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Existence and uniqueness of solution are proved for elastodynamics of Reissner-Mindlin
plate model. Higher regularity is proved under the assumptions of smoother data and
certain compatibility conditions. A mass scaling is introduced. When the thickness ap-
proaches zero, the solution of the clamped Reissner-Mindlin plate is shown to approach
the solution of a Kirchhoff-Love plate.

1. Introduction

The Reissner-Mindlin (R-M) theory [13, 14, 15] has been popularly applied to thin-
walled structures with moderate thickness. Transient response plays an important role in
many aspects of structural analysis. The governing equation of the elastodynamics prob-
lem of R-M plate is of an evolutionary type with second-order time derivatives. In this
paper, we apply a priori estimate to investigate the elastodynamics problem of R-M plate.
This method has been successfully used in developing the theory of various partial dif-
ferential equations, for example, [7, 10, 11]. Following the line of [7, 10, 11], we prove
the existence and uniqueness of the H' solution. We then apply the approaches of [8]
to prove the H? regularity and higher regularity when the data is smoother and certain
compatibility conditions are satisfied.

For static problem under the assumption of load scaling, it is proved in [3] that the
solution of the clamped R-M plate approaches the solution of the Kirchhoff-Love (K-L)
plate when the thickness approaches zero. This fact has been employed to investigate the
finite element method of R-M plate, such as locking-free and uniform convergence, cf.
(2, 3,5, 12, 16, 18]. For dynamics problem, with the introduction of mass scaling [4], we
prove that when thickness approaches zero, the H? strong solution of the clamped R-M
plate approaches the H? weak solution of K-L plate (whose classical solution requires H*
smoothness).

In what follows, we describe the system of equations in Section 2 and prove the exis-
tence, uniqueness, and regularity in Section 3. Then we discuss the relation between R-M
plate and K-L plate in Section 4. This is followed by a summary in Section 5.
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2. Governing equations of Reissener-Mindlin plate for elastodynamics

For elastodynamic bending shear problem modeled by R-M plate theory [13, 14, 15],
the displacement components of a generic point at a distance z to the midsurface are
expressed by the deflection w at the midsurface and the rotations (f1,/3,) of the normal
to the midsurface,

U1 = —Zﬂl, Uz = —Zﬁz, U3 =w, (2.1)

|z| < (/2. { is the thickness of the plate. For dynamics problems, the velocity and acceler-
ation, traditionally denoted by U; and U;, respectively, have the same format of (2.1) after
differentiation with respect to time. The motion equation of R-M plate can be derived
from the general three-dimensional elastodynamics by integration through thickness, or
from the energy method using Hamilton’s principle, for example, [9]

I[?] +EA1(ﬁ) —A(’z(w,l _ﬁl) =m,
IB2 + EAy(B) — AL 2 (wyy —2) = ma, (2.2)
pe2 W= ATV - (Vw—B) =g = /5072,

where we define

—((1+7) (Baa)»1 +(1 =) V2B1)

AiB) = 24(1—12) :
—((14+9) (Baa) 2 +(1 = 1) V2B2) (23
A(B) = e ISR,

Here, E is the Young’s modulus, p is the density, and v is the Poisson ratio. We denote
I = p/12 and A = Gk, with the shear modulus G and a shear correction factor x, which is
introduced to balance the zero shear stress at the top and bottom surfaces. As analyzed
for static problem [2, 3, 5], the lateral loading force f; (per unit volume) is scaled to {?g.
The convention of summation on repeated indices is also applied, with the Greek index
running over the range from 1 to 2. The bold-faced variables are used to denote a two-
dimensional vector, for example, B = (1,/32), and S, is used to indicate all of the two
components involved when the indication is clear. Here, w,; in (2.2) indicates the partial
derivative ow/0x;. The same applies for all the similar cases.

For simplicity, we consider the equations defined on a smooth bounded domain Q in
R?, with homogeneous Dirichlet boundary conditions and general initial conditions

Ba(t,x) = 05 w(t,x) =0 on 0dQ,
Ba(0,x) = Bo(x);  w(0,x) = WO(x), (2.4)
Ba(0,%) = Ba(x); Ww(0,x) = W'(x).
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We adopt the usual notations of Sobolev spaces. The Galerkin method yields the follow-
ing variational equation. For any ¢ € [0, T], find B4, w € V = H} (Q) such that

T{Bas ) +pC 2 (0, 9) +Ea(B )4AL 2 (War B Vo) = (M a) +(85v)s Ve v E V.
(2.5)

Here, (-, -) denotes the usual L? inner product, and (-, -) denotes the duality on V' ® V.
a(-,-) is a bilinear form on V ® V defined as

a(B,n) = ﬁ ((1+2) (Baywr Haa) + (1 =) (Vo> Vo) ). (2.6)

It is associated with the operators A; and A, such that

a(B.n) = (A1(B),m) +(A2(B),1m2) = (AB),11),  VBustia € V. (2.7)

In fact, a(-,-) is symmetric, the same as the two-dimensional elasticity operator with a
scalar factor. With Dirichlet boundary conditions, a(-, -) is equivalent to the H!-norm on
V [6] and there exist constants «;,a, > 0 such that

arllgll} <alnn), Vn. €V,

aBom) < alflllinll,  YBara€ V. (2.8)

We denote [|5ll2 = [l |2+ In2112 for 5, of a functional space X. Note that for time-
dependent problems, the norm [|v||x of a function v: [0, T] — X is a function of time. We
use the following notations for the functional spaces and the measure in time:

L*(X) =L*(0,T;X)

T 1/2
={v:[o,ﬂ—-X|v(t,x>ex,||v||p(o,m=(j (||V||x)2dt> <oo},
0 (2.9)
L*(X)=L"(0,T;X)

= {900, T] — X | %(t,%) € X, [I7ll~0.15%) = esssup (IIllx) < oo}
0<t<T

3. Existence, uniqueness, and regularity

For linear hyperbolic equations of the second order in time with one function, the ex-
istence and uniqueness are proven (see, e.g., [7, 10, 11]) using the method of a priori
estimate. The method is also employed in [17] for Navier-Stokes problem whose steady-
state case has close relation to the static problems of R-M plate, (cf. [5]). We extend the
scheme to the dynamic problems of R-M plate. For the time being, we keep the material
parameters explicitly expressed for later use in Section 4.

TaEOREM 3.1. Ifm,,g € L*(L?); BY, W° € H{; and BL, W' € L2, then there exists a solution
(Basw) of (2.5) (a weak solution of (2.2)) with initial conditions (2.4), Be,w € L*(Hy),
Basw € L*(L?), and By, w € L¥(H™1). Moreover, there exists a constant C > 0, independent
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of the material parameters, such that

HIBIG +pL 2 Iwlis + ENBIT + A Vw — Blig
2 — 2 2
< C(11[B'[[5+p¢ | W[5 +EIIB]l; (3.1)

+AC2| VWO = BOlo+ I mli % g+ o gl ).

Proof. We apply the scheme for hyperbolic equations developed in [7, 10, 11]. The space
V is separable. We construct an approximation of order #, with a countable basis {y;(x),
i=1,2,...} of V:

ﬁom(t>X Z W](X)’ tX = Z t)V/]
j=1 j=1

) (3.2)
I(Bansta) +p¢ (Wm ) +Ea(ﬁn"’) +A(™ (Wn,a = BansVra —1a)

=(g,v) + (MarNa)> V10 v € Vy =span{yy,..., vn}.

The approximation problem (3.2) leads to a linear system of second-order ordinary
differential equations. With the approximations of (2.4) for the initial conditions

oi
nJI/’j(X) = W;? - WO)

s

Z B‘WV,] (X) = Bgn - Bg’

=1
" (3.3)
ZBmv/] — Bl S WlyX) =Wl — W,
j=1
we have unique solution
{ﬁ () ﬁm wh(t), j=1,...,n} € H*([0,T]). (3.4)

Now using 74 = ﬂan(t,X) and v = w,(t,X) in (3.2), then integrating from t =0 to T,
we have

1IB,II5+pE 21l o + Ea(B,.B,) + A [ Vww — B, o
=118, Ol +p¢ [ [Wa(0)]]5 + Ea(B,,(0),8,(0))
T
+ AL Vwa(0) _ﬂn(o)Hé +2J0 ((mmBan) + (g, W) )dt (3.5)
< I|[BLII; +p¢ 2| W[ + Bz B[ + A 2|V WO — BYJg

w | (i p i eigls )dt+J (118,115 + ¢ 2 sl
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Applying Gronwall inequality, we obtain

5 112 — . 2 2 _ 2
1[Bllo + P& 2 [l + c El[B, Il + A2V wn = B, 1o
< C(I|IBLlo +p¢ 2| Whlly + aaEI[BY [} (3.6)
+AC2|[VWE = BY|[+ I iml2, ) +p 7 PlIgl R oy )

The right-hand side has limit as # — co due to (3.3). Therefore, the left-hand side is
bounded. Note that [|w,[l; < Cl|Vwyllo < C(IVw, =B, llo + I8, 1l0). By compactness, we
can find convergent subsequences, still denoted by subscript n, such that

Ban — Ba w, — w  weakly star in L (H{),
(3.7)

Ban — Pa> Wy, — x  weakly star in L (L?).

It is a straightforward task to verify that Ba = Qo W =), ﬁan - ﬁa, Wy — W weakly star
in L*(H™ '), and {Ba>w} satisfy the initial conditions (2.4) and the variational equation
(2.5), thus form a weak solution of (2.2). O

THEOREM 3.2. Under the conditions of Theorem 3.1, the solution {4, w} is unique, that is,
ifg=0,my=0,Bl=w’=BL=w =0, then f, = w = 0.

Proof. Following the line of [10, 11], we can prove the uniqueness, but omit the details.
|

THEOREM 3.3. Under the conditions of Theorem 3.1, if ri1a, § € L*(L?), BS, W° € H?, and
BL, W' € Hy, then the solution (Ba,w) of (2.2) with the initial conditions (2.4) satisfies
fariv € L(L2), B € L*(HY), oo w € L (H?), and

HIBIZ+pl 2 w2+ ENBIZ + 21V — BIIZ
< C(I7 (E?|[B][; + 224V W — B[ +[Im(0)] o)

2RIV WO - B + g O)I) o
+E|[BY[T+ 22|V W = B[ + I il 2, o)+ g ) )
EllBll, < C(I1Bllo + A 21w = Bllo + [mllo), (3.9)
A 2wl < C(p¢ 2 wllo + 2211811 + liglo), (3.10)

where the bounds of ||Vw — Bllo and ||Bl|, are established in (3.1).

Proof. We apply the method for hyperbolic equations demonstrated in [8]. From
Theorgm 3.1, we have [g(jxn, wh e H'([0,T)). Differentiating (3.2) with respect to t, we ob-
tain .} € L2([0,T}). The a priori estimate like (3.6) holds:

118,10+ p¢ 2 [alo + ar E|IB I} + A2V — B[
< C(I1IB, I3 +p¢ (0[5 + ElIB, (O]} (3.11)

+A(_2||VW,,(O) _Bn(o)Hé +I7! Hm”%z(]_z) +P_1{2 ||g"|%2(Lz))-
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From (2.2), we obtain f4(0), w(0) € L%,

1)|Ba(0)][y < EIIB[l> + A 2|V WO — B[ +||ma(0)]],,

3.12
oC2A O]y < A2 [T WO — B, +[lg ), 12

The argument of boundedness and compactness leads to the conclusion that ﬁan - ﬁa,
W, — w weakly star in L*(L?). Hence, (3.11) implies (3.8).
On the other hand, we rewrite (2.2):

EA{(B) = my — Iy + A% (w1 =),
EAy(B) = my —IPa + A% (wia =), (3.13)
“A 2V w =g — pl W = A P
For any fixed time ¢, the right-hand sides of these equations are in L2. We have the elas-
ticity operator and the Laplace operator in the left-hand side. According to the theory of

elliptic equations, with a smooth domain Q, we have f,,w € H 2 and the bounds (3.9)
and (3.10). O

We are ready to extend the method for higher regularity of hyperbolic equation [8]
to the transient dynamics of R-M plate. For simplicity, the dependence on the material
parameters is not explicitly expressed and will have more discussion in Section 4.

THEOREM 3.4. Assume for any integer P = 0,

B, W e HP+1 NnH},  BLW'eH"nH],
(3.14)

k

and that the following compatibility conditions hold for P = 2:

*mq(0)
otk

B2 :1*1( —EA,X(B")+/\C’2(VW"—B")) € HY,
Fe(0) k=0,1,...,P-2.
Wi = (o) (TER v (vwh - e,

(3.15)
Then the solution of (2.2) with (2.4) satisfy, for k = 0,1,...,P+1,
akﬁ“ ak oo P+1—k
FYR W eL (H ), (316)
|5, . +1I5
otk P+1-k atk P+1-k
P . .
o'm g
<C ( i + H— )
= < ;) ot Npzqr-iy 119t Mz e (3:17)

+||B°||P+1+||w°||m+||Bl||p+||wl||P).
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Proof. The cases of P =0 and P = 1 are proved in Theorems 3.1 and 3.3, respectively.
Using the method of induction, we assume that the theorem is true for P < Q and assume
that the conditions (3.14) and (3.15) are valid for P = Q+ 1. Denote

Ba = Bm w=w,
My = Mg, g§=6, (3.18)
B =Bk wk=wkl k=0,1,...,Q
Then BE, Wk, k =0,1,...,Q, satisfy (3.15) for P= Q. B = B, and W° = W' € H®! n
H{.For k=0,1,...,Q, o*iy/otk = 0 m,/0t! and okg/otk = ok+1g/atk*! € L2(HF).
From (3.14) and (3.15) with P = Q+1,
1B = 1Bl = C(|[m(0)[| +[IB®[| g1y + [[W°[l g4y +[IBll) < o0

. 3.19
Wl = 1W2llo = CUlgOllo + Wolloss + 1B lg,) < e 19

Hence BE, W¥, k = 0 and 1, satisfy (3.14) for P = Q. We apply the assumption of induc-
tion and obtain from (3.16) and (3.17) with P = Q, for k = 0,1,...,Q +1,

kB, Fw
G0 g SLTHOTE), (3.20)
21, B
otk Q+1-k otk QHl—k
Q iain N
aJm a]g
<C ( la H_ )
- (% otl paa-iy 1 oth |2 ga-iy (3.21)

g 9+ B+ 1971 )

It implies that, for k = 1,...,Q+2,
ak‘Ba ak

) Q+2—k
5 ok eL®(H ), (3.22)
o
otk Q+2-k otk Q+2-k
Q+1 :
0! my dg )
sC(%(‘ prol| R ’81&1 P (3.23)

1B ey +[1W [ gy + B2l + ||W2||Q>-

We can use (3.19) to estimate BZ and W2 in (3.23) with

[m(0)[|q = Climllcogre) < C(lIml 2oy + il 2are) ) o
lg(O)llq < Cligllcoe < C(lIglama) + g o) )-
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Therefore, (3.17) is true for P = Q+1 and k = 1,...,Q + 2. Now the right-hand sides of
(3.13) are bounded in HQ. We have

1B112s2 < ClITB = AT2(Vw = B) — ml[}y < CUIBIL + 1wl + IBII% + Imll%) < o,

IWlges < Cllp¢ 2 + A0 aa —gllé < C(IlIG+ 1IBlIgr + lIgIIG) < oo

(3.25)
Therefore,
IBllQ+2 + IwllQ+z
<5 0% o * 38 )
=0 t1 Nameniy - 108 Hpgreni) (3.26)

+ 1Bl gz + WPllgus + 1B guy + ||W1||Q+l>‘

Thus, (3.17) also holds for P = Q+1 and k = 0. The case of P = Q+ 1 of the induction is
true. O

4. Relation to Kirchhoff-Love plate

For static problem, it is understood that when the thickness { — 0, the solution of the
clamped R-M plate approaches the solution of a K-L plate (see, e.g., [3] for a proof). The
convergence is for the systems with load scaling, in the sense that 8, — 84, w — w, and

B=vVw, (4.1)
DoViw =g, (4.2)

where Dy = E/12(1 —?) = D{73. D is the usual bending stiffness. Due to the load scal-
ing, the K-L equation (4.2) is independent of thickness. Physically, when the thickness
approaches zero, the bending stiffness approaches zero faster with a factor of ¢*. The un-
scaled loading, which contributes to the external work, is proportional to the thickness
and will not give a meaningful solution. This fact is used for investigating the thickness-
independent convergence of finite element method, for example, [2, 3, 5, 12, 16, 18] (see
[12, 16, 18] for numerical examples).

For dynamic problem, due to the appearance of the inertia term, which contributes to
the kinetic energy, the equation of K-L plate is no longer thickness independent. To keep
K-L plate as a reference model, a possible approach is then to scale the mass density [4]
along with the load. Assume

p= {2P0>
oy _Po (4.3)
I=0L, Iy= T
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We consider the scaled R-M equation (2.2) with m, = 0, which does not appear in K-L
plate:

101+ EAL(B) — AL 2 (wy —f1) =0,
1082+ EA2(B) = A2 (wr —p2) = 0, (4.4)
poW =AMV - (Vw-B) =g,
or the variational equation (2.5):

10(2 </§0()11(X> +PO(W>V> +Ea(ﬁ7n) +/1(_2 (th _/))(X)v)(x _1']01) = (g) V)) V]’]a,v S V
(4.5)

As a parallel study to the static problem, we consider a special case of elastodynamics with
zero initial conditions:

Bl=B.=wW’=w!=0o. (4.6)

TueoreM 4.1. Assume g € H'(L?), g € L*(L?), and (Ba,w) € L¥(H}) is the solution of
(4.4) (or (4.5)) with initial conditions (4.6). Then as { — 0, there exists a sequence of (Ba, W)
with the same notation for simplicity such that
w— w weakly star in L° (H?),
Bu — B, W — w weakly starin L* (H"), (4.7)
W — w weakly star in L (L*).
Moreover,

B=vVw (4.8)
and W is the solution of a K-L plate problem of elastodynamics with clamped boundary
conditions

pow+DoViw =g or
po(W,7) + Do(V*W, V%) = (g,v), VveH;,

_ ow (4.9)
W|aQ=$|aﬂ=0’

w(0,x) = w(0,x) = 0.
Proof. By Theorems 3.1 to 3.3, we have a unique solution (B, w) € L®(H}) N L*(H?)

for (4.4) (or (4.5)), where the generic constant C >0 used in the a priori estimates is
independent of material parameters. With (4.6), the a priori estimate (3.1) is reduced to

\/%(llﬁllo +pollwllo + VEIBIL +yA 21V w = Bllo < Cligllzz2). (4.10)
Inequality (3.8) yields

\/ECIIBIIM\/WIWIIO +VEIBIh + A2V = Bllo < C(IIg(O)[o + gl r22)).  (4.11)
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Inequality (3.10) results in
lwllz < C(|lg0)]], + lIglzzz) + lIgll2az))- (4.12)

Furthermore, [|wll1 < C(llwllo+ IVwllo) < C([lWwllo + |V — Bllo + l|Bllo)- Therefore, the
boundedness of w in L*(H?), B, e W in L¥(H'), and (B, W in L*(L?) are all uniform
with respect to the thickness. We can extract the convergent sequences

w— w weakly star in L* (H?),
Ba — Bas Ba — ﬁaa w— w weakly star in L* (H!), (4.13)

Ww— w weakly star in L* (L?),

where, for simplicity, no {-dependence notation is used for the sequences. The relation
with time differentiation is trivial.

The initial conditions w(0,x) = w(0,x) = 0 are a direct result of (4.6). Inequality (4.10)
implies VA||Vw —Bllo = CCligllz@y = 0= Vw —[? = 0. Meanwhile, the boundary con-
ditions on (B, w) lead to Ba loa = wlaa = VWlaa = 0. The last equation implies, for
smooth domain, ow/dn|yq = 0.

On the other hand, by (4.11), {? ||[§||0 — 0. Thus, the first two equations of (4.4) yield
EAL(B) — A{"2(Wsq —Ba) — 0. That means A{~2(w,q —fa) — EA4(B) = EA,(VW). Then
the third equation of (4.4) gives pow — EV - (A(VW)) = pow + Dy V4w = g. The last equal-
ity can be easily verified with the definition of the operator A and considered in the weak
sense. Similar statement for the variational equation is straightforward. g

Remark 4.2. The generic constant C involved in the inequalities derived in Theorem 3.4 is
thickness dependent. So the boundedness of # and w in higher spaces may not be uniform
with respect to the thickness. It is worth noting that the boundary layer is found for static
problems of R-M plate [1]. With clamped boundary conditions, as in our case, 3°f/dn> =
O({™') near the boundary, that is, [|Bll3 = O({~"/?). The boundary layer is expected for
the dynamics problem too, which warrants further investigation. Since = V1, it is not
optimistic that we can have the convergence of w — # in the sense of H*, although the
corresponding K-L plate can have a strong solution w in H*.

5. Summary

Existence and uniqueness of H'! solution of R-M plate for elastodynamics with homo-
geneous Dirichlet boundary conditions and general initial conditions were proved. The
solution with smoother data was further investigated and proved to be in H?. Further-
more, with higher smoothness of data and certain compatibility requirements satisfied,
higher regularity of the solution was proved. With the introduction of mass scaling, along
with the load scaling, the H? solution of R-M plate was proved to approach the H? weak
solution of K-L plate when the thickness approaches zero.
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