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PLANE WAVES IN THERMOELASTICITY
WITH ONE RELAXATION TIME
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ABSTRACT. We apply the thermoelastic equations with one relaxation time developed by
Lord and Shulman (1967) to solve some elastic half-space problems. Laplace transform is
used to find the general solution. Problems concerning the ramp-type increase in bound-
ary temperature and stress are studied in detail. Explicit expressions for temperature
and stress are obtained for small values of time, where second sound phenomena are
of relevance. Numerical values of stress and temperature are calculated and displayed
graphically.
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1. Introduction. The classical theory of thermoelasticity predicts an infinite speed
for heat propagation, which is contrary to the physical observations. To overcome
this paradox, many papers have been devoted to the development of the generalized
theory of thermoelasticity that predicts a finite speed for heat propagation.

The generalized theory of thermoelasticity developed by Lord and Shulman [3]
is based on a modified Fourier’s law whose governing system of equations is en-
tirely hyperbolic and hence predicts finite speed for heat propagation. Dhaliwal and
Sherief [2] extended this theory to general anisotropic materials. Employing this the-
ory, Sherief [4] obtained the solution for a spherically symmetric problem with a
point heat source and Wang and Dhaliwal [6] derived solution for a general three-
dimensional problem and examined two special cases when an infinite body is acted
upon by an impulsive body force and by an impulsive heat source. Detailed references
to the developments of generalized thermoelasticity can be found in a nice review pa-
per by Chandrasekharaiah [1].

The aim of this paper is to study the thermoelastic interactions in an elastic half-
space. We employ the thermoelastic equations with one relaxation time developed
by Lord and Shulman to solve these problems. Laplace transform is used to find the
general solution and then solutions to the problems of ramp-type increase in bound-
ary temperature and in boundary stress are obtained for small values of time. The
counterparts of these problems in the classical thermoelasticity have been studied by
Sternberg and Chakravorty [5].

2. Formulation of the problem and the general solution. We consider a homoge-
neous and isotropic elastic solid occupying the half-space x > 0. The nondimension-
alized governing system of equations in thermoelasticity with one relaxation time, in
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the absence of heat sources and body forces, are (see [6])

Bzﬁ,i = /\;—uuj,ij+ui,jj—b9,i, 9,1'1' = 9+Té+w(1li'l‘+T1;Li’i),
(2.1)

A
gij = Eukkélj + Ui j +Mj,i—b951'j,

where A and p are Lamé constants, 82 = (A +2u)/u, b = y0o/u, w = y/pc, y =
(3A +2u) ¢y, & is the coefficient of linear thermal expansion, p is the mass density,
0 is the temperature deviation above the initial temperature 0y, c is the specific heat
for processes with invariant strain tensor, u; are the components of the displacement
vector, 0;; are the components of stress tensor, and T is the relaxation time.

In the problem under consideration, all quantities depend only on one space coor-
dinate x and time t and hence, we have

ur=u(x,t), ux=0, uz=0,
2.2
o011 =0 (x,t), otherwise o;; = 0. (2.2)
Therefore, the governing equations (2.1) reduce to
B%ii=B*u"-b0’, 0" =0+T0+w (W +Ti'), o =pu —-bo, (2.3)

where the prime denotes the partial derivative with respect to x.
In the context of the problem considered, the initial and boundary conditions are

u=u=0=0=0, (2.4)
o(0,t) = f(t), 0(0,t)=g(t), t=0 (2.5)
(0,0) — (0,0) as x — oo, (2.6)

where f and g are prescribed functions.
Now we apply the Laplace transform, defined by

fx,p) = J:f(x,t)e’”tdt, Re(p) > 0, (2.7)

to (2.3) under the homogeneous initial conditions (2.4). Applying the boundary condi-
tions (2.5) and (2.6) and following a standard routine as in [4, 6], we obtain the general
solution for the stress and temperature fields in the Laplace domain as

0(x,p) = 01(x,p) +02(x,p),  G(x,p) =01(x,p)+02(x,p), (2.8)

with

A 5(p) - .y
01(x,p) = TG [(AF = p?)e ¥ = (A3 - p2)e 2],
172

(AT -p?) (A5 -p?)

02(x,p) =~ 2\ bp? fp)e1¥ —e7hex],

by 2.9)
o1(x,p) = g(p)[e ¥ —e~M2X],
1\, p ?\%—)\%g il ]

026,p) =~ B (3 pP)e - (- p)e ),
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where A? and A3 are the roots of the characteristic equation
wb

B>

The general solution in x and t coordinates can be found by inverting the Laplace
transforms in (2.8) and (2.9), which is a formidable task although it is theoretically
possible. Following [4, 6], here we assume that time t is very small, where the second
sound phenomenon is of relevance.

For small values of t, that is, large values of p, we expand A; and A, binomially in
ascending powers of 1/p and retain only necessary terms to get

(A2)—p(l+e+p+Tp+eTp)A2+p3(1+Tp) =0, € (2.10)

A1 = ay +ap, A2 = dp1 +axop, (2.11)
where
1 1+ +(1+T+ l+e)-2
ar==(1+T+eT+c), an = (U+e)co+(1+T+eT)(1+6) ,
2 4C()(1]0
a20=1(1+T+€T—C0), Aoy = (1+€)C0—(1+T+ET)(1+€)—2’ (2.12)
2 4coarg

Co =\/(1+T+€T)2—4T.

Substituting for A; and A, from (2.11) into (2.9), inverting the Laplace transform,
we find that

t—ajox

3 .
91(X,t)—H(t—6110X)ea“x[clog(t—fllox)Jrz L J

3 Coi t—apx .
+H (t—azox)e %1% | co0g (t—azx) + > —= s g(t—asox—s)ds|,
o U=DtJo

(2.13)
5

aq
— _ —alx _ L
02(x,t)=H(t—aiox)e [dof(t alox)+i:§1 G- Jo

t—-ajox

sTLf(t—aox—s) ds}

5 d t—azox |
—H(t—azox)e 1> [dof(t—azox)+z G II)J UL f(t—azx—s) ds},
i=1 0
(2.14)
t—ajpox
o1 (x,t) =bH (t—ajox)e M1¥ [bog (t—ayox)+by J g(t—ajpx—s) ds}
0
t—azox
—bH (t—ayox)e %21% |:b()g(t—(12()X) +b; J g(t—azx—s) ds} ,
0
(2.15)

t—ajox

3 .
UZ(X’t)—H(t—alox)eallx[CZOf(t—alox)+Z - J

GoDi s sITLf(t—ajox—s) ds]
i=1 ‘

t—azox

3
.
+H (t—azox)e 421¥ [Clof(t—tlzoX)Jr > o J

G-Di o s f(E—azx—s) ds],
j=1 '

(2.16)
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where H (-) is the Heaviside step function,

_(1+T+€T)(1+e)—2

by :Cal, b, = C(:); ,
cio = (-1)"(a% —1)by, cin = (-1)"'(2aipanbo +asb1 —b1),
Ci2 = (—l)i’l(a?1b0+2aioai1b1), Ci3 = (—l)ifla,l?lbl, i=1,2;
b
dO:*(“%o*l)(ago*l)f,
b deb 2.17)
d :—2[(a%0—1)ﬂ20a21+(‘150—1)“101111]?04' 201,
b dob1\ b
d> =—( %1“%1+“§0a%1+4ﬂ10a11a20a21—a%l—agl)fo+<d1— 0 1)—1,
b by / by
by dib,  dob?\ by
ds ——2a11a21(a10a21+a11a20)b+<d2— b + b(z)l bo'
Ay = —a2 a? bo 1 5 o b
4= _‘111ﬂ21? —2ay1az1 (aax +a11a20)?, ds = —auam?.

Inverting the Laplace transform in (2.8), we find the solutions for the stress and
temperature fields as

O(x,t) = 01(x,t) +02(x,1), o(x,t) =o01(x,t)+02(x,1). (2.18)

3. A ramp-type increase in boundary temperature. In this section, we consider
an elastic half-space x > 0 whose boundary surface x = 0 is subjected to a ramp-type
heating according to the following relation:

S)y=0, g(t)=6ph(t), (3.1)
0, t=<0,
h(t)=tl[t—H(t—to)(t—to)]= i, 0<t=<to, (3.2)
0 to
1, t = to,

where 0, is a constant and t¢ > 0O is a fixed moment of time.
In this problem, 9, (x,t) = 0»(x,t) = 0, and we find that

O(x,t) =01(x,t), o(x,t) =01(x,t). 3.3)

Using (3.2), we can easily obtain

t-a 1 . ;
-1 a4 - - _ +1_ o o o\Jtl
Jo s/ h(t—a-s)ds WG+ 1)] [(t a)’ H(t—to—a)(t—to—a) ] (3.4)
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Substituting from (3.4) into (2.13), (2.15), and (3.3), we find that

Ox,t) 1

C1j JH+1 j+1
=—H(t—ajox)e M1~ (t—aiox)’ —H(t—ajox—to) (t—aiox—t
o~ H(E-a Z(JH),[ 10X)”" ~H (=10 ~to) (t-azox—to)”"']

1 —an x C2j J+l J+T
+ toH(t azpx)e 21 Z (j-‘rl)' [(tf@ox) —H(t—azox—to) (t—azx—to) ],

o(x,t) b

**H(t a10X)€7u11X (t—alox) |:b0+lb1 (t—alox)]
fo to 2

1
—H(t—aiox—to) (t—aiox—to) [bo+ §b1 (t—alox—to)]}
b _ 1
- t—H(t—azox)e 21X 3(t—a0x) [bo + Ebl (t—llzox)]
0

1
7H(t7a20X7t0) (tfaz()X* t()) [h0+ ibl (tazoxto)]} .
(3.5)
4. A ramp-type increase in boundary stress. In this section, we consider an elastic

half-space x > 0 whose boundary surface x = 0 is subjected to a ramp-type increase
in stress according to the following relation:

f(t)=ooh(t), g(t)=0, 4.1)

where 0y is a constant and h(t) is defined in (3.2). In this problem, 6, (x,t) = o1 (x,t) =0,
and we have

O(x,t) = 02(x,t), o(x,t) =02(x,t). 4.2)

Substituting from (3.4) into (2.14), (2.16), and (4.2), we obtain

o0t 1 canxs di
0o toH(t alox)e Z(l+1)'

[(t—alox) "_H (t—aiox—to) (E—aiox—to) Hl]

1 .
—%H(t—azox “21XZ(+1)|[(t azx)™! H(t—azox—to)(t—azox—to)l+l],

okx,t) 1
——==—H(t-ajox)e” M1¥
o o (t—aio Z

(J+ 1)' [ (t-a10%)™ ~H (t-a1ox~to) (t-arox—to) " |

1 Caoix C1j j+ jH
+tOH(t arox)e 21 Z(J+1)'[t azox)” —H (t—azox —to) (t—axox —to) ]

(4.3)

5. Numerical results and conclusions. The numerical values of the stress and tem-
perature fields at time t = 0.01 and t = 0.04 have been calculated and displayed in
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FIGURE 5.1. Temperature 0/6( versus x in the ramp-type heating problem.

FIGURE 5.2. Stress o /60 versus x in the ramp-type heating problem.

Figures 5.1, 5.2, 5.3, and 5.4 along the x axis. To obtain these numerical values, we
have taken ty; = 0.02, and assumed that € = 0.0168, b = 4.8, and T = 0.1.

For the case of ramp-type increase in boundary temperature, the numerical values of
temperature and stress have been displayed in Figures 5.1 and 5.2, respectively. The
magnitude of temperature decreases from its boundary value continuously to zero
and vanishes identically after x = 0.1 for t = 0.01 and after x ~ 0.04 for t = 0.04. The
ramp-type increase in boundary temperature induces a negative stress distribution in
the neighborhood of the boundary, but no effect is felt beyond the point x ~ 0.1 for
t = 0.01 and beyond the point x ~ 0.4 for t = 0.04.

For the case of ramp-type increase in boundary stress, the numerical values of
temperature and stress have been displayed in Figures 5.3 and 5.4, respectively. The
result shows that the ramp-type increase in boundary stress induces a very small
change of temperature near the boundary. The magnitude of stress decreases quite
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FIGURE 5.4. Stress o /oy versus x in the ramp-type stress problem.

rapidly from its boundary value, but does not vanish up to the point x ~ 0.1 for
t = 0.01 and up to the point x ~ 0.4 for t = 0.04. The magnitude of stress in the
interval (0.01,0.1) at £ = 0.01 and in the interval (0.04,0.4) at t = 0.04 is too small to
be clearly shown in the graph.
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