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1. Introduction

The function Q(x, z) defined on R x R" is said to belong to L®(R") x L1(S"1), if it satisfies
the following two conditions:

(1) Q(x, Az) = Q(x, z), for any x, z € R" and any A > 0;

1/
(2) QI mryxra(sr1) = SUP,5 yemn ([ |Q(r2' +y,2)[do(2)) 7 < oo.

Leta > 0and g > max{1, 2(n—1)/(n+2a)}, and let Q € L*(R") x L1(S"!) satisfy the
following cancellation property:

j Q(x,2) Y (2)do(2) = 0, (1.1)
Sn—‘l

for all spherical harmonic polynomials Y;,(z') with degree < [a] and for any x € R". We
consider the hypersingular Marcinkiewicz integral yiq » f (x) defined by
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e dt
pHoa(f)(x) = <f0 13+2a > ’ (12)

for f € S(R"), the Schwartz class. In general, the way in which the integrals were given
has to be interpreted. Let o = {h(t) : [hllw = (JZIR(P(dE/1)"* < +oo}, and let hs(t,x) =
t_l_uflx—ylst (Q(x,x-y)/|x - yl"_l)f(y)dy. We have to show h¢(-, x) € K for every x € R" and

f €38, and so that g (f)(x) = [|hf(-, x)||l« can be regarded as a well-defined Hilbert-valued
function. To see this, applying the Taylor’s expansion, we can write

Q(x, x —
[ S sy
-yt |x =y

1
fx-y) =Y Cy D+ > CKyKIO(l —5)[A(D*f) (x - sy)ds
Il<[a] I|=[a]+1

(1.3)
= Z ak(x)]/x+b(xry)|y|[a]+l

[rc|<[a]

with some bounded functions a.(x) and b(x,y), where x denotes the multi-indices. By
cancellation property (1.1) of €2, we have

t
(e x) =7 Q) f(x-sy)do(y)ds

_ 41— ! [a]+1 ! ! ! (1-4)
=t s Q(x,y")b(x,sy")do(y')ds
0 §n-1

< Ct1+[a]—u‘

Simultaneously, by choosing r so that 1 < r < g and r sufficiently closing to 1, the Holder
inequality for integrals implies

|Qx, )|

1/r
= dv) < cremen, (15)
i<t |yl

hp(t,x) < E fl (j

where 1/r +1/r" = 1. Hence, noting 1 + [a] —a > 0 and —a — n + (n/r) < 0, one can easily
check that [|h¢ (-, x)||« < C for any test function f and every x € R", and so pqq(f)(x) is well
defined for f € S(R") and a > 0.

Historically, as high dimension corresponding to the Littlewood-Paley g-function,
Stein [1] first introduced the classical Marcinkiewicz integral with convolution kernel
Q(x,z) = Q(z) and in the special case a« = 0. The LP(H") boundedness, 1 < p <2, 0orp <1
but is close to 1, for the classical Marcinkiewicz integrals was extended by many authors
to various kernels, for example, [1-4]. On the other hand, because of connecting with the
problems about the partial differential equations with variable coefficients, more attentions
are focused on the variable kernels.

A fresh look at this problem is due to Ding et al. [5-7], where they showed the
following theorem.
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Theorem 1.1 (see [7]). Let a = 0, and Q(x,z') € L*(R") x L1(S*™™), g > 2(n — 1) /n, satisfy
cancellation property (1.1). Then, the operator pgp is bounded from L2(R") to L*(R™).

Moreover, if Q satisfies the L'-Dini condition, then pgq is bounded from Hardy space H* (R™)
to LY(R™).

Our main results are as follows.
Theorem 1.2. Let a > 0, and Q(x, z') € L®(R") x L1(S"!), g > max{1, 2(n-1)/(n+2a)}, satisfy
cancellation property (1.1). Then,

el ey € CNfllz e (1.6

with the constant C independent of any f € L2(R") N S(R™).
Theorem 1.3. Let a > 0, and Q(x, z') € L®(R") x L1(S"!), g > max{1, 2(n-1)/(n+2a)}, satisfy
cancellation property (1.1). Then, forn/(n+a) <p <1,

”#Q,l’l(f) ”LP(]R") S C”f”Hf:(R”) (17)

with the constant C independent of any f € Hb(R™) N S(R").

By Theorems 1.2 and 1.3 and applying the interpolation theorem of sublinear operator,
we obtain the L? — L boundedness of HOu-

Corollary 1.4. Let a > 0, and Q(x,z') € L®(R") x L1(S"!), g > max{1,2(n - 1)/(n + 2a)},
satisfy cancellation property (1.1). Then,

||#Q,u(f)||Ln gy S C”f”Lﬁ R") for1<p<2 (1.8)
(R™) (

with the constant C independent of any f € LL(R") N S(R™).

Further, we can derive the boundedness of g, on H P for some p < n/(n+ a) under
an additional assumption, the L#-Dini condition, on Q as follows:

'@ (6)
0 61+[3

d6 < oo, (1.9)

where @ (6) is the integral modulus of continuity of Q defined by

w(6) = sup |Q(rz', OZ') - Q(rz’, z’)|do(z’), (1.10)
r>0,]0|<6 J S"1

where O is a rotation in R” with |O| = ||O - I||, and I is an identical operator.
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Theorem 1.5. Let Q(x,z') € L®(R")xL4(S"!), g > max{1, 2(n—1)/(n+2a)}, satisfy cancellation
property (1.1) and the L“P-Dini condition (1.9) with p > 0. Then, for max{n/(n+a + ), 2n/(2n +
2a+1)} <p<n/(n+a),0<a<n/2, onehas

”.“Q,rx(f)”LP(Rn) S ClAllpge ey (1.11)

with the constant C independent of any f € Hb(R™) N S(R™).

We will give the definitions for Sobolev spaces and Hardy-Sobolev spaces, and prove
the key lemma (Lemma 2.2) for Bessel functions in the next section. The proof of Theorem 1.2
will be given in Section 3, and Theorems 1.3 and 1.5 will be proved in Section 4. Finally, as
an application of Theorem 1.2, in Section 5 we will get the L2 — L? boundedness for a class of
the Littlewood-Paley type operators pigq,s and p, , | with variable kernels and index a > 0,
which relate to the Lusin area integral and the Littlewood-Paley g} function, respectively.

Here we point out that, by the same arguments in the paper, our theorems are also
hold for the following hypersingular parametric Marcinkiewicz integrals

. 2 1/2
Moy o () (x) = <f0 di > (1.12)

t1+2"‘
with the complex parameter p with Re(p) > 0.
Throughout the paper, C always denotes a positive constant not necessarily the same
at each occurrence. we use a = b to mean the equivalence of a and b; that is, there exists a
positive constant C independent of a, b such that Cla<b<Ca.

) eyt lx—y[™*

2. Some notations and lemmas

Let us first recall the Triebel-Lizorkin space. Fix a radial function ¢(x) € C* satisfying
supp(p) C {x : (1/2) < |x] £ 2} and 0 < ¢(x) < 1, and ¢(x) > ¢ > 0if 3/5 < |x| < 5/3.
Let ¢;(x) = tp(2jx). Define the function ¢s;(x) by ¢;(¢) = ¢;(¢). For0 <p, g < wand a € R,
the homogeneous Triebel-Lizorkin space F;:’q is the set of all distributions f satisfying

1/q
F:'q(R") _ {f c 5'(R") : ||f||FZq = H <;|2_uk(}fk*f|q>

< oo}. (2.1)
p

For 1 < p < oo, the homogeneous Sobolev spaces L} (R™) are defined by Lh(R") =
Ey?(R"), namely, Ifllz = 1If 2. From [8], we know that for any f € L2(R™),

R 1/2
e = ([ 1F@FRPAE) 22)

and if a is a nonnegative integer, then for any f € L}(R"),

||f||L5(R") = Z ”DTf“LP(]R")' (2.3)

|7]=a
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For 0 < p < 1, we define the homogeneous Hardy-Sobolev space Hf (R") by Hf (R") =
Ey?(R™). It is well known that HP(R") = Fg,z (R™) for 0 < p < 1, one can refer to [8] for the
details.

Next we give two lemmas, which play important roles in the paper and are valuable
in other applications of the Bessel functions.

Lemma 2.1 (see [9]). Suppose n > 2 and f € L*(R") N L2(R") has the form f(x) = fo(|x|)P(x),
where P(x) is a solid spherical harmonic polynomial of degree m. Then, the Fourier transform of f has
the form f (&) = Fo(|&|)P (&), where

Fo(r) = 20ri~ My~ ((n42m=2)/ 2>I fo(8) Jnsam-2)/2(27rs)s ™M/ 24, (2.4)
0

and r = |&|, Jiu(s) is the Bessel function.

Lemma 2.2. For A > 0, there exists a constant C > 0 depending only on \ such that

]m+)u (P)

p'sm for0<t<oo,m=1,2,. (2.5)

Proof. Let us write v = m + A. In case 0 < t < v, since J,(p) > 0 for 0 < p < v, it follows from
[10, inequality (6.1)] that

1+A mld — mA (2'6)

J‘;]vp(f) ‘ ) ]v(P) ‘ v . C

In case v < t < 2v, the second mean value theorem and [10, inequality (6.2)] yield

t W
L ]’;(f) dp = v‘*L Jo(p)dp (v <H <t<2v)

h 2.7
= v_)‘”J‘ Jo(wp)dp (1<h<2) @7
1
=0(v™),
where the big oh is an absolute one. Thus,
t v
‘ f ]v(f) dp‘ < J ]v(f) ‘ ]v(P) % . (2.8)
0P o P m

In case t > 2v, we use the differential equation of J,, which may be written as (see [10,
page 221])

plp)  p*Ii(p)

pP2-v2 p2—2’

Jo(p) = - (2.9)
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which implies

" T(p)

2v P)L

Jf J5(p) dp' .

t "
J5(p)
—F L __dp| =11+ 1. 2.10
P (p? - 2) ’[ P 1772 ( )

P2 (p? = 9?)

dpl <

Since |J,(p)| < 1 and that [p*(1 - (v/p)z)]_1 is a decreasing function for A > 0 and p > 2v, we
obtain by the second mean value theorem

I, <

t
" d
~3(2n)? 2vJV(p) ,0'

(v <t <t) (2.11)

s c
— ] () - T (2 —_.
AR e

To estimate Iy, if A > 0, one can easily see that

! dp 4(" dp C
L < — < = < —. 2.12
1= vaxq (P2 -2 = 3J‘2VP1+A = (212)

If X =0, then v = m is an integer. Since |J,»(p)| < 1 (see [9, page 137]), and [p(1 - (1;/10)2)]71 is
decreasing for p > 2v, we apply the second mean value theorem again to obtain

Y Ta(p) ‘
= == g
val(pz—vz) P
ta
<z zvﬂn(p)dp‘ (2v<t <t) (2.13)

2
< (k) - @) <C

Now we have gotten

“Tu(p)
o P

2v
Jv(p) dp| .

t
; ]v(P)dp’ < C
0o P

<= (2.14)
v PA m/\

dp' <

which implies the lemma. O

3. The boundedness on Sobolev spaces

In this section, we derive the boundedness for the Marcinkiewicz integral pq . on Sobolev
spaces, and give the proof of Theorem 1.2.



Xiangxing Tao et al. 7

As in [9], let {Ym1,Ym2,--., YmNmm ) denote an orthonormal basis of the space of
normalized spherical harmonics of degree m, then by using (1.1) and the spherical harmonic
development, see [11] for instance, we can decompose Q(x, z') as follows:

+oo  N(m)
Q(x,z") Z Z i (X) Y i (2), (3.1)
al+l j=1
where N (m) = m"? and
Ay j(X) = J‘S“Q(x, 2)Y,(2')do(2). (3.2)
Denote
N 2\ (%)
m = m,j ’ bm j = - s .
an(x) <]Zl la ,]<x>|> ) = 20 (33)
then ZN("’) b? /].(x) =1. We also let
| N Y j(x = ) ar \"’
o)) = <j j Sl Wy tma) : (3.4)

Then, applying the Holder inequality twice, we have forany 0 < e <1

© +o0 N (m)
ot N@P= [ 5 a0 3 buix >—"”‘ 2y L
0 |/ lx=yI<t m=[a]+1 j=1 |x - t

< 2 —£(142a) < £(1+2a)
< Z a,, (x)m Z m

m=[a]+1 m=[a]+1

N("’) Yon,j(x
I > bj(x )—“f( )dy

f lx-yl<t j=1 |x (3424
(3.5)
< m(x)m £(1+2a) > Z me(1+2u)
m= [a]+1 =[a]+1
x-yist Ix y"! ge2a

a (x)m 1+2a)> Z m£(1+2a) Z |#m] a(f) (x) |2'

a]+1 m=[a]+1
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By [11], we can observe that the series in the first parenthesis on the right-hand side
of the inequality above is equal to [|Q(x, ')”iz (1), Where L2, (S"") is the Sobolev space on
Y

S" 1 with y = &(1/2 + a) for any 0 < ¢ < 1. So if we take ¢ sufficiently close to 1, then by the

Sobolev imbedding theorem L9 C Lgy, we have

Z afn (x)m—s(1+2a) < C”Q”iw(ﬂgn)xm(sn—l) (3.6)
m

with g > max{1, 2(n - 1)/(n + 2a)}. Therefore, to prove the theorem, it remains to show that
for ¢ sufficiently close to 1, we have

+00 N (m)
> m 20 [ a0 Pl < CISE. (3)
=[a]+1 j=1 7 R*

Put Py j(x) = Yo, j () ]x|™ and @ j(x) = 7Py ; () 2| ™ y{jxi<t) One can deduce
from Lemma 2.1 that

Pm,jt(8) = Fo(1&1) Pon,j (IE]) = Y (&) 1" Fo (12]), (3.8)

where, by the changing of variable,

27 Lo (n-2)72(P)

p dp. (3.9)

Fo(r)=i™ (27r)<"/2_1)r‘m‘1t‘1‘“f
0

Hence by Plancherel theorem, we have

N(m

z) [ Rn|ﬂm,f,a(f)(x)|2dx:]\§) [.]

N(m) a+o0
-2 1.

N (m)

=3 [ @ P F R e
j=1 0 R~

2
A
t

[ pmistx=w iy

2
t
dxdT (3.10)

[ pmintx= sy
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By [11], we know that Zj\igm) |Ym,,-(z’)|2 = m"2, thus (3.10) is bounded by

+oo 2t 2
n-2 ra 2 1 ]m+(n—2)/2(P) dt
Cm™2| 1@ JO <2ﬁ|§|tf S ) s

0

m/2 T 2
n-2 2o 125 p2a 1 (7 Jinsr(n=2)/2(p) dr
o[ ol (3] i) S

r

(3.11)

+o0 r 2
(1 ]m+(n2)/2(p)d) dr e

r)o P(n—Z)/Z rl+2a

e[ [F@ e f

R~ m/2

=: Il + 12.

Letn(r) = (1 /r)fg (Jme1(p)/p")dp. Using [12, Lemma 2.1] (the proof of Lemma 2.1(b) and the
estimation in [12, page 565]), we have 7(r) < Jusi(r)/r* and |J,(r)| < (r/2)” /T (v + 1). Thus,
by Stirling’s formula, we have for m > [a] + 1 that

dr

m/2 dr m/2 p2m=1-2a
< f

(r)?
e (2 (m + A + 1))

(m/2)™* (3.12)
< C(zmr(m e 1)>

C

L —5-
m2A+2-2a

Now we let A = (n —2)/2 and use the inequality above to see that
~ o2
n<cm 2 |F@PId < Cm g, (3.13)
]Rn

To estimate I, using Lemma 2.2 that |f6(]m”(t)/t)‘)dt| < C/m*, we obtain

+oo 2
n-2 £ 2 e ¢ —dr
I, <Cm . |f(§)| 4 ’[ <W> y3+2a dg

m/2
7ray 12212, —2-2a 3.14
<cf If@rrem (14
Rﬂ
< Cm | £,
Combining the estimates of I; and I, we get from (3.10) and (3.11) that
+o0 N(m) 2 +0o
2, m 3 f lmja(HO dx < C 3, m 2022 £, (3.15)
m=[a]+1 j=1 7 R" m=[a]+1 N

which implies (3.7). Then, we complete the proof of the theorem.
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4. The boundedness on Hardy-Sobolev spaces

In order to show the boundedness for the operator pq , on Hardy-Sobolev spaces, and prove
Theorems 1.3 and 1.5, we first recall the atomic decomposition for Hardy-Sobolev spaces.

Definition 4.1 (see [13]). For a > 0, the function a(x) is called a (p, 2, a) atom if it satisfies the
following three conditions:

(1) supp(a) ¢ Bwithaball B CR";
(2) llallyz < |B]Y17;

(3) fR,,a(x)P(x) = 0, for any polynomial P(x) of degree < N = [n(1/p — 1)a].

By [13], we know that every f € HP(R") can be written as a sum of (p,2, ) atoms
aj(x), that is, f = Zi Aja; which converges in HE(R") and in the sense of distributions.

Moreover, ||f||’1’{§ =30

To consider the hypersingular Marcinkiewicz integral po.(f) on Hardy-Sobolev
spaces H, P(R™), we can start with f in a nice dense class of function, say f € HE(R") N S(R™).
Then, by the Lebesgue dominated convergence theorem, we have

11 Gl < 20101 ey G20 - (4.1)
]

Recalling pg o (f)(x) = || (-, x)||«, so we obtain for 0 < p <1

li0alH ey < 2041 IH0a(@ 1L - (4.2)
]

Now we are in the position to prove the following theorem.

Proof of Theorem 1.3. Because of (4.2), it is sufficient to show that
lnea(@]l;, <€ (4.3)

with the constant C independent of any (p,2,a) atom a. By translation argument, we can
assume that supp(a) € B(0, p). We first note that

”I/lQ,a(a)”ip < I I//lQ,a(a)lpdx +f |[49,a(a)|pdx =i+ (44)
)

x|< [x|>8p

By Theorem 1.2 and size condition (2) of a, it is not difficult to deduce that

J1 £ Cllpga(@||7.p" " *"? < Cllally,p""+/? < C. (4.5)

Next we estimate J, according to three cases.
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Case 1. 0 < a < n/2. In this case, one may refer to [14, Lemma 5.5] to get
j |a(x)|dx < Cp/Pre., (4.6)
B

Since 0 < p < 1, the Minkowski inequality and the Holder inequality give that

+oo 2 p/2
J2 = f f ii dx
|x[>8p 0 e

|Q(x, x - y)|
Sfus J, PR
x[>8p n
+0o

f Q(x,x - vy)

-1
eyt |x —yl"

a(y)dy

p
dx

P
dx

Qx,x—-vy)
( 192G x =9l iy
re |x =yl

=3 szp<|x|<2f*1p
4.7)
@@ x -y

+00 P
i \n(l-p)
<> @) (f - I T Ia(y)ldydx>
=3 2ip<lxl<2iip) Br X = Y|

< g(Z"P)"O_p) (fB |a(y) Idyf oty dx>p

2i p<|x|<2itlp lx -y

P P& yi-p)-ap
<clal., ([ lawldy) - @07,
=3
Thus, by (4.6) and the condition p > n/(n + a), we get

+oo
L<clQlf, . > 2t < C. (4.8)

i=3
Case 2. & > n/2 and a — n/2 is not an integer. Thus there is an integer k > 1 such that

n/2-1<a -k <n/2. By Pitt’s theorem, one has the following.

Lemma 4.2 (see [15]). Let a(x) be a (p, 2, a) atom with support in B = B(0, p), p denotes a multi-
index with |p| = k, then [(f5|DPa(sy)|dy ds < Cpm/p+sk.

Now using Taylor’s expansion on a(y) at y = 0, and applying the cancellation property
of Q, we see that

w Qx,x-y) (! _
ha(t,x) =t Z CﬁJ‘\x—qu—n}{f (1-s)""'y’DPa(sy)ds dy, (4.9)
e I ey Jo
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and so, by the Minkowski inequality,

,uQ,a(a) (.X') < CPk Z

J‘ |Q(x, x - y)|
\BI=k” lyl<p

=yl I |DPa(sy)|ds dy. (410)

Hence, by the same argument as in (4.7) and using Lemma 4.2, we have

Pt

n(l )—a
h«hWMbw<f jw%@mmwo 3) P
B |pl=k

(4.11)
+00
< Q... > 2 < C.
j=3

Case 3. « > n/2 and a —n/2 is a nonnegative integer. In this case, we can take a small positive
real 0 < ¢ < 1 satisfying n/(n+a —¢) <p and [a + €] = [a], then by Cases 1 and 2, we have

[HoaecOllp <Clflur ., lHoae(Dllp < Clf g, - (412)
By interpolation, see [15], we get [lua.«(f)ll, < CIIfll - 0

Next we are going to proof the following.

Proof of Theorem 1.5. By similar arguments, it is enough to show the uniform boundedness of
|« (a)|l,, for any (p, 2, a)-atom a with the support B(0, p). Write

||‘ugl,x(a)||f7 = ’[lx|<8p|yg,a(a)(x) |"dx + f |poa(a)(x)|Pdx == W + V. (4.13)

|x[>8p

It is easy to see that W < C. For V, we decompose it further into

+00
|x[>8p |7/ 0
[x|+2p
|x|>8p 1/ 0
+00
|x[>8p |/ |x[+2p

= Vi+ V.

p/2
dx

2t

t3+2a

Q(x,x —
[ QXY 1)y
e-yl<t |x =y

p/2

2
dt dx

t3+2a

Q(x, x —
[ S Bagay
e-ylst [x =yl

Q
[ oy,
e-ylst |x —y["

(4.14)

p/2
dx

2

$3+2a
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Note that for |x| > 8p, |y| < p, we have [x—y| = |x| = |x|+2p, so the mean value theorem

gives |(|x| + 2p)7272“ - |x - y|7272"| < Cplx - y|7372"’. Thus, by the Minkowski inequality for

integrals,

+00

|Q(x, x - y)|
|n+1/2+a

4
Vi < CpP/? la(y)|dy| dx. (4.15)

i=3 f2fp§x|<2f*1p B |x -y

Now, like (4.7), we write V; as the following sum, and apply the Holder inequality for
integrals to obtain

|Q(x, x - y)|
B |x _ y|n+1/2+a

lay)|dy

+co
Vl S CPP/ZZ (ij)n(lfp) <J‘
=3 2/p<|x|<2itp

P
dx)
N

K —(1/24@)p i (- P
< Cp 11 3,20) @) ({ Jatwldy ) (@.16)

j=3

+00

i\ —(1/2+a)p+n(1-p)
<cllf. .. >, @) <C,

j=3

because of p > n/(n + a +1/2) and the inequality (4.6).
To deal with V,, we note that B(0,p) C {y : |[x —y| < t} fort > |x| + 2p and |x| > 8p. So
by the cancelation of the atom a(x), we have

+oo
o |
xl>8p \J [x[+2p

J‘xylst<9(x,x —y) _ Q(x,x)

-yt -yt
/2
Q(x, x) Q(x,x)) 2 a1\’
+ — - — ~a(y)dy - dx
|x _ y| 1 |x| 1 t3+2
/2
+oo Qx,x-vy) Q(x,x) 2 | (4.17)
S f f J‘ -1 n-1 |a(y)|dy t3+_2a dx
lx>8p |/ xi+2p 1 x-yi<t |x =y |x =y
/2
e Q(x,x)  Qx,x) 2 at |”
+_[ f J‘ n-1 n-1 |a(y)|dy 13+2a dx
lx>8p |/ [xf+2p 1 x-yi<t | =y ||

=: V21 + V22.
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Applying the Minkowski inequality, decomposition of integral domain, the Holder
inequality, and the Fubini theorem successively, we can obtain

J‘ |Q(x, x —y) -
|x yln-m

< :_Z:(Zf p)" " (f

V21<ZI

2] p<|x|<2i*1p

|Q(x, x —y) - Q(x, x

2/ p<|x|<2i*lp fB |x - ]/|"+a

-Sen ([ (], BT )

|x y|n+a

P
| la(y)|dy dx) (4.18)

Since |y| < p and |x| > 2p, we have |[x—y| > (1/2)|x| and so |(x—vy) /|x—y|-x/|x|| < 4(|y|/|x]).
Thus by using the L'#-Dini condition of Q, the inner integral on the right-hand side of the
integral inequality above is controlled by

2]+1
Izm IS" 1

4ly|/2/p
scj | Iyl‘“zﬁ(?)é'x*ﬂda
alyl/2p

2]+1p 4
do(x)yr dr < Cf r <M>dr

2ip r

<rx il > -Q(rx', x")

L (6)

51+ﬁ 1. 40

< Coih) ye
< Cz—j(a+ﬂ)p—a.
(4.19)

From this, and using (4.6) and the condition p > n/(n + a + ), we can thus deduce that

+oo _ X P
Vo < CZ (sz)n(l P) (J |a(y)|2—](:x+ﬂ)p—ady>
j=3 B
(4.20)
)
< CZ 2i(n(-p)~(a+p)p) < C,
j=3

Finally, we give the estimate of V,. Obviously, for |y| < p and |x| > 2p, we have
x| = |x - y| = |x| + 2p, and by mean value theorem, [1/]x — y|"™" = 1/]x|"!| < C(ly|/|x]").
Therefore, by Minkowski’s inequality for integrals, the inequality (4.6) and the condition



Xiangxing Tao et al. 15

n/(n+1+a)<p <1, wecan obtain

P

1 dx

|x|1+:x

J‘la( )|}|Q(x,x) _Q(x,x) dy

x -yt le"—1

Vo < Cf
|x[>8p

<cC f
|x[>8p

<C P(I | ( )ld >pf |Q(x/x)|pd
a —axXx
sSLp 5 y y Ixl>8p |x|(n+1+zx)p

< pppp(nfn/pﬂt)pf(n+1+a)p+n”Q”mem <C.

Q(x,

| |n+1+a

(4.21)

Combining (4.13), (4.14), (4.16), (4.20), and (4.21), we have proved that

taa(@)||f, W + Vi + Vo + Vp <C, (4.22)

which is our desired inequality. The proof of the theorem is finished. O

5. Final remark

By similar argument as that for pg ., we can consider the Littlewood-Paley type operators
Ho,as and pg, | with variable kernels and index a > 0, which relate to the Lusin area integral
and the Littlewood-Paley g} function, as follows:

. dvdi \V2
Hoas(N) () = < ([ ] =2 Zseu ,jfmi> ,
reo ) ly-zl<t |y - z[" t 51)
An Qy,y-z) dy dt 12
Mo () = <.U <t+ |x — y|> Iy <t |y -z Tyt pr+3+2a

with A > 1, where I'(x) = {(y,t) € R" : |x — y| < t}.
As an application of Theorem 1.2, we have the following conclusion.

Theorem 5.1. Let a > 0, and assume that Q(x,z') € L*(R") x L1(S"™), g > max{1, 2(n-1)/(n+
2a)}, satisfy (1.1). Then,

”/Kl,a,S(f) ||L2(Rn) < Z)Ln”#a,u,)t(f)”LZ(Rn) < C”f“Lﬁ(]R") (52)

with the constant C independent of any f € L2(R") N S(R™).
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The proof of the theorem is based on the following lemma.

Lemma 5.2. Let A > 1, there exists a positive constant C, ,, such that for any nonnegative and locally
integrable function ¢,

[ Gt 9 < Conf (a0 M) ), 63)

where M denotes the Hardy-Littlewood maximal operator.

Proof. Directly from the definition, we have

[ Gatnonoeis= [ [[ (i) e P i pwas

<’[ jw|F ( )|2£<su <;>M (x)ldx)d
“Jrido eHPN t>(? re \t+ |x — Y P Y

< C*'”JW (4o (f) (1)) M(9) (y)dy,
(5.4)

which implies the lemma. O

Now, if we take the supremum in inequality (5.3) over all ¢ satisfying [|¢||,.. < 1, and
apply Theorem 1.2, we can see

It ey < o st 1Ml ) [ (a0

lpllz» <1 (5.5)

2
< C)L,n”fHL‘ZI(Rn)-

Moreover, by the observation that pg.s(f)(x) < 2“‘;1;2%)‘( f)(x), we have obtained
Theorem 5.1.
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