalities (21) and (22) are well-known inequalities (cf. [6])
related to the following celebrated Kantorovich inequality:

- (M + m)*

Ax, x) (A7 "%, x) < —t.

(dx,x) (4™ 'x,x) < Y

As an application of Theorem 1 (or Corollary 2), we shall show some
operator inequalities without commutativity assumption. In [8], F.
Kubo and T. Ando introduced the s-geometric mean 4B defined by

AftsB = AV2(A7V2BATV2P4Y2 (0 <s< 1)

for positive invertible operators 4 and B. We note that B7f; ,47 = AB if
A4 and B commute.

Using the s-geometric mean, we have a noncommutative version of
Theorem 1:

THEOREM 5 Let A and B be two positive invertible operators on H

ol
.y mm
satisfying (3). Put « = my /My, B =my/My,y = afp?™ = Mleq_l and

1—oPpl 17
T—ﬂq—_—l. Then for any A > 0 and any unit vector x € H
—a

Kv(z Kvyp) =

(4Px, x)l/p(qu, x)l/q — MBIt )pAPx, x) < A% Fy(4), 23)

where Fy(A) is the constant defined by

K.
1—2 if0<A<—
4 J4
11— |7 y—yp K K
F(/l)=<—{ } - Aoif L=<t
’ q p(1 —y)A 1=y 4 p py!
K.
1 —2) if py,,y_ld

Proof In Corollary 2, Fj(A) is determined by 4, o (and p), and hence
we may write Fi(1) = Fi(4,«). If C is a positive operator such that
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0 <m < C < M, then from (16) we have for any 4 > 0 and any vector
xeH

(CPx, x)' P (x, x)!/9 — J(Cx, x) < MF1(4, yo){x, x) (24)

holds for y, = m/M. (Correspondingly we replace the constant K, , in Cor-

1—
ollary 2 by K, = . 3’6.) Now, we replace C and x by (B~9/247B~4/2)1/p
)

and B%2x with x having unit norm in (24), respectively. Then since

0 <2 < (B9 qrpait)ir < 2L M,
My~ mi"

2 m;

we have
(APx, x)l/.v(qu’ x)l/q _ MBq/Z(B—q/ZAPB—qﬂ)I/PBq/Zx’ x)

<M E G B
mi

Fi(4,7)

oL
Mﬂj = aff?"!. Putting F(2) = Fi(4,y), we obtain the desired
mi”

inequality (23). |

for y =

If we put 2 =1 in (23), then we have the following inequality [6,
Theorem 4.5] which is the noncommutative version of (12):

(APx, x)' P (Bix, x)'/4 — (B, ), AP x, x)
LMid; 1 ( 1=y )q_l_”"yp 25)
A g \p(1 =) 1—yP
By an elementary computation we can see that Fy(4) = 0 has a un-
K, .
r & ) defined by (9). So we have the

ique solution A = ¢ (e [—, :
Py
following result [2, Theorem 4]:
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COROLLARY 6 Let A and B be two positive invertible operators on H
satisfying (3). Put o. = my /M, and = my /M,. Then for any unit vector
xeH

(AP, x) /P (Bx, )19 < Ao (Bt pAPx, x), (26)

K, K
where Ag (e [—y, —V:D is the constant defined by (9).
> - efined by (9)
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