IJMMS 26:2 (2001) 65-81
PIL. S0161171201020075
http://ijmms.hindawi.com
© Hindawi Publishing Corp.

COMPUTATIONS OF NAMBU-POISSON COHOMOLOGIES
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ABSTRACT. We want to associate to an n-vector on a manifold of dimension n a cohomol-
ogy which generalizes the Poisson cohomology of a 2-dimensional Poisson manifold. Two
possibilities are given here. One of them, the Nambu-Poisson cohomology, seems to be the
most pertinent. We study these two cohomologies locally, in the case of germs of n-vectors
on K" (K =R or C).
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1. Introduction. A way to study a geometrical object is to associate to it a coho-
mology. In this paper, we focus on the n-vectors on an n-dimensional manifold M.

If n = 2, the 2-vectors on M are the Poisson structures thus, we can consider the
Poisson cohomology. In dimension 2, this cohomology has three spaces. The first
one, HY, is the space of functions whose Hamiltonian vector field is zero (Casimir
functions). The second one, H', is the quotient of the space of infinitesimal automor-
phisms (or Poisson vector fields) by the subspace of Hamiltonian vector fields. The
last one, H?, describes the deformations of the Poisson structure. In a previous paper
(see [9]) we have computed the cohomology of germs at 0 of Poisson structures on K?2
(K=R or C).

In order to generalize this cohomology to the n-dimensional case (n > 3), we can
follow the same reasoning. These spaces are not necessarily of finite dimension and
it is not always easy to describe them precisely.

Recently, a team of Spanish researchers has defined a cohomology, called Nambu-
Poisson cohomology, for the Nambu-Poisson structures (see [6]). In this paper, we
adapt their construction to our particular case. We will see that this cohomology gen-
eralizes in a certain sense the Poisson cohomology in dimension 2. Then we compute
locally this cohomology for germs at 0 of n-vectors A = f(0/0x1) A--- A0/0xy ON
K" (K = R or C), with the assumption that f is a quasihomogeneous polynomial of
finite codimension (“most of” the germs of n-vectors have this form). This computa-
tion is based on a preliminary result that we have shown, in the formal case and in
the analytical case (so, the 6> case is not entirely solved). The techniques we use in
this paper are quite the same as in [9].

2. Nambu-Poisson cohomology. Let M be a differentiable manifold of dimension n
(n = 3), admitting a volume form w. We denote by €~ (M) the space of €~ functions
on M, by QX(M) (k = 0,...,n) the €*(M)-module of k-forms on M, and by x*(M)
(k =0,...,n) the €*(M)-module of k-vectors on M.
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We consider an n-vector A on M. Note that A is a Nambu-Poisson structure on M.
Recall that a Nambu-Poisson structure on M of order # is a skew-symmetric 7-linear
map {,...,}

G (M)X -+ xC*(M) — 6 (M),  (fi,....fr) — L1, fr b (2.1)

which satisfies

{fl!"'rf‘r'*lrgh'} = {fll""fol’g}h"'g{flr'"lfV*llh'}l

-
Urveeerfrots {8101} = S (0@t oo fron, 8L Giorrngrhe
i=1
for any fi,...,fr-1,9,1,91,...,gr in €°(M). It is clear that we can associate to such
a bracket an r-vector on M. If » = 2, we rediscover Poisson structures. Thus, Nambu-
Poisson structures can be seen as a kind of generalization of Poisson structures. The
notion of Nambu-Poisson structures was introduced in [14] by Takhtajan in order to
give a formalism to an idea of Y. Nambu (see [12]).
Here, we suppose that the set {x € M; A, = 0} is dense in M. We are going to
associate a cohomology to (M,A).

2.1. The choice of the cohomology. If M is a differentiable manifold of dimen-
sion 2, then the Poisson structures on M are the 2-vectors on M. If IT is a Poisson
structure on M, then we can associate to (M,II) the complex

0 — €~ (M) = x' (M) 2 x2(M) — 0 2.3)

with d(g) = [g,1I] = X, (Hamiltonian of g) if g € €*(M) and 0(X) = [X,II] ([, ] in-
dicates Schouten’s bracket) if X € x'(M). The cohomology of this complex is called
the Poisson cohomology of (M,II). This cohomology has been studied for instance in
[9, 10, 15].

Now if M is of dimension n with n > 3, we want to generalize this cohomology. Our
first approach was to consider the complex

0 — (6™ (M))" " 2 X1(M) = ™ (M) — 0 (2.4)
with 0(X) = [X,A]l and 3(g1,...,9n-1) = Tldgir---rdgn /A = Xg1,...9n, (Hamiltonian vec-
tor field) where we adopt the convention igg, a...rdg,, A = Aldg1,...,dGn-1,°). We
denote by H (M), HX (M), and H3 (M) the three spaces of cohomology of this com-
plex. With this cohomology, we rediscover the interpretation of the first spaces of the
Poisson cohomology, that is, H,Z\ (M) describes the infinitesimal deformations of A and
H} (M) is the quotient of the algebra of vector fields which preserve A by the ideal of
Hamiltonian vector fields.

In [6], the authors associate to any Nambu-Poisson structure on M a cohomology.
The second idea is then to adapt their construction to our particular case.

Let #4 be the morphism of €¢* (M)-modules Q"1 (M) — x! (M) : & — i4A. Note that
ker#, = {0} (because the set of regular points of A is dense). We can define (see [7])
an R-bilinear operator [[, ]]: Q" 1 (M) x Q"1 (M) - Q"1 (M) by

(e, B1] = Loy B+ (—1)" (iaa) B. (2.5)
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The vector space Q"1 (M) equipped with [[, ]]is a Lie algebra (for any Nambu-Poisson
structure, it is a Leibniz algebra). Moreover, this bracket verifies that #5[[x,8]] =
[#a ¢, #4B] for any «, B in Q"1 (M). The triple (A" (T*(M)), [[, ]11,#4) is then a Lie al-
gebroid and the Nambu-Poisson cohomology of (M, A) is the Lie algebroid cohomology
of A" 1(T*(M)) (for any Nambu-Poisson structure, it is more elaborate see [6]). More
precisely, for every k € {0,...,n}, we consider the vector space C¥(Q"~1(M); 4% (M))
of the skew-symmetric and €*(M)-k-multilinear maps Q" (M) x --- x Q" 1(M)
— ¢°(M). The cohomology operator 2 : CX(Q" " 1(M);€*(M)) — Ck1(Q"-1(M);
€ (M)) is defined by

k
0c(X0, ..., k) = D (=D (#acxi) - € (Xoyevvy Kiyenn, k)
i=0 (2.6)
+ z (—1)i+jc([[0(i,0(j]],0(0,...,(S(i,...,é(j,...,()(k)
O<i<j<k
for all ¢ € CK(Q" 1 (M);¢*(M)) and o, ..., in Q"1 (M).
The Nambu-Poisson cohomology of (M,A), denoted by Hyp(M,A), is the cohomol-
ogy of this complex.

2.2. An equivalent cohomology. So defined, the Nambu-Poisson cohomology is
quite difficult to manipulate. We are going to give an equivalent cohomology which is
more accessible.

Recall that we assume that M admits a volume form w.

Let f € €* (M), we define the operator

ds:QFM) — QKL (M), o— fda—kdf A« (2.7)

It is easy to prove that dyody = 0. We denote by H}(M) the cohomology of this
complex. Let b be the isomorphism x!(M) — Q" 1 (M), X — ixw.
LEMMA 2.1. (1) If X € x' (M), then #, (b (X)) = (=1)" 1 fX, where f = iyw.
Q) If X and Y are in x' (M), then
D" LX), b)) = fo([X,Y]) + (X f)b(Y) = (Y- f)b(X). (2.8)

PROOF. (1) Obvious.
(2) We have #5 ([[b(X),b(Y)]]) = [#A(b(X)),#A(b(Y))] (property of the Lie alge-
broid), which implies that

#FA([[b(X),bM)]]) = F(X- Y = f(Y- X+ f2[X,Y]

1 (2.9)
= (D" A (X HHb(Y) = (Y- )b (X) + £ ([X,Y])).
The result follows via the injectivity of #4. O
PROPOSITION 2.2. If We put f = ipw, then Hyp(M,A) is isomorphic to H}(M).

PROOEF. For every k, we consider the application @ : CX(Q"~1(M);€*(M)) — QX (M)
defined by

@) (X1, Xi) = (=15 (X))o, (1) Vb (Xk)), (2.10)
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where ¢ € CK(Q""1(M);4°(M)) and Xi,..., X, € x' (M). It is easy to see that @ is an
isomorphism of vector spaces. We show that it is an isomorphism of complexes.

Let ¢ € CK(Q"1(M);4*(M)). We put & = @(c). If Xo,...,Xx are in x!(M), then
@ (0c)(Xo,...,Xx) = (=1)=DEED3e (b (Xp), ..., b(Xy)) = A+ B, where

—

A= (-1)"" “(’”UZ —D#A (b (X3)) € (5(X0) e b (Xi),. o b (X)),

B= (- D& S e ([[b(X), b (X1 b (Xo)en b (Xi)yens b (X)), b (X))
O<i<j<k
(2.11)
We haveA:fozo(fl)iXi-a(XO,...,Xi,...,Xk) and
B=f > (-D"™o([Xi,X;],X05- -, Kiserry Xjyerry Xi)
O<i<j<k
+ > (DX )X, Xoy - Xiy oo, Xy ey Xi)
O<i<j<k
_ _1)iti (X, - . <. ¢
OS%Sk( D™ (X - f)(Xi, X0y ey Xiy oo s Xjyon, X)) 2.12)
=f > (-D"a([X:,X;],X0,--, Xy, Xjy oo, Xi)
0<i<j<k
—kz )X ( X0y ey Xiyenes Xi).
Consequently, @ (0c) =drax=ds(p(c)). O

REMARK 2.3. We claim that this cohomology is a “good” generalization of the
Poisson cohomology of a 2-dimensional Poisson manifold. Indeed, if (M,II) is an ori-
entable Poisson manifold of dimension 2, we consider the volume form w on M and
we put

% x2(M) — Q*(M),  Plix'(M) — Q' (M), (2.13)

defined by
$* (D) = (irw)w,  $'(X) = —ixw, (2.14)
for every 2-vector I' and vector field X.
We also put ¢0 = id : €* (M) — €*(M).
If we denote by 0 the operator of the Poisson cohomology, and f = ifw, it is quite

easy to see that
(X" (M),0) — (Q°(M),dy) (2.15)

is an isomorphism of complexes.

REMARK 2.4. (1) The definitions we have given make sense if we work in the holo-
morphic case or in the formal case.

(2) Important: if h is a function on M which does not vanish on M, then the coho-
mologies H}(M ) and H}h(M ) are isomorphic.

Indeed, the applications (QK(M),dsn) — (Q*¥(M),ds), o — o/h* give an isomor-
phism of complexes.
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In particular, if f does not vanish on M then H}(M ) is isomorphic to the de Rham’s
cohomology.

2.3. Other cohomologies. We can construct other complexes which look like
(Q*(M),dr). More precisely we denote, for p € Z,

af) k(M) — QY LM),  oao— fda—(k—p)df A (2.16)

We denote by H}'p(M ) the cohomology of these complexes. We will see in Section 3
some relations between these different cohomologies.
Using the contraction i.w, it is quite easy to prove the following proposition.

PROPOSITION 2.5. The spaces Hi (M) and H3 (M) are isomorphic to H}ﬁ;{z (M) and
HY o (M).

REMARK 2.6. The two properties of Remark 2.4 are valid for H}‘p(M ) with p € 7.

3. Computation. Henceforth, we will work locally. Let A be a germ of n-vectors on
K" (K indicates R or C) with n = 3. We denote by F(K") (Q¥(K"), x(K")) the space
of germs at 0 of (holomorphic, analytic, €, formal) functions (k-forms, vector fields).
We can write A (with coordinates (xi,...,X,)) A = f(0/0x1) A -+ A 0/0Xxy, Where
f € F(K"). We assume that the volume form w is dxi A - - - Adxy.

We suppose that f(0) = 0 (see Remark 2.4) and that f is of finite codimension,
which means that Q f = &(K")/I¢ (If is the ideal spanned by 0f/0x1,...,0f/0xy) is a
finite-dimensional vector space.

REMARK 3.1. Itis important to note that, according to Tougeron’s theorem (cf. [3]),
if £ is of finite codimension, then the set f~1({0}) is, from the topological point of
view, the same as the set of the zeros of a polynomial.

Therefore, if g is a germ at 0 of functions which satisfies fg =0, then g = 0.

Moreover, we suppose that f is a quasihomogeneous polynomial of degree N (for
a justification of this additional assumption, see Section 4). We are going to recall the
definition of the quasihomogeneity.

3.1. Quasihomogeneity. Let (wy,...,wy) € (N*)", We denote by W the vector field
wi1x1(0/0x1) + - - - + WpXx,(0/0x,) on K™. We say that a nonzero tensor T is quasi-
homogeneous with weights wy,...,w;, and of (quasi)degree N € 7 if $y T = NT (¥
indicates the Lie derivative operator). Note that T is then polynomial.

If f is a quasihomogeneous polynomial of degree N, then N = kjw; + - - - + kywy
with ki,...,k, € N; so, an integer is not necessarily the quasidegree of a polynomial.
If f € K[[x1,...,Xn]], we can write f = >7, fi with fi; quasihomogeneous of degree i
(we adopt the convention that f; = 0 if i is not a quasidegree); f is said to be of order
d (ord(f) = 4d) if all of its monomials have a degree d or higher. For more details,
see [3].

Since ¥y and the exterior differentiation d commute, if « is a quasihomogeneous
k-form, then d« is a quasihomogeneous (k + 1)-form of degree deg . In particular,
it is important to notice that dx; is a quasihomogeneous 1-form of degree w; (note
that 0/0x; is a quasihomogeneous vector field of degree —w;). Thus, the volume form
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w =dx A--- Adxy is quasihomogeneous of degree w; + - - - + w,,. Note that a quasi-
homogeneous nonzero k-form (k > 1) has a degree strictly positive.

Note that if f is a quasihomogeneous polynomial of degree N, then the n-vector
A= f(0/0x1) A---AD/0xy is quasihomogeneous of degree N —>; w;.

In what follows, the degrees will be quasidegrees withrespectto W = wyx1(0/0x1) +
o+ WX (0/0Xy).

We will need the following result.

LEMMA 3.2. Letki,...,k, € N and put p = > k;w;. Assume that g € F(K") and «x €
Qi(K™) verify ord(j§ (g)) > p and ord(j§ (x)) > p (j§ indicates the co-jet at 0). Then

(1) there exists h € F(K") such thatW-h—ph=g,

(2) there exists B € Q1(K™) such that LwB—-pB = «.

PROOF. The first claim is only a generalization of Lemma 3.5 in [9] (it also appears
in Lemma 2 in [2]) and it can be proved in the same way. The second claim is a conse-
quence of the first. O

Now, we compute the spaces H’;(K”) (.e., HﬁP(K",A)) for k =0,...,n. We denote by
Z}?(K”) and BJ’E(K") the spaces of k-cocycles and k-cobords. We also compute some
spaces HJ’E’p(K") with particular interest in the spaces H}},n—Z (K™) G.e., H/Z\(K")) and
HEL, (K (ie., H(K™)). We denote by Z§ , (K") (B}, (K™)) the spaces of k-cocycles

(k-cobords) for the operator d}p).

3.2. Two useful preliminary results. In the computation of these spaces of coho-
mology, we need the two following propositions. The first is only a corollary of the de
Rham’s division lemma (see [4]).

PROPOSITION 3.3. Let f € F(K") of finite codimension. If x€ QX(K") (1<k<n-1)
verifies df A & =0, then there exists f € Qk~1(K") such that « = df A B.

PROPOSITION 3.4. Let f € F(K™) of finite codimension. Let « be a k-form (2 < k <
n—1) which verifies do = 0 and df A « = 0, then there exists y € Q*-2(K") such that
ax=df ndy.

PROOF. We prove this result in the formal case and in the analytical case.

Formal case: let o be a quasihomogeneous k-form of degree p which verifies the
hypotheses. Since d f A @ = 0, we have & = d f A 81, where B, is a quasihomogeneous
(k — 1)-form of degree p — N. Now, since dx = 0, we have df AdB; =0 and so dff; =
daf A B, where B> is a quasihomogeneous (k — 1)-form of degree p —2N. This way, we
can construct a sequence (f;) of quasihomogeneous (k — 1)-forms with deg ; = p —iN
which verifies that df; = d.f A Bi+1. Let g € N such that p —gN < 0. Thus, we have 8, =
0 and so df,-1 =0, that is, B4-1 = dys-1, where y,;_; is a (k — 2)-form. Consequently,
dBg-» = df A dyg—1 which implies that B;-» = —df A yg-1 +dyg—2, where y,;_» is a
(k — 2)-form. In the same way, df;-3 = df Adyg—2 50 Bg-3 = —df AN Yq—2 +dyq-3,
where y,_3 is a (k — 2)-form. This way, we can show that 1 = —df A y» + dy:, where
y1 and y; are (k —2)-forms. Therefore, @« = df Ady;.

Analytical case: in [8], Malgrange gave a result on the relative cohomology of a germ
of an analytical function. In particular, he showed that in our case, if § is a germ at
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0 of analytical r-forms (r < n — 1) which verifies df = df A u (u is an r-form) then
there exist two germs of analytical (» — 1)-forms y and v such that B =dy +df Av.
Now, we prove our proposition. Let & be a germ of analytical k-forms 2 <k <n-1)
which verifies the hypotheses of the proposition. Then there exists a (k — 1)-form f3
such that @ = df A B (Proposition 3.3). But since 0 = dox = —df Adf, we have dff =
df Auand so (see [8]) B =dy+df Av,where y and v are analytical (k — 2)-forms. We
deduce that & = df Ady, where y is analytic. O

REMARK 3.5. Important: in fact, some results which appear in [13] lead us to think
that this proposition is not true in the real 6> case.

The computation of the spaces H}“p(ﬂ@"), H}“;l (K™) (p + n—2), and HJ(‘)‘,p (K™)
does not use this proposition, so it still holds in the €% case.

The results we find on the other spaces should be the same in the 6> case as in the
analytical case but another proof need to be found.

3.3. Computation of HJ(Z’W (K™). We consider the application d}” L Q0 (KM — QL(KM),
g~ fdg+pdfnrg.

THEOREM 3.6. (1) If p > 0 then HJ(%J,(K”) ={0}.
() Ifp <0 then H} ,(K") = K- f77.

PROOF. (1) If g € #(K") verifies d;f’)g =0, then d(f?g) = 0, and so f?g is con-
stant. But as f(0) = 0, f?g mustbe 0, thatis, g = 0 (because f is of finite codimension;
see Remark 3.1).

(2) We use an induction to show that for any k > 0, if g satisfies fdg = kgdf then
g = Af% where A € K.

For k = 0 it is obvious.

Now we suppose that the property is true for k > 0. We show that it is still valid for
k+1.Let g € #(K") be such that

fdg=(k+1)gdf. (3.1)

Then df Adg = 0 and so there exists h € %(K") such that dg = hd f (Proposition 3.3).
Replacing dg by hdf in (3.1), we get fhdf = (k+1)gdf, thatis,g = (1/(k+1))fh.
Now, this former relation gives, on one hand, fdg = (1/(k+1))(f2dh+ fhdf) and
on the other hand, using (3.1), fdg = fhdf. Consequently, fdh = khdf and so
h=Af* with A € K. O

3.4. Computation of Hf(K") 1 <k <n—2

LEMMA 3.7. Letx € Z’;’p(K") with1 < k < n—2. Then « is cohomologous to a closed
k-form.

PROOF. Wehave fdox—(k—p)df Ao =0.If k = p then «is closed. Now we suppose
that k = p. We put f = dox € Q¥*1(K"). We have

O=dfr(fdoau—(k-p)df rax)=fdf n«, (3.2)

sodfAx=0.
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Now, since dff = 0 and df A B = 0, Proposition 3.4 gives § = df Andy with y €
Qk-1(K™). Then, if we consider &’ = «— (1/(k—p))(fdy — (k—p—1)df Ay), we have
do/ =0and fdy—(k-p—1)df ny € B ,(K"). O

THEOREM 3.8. Ifk € {2,....,.n—2} then H’JS([K”) = {0}.

PROOF. letx e Z’;(K"). Then « € Q¥(K™") and verifies fdax—kdf Ao =0.

According to Lemma 3.7 we can assume that « is closed. Now we show that & €
BJ’E(K"). Since dox = 0 and d.f A & = 0, there exists § € Q¥—2(K") such that «x = df Adf
(Proposition 3.4). Thus, a=d¢((-1/(k—-1))dp). O

REMARK 3.9. It is possible to adapt this proof to show that H J’E’p(K") ={0}ifke
{2,....n-2}and p =k, k—1.

LEMMA 3.10. Let x € Z;(K"). If ord(j¢’ (e)) > N then & € By (K").

PROOF. According to Lemma 3.7, we can assume that dx = 0.

Since df A x = 0 we have x = gd f (see Proposition 3.3), where g is in #(K") and
verifies ord(ji (g)) > 0. We show that f divides g.

Let g € #(K") be such that W - g = g (see Lemma 3.2); note that ord(j; (g)) > O.

Wehave Ly (df rdg) =Ndfrdg+dfndg,andsincedfrdg =-de=0,df ndg
verifies

Pw(df Adg) = Ndf rdg, (3.3)

which means that d f A dg is either 0 or quasihomogeneous of degree N.

But since ord(j; (df Adg)) > N, df Adg must be 0.

Consequently, there exists v € %(K") such that 0§/dx; = v(0f/0x;) for any i.
Thus, W-g=vW-fandsog=vf.

We deduce that o« = £ with B € Q1 (K").

Now, we have

O=doa=df nB+fdp, O=dfro=fdf B, (3.4)

which implies that df = 0.
Therefore, @ = fdh = dy(h) with h € F(K"). O

THEOREM 3.11. The space H}(IK") is of dimension 1 and spanned by d f .

PROOF. let x € Z}(IK"). According to Lemma 3.10, we only have to study the
case where « is quasihomogeneous with deg(x) < N. We have fda—df A « = 0,
so df ndo = 0. We deduce that dx = df A B, where B is a quasihomogeneous 1-form
of degree deg(x) — N < 0. But since dx; is quasihomogeneous of degree w; > 0 for
any i, every quasihomogeneous nonzero 1-form has a strictly positive degree. We de-
duce that 8 = 0 and so d« = 0. Therefore, df A @« = 0 which implies that x = gdf,
where g is a quasihomogeneous function of degree deg(x«) — N < 0. Consequently, if
deg(x) < N then g = 0; otherwise g is constant. To conclude, note that df is not a
cobord because f does not divide d f. O
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3.5. Computation of H}{p (K™). We compute the spaces H}?‘p(K”) forp #+ n—1. We
consider the application

Ay oK) — Q"(K"),  a— fda-(qa-1)dfrc, (3.5)

with g # 1 (note that if g = n then we obtain the space Hyp(M,A) and if g = 2 then
we have H2 (K")).

We denote $" = {df A &; & € Q" 1(K™)}. It is clear that $" = Ir (recall that I
is the ideal of #(K") spanned by 0f/0x1,...,0f/0xy) and that Q" (K")/$" =~ Q¢ =
F(K")/If.

We put 0 = iy w (recall that W = wix1(0/0x1) + - - - + WpXn(0/0x,) and that w is
the standard volume form on K"). Note that ¢ is a quasihomogeneous (n — 1)-form
of degree > ;w; and that dg Ao = (W - g)w if g € F(K").

If x € Q" 1(K"), we use the notation div(x) for da = div(x)w; for example,
div(o) = > ;w;. Note that if « is quasihomogeneous, then div(x) is quasihomoge-
neous of degree degx— > ; w;.

LEMMA 3.12. (1) If the oo-jet at O of y does not contain a component of degree gN
(in particular if q <0) theny € By, . (K") < y € ™.
(2) If y is a quasihomogeneous n-form of degree gN, then y € B}“nfq (K") >y e g".

PROOF. If y = fda—(q-1)df rnax e B"(d}"_‘”), where x € Q"1 then y = df A B
with B = —(g—1)x+ (div(x)/N)o. This shows the second claim and the first part of
the first one.

Now we prove the reverse of the first claim.

Formal case: let y = >0y and B = > BEN (with y® of degree i, y@N) =0
and BN of degree i — N) such that y = df A B. If we put & = (=1/(q —1))B +
>i(div(BiN) /(g -1)(i-qN))o, we have d' ™ () = .

Analytical case: if B is analytic at 0, the function div(p) is analytic too, and since
lim;j_ 0 (1/(i—gN)) =0, the (n—1)-form defined above is also analytic at 0.

©¢> case: we suppose that y = df A B. If we denote y = ji (y), then there exists a
formal (n — 1)-form & such that y = fd&—(q—1)df A & Let x be a ¢® — (n—1)-
form such that & = ji’ (). This form verifies fdx—(q—1)df A & = y + €, where €
is flat at 0. Since B}l,n—q(Kn) Cc 9", € € $" so that € = df A u, where u is flat at 0. Let
g e F(K") besuchthat W-g—((q—1)N-> w;)g =div(u)/(q—1) (Lemma 3.2). Then
the form 6 = (-1/(q—1))u + go verifies d}"*”(@) =€ O

REMARK 3.13. (1) Lemma 3.12 gives B;}‘n_q(K") C $". Thus, there is a surjection
from H}“’n_ a (K™) onto Q. Therefore, if f is not of finite codimension, then H}l’n_ q(K")
is an infinite-dimensional vector space.

(2) According to this lemma, if y is in $" then there exits a quasihomogeneous
n-form 0, of degree gN, such that y+ 6 € B}?‘nfq(K”). Note that 6 is in $".

The first claim of this lemma allows us to state the following theorem.
THEOREM 3.14. If q <0 then H}"n_q(K") = Qy.

Now we suppose that g > 1.
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LEMMA 3.15. Let € QX(K") and p € Z. Then fd\f’ () = d ™V (f 0.
PROOF. The proof is obvious. O

LEMMA 3.16. (1) Let g > 2. If x € Q" (K™) is quasihomogeneous of degree (q—1)N
and verifies fo € B}"n_q(K”), then x € B;}Yn_q+1 (K™).
(2) If @ is quasihomogeneous of degree N with fx € B}"n_z(K"), then x = 0.

PROOF. (1) We suppose that & = gw with g € F(K") quasihomogeneous of degree
(q—1)N-> w;.Wehave fgw = fdB—(q—1)df A B, where §is a quasihomogeneous
(n—1)-form of degree (q—1)N.

If weput 6 =—-(q—1)B+ ((div(B) —g)/N)o,thendf A0 =0,and so 0 =df Ay,
where y is a quasihomogeneous (n — 2)-form of degree (q —2)N. Consequently, 8 =
(=1/(q-1))df Any+((div(B)—g)/(q—1)N)o.Now, a computation shows that f dp —
(q-1L)ydfaB=QQ/(q-1))fdf ndy, thatis, foo = (1/(q—1))fdf Andy. Therefore,
a=1/(@-1)df rdy = (1/(q-1)d "V (-1/(a-2))dy).

(2) Asin (1) (with g =2),we have fa = fgw =d§c"’2)(B)withdegg:N and deg 8 = N.
We put 0 = —B+ ((div(B) —g) /N)o. ‘

If 0 + 0 then 0 =df Ay, where y is a quasihomogeneous (n — 2)-form of degree 0
which is not possible. So 6 = 0, that is, 8 = ((div(8) —g)/N)o.

We deduce that fdB—df A B =0, thatis, x =0. O

Let 3 be amonomial basis of Q ¢ (for the existence of such a basis, see [3]). We denote
by v; (j=2,...,4—1) the number of monomials of # whose degree is jN — > w; (this
number does not depend on the choice of %). We also denote by s the dimension of the
space of quasihomogeneous polynomials of degree N — > w; and ¢ the codimension

of f.

THEOREM 3.17. Let o« € Q"(K"). Then there exist unique polynomials hi,...,hq
(possibly zero) such that

(a) h, is quasihomogeneous of degree N — > w;,

(b) hj (2 < j < q-—1) is a linear combination of monomials of B of degree jN — > w;,

(¢) hq is a linear combination of monomials of B, and

o= (hg+fhg1+---+f" h)w modB}, . (K"). (3.6)
In particular, the dimension ofH?’n_q(K") ISC+vg_1+- - +12+5.

PROOF

EXISTENCE. We suppose that « = gw with g € %(K"). There exists hg, alinear com-
bination of the monomials of %, such that g = h; modI¢. So, according to Lemma 3.12
(see Remark 3.13), gw = hgaw +df AP modB}“nfq(K"), where B is a quasihomoge-
neous (n — 1)-form of degree (q—1)N.

Consequently, gw = hgw + (1/(q— 1) fdB - (1/(q—1)[fdB - (q-1)df A B]
mod B} ,, . (K™), so we can write

gw=hqw+fgz-1w modB},  (K"), (3.7)

where g,-1 is quasihomogeneous of degree (g —1)N — > w;.
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In the same way,
ga-10 =hg 1w+ fgz2w modBF, .. (K"), (3.8)

where h,_; is a linear combination of the monomials of & of degree (¢ —1)N -2 w;
and g,4-» is quasihomogeneous of degree (q —2)N - > w;,...,

Jow =hrw+ fhiw modB}‘ynfz(lK”), (3.9)

where h; is a linear combination of the monomials of % of degree 2N — > w; and h,
is quasihomogeneous of degree N — > w;.
Using Lemma 3.15, we get

a=gw=(hg+hg1+fhg o+ +fI h)w modB™(dy' ). (3.10)

UNICITY. Let g = hg+ fhg-1+ -+ f9thy with hy,...,h, as in the statement of
the theorem. We suppose that gw € B}‘ynfq(K"). Then gw € 9", that is, g € Iy. But
since fhg-1+-- -+ f97 hy €Iy (because f € Ir) we have h,; € I and so h, = 0.

Now, according to Lemma 3.16, (hg—1 + fhg—2+- - + f972h)w is in B}i’li(K”)
and so, in the same way, h;_1 = 0.

This way, we get hy =hg—1 =---=hy, =0and fhw € B;{wz(ﬂﬁ"). Lemma 3.16
gives h; = 0. O

This theorem allows us to give the dimension of the spaces H, (K™,A) and H3 (K™).

COROLLARY 3.18. Let x € Q" (K™). Then there exist unique polynomials h1,...,h,
(Possibly zero) such that

(a) h; is quasihomogeneous of degree N — > w;,

(b) hj (2 < j =n-1) is a linear combination of monomials of B of degree jN — > w;,

(c) hy, is a linear combination of monomials of B, and

o= (hp+fhpa+---+f""hi)w modB}(K"). (3.11)
In particular, the dimension of H{jp (K", A) iSC+7y_1++--+12+5.

COROLLARY 3.19. Let x € Q" (K"). Then there exist unique polynomials h,,h, (pos-
sibly zero) such that

(a) h, is quasihomogeneous of degree N — > w;,

(b) hy is a linear combination of monomials of B, and

«=(hy+fh))w modB}"n_z(K"). (3.12)
In particular, the dimension of Hﬁ(IK") isc+s.

REMARK 3.20. If g = 1, then the space H}L,nq (K™) is Q™ (K")/fQ"(K") which is of
infinite dimension.

3.6. Computation of H}-"Ll (K™). We compute the spaces H}ﬁ;l (K™) with p # n—1.
We consider the piece of complex

Q2 (K") — Q" 1(K") — Q" (K"), (3.13)
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with
A V() = fda—(@-2)df A if xe QP2 (KN), G1a
d}"_q)(cx):fd(x—(q—l)df/\(x if xe Q"1 (K"), ’
with g = 1.
Remember that if g = n, we obtain H;!' (K™, A) and if g = 2 we have H} (K™).

LEMMA 3.21. If « € Z},! [ (K™), then o = (div(e)/(q = 1)N)o +df A B with B €
Q"2(K") and so, dx verifies $w(dx) —(q—1)Ndx = (q—1)Ndf rdp.

PROOF. Itis sufficient to notice that d f A(x—(div(x) /(q—1)N)o ) =0 (see Proposition
3.3). For the second claim, we have (¢ — 1)Ndx = (W - div(x) + (3 w;)div(x))w —
(@q—1)Ndf Andp and the conclusion follows. O

LEMMA 3.22. Ifx € Z}l‘;{q(uﬁ") withord(jy («)) > (g—1)N, then « is cohomologous
to a closed (n —1)-form. In particular, if q < 0 then every (n —1)-cocycle for d}"f‘” is

cohomologous to a closed (n —1)-form.

PROOF. We have & = (div(x)/(q—1)N)o +df A B (Lemma 3.21) with
Pw(do)—(q-1)Ndax=(q—1)NdAf rdp. (3.15)

Now, let y € Q" 2(K") such that £y — (¢ —2)Ny = (¢ — 1)NB (y exists because
ord(ji’(B)) > (q—2)N, see Lemma 3.2).
We have £y dy — (q—2)Ndy = (q—1)Ndp. Thus d f A dy verifies

Pw@frndy)—(q@-1)Ndfrdy=(q-1)Ndf rdp. (3.16)

From (3.15) and (3.16) we get dox=d f ndy.

Indeed, £y (dax—df rdy) =(q-1)N(dx—df rdy) but dox—df Ady is not quasi-
homogeneous of degree (q—1)N.

Now, if we put 0 = x—(1/(q—-1))(fdy —(g—2)df Ay), we have d6 = 0 and
0 = x mod B}, " (K"). O

Lemma 3.22 allows us to state the following theorem.

THEOREM 3.23. If we suppose that q < 0 then H}“;Ll_q([l@) ={0}.

PROOF. letx e Zﬁ;{q(K”). We can suppose (according to Lemma 3.22) that dx =
0. Thus we have d f A x=0. Proposition 3.4 gives then, &« = df Ady with y € Q"3 (K").
Therefore, o= d{' ™ (—(1/(q—2))dy). O

Now, we assume that g > 1.

LEMMA 3.24. If x € Z}‘Ji q(K") is a quasihomogeneous (n — 1)-form whose degree
is strictly lower than (q —1)N, then & is cohomologous to a closed (n—1)-form.

PROOF. According to Lemma 3.21,we have & = (div(x)/(q—1)N)o +d f A B, and so

x = (@a-1N
deg(x)—(q—1)N

df ndB. 3.17)
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We deduce that, if we put 6 = « — d(fnfq)((N/(deg((x) — (g - 1)N))dpB), we have
dao =0. O

REMARK 3.25. A consequence of Lemmas 3.22 and 3.24 is that, if g > 1, every
cocycle x € Z}‘V,’f_ q(K") is cohomologous to a cocycle n + 6, where n is in Z}";ll_ q([K”)
and is closed, and 6 is quasihomogeneous of degree (q—1)N.

LEMMA 3.26. Let x = go, where g is a quasihomogeneous polynomial of degree
(@—1)N-> wj. Then

(1) ifq > 2, then x € B},' | (K") & gw € B}, ., (K"),

() ifq=2, xe B}, ,(K") & «=0.

PROOF. (1) (a) We suppose that & € B}l;t{q([l@), thatis, x = fdB—(q—2)df AB
with B € Q" 2(K"). Thenda = (q—1)df rdpB.

On the other hand, dat = (@-1)Ngw so gw = (1/N)df rdB=dy" """ (-dB/(@-2)N).

(b) Now we suppose that gw € B}{nfqﬂ(K"), that is, gw = fdB—-(q-2)df A B,
where 8 is a quasihomogeneous (n — 1)-form of degree (q—2)N. We put y =iy €
Q"2(K"). We have

AV (y) = fdy—(a-2)df ny = fd(iwB) - (@—2)df A (iwB)
= f(EwB—iwdPB)—(a-2)[—iw(df AB)+ (iwdf) AB]
=fa-2)NB—iw[fdB—(a—2)df ABl-(a—2)(W-f)B
= —iw[fdB—(a-2)df rB].

(3.18)

Consequently, d}"’q)(y) =iy(gw) = —go.

(2)If @ = f dB, where B is a quasihomogeneous (n — 2)-form of degree degx— N = 0,
then =0 and so «x =0. O

We recall that % indicates a monomial basis of Q r. We adopt the same notations as
for Theorem 3.17.

THEOREM 3.27. We suppose that q > 2. Let x € Z}?,;L{q(ﬂ@"). There exist unique
polynomials hy,...,h,z-1 (possibly zero) such that

(a) hy is quasihomogeneous of degree N — > w;,

(b) hy (k = 2) is a linear combination of monomials of % of degree kN — > w;, and

w=(hg1+fhg2+---+f1%h)o modB}," (K"). (3.19)

In particular, the dimension of the space H}‘;ll_q(K”) iSrg_1+---+12+5.

PROOF. Ifxe ZJ’E’;L{ ,(K™), then «is cohomologous to n+ 6, where nis in ZJ’J’;L{ 2(K™)
and is closed, and 6 is quasihomogeneous of degree (q—1)N (see Remark 3.25).

The same proof as of Theorem 3.23 shows that n is a cobord.

Now, we have to study 6. According to Lemma 3.21, we can write 0 = (div(0)/(q —
DN)o+df AB (B Q" 2(K")) with Ly (d0) - (q-1)NdO = (q—1)Ndf AdB. Since
0 is quasihomogeneous of degree (g — 1)N, the former relation gives df A dB = 0.
Consequently, if we put y = d f A B, Proposition 3.4 gives y = df Ad&.

Therefore, y =d " ¥ (~(1/(q-2)) d€) and s0 0 = (div(0)/(q-1)N)o mod B},L, (K™).
The conclusion follows using Lemma 3.26 and Theorem 3.17. O
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COROLLARY 3.28. We suppose that q = n. Let x € Z}"l(K"). There exist unique
polynomials h,...,h,_1 (possibly zero) such that

(a) h, is quasihomogeneous of degree N — > w;,

(b) hy (k = 2) is a linear combination of monomials of % of degree kN — > w;, and

W= (hp-1+fhp2+---+f"?h)o modB} ' (K"). (3.20)

In particular, the dimension of the space Hﬁ;l (K" A) iStp_1+---+71>2+s.

REMARK 3.29. If g = 2, the description of the space H},',(K") (and so Hj (K™))
is more difficult. It is possible to show that this space is not of finite dimension.
Indeed, we consider the case n = 3 for simplicity (but it is valid for any n > 3). We put
x=g((0f/ox)dxndz+(0f/0y)dy ndz), where g is a function which depends only
onz.Wehavedo=0and df Ax=0,s0 x € Z}L’;EI(K") but « & B}l,nfz(K") because
f does not divide «.

We can yet give more precisions on the space H}-‘,;LEZ (K™).

THEOREM 3.30. Let E be the space of (n — 1)-forms ho, where h is a quasiho-
mogeneous polynomial of degree N — > w;, and F the quotient of the vector space
{df ndy; y € Q" 3(K™)} by the subspace {df Ad(fB); B € Q" 3(K")}.

Then H},',(K") =E®F.

PROOF. Let xin Z},',(K").

According to Remark 3.25, there exist a closed (n — 1)-form n with n € Z}";II_Z(K”)
and a quasihomogeneous (n — 1)-form 6 of degree N, such that & is cohomologous to
n+o.

We have (Lemma 3.21) 0 = (div(0)/N)o +d f A B with B quasihomogeneous of de-
gree 0 which is possible only if B = 0. So, 8 = go, where g is a quasihomogeneous
polynomial of degree N — > w;. Lemma 3.26 says that 6 € B}{;{Z(K") if and only if
0 =0.

Now we study n. Proposition 3.4 gives n = df A dy, where y is an (n — 3)-form.
If we suppose that n € B}‘,;{Z(K"), then df ndy = fd€& with & € Q" ?(K"™), and so
df nd& = 0.Now we apply Proposition 3.4 to d€ and we obtain d€ = df AdB with B €
Qn=3(K"). Consequently, df Ady = fdf A dB which implies that dy = fdB+df ru
with u € Q" 3(K"), and so dy = d(fB) +df Av with v € Q" 3(K").

Therefore, n € B} ', (K") & n=df Ad(fB). O

3.7. Summary. It is time to sum up the results we have found.

The cohomology H}(K”) (and so the Nambu-Poisson cohomology Hyp(K",A)) has
been entirely computed (see Theorems 3.6, 3.8, 3.11, and Corollaries 3.18 and 3.28).

The spaces of this cohomology are of finite dimension and only the “extremal” ones
(i.e., HO,H!,H""!, and H") are possibly different to {0}. The spaces HY,(K",A) and
H,{,P(K",A) are always of dimension 1. The dimensions of the spaces HK,‘;I(K",A)
and HJjp (K™, A) depend, on one hand, on the type of the singularity of A (via the role
played by Q ), and on the other hand, on the “polynomial nature” of A.

Concerning the cohomology H},n—Z (K™), we have computed H", thatis, HY (K") (see
Corollary 3.19) and we have given a sketch of description of H"! (see Theorem 3.30).
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We have also computed the spaces HJQ',n—Z (K™) (see Theorem 3.6) and H }“,nfz (K™) (see
Theorem 3.8) for k + n—2,n — 1, but these spaces are not particularly interesting for
our problem. The space HK(K"), which describes the infinitesimal deformations of A
is of finite dimension and its dimension has the same property as the dimension of
HIp (K™, A). On the other hand, the space H (K") which is the space of the vector
fields preserving A modulo the Hamiltonian vector fields, is not of finite dimension.

It is interesting to compare the results we have found on these two cohomolo-
gies with the ones given in [9] on the computation of the Poisson cohomology in
dimension 2.

Finally, if p = 0,n — 2,n — 1, we have computed the spaces ng‘p(K"),H}ﬁ;,l(K"),

}l,n(Kn)' and H}’n(K") with k = p,p + 1.

If p = n—1, we have computed the spaces H%nfl (K™) and HJ’f«’nfl(K”) for2<k=<
n—-2,k=+p,p+1 (the space H}“nfl (K™) is of infinite dimension).

4. Examples. In this section, we explicit the cohomology of some particular germs
of n-vectors.

4.1. Normal forms of n-vectors. Let A = f(0/0x1)A---A0/0x, be a germ at O of
n-vectors on K" (n > 3) with f of finite codimension (see the beginning of Section 3)
and f(0) =0 (if f£(0) # 0, then the local triviality theorem, see [1, 5] or [11], allows us
to write, up to a change of coordinates, that A =0/0x1 A---A0/0xy).

PROPOSITION 4.1. If 0 is not a critical point for f, then there exist local coordinates
Y1,...,Yn Such that

A=yli/\"'/\ a

. 4.1
ayl ayn ( )

PROOF. A similar proposition is shown for instance in [9] in dimension 2. The proof
can be generalized to the n-dimensional (n > 3) case.

Now we suppose that 0 is a critical point of f. Moreover, we suppose that the
germ f is simple, which means that a sufficiently small neighbourhood (with respect
to Whitney’s topology; see [3]) of f intersects only a finite number of R-orbits (two
germs g and h are said to be R-equivalent if there exits @, a local diffeomorphism at
0, such that g = ho @). Simple germs are those who present a certain kind of stability
under deformation. O

The following theorem can be found in [2].

THEOREM 4.2. Let f be a simple germ at 0 of finite codimension. Suppose that f has
at 0 a critical point with critical value 0. Then there exist local coordinates y1,..., Vn
such that the germ A = f(0/0x1) A -+ A0/0Xx, can be written, up to a multiplicative
constant, g(0/0y1) A --- A0/0yn, Where g is in the following list:

Apiykleydaeoxy2 k=1, Di:yiyoxyskleyle.. 2yl k=4,

Eo:yi+yizyis--xyi  Eriyi+yiyisyis- - xy2 4.2)

Eg:yi+y3+yi®- - xyh.
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Proposition 4.1 and Theorem 4.2 describe most of the germs at 0 of n-vectors on
K™ vanishing at 0.

We can notice that the models given in the former list are all quasihomogeneous
polynomials; which justifies the assumption we made in Section 3.

4.2. Some examples. (1) The regular case: f(x1,...,Xn) = X1.

Itis easy to see that Q y = {0} and that f is quasihomogeneous of degree N = 1, with
respect to w; = - -+ = wy = 1. We have N - Y w; < 0,50 Hp(K") ~ K, H}(K") = K- dx)
and H’;(K") = {0} for any k > 2.

(2) Nondegenerate singularity: f(x1,...,X,) = x12 + - +x,21 with n > 3.

We have N = 2 and w; = --- = wy, = 1. The space Qy is isomorphic to K and is
spanned by the constant germ 1, which is of degree O.

We deduce that HA?(K") ~ K, Hp (K") = K- (x1dx1 +- - - + Xndxy) and Hf = {0} for
2<k=n-2.

In order to describe the spaces H?‘l (K™) and H}‘(K"), we look for an integer k €
{1,...,m—1} such that kN — > w; = deg1, that is, 2k —n = 0.

Therefore,

(@) if n is even, then {w, f™2w} is a basis of H}‘(K") and H}H(K") is spanned

by {f"* 1o},
(b) if n is odd, then H}“l (K") = {0} and the space H}‘(K") is spanned by {w}.
We recall that w =dx; A---Adx, and

n
U:iww:Z(fl)"’lxidxi/\---/\ﬁi/\---/\dxn. 4.3)
i-1

(3) The case A, with n = 3: f(x1,x2,X3) = X} +x2 +x2.

Here, w; =2, wo = w3 =3, and N = 6. Thus, N - > w; = -2, 2N - > w; = 4, and
3N — Zwi =10.

Moreover, 3 = {1,x1} is a monomial basis of Q. But as degl = 0 and degx; = 3,
we have

HJQ(KS) ~ K, H}([I@) = K- (3x1dx1 +2x2dx> +2x3dx3), w
H3 () = H} (K) = {0}. '

(4) The case Ds with 1. = 4: f(x1,X2,X3,X4) = X2 X2 + X5 + X5 + X3.

Wehavew, =3, w, =2, w3 =wy=4,and N =8, then N-> w; = —=5,2N-> w; = 3,
3N->w; =11, and 4N - > w; = 19.

Now, % = {1,x1,X2,X35,x3} is a monomial basis of Q s. Here, deg1 = 0, degx; = 3,
degx, = 2, degx? = 4, and degx3 = 6. Thus, the only element of % whose degree is
of type kN — > w; is x;.

Consequently,

HJ‘E(K“) ~[K, H}(K‘*) = K- (2x1x0 dxy + (2 +4x3) dxz +2x3 dx3 +2x4 dxy),

4.
HH) = (01, B = K- (o), )

and {w,x;w,x2w,x3w,x3w,x fw} is a basis of H;%([K“).
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Here, we have W = 3x1(0/0x1) +2x2(0/0x2) +4x3(0/0x3) +4x4(0/0x4) and

(1]
(2]

[3]

[4]
(5]
(61

(71

(8]

[l
(10]
(11]
(12]
(13]
(14]

[15]

0 =3x1dx> Adx3 Adxy—2x>dx1 Adx3 Adxy

4.6
+4x3dxi Adxo Adxy—4xsdx1 Adxo Adxs. (4.6)

REFERENCES

D. Alekseevsky and P. Guha, On decomposability of Nambu-Poisson tensor, Acta Math.
Univ. Comenian. (N.S.) 65 (1996), no. 1, 1-9. MR 97j:58044. Zbl 864.70012.

V. 1. Arnol’d, Poisson structures on the plane and on other powers of volume forms, J.
Soviet Math. 47 (1989), no. 3, 2509-2516. Zbl 694.58015.

V. L. Arnol’d, S. M. Gusein-Zade, and A. N. Varchenko, Singularities of Differentiable
Maps. Vol. I, Monograph in Mathematics, vol. 82, Birkhduser, Massachusetts, 1985,
the classification of critical points, caustics, and wave fronts. MR 86f:58018.
Zbl 554.58001.

G. de Rham, Sur la division de formes et de courants par une forme linéaire, Comment.
Math. Helv. 28 (1954), 346-352 (French). MR 16,402d. Zbl 056.31601.

P. Gautheron, Some remarks concerning Nambu mechanics, Lett. Math. Phys. 37 (1996),
no. 1, 103-116. MR 97f:58055. Zbl 849.70014.

R. Ibafiez, M. de Leon, B. Lopez, J. C. Marrero, and E. Padron, Duality and modular class of
a Nambu-Poisson structure, preprint, http://xxx.lanl.gov/abs/math.SG/0004065.

R. Ibanez, M. de Leo6n, J. C. Marrero, and E. Padron, Leibniz algebroid associated
with a Nambu-Poisson structure, J. Phys. A 32 (1999), no. 46, 8129-8144.
MR 2001b:53102. Zbl 991.23560.

B. Malgrange, Frobenius avec singularités. I. Codimension un, Inst. Hautes Etudes Sci. Publ.
Math. (1976), no. 46, 163-173 (French). MR 58#22685a. Zbl 355.32013.

P. Monnier, Poisson cohomology in dimension 2, preprint, http://xxx.]lanl.gov/abs/
math.DG/0005261.

N. Nakanishi, Poisson cohomology of plane quadratic Poisson structures, Publ. Res. Inst.

Math. Sci. 33 (1997), no. 1, 73-89. MR 98d:58063. Zbl 997.48807.

, On Nambu-Poisson manifolds, Rev. Math. Phys. 10 (1998), no. 4, 499-510.

MR 99g:53036. Zbl 929.70015.

Y. Nambu, Generalized Hamiltonian dynamics, Phys. Rev. D (3) 7 (1973), 2405-2412.
MR 56#13847.

C. A. Roche, Cohomologie relative dans le domaine réel, Ph.D. thesis, University of Greno-
ble, 1973.

L. Takhtajan, On foundation of the generalized Nambu mechanics, Comm. Math. Phys.
160 (1994), no. 2, 295-315. MR 95b:58067. Zbl 808.70015.

I. Vaisman, Lectures on the Geometry of Poisson Manifolds, Progress in Mathematics, vol.
118, Birkhauser, Basel, 1994. MR 95h:58057. Zbl 810.53019.

PHILIPPE MONNIER: DEPARTEMENT DE MATHEMATIQUES, UNIVERSITE MONTPELLIER II, PLACE
EUGENE BATAILLON 34095, MONTPELLIER CEDEX 5, FRANCE
E-mail address: monnier@math.univ-montp2.fr


http://www.ams.org/mathscinet-getitem?mr=97j:58044
http://www.emis.de/cgi-bin/MATH-item?864.70012
http://www.emis.de/cgi-bin/MATH-item?694.58015
http://www.ams.org/mathscinet-getitem?mr=86f:58018
http://www.emis.de/cgi-bin/MATH-item?554.58001
http://www.ams.org/mathscinet-getitem?mr=16:402d
http://www.emis.de/cgi-bin/MATH-item?056.31601
http://www.ams.org/mathscinet-getitem?mr=97f:58055
http://www.emis.de/cgi-bin/MATH-item?849.70014
http://xxx.lanl.gov/abs/math.SG/0004065
http://www.ams.org/mathscinet-getitem?mr=2001b:53102
http://www.emis.de/cgi-bin/MATH-item?991.23560
http://www.ams.org/mathscinet-getitem?mr=58:22685a
http://www.emis.de/cgi-bin/MATH-item?355.32013
http://xxx.lanl.gov/abs/math.DG/0005261
http://xxx.lanl.gov/abs/math.DG/0005261
http://www.ams.org/mathscinet-getitem?mr=98d:58063
http://www.emis.de/cgi-bin/MATH-item?997.48807
http://www.ams.org/mathscinet-getitem?mr=99g:53036
http://www.emis.de/cgi-bin/MATH-item?929.70015
http://www.ams.org/mathscinet-getitem?mr=56:13847
http://www.ams.org/mathscinet-getitem?mr=95b:58067
http://www.emis.de/cgi-bin/MATH-item?808.70015
http://www.ams.org/mathscinet-getitem?mr=95h:58057
http://www.emis.de/cgi-bin/MATH-item?810.53019
mailto:monnier@math.univ-montp2.fr

