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APPROXIMATING FIXED POINTS OF NONEXPANSIVE MAPPINGS
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ABSTRACT. We consider a mapping S of the form
S=cxol+o1Th +o0Tp+ - - + o Tk,

where «; > 0, &g > 0, &1 > 0 and zli‘:o «; = 1. We show that the Picard iterates of S
converge to a common fixed point of T; (i = 1,2,...,k) in a Banach space when T; (i =
1,2,...,k) are nonexpansive.
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1. Introduction. Let X be a Banach space and C a convex subset of X. A mapping
T : C — C is said to be nonexpansive if || Tx —Ty| < ||x -] forall x,y in C.
Specifically, the iterative process studied by Kirk is given by

Xl = CoXn+ 00 TXn+ 0T2x0+ -+ 0 T*Xx0, (1.1)

where «; >0, &; > 0 and Z’f:O o =1.

Kirk [1] has investigated an iterative process for approximating fixed points of non-
expansive mapping on convex subset of a uniformly convex Banach space. Recently,
Maiti and Saha [2] improved the result of Kirk.

Let T;:C - C (i=1,2,...,k) be nonexpansive mappings, and let

S=opl+o;Ti+0Tr +-- -+ Tk, (1.2)

where «; =0, &g > 0, &g > 0 and Z’fzo o;=1.

In this paper, we show that the Picard iterates (1.2) of S converge to a common fixed
point of T; (i =1,2,...,k) in a Banach space, without any assumption on convexity of
Banach space. This result generalizes the corresponding result of Kirk [1], Maiti and
Saha [2], Senter and Dotson [4].

2. Main results

LEMMA 2.1. Let X be a normed space and {a,} and {b,} be two sequences in X
satisfying
() limy, . llaxll =4d,
(i) limsup,_ . Ibull <d and {3}, b;} is bounded,
(iii) there is a constant t with 0 < t < 1 such that ay+1 = (1 —-t)a, +tb, for all
n=1.Thend=0.
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n+m-1 bl

PROOF. Suppose that d > 0 and it follows from (ii) that > ;= i is bounded for

all n and m. Let

n+m-1
—sup{ Z b; :n,m=1,2,3,...}. (2.1)
Choose a number N such that
N>max(@,1>. 2.2)
a
We can choose a positive € such that
N+1 1
1—2£exp(ﬁ) > 5 2.3)

By 0 < t < 1, there exists a natural k such that
N <kt <N+1. (2.4)

Since limy,—.« l|an |l = d, limsup,,_, [Ibn |l < d and € independent of n, without loss of
generality we may assume that, for all n > 1,

d(l-¢) <|lan||<d(1+¢e) and ||ba]| <d(1+e). (2.5)
Setting s = 1 —t from (iii), we obtain by induction
Ak+1 :ska1+t5k’1b1+---+tsbk,1+tbk, ayg+1 € B:= CO{al,bl,bz,...,bk}. (2.6)

Let x = (1/k) %, b; and

k
y=7 3 k{a1+t[ Vo (kt) by +t[s 2= (kt) bo+ - - +t[s* = (kt) ' ]bi]). (2.7)

Then it is clear that x,y € B and ax,1 = s¥x + (1 —s¥)y. Therefore,
d(1—-¢€) < |lara ]| < s*lxl+ (1=sH) Iyl < s*lixl+ (1-sF)d(1+e).  (2.8)

Hence, we have

Ixll > d(1-s7%(2~s%)e) > d(1-2es7¥)

s¥)e
(S T [ 8
kt

e e

since log(1+u) <u for —1 < u < oo.
On the other hand, we have

M a a
< ?SmM—E, (210)

x| =

1l =

k
2. bi
i=1

arriving at a contradiction. This completes the proof. O
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LEMMA 2.2. LetC be a subset of a normed space X and T,, : C — C be a nonexpansive
mapping for allm = 1,2,...,k. If for an arbitrary xo € C and {xy,} is defined by (1.2),
then

X1 =pll < llxn—pll (2.11)

foralln =1 and p € F(T), where F(T) denotes the common fixed point set of T; (i =
1,2,...,k).

PROOF. Since p = Sp for all p € F(T) and T; (i = 1,2,...,k) is nonexpansive, we
have

k

lxni1=pll = [1Sxn = Spll < X il Tixtn = Tipl| = [Ixn - p|l (2.12)
i=1

forallm > 1 and all p € F(T). This completes the proof. O
THEOREM 2.3. Let C be a nonempty closed convex and bounded subset of a Banach

space X and T; : C — C (i = 1,2,...,k) be nonexpansive mappings. If for an arbitrary
xo € C and {x,} is defined by (1.2), then || x,, — Sxyll — 0 asn — oo.

PROOF. By (1.2) and T; is nonexpansive mapping, we have
||xn+1 _an+1|| = ||an _an+1<|

k
(2.13)
< ool|xn —Xns1||+ D il | Tixxn — Tixnaa || < ||x0n — Sxal|-
i=1
Hence || x, —Sxyull = d as n — oo.
Set an = xXn—Sxn, by =1/(1- ) Z’le i (Tixy — Tixn+1), we have an41 = Xodn +
(1-og)by, and

k k
IIbn|| < - i:zl(xiHTixn— Tixns1|| < T—ow i:Zl(xinn—anH =llan||. (2.14)
Since limy . llanll = limy o [1X0 — Sxnll = d,
limsup||by|| < d. (2.15)
Nn—oo

Finally, we have

n 1 k
> [ > o (Tix; — Tin+1)] H
jbiT oo

J=1 i=1
1 k n
1oy O‘i[z(Tin_Tixj+l)]H
i=1 j=1
2.16
X . ( )
= - i:ZiO(i(Tixl —TiXn+1)

k

> || Tix1 — Tixnea|] < []%1 = Xnsa]]-
i=1

<
1-xg
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Then || Z;L:ij” is bounded. Setting t = 1 — g, then ay+1 = (1 —t)a, + tb, and
0 <t < 1. It follows from Lemma 2.1 that d = 0, this completes the proof. O

Recall that a Banach space X is said to satisfy Opial’s condition [3] if the condition
Xn — Xo weakly implies

limsup ||x,, — xo|| < limsup||x, — ¥|| (2.17)
n— oo n—oo

for all y + xo.

THEOREM 2.4. Let X be a Banach space which satisfies Opial’s condition, C be weakly
compact and convex, and let T; (i = 1,2,...,k) and {x,} be as in Theorem 2.3. Then
{xn} converges weakly to a fixed point of S.

PROOF. Due to weak compactness of C, there exists {xnj} of {x,} which converges
weakly to a p € C. With standard proof we show that p = Sp. We suppose that {x,}
does not converge weakly to p; then there are {x,,} and q # p such that x,, — q
weakly and g = Sq. By Theorem 2.3 and Opial’s condition of X, we have

tim ||, — pl| = lim ||xn, — || < lim ||, ~ gl
n—oo Jj—oo Jj—oo
) . . (2.18)
= lim||xn, —al| < lim|xn, ~ pl| = Jim [}~ p],
a contradiction. This completes the proof. O

Let D be a subset of a Banach space X. Mappings T;: D — X (i = 1,2,...,k) with a
nonempty common fixed points set F(T) in D will be said to satisfy condition A [2, 4]
if there is a nondecreasing function f : [0,0) — [0, ) with f(0) =0, f(r) > 0 for
¥ € (0,0), such that ||x —Sx|| = f(d(x,F(T))) for all x € D, where S is defined by
(1.2), d(x,F(T)) =inf{l|x—z| : z € F(T)}.

THEOREM 2.5. LetX,C,and {x,} be asin Theorem 2.3. LetT;:C - X (i=1,2,...,k)
be nonexpansive mappings with a nonempty common fixed points set F(T) in C. If T;
satisfies condition A, then {x,} converges to a member of F(T).

PROOF. By condition A, we have
[0 — Sxn|| = fld[xn, F(T)]} (2.19)

for all n = 0. Since {d[x,,F(T)]} is decreasing by Lemma 2.2, it follows from
Theorem 2.3 that

rlllln {d[xn,F(T)]} =0. (2.20)
We can thus choose a subsequence {xnj} of {x;,} such that
l[n; —pjll <277 (2.21)

for all integers j = 1 and some sequence {p;} in F(T). Again by Lemma 2.2, we have
1%n;+1 = pjll < llxn; —pjll <27/, and hence

lpjr—pill <llpjer—xn;all+lxn o —pjl| <2700 4277 < 27771, (2.22)



APPROXIMATING FIXED POINTS OF NONEXPANSIVE MAPPINGS 177

which show that {p;} is Cauchy and therefore converges strongly to a point p in
F(T) since F(T) is closed. Now it is readily seen that {xnj} and hence {x,} itself, by
Lemma 2.2, converges strongly to p. O

REMARK 2.6. Theorem 2.5 generalizes [2, 4, Theorem 2.3] to a Banach space.

THEOREM 2.7. Let C be a closed convex subset of a Banach space X, and T; (i =
1,2,...,k) be nonexpansive mappings from C into a compact subset of X. If {x,} is as
in Theorem 2.3, then {x,} converges to a fixed point of S.

PROOF. By Theorem 2.3 and the precompactness of S(C), we see that {x,} admits

a strongly convergent subsequence {xnj} whose limit we denote by z. Then, again
by Theorem 2.3, we have z = Sz; namely, z is a fixed point of S. Since ||x, — z|| is
decreasing by Lemma 2.1, z is actually the strong limit of the sequence {x,} itself.
O
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