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INDUCED DUSTY FLOW DUE TO NORMAL
OSCILLATION OF WAVY WALL
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ABSTRACT. A two-dimensional viscous dusty flow induced by normal oscillation of a wavy
wall for moderately large Reynolds number is studied on the basis of boundary layer theory
in the case where the thickness of the boundary layer is larger than the amplitude of the
wavy wall. Solutions are obtained in terms of a series expansion with respect to small
amplitude by a regular perturbation method. Graphs of velocity components, both for
outer flow and inner flow for various values of mass concentration of dust particles are
drawn. The inner and outer solutions are matched by the matching process. An interested
application of present result to mechanical engineering may be the possibility of the fluid
and dust transportation without an external pressure.

2000 Mathematics Subject Classification. 76Txx.

1. Introduction. The study of fluids flow induced by unsteady motion of a wall
is of great practical importance in the field of biophysics. The problems of the flow
of fluids induced by the sinusoidal wavy motion of a wall have been discussed by
Taylor [6], Burns and Parkes [1], Yin and Fung [7], and Tanaka [5]. Tanaka studied the
problem both for small and moderately large Reynolds number. While studying the
problem for moderately large Reynolds numbers, he has shown that if the thickness
of the boundary layer is larger than the amplitude of the wavy wall, the technique
employed for small Reynolds numbers can also be applied to the case of moderately
large Reynolds numbers.

Recently, while studying the flow of blood through mammalian capillaries, blood is
taken to be a binary system of plasma (liquid phase) and blood cells (solid phase). In
order to gain some insight into the peristaltic motion of blood in capillaries, it is of
interest to study the induced flow of a dusty or two-phase fluid by sinusoidal motion
of a wavy wall.

Tanaka [5] discussed a two-dimensional flow of an incompressible viscous fluid due
to an infinite sinusoidal wavy wall which executes progressive motion with constant
speed. In 1980, S. K. Nag extended the same problem for a dusty fluid, up to second-
order solution. Ramamurthy and Rao [4] studied the two-dimensional flow of a dusty
fluid which is an extension of Tanaka’s work. Dhar and Nandha [2] studied the motion
of the two-dimensional fluid with the motion of the wall being described as a non-
progressive wave (v = acos(21rx /L) sinwt) up to third-order solution. In the present
paper, we have studied the two-dimensional flow of an incompressible dusty fluid,
by taking the motion of the wall as a nonprogressive wave (as in Dhar’s work) and
discussed the problem up to fourth-order solution. The effect of dust parameter on
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the entire flow field has been classified more elaborately by taking up the fourth-order
solutions for discussion. Solutions are obtained in terms of series expansion with re-
spect to the small amplitude by regular perturbation method. The inner (boundary
layer flow) and the outer (flow beyond the boundary layer), solutions are matched by
a matching process given by Kevorkian and Cole [3]. Graphs of the velocity compo-
nents, both for the outer and the inner flow for various values of mass-concentration
of the dust particles are drawn.

2. Formulation of the problem. In order to formulate the fundamental equations
of motion of the two-phase fluid flows and to bring out the essential features, certain
basic assumptions are made. They are as follows:

(1) The fluid is an incompressible Newtonian fluid.

(2) Dust particles are assumed to be spherical in shape, all having the same radius
and mass and undeformable.

(3) The bulk concentration (i.e., concentration by volume) of the dust is very small
so that the net effect of the dust on the fluid particles is equivalent to an extra force
&A(gdp, — q) per unit volume, (given by P. G. Saffman), where g(x,t) is the velocity
vector of the fluid, 4, (x,t) is the velocity vector of the dust particles.

(4) It is also assumed that the Reynolds number of the relative motion of the dust
and the fluid is small compared with unity.

The effect of the dust enters through the two parameters « and A.

We consider a two-dimensional flow of an incompressible viscous dusty fluid due to
an infinite sinusoidal wavy wall of amplitude a and wave length L, which is oscillating
vertically with a frequency w /21 and an amplitude acos(2mx/L), x being the coor-
dinate in the down stream direction of the flow and 7, the coordinate perpendicular
to it. The motion of the wall is described by

v =h(x,t) :acos(znTx) sinwt, 2.1)

where a is the amplitude of the wavy wall, L is the wave length, and w is the frequency.
The equations of conservation of momentum for the fluid and the dust are given by

0 . R . . .
p (514G 91d) = ~Vp+ (V2 d) + KNo(dp — ),
22)
dy . o\ e
Nom( 3t +(qp-V)qp) =KNo(d—dp),

where p is fluid pressure, K is Stokes resistant coefficient, m is the mass of a particle
N, is the number density and u is the coefficient of viscosity. Here we assume that
(a/L) < 1.

We normalize all lengths by characteristic length (L/27r), all velocities {4 and 4}
by characteristic speed (Lw/27r), the fluid pressure p by (pL?w?/41?), the time by
characteristic time (1/w). The above equations of motion of the fluid and dust become

I 1 R L
qt+(q-V)q:—grad-v+(§)vzq+od\(qp—q), (2.3)
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(dp)e+(dp-V)dp = x(d—dp), (2.4)
divg =0, divg, =0, (2.5)

where the nondimensional parameters concerning the dust are

_mN, KL

A =
L’ 2rtem’

(2.6)

and Reynolds number R = (L2w/4m2v), K = 61pa, where ¢ is the characteristic
speed, v is the kinematic viscosity and «, A are the dust parameters.
The boundary conditions are

u=_0, v=(%) at y = h(x,t), (2.7)
lul,lvl,lupl,lvpl <o asy — oo, (2.8)

where h = ecosxsint and ¢ = 2mm/L) < 1.

Equation (2.7) represents no slip condition of the fluid on the wall.

By introducing the stream function ¥(x,y,t) and ¥,(x,y,t) for the fluid dust,
respectively, the governing equation (2.3), (2.4), and the boundary condition (2.7), (2.8)
become

%(VZ‘I’) +%V2(%) _%vz(%) = %vz(vz\y) +AaV2 (Y, -Y), (2.9)
0 (2 ¥y 2(%)_% 2(3l>_ 2y _
8t(v ¥,) + oy Vi 55 o 5y =aVi(¥Y-Y,), (2.10)
oY 0¥ oh
@Z y —a=§ at_’y=h(x,t), (2].].)
¥, A4
% ) % ) % ’ 68735 < 00 aSy—*OO (2.12)

3. Solution of the problem. When Reynolds number becomes large, the boundary
layer is formed. As we have assumed that the thickness of the boundary layer is
larger than the wave amplitude, following Tanaka [5], regular perturbation technique
can be applied to the present problem. If ¢ is the thickness of the boundary layer, the
nondimensional may be defined as ¥ = (1/5) and ¥ = (¥/5). When the viscous term
is supposed to be of the same order as the inertia terms, we have that 6%R is 0(1)
as usual. The boundary conditions at v = h are expanded into Taylor series around
h = 0 in terms of the inner variables ¥ and y as

oY h 0°¥ 1 h2 23¥ 10h
ax O 5axey O st axayr O T S
(3.1)
oY h %Y 1 h? 93V
@(0)-%583_/2(0)-%-5585/3(0)4...._0_

In order that Taylor series converges, 0(6) must be larger than 0(h), that is, 0(¢) <
0(8). Following Tanaka [5], we take 6 = ¥&!/2, ¥ being an arbitrary constant of 0(1).



202 K. KANNAN AND V. RAMAMURTHY

The outer flow (the flow beyond the boundary layer) is described by (2.9) in terms
of the original variables (¥,¥,,x,y,t) while the inner flow (boundary layer flow) is
described in terms of the inner variables (¥,¥,,x,7,t) on substituting R = (r%¢)~!
and § = r&'/2. As € < 1, we can use perturbation method and assume that ¥, ¥, (outer
flow) and ¥, ¥, (inner flow) can be expanded as power series in £'/2 using

[Me

(Y, ¥, 7, ¥,) = > €2 (¥n, (¥p) s ¥, (¥) )- (3.2)

n=1

Substituting (3.2) and using y = (v/8), ¥ = (¥/8), R = (r%e)~', § = r&'/? in (2.9),
(2.10), and the boundary conditions (3.1) and then equating the coefficients of like
power of £!/2 and by using the following differential operators,

0 0

00
LI¥]= -2, L(¥,) = —5: V%Y,
_ o4 o3 B ) 3 . (3.3)
MPII]:(BT'%*W)\P M(\Yv)sz[‘ljp]-

We obtain the equation and the boundary conditions corresponding to first order,
second order, etc., as follows.

FIRST ORDER ([0(£!/2)])

Outer:
LIYi] = -aAV3(¥,1 ),
(3.4)
L[Y,1] = —(¥1 - ¥p).
Inner:
L _
M(Y:) = *0(2\373/2(‘1’;71 -¥), (3.5)
0% . -
M(\I’pl) = —0(673/2(‘1’1—‘1’!;), (3.6)
%(0) a%q _ _Cosxcost. 3.7)
X r
SECOND ORDER (0(¢))
Outer:
L[¥2] + 0AV?(¥,2 — ¥2) = o vzﬁ—a&vza&,
oy ox  0x oy
oY oY oY oY (3.8)
) 20y o) = it g2 9tpt  Ofpl op O tpl
L[Y¥,2]+ V2 (¥~ ¥,2) 5y Vo ax Yy
Inner:
02 - 6‘1’1 EN ) a‘I’l EN )
M(¥2)+odass (he =) = 55 53857 ~ax 355 (3-9)
02 _ 3 a‘I’pl 03 ‘Ilpl a‘i’pl 83‘?1,1
M (¥, )+0‘ay2 (Fo—¥,2) = 55 axay? ax 3y (3.10)
0¥, _cosxsint 0%¥, 6‘1’2 cosxsint 02¥;
3 0)=———— 33?2 (0), Ix (0) = B X3y (0). (3.11)
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oY oY
2 _ _ 29202 011 g2012
L(¥3) + aAV2 (Y3 — ¥3) = —r2V2V2Y,; + 5y ax
LY p 0y Y1 p0%  0Y2 011
oy ox 0x oy 0x oy’
3 3 (3.12)
¥ ¥,2
L(¥,3) + V2 (¥3-¥y3) = -2 V2V, + =2 5y ) v o
N 0Y,2 o2 0¥, B 0¥, o2 0Y,2 B 0Y,2 o2 0¥,
oy 0x 0x oy 0x oy
Inner:
! o R
M(‘I’3)+(x2\(r ﬁ(wplf\yl)%—yz(wﬁgf\l@))
_ o2 ot v L, oY 9 & 3%, 6‘111 83‘1’2 8?2_63‘?1
B x2 02 dtdx2 ' 3y oxoy2 0y 0xdy2 0x ay3 ox 0y3’
. , 0% o 92
M(‘I’p3)+o(<1f ﬁ(\yl—\yplnﬁ(\yg—\yw))
:—Zrzi \i’pl 2 33‘1’,01 oY, 23%, a‘i’pz . 03Y, _a‘i’,,l _83‘1’,,2_8‘1’,,2 _az‘i’,,l
0x2 0y? otox2 0y 0xoy2 0y 0x0y2 o0x 03 ox oy?’
(3.13)
0¥ 1 %Y, 1 s 2,00
3y (0) = Tcosxsmt 37 (0) 2 CoS“ x sin t8y3 (0),
(3.14)
a‘f'g 1 0%V, 1 2 . 3%,
(0) Tcosxsmtaxa)_}(O) 2 cos? x sin? ta 37 2(0)
FOURTH ORDER (0(&?))
Outer:
oY o¥Y; oY, _, oY
2 R AN 2 1gefdtsy C12g2012
L[¥4]+ 0AV? (¥ys—¥a) =12 V2 VY, + 5y ok Ty Y ax
CAZRY:) () WRY) CY) ST, O ) O
oy ox 0x oy 0x 0y 0x oy’
5 5 5 5 5 5 (3.15)
Y1 Y3 Y2 Y2 Y3 Y1
20y _9tpt 52 91p p? o291ty pd o201y
L[¥ys] + @AV2 (Y3 W) = 2= VEZ 2 Ve 4 e
B 0¥, o2 0Y,3 B 0Y¥,2 o2 0Y,2 B 0Y,3 o2 oY,
0x oy 0x oy 0x oy -’
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Inner:

2 2

M(‘If4)+o<2\(r2a (Vp2 —¥2) + aaz(\lf,,,4—\if4))

ox2

MW, BT oF %, oW %Y
2 2 2 2 2011 1_ 204 1
2 %2552 T atax2 T oy axd | ox ax%ay

o W a%, %% % 3% % 0% oW, Y, o% %Y

3y oxoy2 oy oxdy2 oy oxoyZ  ox 933  ox 933  ox 933’

_ 0% _ 02 - _
M(\Ilp-’l) +O(<Tzﬁ(‘l’2*\l’p2) +W(\Y4*\Ilp4)>

B 83‘1’ 2 2 a‘i’pl 53‘i’p1 2 a‘i’pl 63‘?p1 N a‘i’pl . 83‘?p3
3tax2 oy o0x3 0x 0x%0y 0y 0x0y?2

a‘i’pz 53\i’y2 a\i’p3 33‘?;,1 a‘i',,l . 83‘if,,3 B a‘i’pz . aa‘i’pz B a‘i’p3 BS‘i’pl

"oy axoyz T oy axay?  ox | 0y ox o33 ox 0y3

(3.16b)
a‘}14(0) —lcosxsmta %(0) ajPZ )
oy v o0y3
1 3
673
5y, 3.17)
0¥, 02¥3 1 0°Y.
—(0) fcosxsmta > (0)—ﬁcos X - sin® ta 3y Z(0)

3. ind
———cos’xsin’t -
673 a 8 3

(0).

A series of the inner solutions should satisfy the boundary conditions on the wall,
while the outer solution are restricted to be bounded as 7y increases, that is,

ot
0x

oty
oy

0¥pn
ox

O¥pn
oy

’

00, (3.18)

asy — oo, forn=1,2,3....

It is necessary to match the inner and outer solutions. Following Keverkian and
Cole [3], the matching is carried out for both x and  components of velocity of fluid
and dust by the following principles:

1 (& oV, oY,
Li——| > en2—2 - s”/z_") =0, (3.19)
N2 (n—l oy 4 oy

N N
B‘I’ n 8‘1’ n
”EN/Z(Z "y Ty )=0, e—0, yfixed  (3.20)
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N N 5
1 oY, oY,
Lt——| D> en?—2 —yell? Zs”/2"> =0, (3.21)
eN/2 (n_l o0x = ox
N N .
1 0¥,n 0Yyn
Lt——| > en2 o —ygli2 e"/z’”) =0, &— 0, y fixed, (3.22)
eN/2 (n] o0x et ox

up to Nth order of magnitude.
We seek solutions of first order in the following form:

¥ (x,¥,t) = sinx[F (7)e! + Fy*(¥)e ] + Fi5s(¥), (3.23)
Y1 (x,7,t) = sinx[Fp1 (¥)e + Fu * (9)e ]+ Fus (), (3.24)
Y1 (x, 3, 1) = sinx[f1(0)e’ + fi* (v)e ]+ fis(3), (3.25)
¥,1(x,y,t) = sinx[fo1 (¥)e™ + fi1 " (¥)e ]+ Fpus (¥), (3.26)

where * denotes complex conjugation. By substituting (3.26) in the first-order differ-
ential equations (3.4), (3.6), and the boundary condition (3.7), we obtain the following
system of equations:

d*F, . d°F (szpl dZFl) d*Fpis (szpn dZFls) (3.27)
ay* Tayr ~ T%\ayr Tayr) Tayt T %ayr T aye )
@l o dF L LR dif —fi=0, (3.28)
ay? o+idy? ay? ay? dy?
dzfpl [& de]
dy? —fpr = (x+i(dy2 _f1>' (3.29)
2 d2f s
s A (3.30)
ay? dy?
and their solutions are
F :A1€7A“35’—%+7\1.3A15/—A1.
(3.31)
o _ dF,  dFy )
Fpi = O(Jrl-[lr:l]“LAy, iy~ dy =Biy+B:y°,
fi=ae™”, Sp1 = aze™. 3.32)
When (3.32) are substituted in (3.29) it turns out to be a; = ao,
afis B dfpls B
dy ~ dy =(, (3.33)
where
N _ﬁ_<1+i) . (Q1—iAe)' (3.34)
1 - - \/? ) - az +1 ) -

Qi1 =[c?(A+1)+1] and A1,By,B>,a1, and C; are constants.
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Substituting (3.31), (3.32), and (3.33) into (3.19) and (3.20), we have

£0 gl/2

1 ( 120 100
v fixed

. L _ 1 . _ —y it
lim £ 3y 83/) lim sinx(—a;e e +c.c.)+C;

-0
y fixed
. R . (3.35)
+e(sinx(—A1BAeMBY £ A1 BA )l +c.c.)

~B1y—B:y* =0,

where c.c. stands for the corresponding complex conjugate.
Taking into account that vy = r£!/2y expanding the exponential as

] 2
ey =e Y 1yl 25y %5372, (3.36)

(¥ fixed) and noting that

A1

rel/2

exp(f?\y‘)(=exp(f/\135f) =exp(f )y, jfﬁxed) (3.37)

decays very rapidly as € — 0 (which is called transcendentally small term (T.S.T.) and
is neglected in the matching process).
We have

lim [sinx(fal —AiA B)ett +c.c.+Cr —By® — By +T.S.T.+O(e”2)] =0,

-0
v fixed
(3.38)
AlA ;
lim [(—Bl+171§o(—A) sinxelf+c.c.—315z—325/2+T.S.T.+0(sl/2)] =0.
_’)'/gf;xed X+1
Thus the matching condition is satisfied only if
AlA
—a1,-AIAB=0, C1=0, —B+ L(ijr’i“ ~A=0, Bi=B,=C1=0, (339

when similar process is carried for (3.16) we get

1 (.00  o%
i = 2zt .71
151—1:% gl/2 (E ax ¢ ax>
 fixed
~ lim —— e'2cosx(aje e +c.c.)
e~0 gl/2 ! e
¥ fixed

—re COSX(T-S-T- + (?\1 BA1Y - % —A1>e” — (recosx) + c.c.)} =0,
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lim L[5”2 cosx(are’ +c.c.) +0(g)] =0,

i0 12
v fixed

lim L(El/zaq’ipl_”a‘ljﬂ)
-0 gl/2 0x ox
v fixed

. 1 v
= lim |:El/2COSX(a1€ Yeil 4 c.c.)

e~0 gl/2
v fixed
—recosx(TST + ((L>A BALY Sl ) +A')e”+cc =0
(x+i11y oy 1 y G =0,
: 1 1/2 it
lglfr(} EIT[E cosx(aje’t +c.c.)-0(e)] =0,
v fixed
(3.40)
so that the matching condition is satisfied if a; =0
Air=a1=A+B1+B, =0. (3.41)
The first-order solution is obtained as
¥=0, Yn.=0 V¥ = —%(sinx(e” +e i) = —*SIHXYCOSt,
(3.42)
J _ il it
¥, = Pk sinx (e') +c.c

Next we seek second-order solution ¥z, ¥,2, ¥2, and ¥, in the following form:

¥, =sin2x - F2e2 +sinxFp et +c.c. + Fag,

Y2 =sin2x - Fp2 e2it 4 sinxF,2 el ycc.+ Fpes,

, _ (3.43)
¥, = sin2x - foe?" +sinx fo1e! +c.c. + Foy,
¥,2 = sin2x - fze?’ +sinx fee +c.c.+ Fpos.
Substituting (3.42) into (3.8), (3.9), and (3.11), we get after calculations,
= . lAl —A B- 5/ lAl) it
¥, = ———e PV 4 =4 — Je' +c.c.
5 smx( 2Be T el +c.c.,
¥,2 = & <— LT N e U\—1> sinx - e’ +c.c.,
x+1i 2 2B
(3.44)
‘I’2=sinx(— eit>+cc,
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We seek third-order solutions in the form

V3 = sin3xFz;e3 +sin2xF3pe® + sinxFsie' + c.c. + F3, sin2x,

¥,3 = sin3xFy3e’’ +sin2xF,s2e’" +sinxFyse' +c.c.+ F3, sin2x,

. . ) (3.45)
V3 = sin3x f3e3" +sin2x fire? +sinx fie + f3s sin2x,
¥,3 = sin3x fy3e’’ +sin2x fyne +sinx fae' +c.c.+ fisin2x,
where
i 1 _
F3=0, Fps5=0  Fp=-—— " (1-¢Mb7),
3 p3 32 81/,82—262( e )
o s o4 i 2 B
Fys = Fyp——+ —% L (3% NBY
pe =Pt ey e ),
_irirdy W gy Voo
F31*2732— 28 y_TBZe -3 (3.46)
(6.4 i )\1 “AMB ?\1* AL BE
FPSI = mljgl, F3 = 87(Fe ] y—Fe 1 y),
F.3 = F +Li lee*)\lﬁj’_ )\1*2 e MTB*Y
pEEIST 187\ B B* ’
where
[Qz—Zicx)\]l/2> )
o0=|——"—+—1, Qr=x“(A+1)+4,
< (o2 +4)'*
irA
f3=0, f32 =0, fa1 = 2/31 e, fas =0, (3.47)
N
fp3 =0, Sp32 =0, Sfp31 = (X+if3l’ Saps =0.

It is to be noted that the third-order inner solutions both for the fluid and dust have
a steady streaming components F3; and F,3s. However, they attenuate very rapidly as
v increases and are confined only in the boundary layer while no steady streaming is
induced in the outer layer up to this order of approximation.

Next we seek the fourth-order solution in the following form:

¥, = sindxFse* + sin3xFy3e3t +sin2xFye? +sinxFy e + c.c. + F4 sin 2x,

¥4 = sindxFpse*’ +sin3xF,43e3" +sin2xF,s2e?" +sinxF,a1e™ +c.c.+ Fpss sin2x,

¥, = sindx fie*' + sin3x fy3e3 + sin2x fire + sinx fy et +c.c. + fis sin2x,

Y, = sindx fpae*’ +sin3x fra3e3" +sin2x fa2e? +sinx fra1 e +c.c. + fpas sin 2x,

(3.48)
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where

Fy=Fu=0, Fi=Fu=0,

A1 Ao e—2MBY e~ MBY
F42:7 - —+1 +
328\ (a+i)2(a+2i) ) 2B2—52 " aa,B(252 - B?)
o3 (2+1)A oBA; B2 oS X 1 )
p p p p p +*(1+)\ 1)
2(ox+1)2(x+2i)  (ox+1)(x+20)4r2 | (x+2i)(B2-262) 2
—A1BY
+iﬁzcosxcost . i - 4(82-682) \° "
2r2(pr-262) § ) Az pr—252 P T A (B2 282) ’
F X A3 xZe2MBy
P T w20 2T 168 ()2 (ot 2i)
. 2+i( I )2 A . o2icosxA; B
8 \a+i/) B(ax+2i) (ox+1i)(x+2i)21672(B2-282)
_ o?id*, B MBS
(x+1)31672 (e + 21) ’
_ ir? -A1BY ﬁ -MBY @_ 5/2 - x
Fo=gpe " tapYe U o e B s ante

dF45 i 1+ﬁ O(/\l _ 1+B* 0(7\1* * % /\1(1+B) “A1BF
({ B3 +BZ((X2+1)}AIB { B+ +B*2(0<2+1)}A1 B gz ¢ 7

dy 8r
2
+2\1*(1 +B*)e*/\l*5*5/_ 0()\12 e’)‘lﬁj’+ 0()\1* e*)\l*ﬁ*j’
B+ (2 +1)B (02 +1)p* ’

dF,ss  dFy i Be By B*e*M*ﬁ*J’/ X 4y A1 BT 4 BT

=—=_ |- - — A 1BY _ )\, ¥ BreM "By
dy dy 8r A " A o<2+l<lﬁe 1 Be )

B B _ -0 _ 1 Z2y o« £

Ja=Jpi=Ja3=fp=0, f42_74(ﬁz—262)e o S = e

X dfss _ dfps _ 1

cx+if41’ dy — dy ~ 4(B2-262)°

ir?
fu=55e7, Sps =
(3.49)

Substituting (3.42), (3.44), (3.45), (3.46), (3.47), (3.48), and (3.49) into (3.2), we obtain
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-y N
‘I’=s<sinx(— eT)e” +c.c.> +&3/2 (sinx( ”2,21 e’y)e” +C.C.)

. 1 - . . ir _ . . %
2 2 2it t
+& (4(32_262)3 Y.sin2x - e +c.c.+ ZBZ -e7Y .sinxe' +m +C.C.>,

x e, o irdr )\
¥, =5<— -sinx ——e't +C.C.> +&32 (— smx(—le y)e” +C.C.)
ox+1i 2B

x+1i 2
o & 1 2y o 2it x ir o, it Y
+ —_ 2 +C.C+——=—=e Y sinxe'+c.c.+ = |,
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From the above expressions of ¥(x,y,t) and ¥, (x,y,t) representing the stream
functions of the fluid and, dust, respectively, the following expressions for the velocity
components for inner and outer flow have been obtained
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where

0¥ /0y = U; represents the inner axial velocity of the component of the fluid.
oY /oy = U,: represents the inner axial velocity component of dust particles.
—0¥Y/0x = V; represents the inner transverse velocity component of the fluid.
—0Y,/0x =V, represents the inner transverse velocity component of dust.
U;; represents the inner steady axial velocity component of the fluid.

U,is represents the inner steady axial velocity component of dust.

Vis represents the inner steady transverse velocity component of the fluid.

V,is Tepresents the inner steady transverse velocity component of the dust.

0¥ /0y = U, represents the outer axial velocity component of the fluid.

0¥, /0y = Upo represents the outer axial velocity of the component of the dust.
—0¥/0x =V, represents the outer transverse velocity component of the fluid.
—0Y¥,/0x = Vo represents the outer transverse velocity component of the dust.
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FIGURE 4.1. Induced steady axial velocity component of the fluid U;s in the
boundary layer for R = 500, € = 0.05. (1) X = -1, A = 0.01, 2) X = -1,
A=0.16,3)X=-1,A=0.31,4) X =1,A=0.01,(5) X =1, A = 0.16, (6)
X=1,A=0.31.

4. Results and discussion. We have seen that the third- and fourth-order solutions
consist of the steady part in addition to the periodic one. As the contribution of steady
term in the fourth-order is more significant to the solution, we take up the fourth-order
solution for discussion.

We observe that the normal oscillation of the wall causes at first the periodic flow in
the boundary layer having the same frequency as that of the wall oscillation and then
it causes the flows of higher harmonics in the boundary layer and induces periodic
flow in the outer flow successively. The components of the velocity of the fluid both
for outer and inner flow have been plotted against v and ¥ in Figures 4.1 to 4.13,
respectively, for various values of x and t, taking R = 500, &€ = 0.05.

The inner steady streaming parts of both fluid and dust are plotted against y for
various concentration parameter A (Figures 4.1 and 4.2). We find that both in the case
of fluid and dust the inner steady streaming parts approach a constant value in the
form of the oscillation with respect to the distance from the wall.

The various values of the dust parameter A make the velocity profiles of both the
fluid and the dust well separated for small values of t. For a given x, they approach a
constant value as y increases.

We observe from Figures 4.3 and 4.4 that the axial velocity components Upe of the
dust are less than U, of the fluid for negative values of the x. It is also seen that both
U, and Uyo increase as y increases. The increase in the value of the concentration
parameter A results in the increase of velocity components. But it is interesting to
note that both U, and Up. are becoming steady as y increases further and approach
almost equal values. More important the dust parameter A has got more impact on
the motion of the fluid than on the dust.

Next we can observe the nature of the transverse velocity components V, and Vo of
the fluid and the particles of the outer flow from Figures 4.5, 4.6, and 4.7, respectively.
Both V, and V,0 become steady as y increases. We note that the impact of the dust
parameter A is felt more on the motion of the fluid than on the dust even for small
values of t.
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FIGURE 4.2. Induced steady axial velocity component of the particle Upig in
the boundary layer for R = 500, € = 0.05. (1) X = -0.1, A = 0.01,(2) X = -0.1,

A=0.36,3)X=-0.1,A=0.71.
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FIGURE 4.3. Outer flow axial velocity component of fluid U, for R = 500,
€e=005t=2.1)X=-1,A=0.01,2) X =-1, A =0.16, (3) X = —1,
A=0.31,4)X=1,A=0.01,5)X=1,A=0.16,(6) X =1, A =0.31.
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FIGURE 4.4. Outer flow axial velocity component of particle Upo for R = 500,
€=0.05t=1.(1)X=-1,A=0.01,2) X =-1,A=0.16,3) X = —-1,A = 0.31,
4)X=1,A=0.01,(5X=1,A=0.16,(6) X =1, A = 0.31.
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S w £
T T T

—
T

-2 -1 0 1 2 3 4 x1072
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FIGURE 4.5. Outer flow transverse velocity component of fluid V, for R =
500, e=0.05t=1.(1) X=-1,A=0.01,(2) X =-1,A=0.16,(3) X = -1,
A=0.31,4)X=1,A=0.01,(5)X=1,A=0.16,(6) X =1, A = 0.31.
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FIGURE 4.6. Outer flow transverse velocity component of fluid V, for R =
500,€=0.05,t=1.5.(1)X=-1,A=0.01,2) X=-1,A=0.36,(3) X = -1,
A=0.71.
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Vpo —

FIGURE 4.7. Outer flow transverse velocity component of particle Vyo for
R =500,€=0.05t=2.(1) X =-1,A =0.01, (2) X = -1, A = 0.16, (3)
X=-1,A=0.31.
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U; —
FIGURE 4.8. Axial velocity component of the fluid U; in the boundary layer
for R =500, =0.05,t=1.(1) X =-0.5,A=0.01,(2) X = -0.5, A = 0.16, (3)
X =-0.5,A=0.31,4) X=0.5,A=0.01, (5) X =0.5, A =0.16, (6) X = 0.5,
A=0.31.
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FIGURE 4.9. Axial velocity component of the particle Upi in the boundary
layer for R = 500, € =0.05,t =2. (1) X =0.5, A =0.01, (2) X = 0.5, A = 0.36,
(3) X=0.5,A=0.71.

5.4 5.5 5.6 5.7 5.8 5.9 6 x107!
Vi—
FIGURE 4.10. Transverse velocity component of the fluid V; in the boundary
layer for R = 500, € = 0.05, t = 1. (1) X = -0.5, A = 0.01, (2) X = -0.5,
A =0.36,(3) X =-0.5,A=0.71.
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9 x1072

FIGURE 4.11. Transverse velocity component of the particle Vpi in the
boundary layer for R = 500, € =0.05,t =2.(1) X =-1,A=0.01, (2) X = -1,
A=0.36,(3) X=-1,A=0.71.
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FIGURE 4.12. Induced steady transverse velocity component of the fluid V;;
in the boundary layer for R = 500, € = 0.05. (1) X =1, A =0.01, (2) X =1,
A=0.36,3)X=1,A=0.71.
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FIGURE 4.13. Induced steady transverse velocity component of the particle
V_is in the boundary layer for R = 500, ¢ = 0.05. (1) X = -1, A = 0.01, (2)

p

X=-1,A=0.36,3) X=-1,A=0.71.
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The behaviour of velocity components U; and Upi of the fluid at dust, can be studied
from Figures 4.8 and 4.9, respectively. Here we see that U; is more oscillatory than
U,i. But both become steady as v increases. The separation of profiles is felt more in
a particular range of values of . The presence of dust seems to have more impact on
the fluid than on the dust as seen from the oscillatory nature of the fluid motion.

We study V; and Vi from Figures 4.10 and 4.11. It is very much interesting to note
that with the increase of y while the dust parameter A makes the profiles of the dust
more separated it makes the profiles of the fluid more closer.

From Figures 4.12 and 4.13 we study the behaviour of inner transverse steady ve-
locity components V;; and Vyis of the fluid and the dust. Unlike in other cases the
presence of dust has got more impact on the motion of the dust than on the fluid.
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