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ON AN ISOLATION AND A GENERALIZATION OF
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ABSTRACT. We generalize the well-known Holder inequality and give a condition at which
the equality holds.
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Let us consider the famous Holder inequality [1]
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where X;; >0 (1<i<m, 1<j<n),p;>1, 3" ,(1/p;) =1
We give a generalization of (1), first, we need the following lemmas.

LEMMA 1. Letyi=1_[§ilxij, i=1,2,...,m,then>;_, 1/px (31, vilnziy) = 0, where
zik=Xka/yi, i=1,2,...,m.

PROOF. Since y; =[]}, X;j, we have Iny; = >7_;InX;; and
1 US|
> alnzik => 1n<lk) = > —(pxInXy—Iny;)

k=1 Pk

)

n n
=> InXu— > ilnyi =In[[Xu-lny;=0, i=1,2,....m
k=1 k=1 Pk k=1

here we have used the fact Z?ﬂ (1/px) =1, from the above calculations we obtain
m n 1 n 1 m
(Z%)(Z lnzik) = Z (Zyilnzik) =0. (3)
i=1 k=1 Pk k=1 Pk \io O
LEMMA 2. Ifa, b are positive numbers, then

(Ina—1Inb)(al—b') =0, ift=0,

4
(Ina—Inb)(a' -b') <0, ift<0, =

and the equalities hold if and only if (a—b)t = 0.
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PROOF. If a = b, (4) holds, let a + b, by the mean value theorem f(a)— f(b) =
(a—Db)f'(z) with z € (a,b), we have

lna—lnb:(a—b)i, z1 € (a,b),
21 (5)
(a'-b') = (a-b)tzt™t, z; € (a,b)

hence

(Ina-1Inb)(a'-bt) = (6)

(a—b)ztzgl{z 0, ift=0
Z1 <0, ift=<0
and the equality holds if and only if ¢ = 0. O
The main result of our paper is the following theorem.
THEOREM 3. IfX;;>0(1<i<m,1<j<n), pi>1,2",(1/p) =1, let

wo-[1[$(5) ] -f1[E () o] T

Yi

Then
h'(t)=0, ift=0,

h' () <0, ift<O0, (8)

the equality holds if and only ift = 0, orX kTR 1X1T—Xf,f/1_[ 1 Xjrforl <i,j<m,
k=1,2,...,n, that is, Xlk/l—[J 1X11—X2k/]_[1 1 Xpj=-" mk/]_[leXm‘,.

PROOF. let H(t) =Inh(t),t € R, then by Lemmas 1 and 2 we obtain

H'(t) =

(1) ii (X yizigInzie)
ht) S (SEyvizh)

_ i i (Zm Yiz klnzlk) Z i (zﬁlyilnzik)

Sk (SR vizh) S (i) ©)
B i 1 Disicjem Yiyi(Inzig —Ing) (zh—2%) {Z 0, ift=0,
&Pk (S i) (X2 vizh) <0, ift=<o0.
The equality holds if and only if £ = 0 or
Zik=2Zk="""=Zmk, k=12,...,n, (10)

where y; = ]_[J 1 Xij, Zik —X /]_[J 1 Xij, i=1,2,...,m, k=1,2,...,n. This completes
the proof . 0

COROLLARY 4. Lettr <t; <0o0r0<t; <ty, we have

1-t 1/pk n —ty 1/pk
Xij> Xf}f“] <]‘[[Z<1‘[xu> Xf}ftz] , 1)

k=1



ON AN ISOLATION AND A GENERALIZATION OF ... 61
equality holds if and only if for any k = 1,2,...,n,

XDk Xi¢
= , forl<i<j<m, 2"
H?:l XiT H:'l:lXjT f J

and forall0 <t <1,

1-t 1/pk n m 1/pj
XU) kakt} sf[(zxf}’) (3

equality holds only (2") holds.
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