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1. Introduction. Cho et al. [1] proved a common fixed point theorem for compatible
mappings of type (A) in non-Archimedean (NA) Menger PM-space. The aim of this
paper is to generalize the results of Cho et al. [1] for weak compatible mappings of
type (A) in a 2 NA Menger PM-space.

We first give some definitions and notations.

DEFINITION 1.1. Let X be any nonempty set and D the set of all left-continuous
distribution functions. An ordered pair (X, F) is said to be a 2 non-Archimedean prob-
abilistic metric space (briefly 2 NA PM-space) if F is a mapping from X x X x X into
D satisfying the following conditions where the value of F at x,y,z € X XX X X is
represented by Fy , . or F(x,y,z) for all x,y,z € X such that

(i) Fx,y-(t) =1forall t > 0if and only if at least two of the three points are equal.
(ii) Fx,y,z = Fx,z,y = Fz,y,x-
(iii) Fx,y,2(0) =0.
(iv) If Fx,y,s(tl) =Fyxs2(t2) = Fs,y,z(tB) =1, then Fyy,z (max{ti,t2,t3}) = 1.

DEFINITION 1.2. A t-norm is a function A :[0,1]x[0,1]x[0,1] — [0,1] which is
associative, commutative, nondecreasing in each coordinate, and A(a,1,1) = a for
every a € [0,1].

DEFINITION 1.3. A 2 NA Menger PM-space is an ordered triplet (X,F,A), where A
is a t-norm and (X, F) is a 2 NA PM-space satisfying the following condition
Fx,y,z(max {tl,tz, t3})
> A(Fx,y,s(tl),FX‘S‘Z(tg),Fs,y,z(tg)) Vx,v,ze X, t1,t2,t3 = 0.

DEFINITION 1.4. Let (X,F,t) be a2 NA Menger PM-space and t a continuous t-norm,
then (X, F,t) is Hausdorff in the topology induced by the family of neighborhoods

(1.1)

{Us(e,A,a1,az,...,an); x,a; €X,€>0,i=1,2,....,.n, n€Z*}, (1.2)
where Z* is the set of all positive integers and
Ux(€,A,a1,az,...,an) = {¥ € X; Fxya,(€) >1-A, 1 <i<n}

1.3
=N {yeX; Frya(€)>1-A, 1<i=<n}. (1.3)
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DEFINITION 1.5. A 2 NA Menger PM-space (X, F) is said to be of type (C), if there
exists a g € Q such that

g(Fx,y,z(t)) = g(Fx,y,a(t)) +9(Fxa,z (1)) +g(Fa,y,z(t)) Vx,y,z,acX, t=0, (1.4)
where Q = {g | g : [0,1] — [0, ) is continuous, strictly decreasing, g(1) = 0, and
g(0) < oo},

DEFINITION 1.6. A 2 NA Menger PM-space (X,F,A) is said to be of type (D), if
there exists a g € Q such that

g(A(t1,t2,13)) < g(t1) +g(t2) +g(t3) Vi, tz,t3 €[0,1]. (1.5)
REMARK 1.7. If 2 NA Menger PM-space (X, F,A) is of type (D), then (X,F,A) is of
type (C)y.

Throughout this paper, let (X,F,A) be a complete 2 NA Menger PM-space with a
continuous strictly increasing t-norm A. Let ¢b : [0, 00) — [0, o) be a function satisfying
the condition (®) ¢ is upper semi-continuous from right and ¢(t) <t for all t > 0.

LEMMA 1.8. If a function ¢ : [0,00) — [0, o) satisfies the condition (®), then we get

(1) Forallt = 0, limy, .. ¢™(t) =0, where ¢p"(t) is the nth iteration of ¢(t).

(2) If {t,,} is a nondecreasing sequence of real numbers andt, .1 < ¢p(ty),n=1,2,....
Then lim,, . t, = 0. In particular, if t < ¢p(t) forallt =0, thent = 0.

LEMMA 1.9. Let {yx} be a sequence in X such thatlimy_F,, y,.,,a(t) =1 for all
t > 0. If the sequence {yy} is not a Cauchy sequence in X, then there exist ey > 0, to > 0,
and two sequences {m;} and {n;} of positive integers such that
(i) mi>ni+1andn; - © asi — .
(ii) FJ’mivJ’niva(tO) <1l-¢€g and FJ’mi—lrJ/ni:“(tO) >1-¢€p, i= 1,2,....

DEFINITION 1.10. Let A,S : X — X be mappings, A and S are said to be compatible if
}lglgog(FAsxn,SAxn,a(t)) =0 Vt>0,acX, (1.6)

when {x,} is a sequence in X such that
}LiII}oAxn:z:ylli_n}onn for some z € X. (1.7)

DEFINITION 1.11. Let A,S: X — X be mappings, A and S are said to be compatible
of type (A) if

}li_l"lc}og(FAan,San,a(t)) =0= }Li}.lc}og(FSAxn,AAxn,a(t)) Vt>0,aekX, (1.8)
when {x,} is a sequence in X such that

}LilnAxn =Z=71[i_mSXn for some z € X. (1.9)
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DEFINITION 1.12. Let A,S: X — X be mappings, A and S are said to be weak com-
patible of type (A) if

}Lizl;log(FAan,San,u(t)) = rllizl;log(FSAxn,San,u(t));

. . (1.10)
Vllljlgog(FSAxn,AAxn,a(t)) > }LET}QQ(FAan,AAXn,a(t)) Vt>0,ackX,
whenever {x,} is a sequence in X such that
yllimAxn=z=Tllimen for some z € X. (1.11)

PROPOSITION 1.13. Let A,S : X — X be continuous mappings. If A and S are com-
patible of type (A), then they are weak compatible of type (A).

PROOF. Suppose that A and S are compatible of type (A). Let {x,,} be a sequence
in X such that
}LiEnAxn:z:yl[i_men for some z € X, (1.12)

then
lim g (Fsax, s5xp.a(t)) =0
< }}P;g(FAan,San,a(t)) (1.13)
= }l%g(FAan,San,a(t)) > }LEIEIOQ(FSAxn,San,a(t))-
Similarly, we can show that

}liglog(FSAxn,AAxn,u(t)) =0

. (1.14)
> rllll’lt}og (Fasxn,Aaxn,a(£)).
Therefore, A and S are weak compatible of type (A). O

PROPOSITION 1.14. Let A,S : X — X be weak compatible mappings of type (A). If
one of A and S is continuous, then A and S are compatible of type (A).

PROOF. Let {x,} be a sequence in X such that

lim Ax,, =z = lim Sx,, for some z € X. (1.15)

n—oo n—oo

Suppose S is continuous so $Sx,,SAx, — Sz as n — . Since A and S are weak
compatible of type (A), so we have

}lizgg(FAan,San,a(t)) = }Lizl;log(FSAxn,SSXn,u(t))

_ (1.16)
= }Lll'I;log(FSz,Sz,a(t)) =0.
Thus
}Lizlc}og(FASXn,SSXn,a(t)) =0. (L.17)
Similarly,
}Lif?og(FSAxn,AAxn,a(t)) =0. (1.18)

Hence A and S are compatible of type (A). O
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PROPOSITION 1.15. Let A,S : X — X be continuous mappings. Then A and S are
compatible of type (A) if and only if A and S are weak compatible of type (A).

Note that Proposition 1.15 is a direct consequence of Propositions 1.13 and 1.14.

PROPOSITION 1.16. Let A,S : X — X be mappings. If A and S are weak compatible
of type (A) and Az = Sz for some z € X. Then SAz = AAz = ASz =5Sz.

PROOF. Suppose that {x,} is a sequence in X defined by x,, =z, n=1,2,..., and
Az = Sz for some z € X. Then we have Ax,,Sx;,, — Sz as n — . Since A and S are
weak compatible of type (A) so

}Lizl;log(FAan,San,u(t)) = %1{{)109 (FSAxn,San,a (t)):

) . (1.19)
Vlgl;log(FSAxn,AAxn,a(t)) > rllll'l;log (Fasxp.aaxn.a(t)).
Now
yllim g(FSAz,AAz,a(t)) = Vllim g(FSAxn,AAxn,a(t)) > }lim g (FAan,AAxn,a(t))
— 00 —00 — 00 (1-20)

=4 (FASZ,SSZ,(Z(t))'

Since Sz = Az, then SAz = AAz. Similarly, we have ASz =SSz.But Az=Szforze X
implies that AAz = ASz=SAz=5Sz. O

PROPOSITION 1.17. Let A,S : X — X be weak compatible mappings of type (A) and
let {xy,} be a sequence in X such that lim,, .. Axy, = z =1lim,, . Sx, for some z € X,
then

(1) limy, . ASx,, = Sz if S is continuous at z.

(2) SAz=ASzand Az =Sz if A and S are continuous at z.

PROOF. Suppose that S is continuous and {x,} is a sequence in X such that

7llirn Axp=2z= 7llim Sx, for somez e X, (1.21)
SO
§85x, — Sz asn— oo, (1.22)

Since A and S are weak compatible of type (A), we have

g(FAan,Sz,u(t)) = }LEI}OQ(FAan,San,a(t))

. (1.23)
> }lllglog(FSAxn,ssm,a(t)) —0 asn— o

for all t > 0 which implies that ASx;,, — Sz as n — .

(2) Suppose that A and S are continuous at z. Since Ax,, — zas n — o and S is
continuous at z, by Proposition 1.17(1) ASx;,, — Sz as n — co. On the other hand, since
Sx, — zasn — o and A is also continuous at z, ASx,, — Azasn — c. Thus Az=5z
by the uniqueness of the limit and so by Proposition 1.16, SAz = AAz = ASz =S5Sz.
Therefore, we have ASz = SAz. O

THEOREM 1.18. Let A,B,S,T: X — X be mappings satisfying
(i) A(X) CcT(X), B(X) CS(X),
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(ii) the pairs A,S and B, T are weak compatible of type (A),

(iii) S and T is continuous,

(iv) g(FAx,By,a(t)) = (l)(max{g(FSx,Ty,a(t)),Q(FSx,Ax,u(t)):g(FTy,By,a(t)):

(1/2)(g(Fsx,By,a(t)) + g(Fry ax,a(t)))}),

forall't > 0, a € X where a function ¢ : [0,0) — [0,00) satisfies the condition (®).
Then by (i) since A(X) C T(X), for any xo € X, there exists a point x; € X such that
Axg = Tx;. Since B(X) C S(X), for this x1, we can choose a point x, € X such that
Bx1 = Sx» and so on, inductively, we can define a sequence {y,} in X such that

Yon = Axon = TXont1, Yens1 = BXons1 = Sxons2, forn=0,1,2,.... (1.24)

First we prove the following lemma.

LEMMA 1.19. Let A,S : X — X be mappings satisfying conditions (i) and (iv), then the
sequence {yy} defined by (1.24), such that

1im g(Fyy,y,. (1) =0 VE>0, a€X, (1.25)

is a Cauchy sequence in X.

PROOF. Since g € Q, it follows that limy_.« (Fy,,y,,,,a(t)) =0 foralla >0,a € X
if and only if limy— g(Fy,,y,.1,a(t)) = 0 for all t > 0. By Lemma 1.9, if {y,} is not
a Cauchy sequence in X, there exist €y > 0, to > 0, and two sequences {m;},{n;} of
positive integers such that

A)ym;>n;+1and n; — o as i — oo,

(B) g(Fymi,yni,a(tO)) >g(l—e€p) andg(Fymi_l,yni,a(to)) <g(l-¢€p),i=1,2,...,since
g(t) =1—t. Thus we have

g(l _GO) <g(F)’mi,yni,l/l(t0))
< 9Fym, i mp1 (60)) +9 (Fy, 3,15 a(t0))+9 (Fypy, 13m0 (t0))  (1.26)
< 9 (Fypm;,ym;ym;-1 (£0)) + G (Fypn, ym; 1,0 (t0)) + g (1 - €o).

As i — o in (1.26), we have
1im g (Fy,y, yn.a (o)) = 9(1-€o). (1.27)
On the other hand, we have

9(1-€) <g(Fymi,yni,a(t0))

(1.28)
= g(Fymi,yni,yniH (t())) +g(Fymi,yni+1,a(tO)) +g(Fyni+1,yni,a(tO))-

Now, consider g(Fy,,, y,,1.a(to)) in (1.28), assume that both n; and m; are even. Then
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by (iv), we have

Q(Fymi,yniu,a(tO)) = g(FAXmi,BXniJrl,a(tO))
< ¢(max{g (FSXmi,TXni+l,ﬂ(t0))|
g(FSXmi,AXmi,ﬂ(to))!g(FTXni+lyBXni+1,ﬂ(to))v

9 Esen prny1alt0)) + 9 (Fra e .0 (1))

= ¢ (max {Q(Fymiq,yni,a(tO)):

g (Fyml-—lvymi,tl (tO)):g(Fyni,ynin,a (t())),

0 Fr g 10(00)) + 9By i (t0)1).

(1.29)

By (1.27), (1.28), and (1.29), letting i — o in (1.29), we have

g(1-¢€o) < Pp(max{g(1-¢€9),0,0,g(1-€0)}) = P(g(1-¢€0)) <g(l—-€), (1.30)

which is a contradiction. Therefore, {y,} is a Cauchy sequence in X. O

Now, we prove our main theorem.

If we prove limy—.co g(Fy, y,.1.a(t)) = 0 for all £ > 0, then by Lemma 1.19, the se-
quence {y,} defined by (1.24) is a Cauchy sequence in X.

First we prove limy, .. g(Fy,,y,.;,a(t)) = 0 for all ¢ > 0. In fact, by Theorem 1.18(iv)
and (1.24), we have

g(FJ’Zn:yZnH,ﬂ(t)) =4 (FAXZn,BXZnH,a(t))
= d)(max {g (FSXZ}/“TXZH+] ,a(t)),
g (FSXZn,AxZn,a () ) g (FTXZn,BX2n+1,a(t) ),

(g (FSXZn,BX2n+1,a(t)) +g(FTx2n+1,sz,,,u(t)))})

N[ =

= ¢p(max {g(Fy,, 1 yomalt)), (1.31)

(Fyonr.vma (), g (Fyspyomir.a(t)),

- &

(g(FJ’Zn—lvyZnJrl,a(t)) +g())})
= cl)(max {g (FJ/Zn—l,J’Zn:a(t))’g(FYvaJ’ZHJrlsa(t))’
9(Fyp1,v0m,a ) +9(Fypnyoni1,a(t))})

N

if g(Fysn 1 vomalt)) < G(Fyyyonr,a(t)) for all t > 0, then by Theorem 1.18(iv),
9 EFyrpyonsna®) DG Fyyy yoni,at) and thus, by Lemma 1.8, g (Fy,,,, y2p.1,a (£)) =0 for
all £ > 0. Similarly, we have g(Fy,, ., yon:2,a () =0, thus we have limy,— o g (Fy,, y,1.1,a (£))
=0 for all t > 0. On the other hand, if g(Fy,,_;,ysn,a(t)) = g(Fy,, yon.1,a(t)), then by
Theorem 1.18(iv), we have

g(FyZnJ/Zn-*-lvﬂ(t)) = ¢(Q(Fy2n-1,y2n,a(t))) Vit > 0 (132)
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Similarly,
I(Fyppiryomiaa()) < @(G(Fyopyopa(t))) VE>0, (1.33)
hence
9(Fypypia®) <P(g(Fy, 1 ypa(t))) VE>0,n=1,23,..., (1.34)

therefore by Lemma 1.8,
rllifxlg(Fyn,yn+l,a(t)) =0 Vt>O0, (1.35)

which implies that {y,} is a Cauchy sequence in X by Lemma 1.19. Since (X,F,A) is
complete, the sequence {y,} converges to a point z € X and so the subsequences
{Axon}, {Bxon+1}, {Sxon}, and {Txo2,11} of {y,} also converge to the limit z.

Now, suppose that T is continuous. Since B and T are weak compatible of type (A),
by Proposition 1.17, BT X241, T TX21+1 tend to Tz as n tends to co. Putting x = x2p
and y = Tx2,+1 in Theorem 1.18(iv), we have

g(FAXZnyBTXZnHv(l(t))

= (b(max {g (Fngn,TszMl,a(t)),g (FSXZn,AxZn,a(t))sg(FTTxgy,H,BTxgnH,u(t)): (1.36)
1

E(g(Fszn,Bszy,H,a(t)) + 9 (Frrxon,axoma(T)))})  VE>0.

Letting n — o in (1.36), we get
g(Fz,Tz,a(t)) < ¢(maX {g(Fz,Tz,a(t))sg(Fz,z,a(t));g(FTz,Tz,a(t));

%(Q(Fz,Tz,a(t))+g(FTz,z,u(t)))}) (1-37)

= d)(g(Fz,Tz,a(t))) vt>0,

which means that g(Fz,7z,4(t)) =0 for all t > 0 by Lemma 1.8 and so we have Tz = z.
Again replacing x by x», and y by z in Theorem 1.18(iv), we have

g (FAXZn,Bz,a(t)) < ¢(maX {g (FSXZn,Tz,a(t))sg(FSin,AXZn,u(t));g (FTZ,Bz,a(t))s
1 (1.38)

E(g (Fsz”,Bz,a(t)) +g(FTz,Ax2n,u(t)))}) vt>O0.

Letting n — o in (1.38), we get

9(Fzp2a(1)) < ¢p(max {g(Fz,z,a(t))ag(Fz,Bz,a(t))ag(Fz,Bz,a(t))1
1 (1.39)
g(g(FZ,Bz,u(t))+g(Fz,z,u(t)))}) vVt >0,

which implies that g(F;pza(t)) < ¢(g(Fzpz,a(t))) for all t > 0 and so we have Bz =
z. Since B(x) C S(X), there exists a point w € X such that Bz = Sw = z. By using
condition Theorem 1.18(iv) again, we have

g(FAw,z,a(t)) = g(FAw,Bz,a(t))

= ¢(max{(FSw,Tz,a(t))yg(FSw,Aw,a(t))sg(FTz,Bz,u(t))y
(1.40)

%(g (FSw,Bz,a(t)) +g(FTz,Aw,a(t)))})

= d)(g(FAw,z,a(t))) vt > 0,
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which means that Aw = z. Since A and S are weak compatible mappings of type
(A) and Aw = Sw = z, by Proposition 1.16, Az = ASw = SSw = Sz. Again by using
Theorem 1.18(iv), we have Az = z.

Therefore, Az = Bz = Sz = Tz = z, that is, z is a common fixed point of the given
mappings A, B,S,T. The uniqueness of the common fixed point z follows easily from
Theorem 1.18(iv).

REMARK 1.20. In Theorem 1.18, if S and T are continuous, then by Proposition
1.15, the theorem is true even though the pairs A,S and B,T are compatible of type
(A) instead of the condition (ii).

Application

THEOREM 1.21. Let (X,F,t) be a complete 2 NA Menger PM-space and A,B, S, and
T be the mappings from the product X x X to X such that

AXx{y}) eT(Xx{y}), BXx{y})cSXx{y}),
I(Far e raxy)va () < 9(Fay) T(x)a(t)), (1.41)

9 (Fps(x,0),3),8Bx),.a 1)) < g(Fpixey),sx,.a(t)),
forallt > 0.IfS and T are continuous with respect to their direct argument and

9(Fax,»),8x',y,a(t))
< ¢(max {g (FS(x,y),T(x’,y’),a(t)),

I (Fsey),atey)a(),g(Frie v see,y.a(t)), (1.42)

%(g(FS(x,y),B(x’,y'),a(t)) +9(Frev y,ac.a(6)))})
forallt >0 and x,y,x',y’ in X, then there exists only one point b in X such that
A(b,y)=S(b,y)=B(b,y)=T(b,y) VyinX. (1.43)
PROOF. By (1.42),

g (FA(x,y),B(x’,y’),a(t))
< ¢(max {g (FS(x,y),T(x’,y’),a(t)),

9(Fsix),ax0,a (), 9 (Frie' v).8(x"v),a (1)), (1.44)

1
3 (9 (Fs(x,).80x',y.a()) +G(Frix y),axp).a(t)))})

for all t > 0, therefore by Theorem 1.18, for each y in X, there exists only one x(y)
in X such that

Ax(y),y) =S(x(»¥),y) =B(x(»),y) =T(x(y),y) =x(), (1.45)
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for every y,y’ in X

9 (Fx)x(3),a(8)) = g(Faxn,m,acxv)yn.alb))
< ¢(max {g (FA(x,y),A(x~,y’),a(t))7
I(Fax),axa(),gd(Froe yhac v.a(t)),
1
2 (9(Faxax ya(®) +g(Fac v)ac.a(t)))})
= 9 (Fx(3)x(y",a(t)).

(1.46)

This implies that x () = x(y’) and hence x(-) is some constant b € X so that
Ab,y)=b=T(,y)=S(b,y)=B(b,y) VyinX. (1.47)
O
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