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ABSTRACT. We introduce the class of rings satisfying (m, 1)-stable range and investigate
equivalent characterizations of such rings. These give generalizations of the corresponding
results by Badawi (1994), Ehrlich (1976), and Fisher and Snider (1976).
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Let R be an associative ring with identity. A ring R is said to have stable range one
provided that aR + bR = R implies that a+ by € U(R) for y € R. It is well known that
My cancels from direct sums if Endg M has stable range one. For further properties
of stable range one condition, we refer the reader to [1, 2, 5, 7, 9, 10, 13, 14].

Many authors have studied rings generated by their units (see [3, 4, 7, 8, 10, 12]).
It was shown that every unit-regular ring in which 2 is invertible is generated by its
unit (see [7, Theorem 5]) and every strongly rr-regular ring in which 2 is invertible is
generated by its units (see [8, Theorem 3]). So far one always investigate such rings
under stable range one condition.

In this paper, we generalize stable range one condition and introduce rings satis-
fying (m,1)-stable range so as to investigate rings generated by their units. Also we
give generalizations of the corresponding results in [3, 7, 8].

Throughout, rings are associative with identity and modules are right modules.
GL,, (R) denotes the general linear group of R, U(R) denotes the set of units of R, and
that Un(R) = {x € R | 3uy,...,um € U(R) such that x = u; +- - - +upm}. Let B;j(x) =
I +xei; (i+j, 1<1, j<2), [« B]=«xen +Pex, where e;; (1 <1i, j<2) are matrix
units (1 in the i, j position and 0 elsewhere).

DEFINITION 1. The ring R is said to satisfy (m, 1)-stable range provided that aR +
bR = R implies that a+ by € U(R) for y € Uy, (R).

PROPOSITION 2. The following are equivalent:
(1) The ring R satisfies (m,1)-stable range.
(2) Whenever ax +b = 1, there exists y € Uy, (R) such thata+by € U(R).

PROOF. (1)=(2). The proof is obvious.

(2)=(1). Given aR + bR = R, then ax + by = 1 for some x,y € R. So we can find
z € Upn(R) such that axz+b = u € U(R), and then axzu~! + bu~! = 1. Hence we
have w € Uy, (R) such that a +bu~lw € U(R). Clearly, u 'w € U,,(R), as desired. O

PROPOSITION 3. The following are equivalent:
(1) The ring R satisfies (m,1)-stable range.
(2) The ring R/ J(R) satisfies (m,1)-stable range.
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PROOF. (1)=(2). Given dx +b =1 in R/J(R), then ax + (b +7) = 1 for some v €
J(R). Since R satisfies (m, 1)-stable range, we have y € U, (R) suchthata+ (b+7)y €
U(R). Therefore d+l715/ € U(R/J(R)) with ¥ € Uy, (R/J(R)), hence R/J(R) satisfies
(m, 1)-stable range by Proposition 2.

(2)=(1).Givenax+b = 1inR,thenax+b = 1inR/J(R).So thereis y € U, (R/J(R))
such that @a+ by = @ € UR/J(R)). Assume that y = w; + w» + - - - + Wy, with all
w; € U(R/J(R)). Since units lift modulo J(R), we may assume that all w; € U(R) and
u €U(R),and that a+b(wy +wo+ - - - +Wwy,) = u+r for some r € J(R). Obviously,
u+r € UR) and wy +wy + - - - + Wy, € Uy (R). Hence R satisfies (m, 1)-stable range,
as asserted. O

THEOREM 4. Let R be an associative ring with identity, K a set of some elements of
R. Then the following are equivalent:

(1) Whenever ax +b = 1, there exists y € K such thata+by € U(R).

(2) Whenever ax + b = 1, there exists z € K such that x + zb € U(R).

PROOF. (1)=(2). Since ax + b = 1, we see that (4 t)™" = (X 1X4) € GLy(R).
Clearly, xa+ (1 —xa) = 1. So there exists z € K such that x + (1 — xa)z =u € U(R).
Hence (¢ -2)7'(19) = (“*) € GL(R). Thus we know that (4 2)" = (¥*)(L19).
Therefore (¢7F) = (L9)(%*)™". Since there is w € U(R) such that (4¥) =
(LD 9)(51), we have v = w~' € U(R) such that (¥%)™ = (§1) (% 9)(L9).
Hence (¢7F) = (19)(55), v e UR). So (L9(¢7t) = (7). Thus, we see that
x+zb =v € U(R), as required.

(2)=(1). Applying (1)=(2) to the opposite ring R°P, we complete the proof. O

Theorem 4 is a general result for symmetry of stable range conditions. As appli-
cations, we see that stable range one conditions, unit 1-stable range conditions and
rings having many unit-regular elements are symmetric. The following result shows
that (m, 1)-stable range condition is right-left symmetric.

COROLLARY 5. The following are equivalent:

(1) The ring R satisfies (m, 1)-stable range.

(2) Whenever ax + b = 1, there exists some z € U,, (R) such that x +zb € U(R).
(3) Whenever Ra +Rb = R, there exists some z € Uy, (R) such that a+zb € U(R).

PROOF. (1)<(2).Set K = Uy, (R). Then the equivalence follows by Theorem 4.

(3)=(2). The proof is trivial.

(2)=>(3). Given Ra + Rb = R, then xa + yb = 1 for some x,y € R. So we have
s € Uyn(R) such that sxa+b = u € U(R), hence u='sxa + u-'b = 1. Therefore
a+vutb € U(R) for some v € Uy, (R), as required. O

PROPOSITION 6. The following are equivalent:

(1) The ring R satisfies (m,1)-stable range.

(2) For any A € GL2(R), there exists some w € U,(R) such that A =
[, %]Bo1 (w)Bi2(%)B21 (*).

(3) For any A € GL2(R), there exists some w € Uy,(R) such that A =
[*, % ]B12(*)B21 (%)B2 (w).
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PROOE. (1)=(2). Let A € GL»(R), and let A~! = (b;;). Since b11R + b12R = R, we
can find some y € Uy (R) such that by, + b2y = u € U(R). We easily check that
A7l = By1 (D21 + baau™1) [u,bop — (ba1 + b2 y)u™tb121B12 (U™ 1b12)Bai (—y). Thus A =
[, % ]1B21 (w)By2 (x)Bo1 (%) for some w € U, (R).

(2)=(1). Given ax + b =1 in R, then we have (4 f;) € GL>(R). Thus we have a
w € Up(R) such that (4 f;)’l = [, %]Bo1 (w)B12(%)By1 (x). Therefore we see that
(& 5) = [*,%]1B21 (%)B12(*)B21 (—y) for some y € Uy (R). Consequently, a + by €
U(R) with v € U,,,(R), as desired.

(1)=(3). Applying (1)< (2) to the opposite ring R°P, we complete the proof by the

symmetry of (m,1)-stable range conditions. O

Let R be generated by m units. If R has stable range one, then it satisfies (m,1)-
stable range. Conversely, we easily check that every ring satisfying (m, 1)-stable range
is generated by m + 1 units. Now we show that (m,1)-stable range condition is
inherited by matrix rings.

LEMMA 7. The following are equivalent:

(1) The ring R satisfies (m, 1)-stable range.

(2) Given ax +b =1 in R, then there exists v € R such that a+by € U(R) and
1-xy € Un(R).

(3) Given ax +b =1 in R, then there exists z € R such that x + zb € U(R) and
1-za e Uy (R).

PROOF. (1)=(2). Given ax + b = 1 in R, then (4 f;) € GL>(R). In view of
Proposition 6, we have a w € Uy, (R) such that (4 2) = [, %]B2 (w)B12(%)Bp1 ().
So we can find some —7y € R such that (fl f;) = [, *]B21(w)By2 (k)B21(—y). There-
forea+by ceU(R)and 1-xy =—-(-1+xy) € Un(R), as required.

(2)=(1). Given ax + b = 1 in R, then there exists some v € R such thata+by =u €
UR) and 1 - xy = v € Un(R). So we know that (4 2)(39) = (%) =
[, % ]B21 (w)B12 () for some w € Uy, (R). Thus ( 4 fi) = [*,%]B21 (w)B12(*)B21 (— ).
So we can find z € Uy, (R) such that (1 9)( 4 Z) = [*,%]B12(*)By1 (). Consequently,
we show that x +zb € U(R) for some z € U, (R). Therefore R satisfies (m,1)-stable
range by Corollary 5.

(1)< (3). Applying (1)< (2) to the opposite ring R°P, we complete the proof. O

In [6], the author shows that every matrix ring over a ring satisfying unit 1-stable
range also satisfies unit 1-stable range. Now we extend [6, Theorem 2.2] to (m,1)-
stable range conditions by a similar route.

THEOREM 8. If R satisfies (m,1)-stable range, then so does M,,(R) for any n > 1.

PROOF. GivenBC+D =1, inM,(R),then A = (4§ ?) € GLyn(R).Set A= (A;;) (1 <
i,j <2) with all A;; = (ai{) € My (R) (1 <s,t <m). Then there exist X1,...,Xn, Vi,.-s
Yn € R such that ailx; +--- +alix, +a¥$yi +---+al2y, = 1,...,allx; +--- +
allx, +aliyvi+---+allyn=0,a8x +---+allxp+aByi+---+ a2y, =0,...,
azixy+- - +adlxp+aziy+- - +a23yn = 0. In view of Lemma 7, there is z; € R
such that all +alixozi +-- - +allxyzi +aliyizi +-- - +al2ynz1 = us € UR) and
1-x121 = v1 € Un(R). So we claim that
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11 11 12 12
u; ap - Ay A o Ary
11 11 12 12
0 by -+ by, by -0 by
11 12
[, % JA[*, % ]Ba1 (k) = 0 bl ... bl b3 - bl2|. 1)
21 21 21 22 22
anpvy ap - a4y, an o Ay
21 21 21 22 22
amVi Ayx - Aypp Ayl T Apn

Likewise, we have u,,us,...,u, € U(R) and vy, v3,...,v, € Uy (R) such that

U * * e * al? ... ai?
0w k.- % DR ... opR2
0 0 uz - * iz ... cd2
[, % JAD*, % 1Bz (%) = 12 "
0 0 0 e Up a2 ... 42
21 21 21 21 22 22
anvy apvz apvy - AppUn A vt 4y
21 21 21 22
An1V1  AppV2  AyzVsz - a%l%nvn ayi " a%%n

(2)
Similar to the consideration in [6, Theorem 2.2] , we can find some E € GL,,(R) such
that [, % JA[*, % 1B21 (k) = [ *, % ]B1 (—E~! diag(v1,...,Vn))B12(*). Consequently, A =
[, % 1Bo1 (W)Bq2(%x)Bo1 (%) with W € U, (M, (R)). So thereis W’ € U,, (M,, (R)) such that

B D
le(W’)< I C) = [*,*%]B12(k)B21 (%), soC+W’'D & GL,(R). (3)
—in
It follows from Corollary 5 that M, (R) satisfies (m, 1)-stable range. O

COROLLARY 9. Let R satisfy (m,1)-stable range, then every n x n matrix over R is
the sum of m + 1 invertible matrices.

PROOF. Let A € M,,(R). Since R satisfies (m,1)-stable range, so does M, (R) from
Theorem 8. As AM, (R) +I,,M, (R) = M,,(R), we can find some U € U,, (M, (R)) such
that A+I,xU =V € GL,(R). Thus A = (-U) +V, as desired. O

Recall that a ring R is said to be an exchange ring if for every right R-module A and
any two decompositions A = M’ ® N = @;c; A;, where My = Rg and the index set T
is finite, then there exist submodules A} < A; such that A =M’ & (P;; A}). Aring R
is said to be strongly mr-regular provided that for any x € R, there exists a positive
integer n such that x” = x"*!y for some y € R.

We note that R satisfies (m, 1)-stable range if and only if it has stable range one and
for any x,y €R, there exists w € Uy, (R) such that x y+xw+1 € U(R). By an argument
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of M. Henriksen [11], we claim that the ring R has stable range one if and only if the ring
M- (R) satisfies (3,1)-stable range. For exchange rings, we now derive the following.

LEMMA 10. Let R be an exchange ring with 1/2 € R. Then the following are equivalent:
(1) The exchange ring R has stable range one.
(2) The exchange ring R satisfies (7,1)-stable range.

PROOF. (2)=(1). The proof is clear.

(1)=>(2). Givenax+b =1in R, thena+by € U(R) for v € R. Since R is an exchange
ring, there exists an idempotent e € R such thate = ysand 1—-e = (1-y)t. Obviously,
ey and (1 —e)(1 - 1) are both regular. Thus ey = fu,(1-e)(1-y) = gv for some
f=f%g=g°cRand u,v € URR).Hence y =ey—(1-e)(1-y)+1—-e= fu-—
gv+1l—-e.As2 c U(R),weseethat f=2"1+2"1(2f-1),g=2"1+2"1(2g—-1) and
e=2"14+2"1(2e—-1). Clearly, 271 (2f -1),271(2g - 1),27'(2e — 1) € U(R). Therefore
v € U;7(R), as required. O

THEOREM 11. Let R be a strongly tt-regular ving. If 2 is a nonnilpotent of R, then
there exists some nonzero idempotent e € R such that My (eRe) satisfies (7,1)-stable
range.

PROOF. Since R is a strongly rr-regular ring, there exists n > 1 such that 2" = eu
for some e = e2, u € U(R). Since 2 is a nonnilpotent of R, we see that e # 0. Assume
that uv =1 for v € R. We easily check that (eue)(eve) = 2"eve = euve = e. Likewise,
we have (eve)(eue) = e. Thus 2e € U(eRe). On the other hand, we know that eRe is a
strongly mr-regular ring. By virtue of [1, Theorem 4], R has stable range one. Thus we
complete the proof by Theorem 8 and Lemma 10. O

PROPOSITION 12. The following are equivalent:

(1) The ring R satisfies (m, 1)-stable range.

(2) Whenever aR+bR = dR, there exist y € U, (R), u € U(R) suchthata+by = du.
(3) Whenever Ra+Rb = dR, there exist z € Uy, (R), u € U(R) such that a+zb = ud.

PROOF. (1)=(2). Given aR+ bR = dR, then (a,b)M>(R) = (d,0)M>(R). Assume that
(d,0)A = (a,b) and (a,b)B = (d,0). From AB + (I — AB) = I, we have Y € M>(R)
such that A+ (I —AB)Y = W € GL2(R). Thus (a,b) = (d,0)A = (d,0)(A+ (I.— AB)) =
(d,0)W. Assume that W = (w;;). Then wi1R + w12R = R, whence wi1 +wppy =u €
U(R) for v € Uy (R). Therefore a+ by = du, as desired.

(2)=(1). The proof is trivial.

(1)=(3). Applying (1)< (2) to the opposite ring R°P, we complete the proof by the
symmetry of (m,1)-stable range property. O

COROLLARY 13. Let R be a ring which is quasi-injective as a right R-module. Then
the following are equivalent:

(1) The ring R satisfies (m,1)-stable range.

(2) Whenever v -ann(a) N -ann(b) = v - ann(d), there exists z € U, (R) such that
r-ann(a)Nnv-ann(b) = r -ann(a + zb).

(3) Whenever | -ann(a) Nl-ann(b) = L - ann(d), there exists v € U, (R) such that
l-ann(a)nl-ann(b) =l-ann(a+by).

PROOF. (1)=(2). Suppose r-ann(a)Nv-ann(b) =7 -ann(d). By [5, Proposition 3.4],
we claim that Ra + Rb = Rd. Using Proposition 12, we can find some z € U,,(R) such
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that a + zb = du for some u € U(R). Therefore v -ann(a) Nnv -ann(b) = r - ann(d) =
v -ann(a + zb), as desired.

(2)=(1). Assume that Ra+Rb = R. Then v -ann(a) nv -ann(b) = v -ann(1). Thus,
we claim that » - ann(a) nr - ann(b) = v - ann(a + zb) for a z € U, (R). Therefore
v-ann(l) = v - ann(a + zb). By [5, Proposition 3.4], we show that R = R(a + zb), and
then a + zb = u is left invertible in R. Assume that vu = 1 for some v € R. From
Rv + R(1 —uv) = R, we also have w € U,,(R) such that v + w(l —uv) =t is left
invertible in R. Clearly, we have tu = (v + w(1 —uv))u = 1. Hence t is a unit of R.
Therefore a + zb = u is a unit of R, as desired.

(1)<(2). By the symmetry of (m,1)-stable range condition, we complete the proof.

O
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