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Co-CONTINUITY OF THE FROBENIUS-PERRON SEMIGROUP
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We consider the Frobenius-Perron semigroup of linear operators associated to a semidy-
namical system defined in a topological space X endowed with a finite or a o-finite regular
measure. We prove that if there exists a faithful invariant measure for the semidynami-
cal system, then the Frobenius-Perron semigroup of linear operators is Cp-continuous in
the space L}, (X). We also give a geometrical condition which ensures Cy-continuity of the
Frobenius-Perron semigroup of linear operators in the space ij (X) for 1 <p < o0, as well
as in the space Llloc.
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1. Introduction. Animportant problem in the study of the dynamics of nonsingular
transformations is to know if they admit an absolutely continuous invariant measure
(acim). For interval maps, for example, we have a well-known theorem of Lasota and
Yorke [5], which roughly states that if the map is smooth by parts (C", with ¥ > 2) and
expanding, then it admits an acim, and with some additional conditions it is exact
with respect to this acim (for more details, see [5]); extensions of this result have
been obtained for the n-dimensional case (see [3]). When we deal with a continuous
semidynamical or a dynamical system (i.e., with a semi-flow or a flow) the problem is
more complicated.

A useful technical tool for studying the problem of the existence of an acim is the
Frobenius-Perron operator (see [3, 4] for more details). Let X be a topological space
and let u be a regular measure defined on the Borel o-algebra of X (see Section 2.1);
if T: X — X is a nonsingular transformation, then the Frobenius-Perron operator as-
sociated to T, denoted by P- (in fact Py depend also on u, and sometimes we use the
notation P, in order to indicate such dependence on the measure), is a linear oper-
ator, naturally defined in the space LL (X). The central point here is that an invariant
density, that is, a nonnegative measurable function of unit norm and fixed for the
Frobenius-Perron operator corresponds to a density of an acim for the transforma-
tion T (see Section 2.4).

Let T : X — X be a semidynamical system. Denote by P; the Frobenius-Perron oper-
ator associated to the transformation t;. The family {P;};>0 = {Pu}¢=0 Satisfies

Py=1d, Piig=ProPs, Vt,s=0, (1.1)
that is, {P;}¢~0 is a semigroup of linear operators on L},(X ).

For a semigroup of continuous linear operators defined in the space L}, (X), acentral
problem is to know if the semigroup is Cyp-continuous, that is, if the following relation
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holds:

imP(f) = f, VfeLyX). (1.2)

If this is the case, we may consider the infinitesimal generator of the semigroup
which is defined by

A(f) =lim

t—0

P(f)—f (1.3)
T .

for elements f € L}, (X) for which the above limit exists (see [2, 6]). It is known that
a function f: X — R satisfies P;(f) = f, for all t > 0, if and only if A is defined for f
and the differential equation A(f) = 0 is satisfied. In this way, the problem of finding
or proving the existence of an acim for the semidynamical system is equivalent to the
problem of finding or proving the existence of a nontrivial zero for the infinitesimal
generator of the Frobenius-Perron semigroup of linear operators associated, provided
that this semigroup is strongly continuous.

Let V be a smooth vector field defined in a smooth manifold, and let {7;};cg be
its flow. In this case, the Frobenius-Perron operator, for f of class C! is given by the
equation A(f) = V(fV) (where V denote the divergence operator). We recover in this
way a well-known theorem of Liouville which states that a flow preserves the canonical
measure in the manifold if and only if the vector field has divergence equal to zero. The
operator A defined in (1.3) can be viewed as a generalization of the divergence operator
for continuous semi-flows for which the associated Frobenius-Perron semigroup of
linear operators is Cp-continuous.

In this paper, we study general conditions that ensure this Cy-continuity.

In Section 2, we establish the notation and recall some basic results from the semi-
group theory, and the definition of the Frobenius-Perron operator and some of its
properties.

In Section 3, we consider the case in which we know a priori that there exists a
faithful acim for the system, that is, an acim with a positive density. In that case,
we prove Theorem 3.3 which implies that the problem of finding a faithful acim is
equivalent to the problem of finding a zero for the infinitesimal generator.

Since the problem to deal with is exactly the problem of the existence of the acim,
we have to search an intrinsic property of the flow that ensures the strong continuity
of the semigroup. The condition is: there exists T > 0 such that

p(r'(A)
u(A)
To understand condition (1.4), we may consider the case of a dynamical system. In

that case, each transformation 7; : X — X has an inverse, and the associated Frobenius-
Perron operator is given by

<M, Vt<T,VAedA. (1.4)

Pe(f) = (fote)-J(T-t), (1.5)

where J(T_;) is the density of the measure (T;) 4 (u), where (T;)«u(B) = u(T[l(B) for
B measurable, that is,

pu(tiH(A)) = LJ(T_t)du (1.6)

for more details see [4].
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Thus, if we have an upper bound and good behaviour for J(T_¢) near zero, then
we use the dominated convergence theorem to prove that condition (1.2) holds for
continuous functions. The extension of the result for arbitrary integrable functions is
obtained by using the fact that the set of continuous functions is dense in the space
of integrable functions.

For a semidynamical system, we do not have an explicit expression like (1.5) for the
associated Frobenius-Perron operator. However, a bound of J(T_;) can be interpreted
as an estimate of the type that appears in condition (1.4).

In Section 4, we prove that, under general hypotheses, condition (1.4) holds if and
only if the Frobenius-Perron semigroup of linear operators can be defined in the space
Lﬁ(X), and it is Cy-continuous in that space (see Theorems 4.1 and 4.2).

In Section 5, we prove that condition (1.4) also ensures strong continuity in the
space L}, (X) when (X, o, i) is a probability space (Theorem 5.1). The precise statement
of the main result is the following (for the concepts involved, see Section 2).

THEOREM 1.1. Let X be a topological space endowed with a regular probability mea-
sure U. Let {T+}¢=0 be a continuous proper semidynamical system defined on X. If the
semidynamical system satisfies (1.4), then the associated Frobenius-Perron semigroup
of linear operators is Co-continuous in L, (X).

Finally, to make this work more complete, we deal with the L},’IOC(X ) case in

Section 6. The presentation is quite informal since there are some technical difficulties
derived from the fact that L},’IOC(X ) is only a locally convex space and not a Banach
space (we must add some hypotheses in this case in order to make the semigroup

approach to the acim problem available).

2. Basic results. In this section, we give a survey of definitions, results and nota-
tions that are necessary for the rest of the paper.

2.1. Measure theory. Let X be a topological space and let & be its Borel o-algebra.
Let u be a measure defined over #. We say that u is regular if, for all A € &, we have

u(A) =sup{u(K):K Cc A, K compact} =inf {u(C): A c C, C open}. (2.1)

We note that if X is a metric space, then a probability measure defined on the Borel
o-algebra is regular. In general, if a measure u is regular, then the set of continuous
functions with compact support is dense in the space Lﬁ (X), forall 1 <p < co.

2.2. Semidynamical systems. Let X be a topological space. A family {7¢}¢~o of
continuous transformations 7; : X — X is a semidynamical system if the following
conditions are satisfied:

(i) 1o =1d;
(ii) ToTs =T forall t,s >0;

(iii) the map [0, 00[xX — X given by (t,x) — T¢(x) is continuous.

If each transformation T; has a continuous inverse T_;, then the family {t;};cg is a
continuous flow. However, for general semidynamical systems, the maps T; may not
necessarily have an inverse.



310 A. NAVAS AND S. PLAZA

We say that a semidynamical system {7 };>¢ is proper if, for each compact set K ¢ X
and for each t > 0, the set U;<, 7' (K) is compact.

2.3. Semigroups in Banach spaces. Let L be a Banach space with respect to a norm
[I-1]. A family {T;};so of continuous linear operators T; : L — L (t > 0) is called a
semigroup of linear operators if the following conditions are satisfied:

Ty =1d, Tirs=TtoTs, Vit,s=0. 2.2)

For more details see [6] or [2]. We say that a semigroup {T;}:-¢ of linear operators is
Co-continuous, if
PI%HTt(f)_fH:Os VfeL. (2.3)

When a semigroup {T;}~0 is Co-continuous, there exist constants M > 1 and w > 0
such that, for all f € L we have

T (O] < Me™! || f1I. (2.4)

If {T¢}¢=0 is a semigroup defined on L, then the adjoint family {T;*};s0 is a semi-
group defined on the dual space L*. By a duality theorem, we have that if {T;};~¢ is
Co-continuous and L is reflexive, then {T;*};~¢ is Co-continuous in L* (see [6, Corollary
10.6, page 41]).

2.4. Frobenius-Perron operator. Let (X,u,«) be a measure space. We say that a
transformation T : X — X is nonsingular if for all A € « such that u(A) = 0, we have
u(T'(A)) = 0.1f a transformation T : X — X is nonsingular, then associated to it there
exists a linear operator Py = P, : L}, (X) — L},(X), called Frobenius-Perron operator
which is characterized by the relation

J Pr(f)dp = j  fdu, 2.5)
A T-1(A)

for all f € L), (X) and all A € .

It is well known (see [1, 4]) that a probability measure u on X is t-invariant (i.e.,
u(t1(A)) = u(A) for all A € o) if and only if P;(1) = 1 (this is also true for o-finite
measure spaces, but in that case there is a problem with the space where the Frobenius-
Perron operator is defined, as we will see). In general, T preserves a measure dv = fdu,
with f € L}, (X) if and only if Pr (f) = f.1Itis also well known that the Frobenius-Perron
operator is a linear contraction in L}, (X) endowed with the L},-norm, thatis, || Pr|| = 1
(see [3, 4]). Moreover, for f € L},(X) and a.e. x € X, we have |[P(f)(x)| < P(|f])(x).
On the other hand, if we change the measure u by an absolutely continuous one given
by dv = gdu, then the change in the Frobenius-Perron operator is given by

PT,u(f'g)
7{; .

P‘r,v(f) = (2.6)

Another important property of the Frobenius-Perron operator is given by the equality

| Pecrr-gau=| figemran, 2.7)
X X
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valid for all f € L},(X )and all g € Ly (X). Equation (2.7) permits us define a linear
operator K. : L} (X) — Ly (X) given by K+ (g) = go 7. The operator K- is well defined
if T is a nonsingular transformation. This operator is called the Koopman operator.
For more details about these concepts see [1] or [4].

If we have a semidynamical system {T;};>o such that each transformation T; is
nonsingular, then we denote the family of Frobenius-Perron operators associated by
Py = Pr,. This is a semigroup of continuous linear operators in the space L},(X ) (see
[4]). We will also use the notation K; for the Koopman operator K.

We note that the Frobenius-Perron operator may also be defined and is bounded in
other spaces of functions if the transformation T has a good behaviour, for example,
ij (X) spaces or BV (X), the space of functions of bounded variation. For example, in
Section 4, we consider this operator in Lﬁ (X) spaces, and we prove that the geometri-
cal condition (1.5) ensures continuity of each operator P; (and also the Cyp-continuity
of the semigroup {P;};>0 in the space Lff (X)). We note that if P; is continuous in Lﬁ (X)),
then the duality equation (2.7) is valid for all f € L};(X) and for all g € L} (X), with
1/p+1/q =1, that is, K; is the adjoint operator of P;.

2.5. Conditional expectation and Frobenius-Perron operator. Let (X,s,u) be a
probability space. Suppose T : X — X preserves y, then we have another way of intro-
ducing the Frobenius-Perron operator associated to 7. This is given for f € L},(X ) by
the equality

Pr(f)oT=E(f,T (), (2.8)

where the expression on the right-hand side denotes the conditional expectation of
f with respect to the o-algebra T~ (s). In Section 3, we use this approach and the
following result of convergence that arises in Martingale theory (see [1, page 81]).

THEOREM 2.1. Let {sdy, }nen be a collection of o -algebras such that d,, C Ay.1, for
all n. Then E(f,s4,) converges to E(f,d), in the L' sense, where s, denotes the
o -algebra generated by all the .

3. Strong continuity with an absolutely continuous invariant measure. Let X be
a topological space and let u be a regular probability measure defined on the Borel
o-algebra on X. In this section, we consider a nonsingular semidynamical system
{T¢t}1=0 defined over X. We prove that if there exists a faithful acim (an acim with
positive density), then the associated Frobenius-Perron semigroup is Cp-continuous
in L}l (X). We first prove the following two lemmas.

LEMMA 3.1. Suppose that {T;};>9 has an acim v such that dv = gdu, with g > 0
(a.e.). Then,

ltil’l(} (Pey(f)eTy) = f, (3.1)

for each f € L}, (X) in the L}, (X) sense.
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PROOF. The sequence of o-algebras {#;}:~0, where «; = T{l(&d) for all t > 0, is
increasing as t goes to zero. By the martingale convergence theorem, we have, for f
in L (X),

lti_l:lg(Pt,v(f)oTt) =E(f,4), (3.2)

where A, is the o-algebra generated by all the o-algebras #; for t > 0. Thus, we
must prove that #. is equal to «. For this, let A be an open set. By continuity of the
semidynamical system {T;};~0, the function | x4 o T; — xa| converges pointwise to zero
as t goes to zero, and by the dominated convergence theorem, we have

V(T (A)AA)) = JX |Fn 0Tt —%a|dv (3.3)

converges to zero as t goes to zero. Thus, for each n € N, we may consider a se-
quence t,, > 0 such that v(‘r{n1 (A)A(A)) < 1/2™. From this, it is easy to see that
V(UR. T, H(A)A(A)) < 1/2™-1, Hence,

V(N U ToHA)) A(A)) < v(nmoy (Upay Te L (A)A(A))) = 0. (3.4)

tn

This implies that A € ¥, and since A is an arbitrary open set, this implies that «, is
equal to «, which completes the proof of Lemma 3.1. |

LEMMA 3.2. Suppose that {T;}¢~0 has a faithful acim v given by dv = gdu, with
g €L}(X) and g > 0 (a.e.). Then, for each f € L} (X),
ltiP(}Pt,v(f) =f (3.5)

in the L1 (X) sense.

PROOF. Let € be an arbitrary positive number. We take a sequence {fy}nen Of
bounded continuous functions that converges to a function f € L1 (X) and choose
o € N such that || f,, — f |l < €/4. By the invariance of v and since the operator P; , is
a linear contraction, we have

Pty () = Flliy < |[Pey () = Peoy (fng) Iy +11Peiv (Fng) = Fno 1y + 1o = Flliy
< 2[[f = Fuolly +1IPey (fug) © Te = frg o el (3.6)

&
= E"'”PLV(f"o)oTt_fnoHL%+||fno_fn0°Tt||L‘1,'

For small ¢, by Lemma 3.1 we have [|P;, (fn,) © Tt — fn HL% < £/4. Now, by continuity
of the semidynamical system and by the dominated convergence theorem, we have
Hmy .o | frng = frng © TtHL%/ = 0. Thus, for ¢t small we have [ f,, — fn, © Tt”L‘l, < &/4. This
implies, for t small, that || P, (f) *fllw < &, which completes the proof of Lemma 3.2.

O

THEOREM 3.3. Suppose that the semidynamical system {T:};=o has a faithful acim.
Then, the semigroup {P; ,} =0 is Co-continuous in L, (X).
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PROOF. Let v the faithful acim given by dv = gdu, with g € L}, (X) and g > 0 (a.e.).
Let f € L}, (X). Then, f/g € L} (X), and we have, by equality (2.6), that

PessCF =l = [ 1PeaF)=f

_ f\_
—JX‘gPt,v(g) f‘du

(3.7)
IJ Pt‘v<f>f dv
X g g
= Pt,v(i) 1 — 0 ast—0.
g gl
By Lemma 3.2, the last quantity converges to zero as t goes to zero, which proves
the theorem. O

4. Strong continuity in L?. In this section, we consider a semidynamical system
defined over a topological space X provided of a regular measure u defined on its
Borel o-algebra, and prove that condition (1.4) is equivalent to strong continuity of
the associated Frobenius-Perron semigroup defined over the space Lff (X).

We say that a semidynamical system is strongly nonsingular if it satisfies condition
(1.4). It is easy to see that the following conditions for being strongly nonsingular are
equivalent:

(i) for each t > 0O, there exists M; such that

p(t;1(A)) = Mep(A) (4.1)

forall s<tandall A e d;
(ii) there exist T > 0 and M = Mt > 0 such that

p(tst(A)) < Mru(A) (4.2)

forall Ac fandall s <T.
In fact, condition (4.1) implies trivially (4.2), and if condition (4.2) is assumed, then
condition (4.1) holds by putting M; = Mt/T+1,
Finally, it is easy to see that every strongly nonsingular semidynamical system is
nonsingular.

THEOREM 4.1. Let {T;};>0 be a nonsingular semidynamical system such that its as-
sociated semigroup of Frobenius-Perron operators {P; } > is a Cy-continuous semigroup
of bounded linear operators in the space Lﬁ(X) for some 1 < p < 0. Then {T;};»¢ is
strongly nonsingular.

PROOF. By the hypothesis, the semigroup of linear operators {P;};-¢ is a Co-semi
group over a reflexive space. Thus, the semigroup of Koopman operators {K;};-o is a
Co-semigroup in the space L} (X), where g = p/(p —1) is the conjugate of p (see [6,
Corollary 10.6, page 41]). Therefore, there exist constants M > 1 and w > 0 such that,
for all f € LZ(X), we have that ||Kt(f)\|Lg < Me“”IIfIILZ. Now, if u(A) is finite, then
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Xa € Lu(X) and K¢ (Xa)ll,2 < Me¥"[|Xallza. Thus, lXo-1(4)llg < Me*! (u(A))"/ and
from this it follows that u(T;'(A)) < (Me¥!)9u(A), which proves our theorem. a

If a measure pu is regular and the semidynamical system {7;};>0 is proper, then we
have the converse of the above result.

THEOREM 4.2. Suppose the measure u is regular on X. If {T;}¢=0 is a proper and
strongly nonsingular semidynamical system, then, for all 1 < p < o, the associated
Frobenius-Perron semigroup {P;} >0 is a Co-semigroup of linear bounded operators in
the space L} (X).

The idea for the proof of Theorem 4.2, is to prove that condition (4.1) ensures strong
continuity for the dual semigroup {K;};~o in the dual space LZ(X ). For this we first
prove the following two lemmas.

LEMMA 4.3. Under the hypotheses of Theorem 4.2, ||Ks(f)||Lg < Mtl/qllfHLz for all
felLl(X)andalls <t.

PROOF. Let f € L}(X) be a simple function given by f = >, Aixa;, with A;nA; =
@, for i #+ j, then we have

1/q

n 1/a n
Ifllzg = (Z | |‘*u(Ai)) o IKeHlg = (Z s lqu(nl(Ai))) . @3
i=1 i=1

On the other hand, by condition (4.1) we have, for s < t, that

(é | Ai I“u(Tsl(Ai)))l/q < (i |Ai|thU(Ai))l/q, (4.4)

i=1

and this implies that [|Ks ()l < M| [ - Finally, since the set of simple functions
is dense in the space LZ (X), the lemma follows. O

LEMMA 4.4. If the hypotheses of Theorem 4.1 are satisfied, then the Koopman semi-
group of operators {K;}~o is a Co-continuous semigroup of linear bounded operators
in the space L} (X).

PROOF. Let f € LZ(X) and let € > 0. We take a sequence {f5}nen Of continuous
functions with compact support, say K, such that lim,, .« [| f, — f| 1= 0 and we choose
no € N such that

£
Hf—fnoHLgSm, (4.5)

where M = M7y is fixed. By continuity of the Koopman semigroup, the function
K (fny) — fn, converges pointwise to zero as s goes to zero. If K is the support of
Jfng, then, since the semidynamical system is proper, the set K = Us<T; 1(K) is com-
pact. Now, it is clear that supp(K(fn,) — fno) C K for s < t, and by the dominated
convergence theorem we have lim_q [|Ks (fn,) — fio | 4= 0. Thus, we may take to > 0
such that, for all s < t(, we have

||Ks(fno)_fno||LZ < (4.6)

£
5
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Using inequalities (4.5) and (4.6), we have, for s <min{T,t,}, that

||K5(f)_f||Lf, = HKs(f)_Ks(fno)HLg +||Ks(fno) _fnoHLﬂ +||fno _fHLf,

& &

sMY1I41) s T
=M D) samarny * 2 (4.7)
=¢

which proves the lemma. a

PROOF OF THEOREM 4.2. It follows directly by the duality theorem (see Sections
2.3 and 2.4). O

5. Strong continuity in L'. One of the most important applications of Frébenius-
Perron operator arise in probability spaces by considering its action over the space
L}, (X). For these spaces, we have the following result.

THEOREM 5.1. Let X be a topological space endowed with a regular probability mea-
sure u and let {T:};=0 be a proper semidynamical system. If the semidynamical system
is strongly nonsingular, then the associated Frobenius-Perron semigroup of operators
{P;} =0 is Co-continuous in the space L,{, (X).

PROOF. Let f € Li,(X) and ¢ > 0. We fix p > 0 and consider a sequence {fy}nen in
LE(X) such that lim,, .« || fn —fHL}J = 0. Since u(X) = 1 we have

1P = Fllay < PG =Py + 1P () = gy + 1= £y
SZan_f”L},+||Pt(fn)_fn”L}, (5.1)
= 2’|fn—f||j_}l +HPt(fn) _anLf;'

We choose ng such that || f — fx, ”L;l; < &/3. By Theorem 4.1, there exists t. > 0 such

that ||Pt(fn0)_fn()”LE <¢&/3forallt < t,.. Therefore, for t < t, we have I\Pt(f)—fllL}l <
€. Since f and ¢ are arbitrary, this finishes the proof. |

Theorem 5.1 is useful for compact metric spaces of finite measure, in that case
{T¢}=0 is proper. For noncompact or unbounded metric spaces with nonfinite mea-
sure we assume that the system is strongly continuous over bounded sets, that is, we
assume that for each ball

B=B(xo,v)={xeX:d(x,x0) <7}, (5.2)
there exists a constant M = M (x,r) and T = T (x,7) such that
p(ty'(A)NB) < Mu(AnB) (5.3)

forall t < T and A € /. Now we have the following theorem.

THEOREM 5.2. Under the hypotheses of Theorem 5.1, suppose also that condition
(5.3) is true and the measure is finite over bounded sets. Then, the Frobenius-Perron
semigroup is Co-continuous in L}, (X).
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The proof of Theorem 5.2 is based in the reduction of it to Theorem 5.1 in each ball
B = B(x,7). For that, we define a new measure fi in X by putting

fi(A) = u(ANB). (5.4)

This new measure is finite, and the semidynamical system {T;};-¢ is strongly non-
singular with respect to fi. By Theorem 4.2, we have, for each f € L‘l-, (X), that

mP: (f) = f (5.5)

in the L}] sense, where P; = Py ;5. Using this, we prove the following lemma.

LEMMA 5.3. Let f € L} .(X,u) be a function of compact support K. Then,

mJK 1P(f)—f | dy = 0. (5.6)

PrROOF. We take a ball B = B(x,7) containing K and we have

[ 1P flau= [ 1pp - flau
K B

i i (5.7)
<[ 1P =P ldu+ [ 1P -1 |
B B
By (5.5), we have to prove that

hmf |Be(f) —P(f) | dy = 0. (5.8)

t-0JB

Let k be a positive integer and let Cy; be the set
" 1

Ck't:{XGB: |Pt(f)(X)—Pt(f)(X)| ZE} (59)

We claim that u(Cy,) converges to zero when t goes to zero, for all k. To prove the
claim, we consider the sets

Ch=fxeBppH0-PH = 1],

1 (5.10)
Cl%,tz{XEB:Pt(f)(X)—Pt(f)(x)S_E}.
By (2.6), we have
Jl Pt(f)d“_Jl Pt(f)d”zjq ; fd“‘Jfl | fdi, (5.11)
Clt Gt e () LrR(e )
and from this, we have
Cl
H(Cry) SJ Fan. 1
k T NGB

As in the proof of Lemma 3.1, and using the fact that the system is proper, it is not
difficult to see that u (77 (B) — B) converges to zero when t goes to zero, which implies
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that u(C,it) converges to zero. Likewise, u(C,it) converges to zero with t, and this
proves our claim.
To finish the proof of Lemma 5.3, let € > 0. We choose k > 2u(B) /¢ and we have

J |Pt(f>—ﬁt<f>|du:j |Pt<f>—Pt<f>|du+J PCF) - B (f) | du,
B Cit B=Clet

) c ) (5.13)
j \P(f) — Be(f) | du < §+j \Pe(f) —Bo(f) | .
B Ci,t
Finally, we have
| AT A (VO RS A (TN
Cht Cht (5.14)

:j_ |f|du+j_ fld.
TN (Crp) YCrp)

Tt k,

Since fi(t; ' (Cir)) < Mp(Cr) and p (T, (Cif)) < Mpu(Cy) +p(t; ' (B) — B), these mea-
sures converge to zero (by the claim), and then the last two integrals have values less
than &/4 for t small. This implies that

L |P(f)—Pi(f)|du <€ (5.15)

for t small, which finishes the proof. a

PROOF OF THEOREM 5.2. Let f € L},(X ) and € > 0 arbitrary. We take a sequence
{fn}nen converging to f and such that each f, has compact support. Then we have,
as in the proof of Theorem 4.2, that

[ 1P = Flau <20l f = Fall+ [ 1P = fol i (5.16)
If we take ng € N such that [|.f — fu, || < €/4, then we have
[ 1Pp = Flan < S+ [ 1P () = Fo | (5.17)
If K is a compact set containing supp(fy,), then
| = plan< S+ [ 1P fa) = Fuoldus | PCFa) A 518)
X K X-K
By Lemma 5.3 we have, for t small enough,
I3
L{ [Pt (fng) = S | At = - (5.19)
Also,
[ 1) ldus [ Pl fDau=] | iflde 520
X-K X-K T HX-K)

Since [y_g | fnoldu =0 and p{t; ' (X-K) — (X —K)} converges to zero, we have, for t
small,

LH( | Pe(fng) | < Z. (5.21)
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This implies that for small t, we have

JX|Pt(f)—f|duse, (5.22)
which finishes the proof. |

6. Strong continuity in L] .. Since L}, (X) is not a Banach space, the approach of
Section 2.3 is not advisable here. However, there is a more general setting of semigroup
theory for locally convex spaces (see [7]). In this case, the hypothesis for the family
{T:}¢=0 of continuous linear operators T; : L — L are the following conditions:

(i) To =1d;

({ii) TyoTs=T;.s forall t,s = 0;

(i) limi_s, T (f) = Ty, (f) forall tp = 0 and f € L;

(iv) {T;};=0 is an equicontinuous family, that is, for any continuous seminorm p
on L, there exists a continuous seminorm g such that p(T;(f)) < q(f) for all
t>0and f L.

If these conditions are satisfied, then the equality A(f) = 0 is equivalent to T; (f) =

fforall t >0.

We consider the case where L = L}Moc (X) and {T;};>0 is the Frobenius-Perron semi-
group of linear operators associated to a semidynamical system {T;};-¢. Since condi-
tions (i) and (ii) hold trivially, we consider conditions (iii) and (iv). For this, we assume
condition (5.3) and that the semidynamical system is strongly proper, that is, for any
compact set K the set K = UtZ()Tt_l (K) is a compact set. This hypothesis is restrictive,
but it allows us to continue with our approach. In fact, condition (iv) follows from it
since for all f > 0 and all t > 0, we have

JK P (f)du = L;l(x)fdu < kadu- (6.1)

Finally, using the method of the proof of Theorem 5.2, it is possible to prove that
condition (iii) also holds. Then, we have extended Theorem 5.2 to L} ;,.(X) for a large
class of systems defined over X.
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