IJMMS 29:4 (2002) 245-249
PII. S0161171202004180
http://ijmms.hindawi.com
© Hindawi Publishing Corp.

ON THE OSCILLATION OF FIRST-ORDER NEUTRAL DELAY
DIFFERENTIAL EQUATIONS WITH REAL COEFFICIENTS

IBRAHIM R. AL-AMRI

Received 2 February 1999 and in revised form 18 November 1999

We prove sufficient conditions for the oscillation of all solutions of a scalar first-order
neutral delay differential equation x(t) —cx(t— 1)+ Zlﬂ:l pix(t—oj)=0forall0<c <1,
T,0i>0,and p; € R,i=1,2,...,n.
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1. Introduction. The theory of neutral delay differential equations presents com-
plications and the results which are true for neutral differential equations may not be
true for nonneutral differential equations. Besides its theoretical interest, the study
of oscillatory behaviour of solutions of neutral delay differential equations has some
importance in applications. Neutral delay differential equations appear in networks
containing lossless transmission lines (as in high-speed computers where the lossless
transmission lines are used to interconnect switching circuits), in the study of vibrat-
ing masses attached to an elastic bar and also in population dynamics (see Gopalsamy
[5], Gyori and Ladas [7], Driver [4], Hale [8], Brayton and Willoughby [3], Agwo [1], and
the references therein).

In fact, Zahariev and Bainov [11] seems to be the first paper dealing with oscilla-
tion of neutral equations. A systematic development of oscillation theory of neutral
equations was initiated by Ladas and Sficas [10].

Ladas and Schultz [9] obtained a necessary and sufficient condition for oscillation
of all solutions of the neutral delay differential equation

xX(E)+cx(t—T1)+gx(t—-0) =0, (1.1)

where ¢, g, T, and o are real numbers. It was proved that all solutions of (1.1) are
oscillatory if and only if the characteristic equation

FA)=A+cAe T +qe 7 =0 (1.2)

has no real roots.
Also, it was proved for the scalar first-order neutral delay differential equation
n
X(t) +ex(t—T1)+ > pix(t—oi) =0, (1.3)

i=1

where c € R, T,0; >0, and p; > 0 foralli=1,2,...,n, that all solutions are oscillatory
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if and only if the characteristic equation

n
FQA)=A+cde T+ > piei=0 (1.4)
i=1
has no real roots. This result was generalized by Arino and Gyoéri in [2] for p; € R.
In [6], Gopalsamy and Zhang proved that, if
(1) 0<c<1,
2) T=0,0>0,p=0,
3) pea>1-c(l+Tp/(1-0C)),
then every solution of

x(t)—cx(t—-T)+px(t—0)=0 (1.5)

is oscillatory.
In this paper, we extend the last result for a scalar first-order neutral delay differ-
ential equation in the form

n
X(t)—cx(t-1)+ > pix(t—0i) =0 (1.6)
i=1
foral0<c<1,71,0i>0,and p; €R,i=1,2,...,n.

Let y = max{t,o1,09,...,0,} and let t; > ty. By a solution of (1.6) on [t;,c0) we
mean a function x(t) € C([t; — y,t1],R) such that x(t) — cx(t — T) is continuously
differentiable and (1.6) is satisfied for t > t;.

As it is customary, a solution is called oscillatory if it has arbitrarily large zeros and
otherwise, it is called nonoscillatory.

2. The main result. Consider (1.6) and assume that py, = 0 foralli =1,2,...,¢ and
Pm; < 0 forall j =1,2,...,v with £ +7 = n. Let Am; = —Pm;, j=1,2,...,7, then (1.6)
takes the form

0 r
X()—cx(t=T)+ > pr, X (t=Ti;) = > dm; X (L= 0m;) = 0 (2.1
i=1 j=1
or simply

t
X(t)—cx(t—-1)+ > pix(t—1i) -
i=1 J

ajx(t—oj) =0, (2.2)

M-

1

where 0 <c <1, T,04,pi = 0, and 75,4; >0 forall i = 1,2,...,¢ and all j = 1,2,...,*
with £ +v = n.

THEOREM 2.1. Consider the neutral delay differential equation (2.2). If
() tpi>3iqajforalli=1,2,...7,
(i) S (1-c-X_ a;(ti—07)) =0,
(i) (e+cT/(1-c)) Sl (Upi-)_a)Ti> i (1-c) =31 a;(Ti—0))),
then all solutions of (2.2) are oscillatory.
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PROOF. The characteristic equation of the neutral delay differential equation (2.2) is
t ¥
FQAA)=A—cAe ™+ > pie™i—> gje % =0. (2.3)

i=1 j=1

Assume that (2.2) has a nonoscillatory solution, then the characteristic equation (2.3)
has a real root A, that is,

l r
F(Ag) = Ag—cApe 20T 4 Z pie MoTi - Z qje‘AO‘TJ' =0. (2.4)

i=1 i=1

But for all A € R, one can write

i1
=A—Ace M+ qu(e‘MTi_UJ')—l)e_AUJ’ (2.5)
=1
v v
=A-Ace™N - > qjeNVit+e i Y g
i1 i1

foralli=1,2,...,¢ and then

(2.6)

From (2.3) and (2.6), one can write

F(A) =

Nl'—‘

Eafier

(.
M~

Ti—0j v
qe N JO Tes ds) +> (pi -> qj) e\ (2.7)
. st

for all A > 0, we have

F(A) > —1 Z?\(l c— qu oj)) +£ (#pi— iqj)e—hl}. (2.8)

i=1 j=1 = j=1
Since £p; > >_ g foralli=1,2,...,¢ and Zf';l(l—c—z;:l q,(ti—0;)) = 0, it follows
that F(A) > 0 and consequently F(A) has no positive or zero real roots.

From (2.7), we have

¢ r 0 0 r
#F(A)=2\{Z <l—ce AT Z e N L -Mds>+ Z(ﬂpi—z j)e-“t}. (2.9)

j=1
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In order that F(A) has no roots for all A < 0, we prove that F(A) > 0 for all A < 0 and
consequently it is enough to prove that

v v Ti-0; 1 v v
Dll-ce =3 ql,-e‘A‘TJJ e ™Mds| < -3 S ltpi—> aj|e ™. (2.10)
i=1 j=1 0 i-1 j=1

Assume that —A = y and put

0 r Ti—0;
filp) => (1 —cetT- > qje“"fj ' ehs ds),
i-1 0

j=1
(2.11)

4 r HT;
folw) => (fm— > qJ) eu :

i=1 j=1

Since €p; > X ;q; for all i = 1,2,...,¢, then fo(u) > eEle(ﬂpi - >.14j)Ti. We
construct a function f in between f; and f> such that f> — f > 0 and f — f1 > 0.
Assume that f(u) :ﬁ(l—c—cu'r)—Zfﬂz;:lqj('ri—(rj).

Then,

l r r Ti-0;
f—fl=3(1—C—CIJT)—ZZ%’(Ti—(fj)—z(l—ce“T—ZQJe“quO Je‘”ds)

i=1j=1 i=1 j=1

0

4 Tl'*O'j
1—cel - que“"ij et ds
0

Jj=1

—

1

i~0j

VR

e“sds—(-ri—aj)“» >0, Vu>0,

v T
{c(e"T —1-uT)+ > g [e””f J
, 0
j=1

i=1

¢
fo=f=> giw),
i1

(2.12)

where
v UT; v
gi(p) = {L’m— > qj}eT— (I-c—cpum)+ > qj(ti—0y), i=1,2,...,0. (2.13)
j=1 j=1

Since e#"i/u has a minimum value at y = 1/7;, then e#" > ey, for all u > 0, i =
1,2,...,¢. Hence,

v v
. T .
9i(W) lp=1/ar; = <|€pi— > qj]»(x'rie”"‘— <l—c—c >+Z qj(ti-oj), i=12,...,¢
j=1

in1 XTq

> ‘|€Pi— Z qj}o(n—(l -c), «o=1.

j=1
(2.14)
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For
1-c¢
> o~
(pi-Xi1a))Ti

we have, g;(u) > 0 for u € (0,1/«T;). It follows that g;(u) > 0, for all u € (0, (p; —
Yi1a;)Ti/(1-c)). We now consider u = (£p; —>;_1q;)Ti/(1—c) and note that

i=1,2,....%, (2.15)

¢ r ¢ r
[fo— Z (#pi— > qu> (e+%)‘ri— > ((l—c) -> qj(Ti—Uj)) >0, (2.16)
i= j=1 i=1

since,

r

t ? r
<€+7) > (ﬂvi Zq‘;)n > ((lc) qu(naj)>. (2.17)
i=1 i=1 j=1

a

EXAMPLE 2.2. Consider the neutral delay differential equation in the form

x(t)—cx(t—2m)) +x(t—4m) —x(t—2m)+ (1 - c)x(t—3—n>=0. (2.18)

4
dat 2

This equation has an oscillatory solution x(t) = sint but not all solutions are oscilla-

tory since the sufficient conditions—in Theorem 2.1—are not satisfied. In fact, it has
a nonoscillatory solution x(t) = e~*, 0.0608314 < A < 0.0608315.
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