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1. Introduction. After the introduction of the concept of fuzzy sets by Zadeh [12],
several researches were conducted on the generalizations of the notion of fuzzy set.
The idea of “intuitionistic fuzzy set” was first given by Atanassov [2, 3]. Later this
concept is generalized to intuitionistic sets in Coker [6] and intuitionistic topological
spaces in [5, 9, 10]. An introduction to connectedness in these spaces is given in [10].

2. Preliminaries. First we present the fundamental definitions (see [6]).

DEFINITION 2.1 (cf. [5, 9]). Let X be a nonempty fixed set. An intuitionistic fuzzy
special set (IFSS for short) A is an object having the form A = (x, A;, Ap), where A,
and A; are subsets of X satisfying A; N A, = &. The set A, is called the set of members
of A, while A is called the set of nonmembers of A.

The reader may consult [6, 9] to see several types of relations and operations on
IFSS’s, and intuitionistic fuzzy special points (IFSP’s for short) and vanishing intu-
itionistic fuzzy special points (VIFSP’s for short).

DEFINITION 2.2 (cf. [5, 7, 8, 9, 10, 11]). An intuitionistic fuzzy special topology
(IFST for short) on a nonempty set X is a family 7 of IFSS’s in X containing @, X
and closed under finite infima and arbitrary suprema. In this case the pair (X, T) is
called an intuitionistic fuzzy special topological space (IFSTS for short) and any IFSS
in T is known as an intuitionistic fuzzy special open set (IFSOS for short) in X. The
complement A of an IFSOS A in an IFSTS (X, T) is called an intuitionistic fuzzy special
closed set (IFSCS for short) in X.

Using a similar construction as in [7], one can easily define the interior and closure
operators in IFSTS’s.

3. Types of connectedness in intuitionistic fuzzy special topological spaces.
Throughout this section (X, T) and (Y,®) will always denote IFSTS’s. Here we define
several types of connectedness in IFSTS’s.
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Notice that two IFSS’s A and B in (X, T) are said to be weakly separated, if c1(A) < B
and cl(B) < A; and g-separated, if cl(A) "B = @ =Ancl(B).

LEMMA 3.1.

AmB:@:AQE; (3.1)
A¢B= ANB+Q. (3.2)

DEFINITION 3.1 (cf. [1, 10, 11]). Let (X, T) be an IFSTS in X.

(a) X is called Cs-disconnected, if there exist weakly separated nonzero IFSS’s A
and B in (X, T) such that X = AUB. (X,T) is called Cs-connected, if (X,T) is not
Cs-disconnected. -

(b) X is called Cy;-disconnected, if there exist g-separated nonzero IFSS’s A and B in
(X, T) such that )f = AUB. X is called Cy-connected, if X is not Cy-disconnected.

The idea of C;-connectedness in fuzzy topological spaces and in intuitionistic fuzzy
topological spaces (see [1, 11]) can be generalized to the intuitionistic case.

DEFINITION 3.2 (cf. [10]). Let N be an IFSS in (X, T).

(a) If there exist IFSOS’s M and W in X satisfying the following properties, then N
is called C;-disconnected (i =1,2,3,4).
Cr: NEMUW,MOWEN,NOM#E@,NOW#@,
Co: N;MuW,MmeN=@,NmM¢@,NmW:&@,
C3: NcMUW,MNW<N,M¢N,W¢gN,
Cy: NgMuW,MmeNz@,MQQN,ngN.

(b) N is said to be C;-connected (i = 1,2,3,4) if N is not C;-disconnected (i =
1,2,3,4).

COROLLARY 3.1. P, Q are weakly separated if and only if AM, W € T such that
PcM,QcW,PcW,andQ c M.

PROOF. (<) Suppose there exist M, W € T suchthat P M, Q < W, P c W, and
Q < M. Then cl(P) < cl(W) = W (since W is an IFSCS) and cl(Q) < cl(M) = M = cl(P) <
WecQ=cl(P)cQandcl(Q)cMcP=clQ)cP=P,Q are weakly separated.

(=) Letcl(P) € Q,cl(Q) < P.Now take W = cl(P) and M = cl(Q) which are IFSOS’s in
(X,T).HenceWcQandMcP=>P<cM,QcW.Wealsohave W =cl(P)cP=>PcW
andM=c(Q)cQ=QcM. O

Here we define Cg-connectedness and Cy-connectedness of an IFSS in (X, T).

DEFINITION 3.3 (cf. Ajmal-Kohli[1]). AnIFSS N in (X, T) is said to be Cs-disconnect-
ed (Cy-disconnected) if and only if there are two nonempty weakly separated (g-
separated) IFSS’s A and B in (X, T) such that N = AUB. N is called Cs-connected
(Cp-connected) if and only if N is not Cs-disconnected (Cy;-disconnected).

THEOREM 3.1. If N is C3-connected, then N is Cp-connected.

PROOF. Let N be Cy-disconnected. Then there exist IFSS’s A, B such that N = AUB,
A, B+ @ and A, B are g-separated. Let P = cl(A) and Q = cl(B). Then P, Q are IFSOS’s.
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Now

cd(A)ncl(B)c AnB=AUB=N=N

c cl(A) ncl(B) = cl(A) ucl(B) 3.3)

=PUQ=NcPuUQ,

PnQ =c(A)ncl(B) =c(A)ucl(B) =cl(AUB) cAUB=N=PnQcN. (3.4

IfPcN,then Nccl(A) = NnB= @ (since cl(A)NB = @) and NnB=(AUB)NB =
B= @ This is a contradiction. Hence P ¢ N follows. Q ¢ N can be proved similarly.
O

THEOREM 3.2. If N is Cy-connected, then N is Cs-connected.

PROOF. Let N be Cs-disconnected. Then there exist IFSS’s A, B such that N = AUB,
A, B+ @ and A, B are weakly separated. Let P = cI(A) and Q = cI(B). Then P, Q are
IFSOS'S.NWQ have seen that Nc PuQ and PNnQ c N.If PnN =@, thenPc N> N ¢
P>Nccl(A)cB=NcB.Since N=AuUB and AUB < B, we obtain a contradiction.
Hence PNN =+ @ follows. Similarly, it can be proved that Q NN = @ O

THEOREM 3.3. If N is Cs-connected, then N is C»-connected.

PROOF. Suppose, on the contrary, that N is Cp-disconnected. Hence there exist
IFSOS’s M, W suchthat Nc MUW, NnMnW = @, NqutQ NmW:t@ Now,

take P=NNMand Q = NNnW. Since Nc MUW, we get N = Nm(MuW) (NN
M)u(NnW) =PuQ.We show that P and Q are weakly separated. LetP = M, Q < W.
Suppose that P ¢ W. Then PN W + @ = (NNM) N W + &, a contradiction, in other
words P € W follows. Similarly one can also show that ng M. Thus P, Q are weakly
separated, which is a contradiction. Therefore N is C,-connected. O

THEOREM 3.4. If N is Cs-connected, then N is C3-connected.
PROOF. Similar to the previous one. O
Cs-connectedness does not imply C;-connectedness in general:

COUNTEREXAMPLE 3.1. Let X = {a,b,c} and T = {@,{(,Al,Az,Ag} where
A = (x,{c},{a,b}), A = (x,{a},{b,c}), A3z = {x,{a,c},{b}). (3.5)

If N = (x,{a},{b}), then N is Cs-connected, since there exist no two nonempty weakly
separated IFSS’s A, B + % such that N = AUB. But N is C;-disconnected.

If N is C»-connected (C3-connected), then N may not be Cs-connected.

COUNTEREXAMPLE 3.2. Let X = {a,b,c,d} and T = {@,¥,A1,A2,A3,A4}, where

Ay = (x,{c},{a,b}),  Az=(x,{a,c},{b}),

3.6
Az = (x,{a},{b}), Ay = {x,D,{a,b}). (3.6)
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Now take N = (x,{a},{b,c}). N is C>-connected (C3-connected) but not Cs-connected,
since there exist two nonempty weakly separated IFSS’s A, B + @ such that N = AUB,;
namely

A=(x,2,{a,b,c}), B={(x,{a},{b,c}). (3.7
C>-connectedness does not imply Cy-connectedness in general as shown below.
COUNTEREXAMPLE 3.3. Let X = {a,b,c} and T = {@,{(,Al,Az,Ag,Az;}, where

Ay = (x,{b},{c}), Ay = (x,{c},{a}),

Az = {x,{b,c}, D), Ay = {x,0,{a,c}). (3.8)

N = (x,{c},{a}) is Co-connected, but not Cy;-connected, since N can be expressed as
the join of two nonempty g-separated IFSS’s

A=(x,{c},{a,b}), B=(x,0,{a,c}). (3.9)
Similarly, Cy-connectedness does not imply Csz- (C4-)connectedness in general:
COUNTEREXAMPLE 3.4. Let X = {a,b,c} and T = {@,)S,Al,Az,Ag}, where
Ay =(x,{c},{a,b}), Ax=(x,{a},{b,c}), As3=(x,{a,c},{b}). (3.10)

Let N = (x,{a},{b}). N is Cy-connected, since there exist no two nonempty g-sepa-
rated IFSS’s A, B + @ such that N = AuUB. But N is C3-disconnected (C4-disconnected).

If N is C4-connected, then N may not be Cy-connected.

COUNTEREXAMPLE 3.5. Let X = {a,b,c,d} and T = {@,)S,AI,AZ,A3,A4}, where

A1=(X,{C},{a,b}>, A2=<X!{alc}l{b}>l

3.11
As=(x,{ahib}), A= (x,2 {a,b}). (3.11)

If N=(x,{a},{b,d}), then N is C4-connected, but not Cy-connected. This is because,
N can be expressed as the join of two nonempty g-separated IFSS’s A and B, where

A=(x,0,{a,b,d}), B=(x,{a},{b,c,d}). (3.12)
Now, we summarize the relations between several types of connectedness.

Cq-connectedness — Cg-connectedness — Cy-connectedness

| s

Cp-connectedness <=<—— Cz-connectedness —— C4-connectedness.

None of these implications are reversible, as given here and in [10]. The following
example shows that the closure of C;- (C2-)connected IFSS need not be C;-connected
(Co-connected).
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COUNTEREXAMPLE 3.6. Let X = {a,b,c,d} and T = {@,%,Al,Az,A3}, where

Ay = (x,{a,b},{c,d}), Ay = (x,{d},{a,Db}), Az =(x,{a,b,d},@). (3.14)

If N ={(x,{b},{c,d}), then N is C;-connected (C»-connected), but cl(N) is C;-discon-
nected (C,-disconnected).

THEOREM 3.5. The closure of Cs-connected (Cy-connected) IFSS is Cs-connected
(C4-connected)

PROOF. Let N be (C3-connected, but cl(N) be Cz-disconnected. Hence there exist
IFSOS’s M, W # @ such that cl(N) s MUW, MnW ccl(N), M &€ cl(N), W & cl(N). We
easily deduce N c cI(N) c MuW and MnW < cl(N) c N. Since N is C3-connected,
McNorWcN follows. If M € N, then N € M = cl(N) < cl(M) =int(M) = M, i.e.,
cl(N) € M or M < cl(N). But this is a contradiction to the fact M ¢ cl(N). Similarly,
we obtain a contradiction in case W < N. Therefore cl(N) is also C3-connected. The
other case can be proved similarly. O

THEOREM 3.6. If N is C3-connected (C4-connected) IFSS in (X, T) and N < P < cl(N),
then P is C3-connected (C4-connected) IFSS in (X, T), too.

PROOF. Assume the contrary and let M, W be IFSOS’sin X suchthat Nc P < MUW,
MnW c P c N. Since N is C3-connected, M < N or W < N follows. If M < N, then
Nc M= c(N) cc(M) =int(M) =M = cl(N) € M. On the other hand, if N ¢ W,
then cl(N) c cl(W) =int(W) =W = cl(N) cW.P < cl(N) <M and P < cl(N) c W.
Therefore P is C3-connected. O

This theorem fails in the cases of C;- (C2-)connectedness as shown by the following
example.

COUNTEREXAMPLE 3.7. Let X = {a,b,c,d} and T = {@,{(,Al,Az,Ag}, where

A = (x,{a,b},{c,d}), Ay = (x,{d},{a,b}), A3z =(x,{a,b,d},d). (3.15)

If N ={(x,{a},{c,d}), then N is Co-connected. If we take the IFSS P = (x,{a},{d}),
then P satisfies the inclusions N € P < cl(N), and P is not C>-connected. On the
other hand, if we consider the C;-connected IFSS N = (x,{b},{c,d}) in (X, T), then
P = {x,{b},{d}) satisfies the inclusions N < P < cl(N), but it is not C;-connected.

THEOREM 3.7. If Ny and N, are intersecting C-connected IFSS’s, then N1 U N> is
also Cy-connected.

PROOF. Assume that N; UN> is C;-disconnected. Thus there exist IFSOS’s M and
W such that NiUN, c MUuW and MnW < NiUN>, (NJUN>)NM =+ @ and (NJUN2)N

W =+ @ Since N; and N, are C;-connected, then (NN M = @ or NinW = @) and

(N> mM @ or NonW = @) follow. Since Ny NN, # @ Elp € (N1 N Ny), there exist
four cases:

CASE 1. Let NynM = @ and NonM = @ In this case we get (N1 "M)U (N2NM) =
(NJUN>)NM = @, a contradiction.
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CASE2. LetN1nM = @ and NonW = @ Then p ¢ M, p ¢ W. But this is impossible,
since p e NyUN, c MUW. - -

CASE 3 AND CASE 4. N1nW = @ and NonM = @ or N\ynW = @ and NponW = @
These cases may be treated similarly.

Hence it is seen that N; UN is C;-connected. O

THEOREM 3.8. If N and N, are intersecting Co-connected IFSS’s, then N1 U N> is
also C»-connected.

PROOF. Assume that Ny UN; is Cp-disconnected. Then there exist IFSOS’s M and
W such that NyUN s MUW(N;UN)NMNW = @ (NfUN2)NM =+ @ and (N7 U
No)nW =+ @ Since NyNN» # @, dp € N1 N N>, and since N; and N, are Cp-connected,
then (N;NM = @ or NynW = @) and (N2nM = @ or Nan W = @).

CASE1l. LetN1nM = @ and NoNnM = @.Then (NTUN2)NM = (N1NnM)U(NoNM) =
@, a contradiction.

CASE 2. Let NynM = & and N, nW = &. Then we obtain p ¢ M, p ¢ W a contradic-
tion to p € Ny UN» € MUW. B = =

CASE 3 AND CASE 4. They are similar to the ones given above.

Hence N7 UN is C>-connected. O

DEFINITION 3.4. Two IFSS’s A and B are said to be overlapping, if N; ¢ N.
Conversely, N1 and N, are said to be nonoverlapping, if N; € N,.
Notice that

N Nz <= N{' ¢ NP or N{ 2 N}
=ax(xeN",xeN?)ordy (yeN,yeN) (316

— Jx (xeNl,)feNz) or EIy(yeNz,yeNl).

THEOREM 3.9. If N, and N, are overlapping Cs-connected IFSS’s, then so is N1 U N».

PROOF. Let N; UN> be Csz-disconnected. Then there exist IFSOS’s M and W such
that NfUN, cs MUW, MNnW € NfUN>, M &£ NyUN>, W ¢ N; UN>». Since N; and N,
are overlapping, Elx()f € N1,x € N2) or Ay(y € N2,y € Ni). Since Ny and N, are
C;-connected, then we obtain: (M < N; or W < Np) and (M < N, or W € N»).

CASE 1. Let M € N; and M < N,. Then M < N; n N, = N; UN,, a contradiction to
M EN;UNp =

CASE 2. Let M < N; and W < N,. Now suppose that Ax(x € Ni,x € Nz). From
M < N; and W € N,, we obtain Ny UN>» S MUW < NJUN> = N NnN>, = Ny NN, €
NluNz=V10N72.But>feN1,)NceN2:>>NceN1 >xeN2>xeNNN2c N NN, =

X € E,{c € N, means a contradiction. Similarly, if 3y (y € N>,y € Ny), we arrive at a

contradiction again.
CASE 3 AND CASE 4. They are similar to the previous ones.
Hence it follows that N; UN> is also C3-connected. O

THEOREM 3.10. IfN; and N, are overlapping C4-connected IFSS’s, then so is N7 UN>.
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PROOF. Similar to the previous one. O
Using the last two theorems we get the following lemmas immediately:

LEMMA 3.2. If N; and N, are Cs-connected IFSS’s such that [](N1 N Ny) + @, then
N7 UN> is C3-connected, too.

PROOF. ForIFSS A, the set []A was defined as []A = (x,A1,A») if A ={(x,A1,A»).If
[T(NTNNp) + @ then we see that Nll) mN(D + ¢,ie,Ix e N(1 mNzl) >Xx€E N(l) and
X € N(1 >Xx€ N; and x ¢ N >Xx€ N; and x e Ny, i.e.,, N; and N, are overlapping.
Hence, the requlred result follows from a previous theorem. O

LEMMA 3.3. If N1 and N, are C4-connected IFSS’s such that [1(N; N N2) =+ @, then
N7 UN; is C4-connected, too.

Now, we give generalized versions of these theorems. Here, a family (N;);e; of IFSS’s
is said to be nonoverlapping if and only if for each i € J, N; and nj.;N; are nonover-
lapping, i.e., N; € Nj+iNj.

THEOREM 3.11. Let (N;)icj be a family of C;-connected IFSS’s such that NN; # @
Then UN; is Cy-connected, too.

PROOF. Let N = UN; be C;-disconnected. Then there exist IFSOS’s M and W such
thatNEMUW,MﬁWEN,NﬁM:#@,NﬂW:t:@.

Now consider any index ig € J. Since Nj, is C;-connected, we have N;ynM = @ or
NijynW = @ Hence there exist three cases:

CASE 1. Let N;nM = @ for each i € J. Then, we may write down NNM = (UN;) "M =
UN;NnM) = U@ = @, which is a contradiction.

CASE 2. Let NinW = O for each i € J. Then we obtain a similar contradiction.

CASE 3. Let N;nM = @ for eachi € J; and N;nW = @ for each i € J», where
J=J1uJ, and J; = O, Jz + . Since NN; # @ Elp S mNJ in this case we get 4 ¢
M and p ¢ W, which is a contradiction with p eNcMUW. Therefore, N is also

Ci- connected O

THEOREM 3.12. Let (N;)icj be a family of C,-connected IFSS’s such that NN; # @
Then UN; is C>-connected, too.

PROOF. Similar to the previous one. O

THEOREM 3.13. Let (N;)icj be an overlapping family of Cz-connected IFSS’s. Then
UN; is C3-connected, too.

PROOF. Let N = UN; be C3-disconnected. Then there exist IFSOS’s M and W such
that NcMUW,MnW <N, M ¢ N, W ¢ N. Now consider any index i € J. Since N; is
C3-connected, we have M < N; or W < N;. Since (Nj;) is an overlapping family, suppose
further that 3iy € J such that

Hx(xeNlo,xe N NJ> or y(ye N NJ,yeNm) 3.17)

J=ig ~ J*io
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Hence there exist three cases:

CASE 1. Let M c N; for each i € J. Then we may write down M < NnN; = UN; = N,
which is an obvious contradiction.

CASE 2. Let W < N; for each i € J. Then we obtain a similar contradiction.

CASE 3. Let M € N, for each i € J; and W < N; for each i € J», where J = J; U J, and
J1+ @, J» = @. Hence

NcMuUWc ( N M)u( N Nl-) = (uNl> (uNl)
i€y i€f2 ie)q ic]>

:(uNi)m< uNi)gN— N N;
ieJ1 ie)o ie]

(3.18)

follows.
Now, let Elx(x € Nip,X € N Nj). Since xe Nj, and hence xe NN;. We see that xe
~ J#lo
N= xe NLO, a contradiction to x e Ni,. Secondly, let Ely(y €N NJ,y € Njj). From
¢

these data we get ye NN; and hence Y€ N. Without loss of generahty, we may
assume that the mdex set J\{ip} has Cardmahty greater than 1; in other words, 3i; € J
such that i; # ig. Thus v € N;, and ¥ € N;,, an obvious contradiction. Therefore, N
is also C3-connected. h N O

THEOREM 3.14. Let (N;j)ic; be an overlapping family of C4-connected IFSS’s. Then
UN; is C4-connected, too.

PROOF. Similar to the above proof. O

Now, we show that intuitionistic points are always C; connected, unless X is one-
point space (i =1,2,3,4).

LEMMA 3.4. Let (X,T) be an IFSTS and p € X. Then
(a) p is Ci-connected.

(b) p is Co-connected.

(c) p is C3-connected.

(d) p is C4-connected.

PROOF. (a) Assume the contrary, and let p be C;-disconnected. Hence there exist

IFSOS’s M and W such that p c MU W, MnW c = (x,{p}, {p}),pnM = @,
pAW + @.Since pnM = @, and pnW = &, we get p € M and p € W; but from
MW c ﬁN, we see that Min I~/V1 c {pN}C and M;u Wr 2 {p?, which is iﬁlpossible. Hence
p is Cl-c5nnected.
) (c) Assume the contrary, and let p be Cs-disconnected. Hence there exist IFSOS’s
M and W such that p s MUW, MAWc v ={(x,{p}°,{p}),M € p and W & p. Since
M¢&pand W ¢ p, we getpeMand p € W; and the same reasonNing may be ~applied
in this case, too. Hence 1 is C3—conne€ted.

(b) and (d) are similar Eo the first part. O
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LEMMA 3.5. (a) p is Ca2-connected.
(b) p isCs -connected.

(c) ;; is C4-connected.

PROOF. (a) Suppose the contrary, i.e., let there exist IFSOS’s M and W such that
pEMUW MNWnp=0, pnM =+ &, and pnW = &. Hence, {p} n M5 nW5 = &,

p € M5, p € W5 follow, which is a contradiction.
(b) Suppose not, i.e., let there exist IFSOS’s M and W suchthatp c MUW, M nW < p,
M ¢ p,and W & p. Hence My n W, < {p}¢, p € My, p € Wy, a contradiction, i.e., p is

Cs-connected.
(c) Similar to (a) and (b). O

Notice that IFSS N = (x,N1,N>) is called proper if and only if N; UN, + X.

COROLLARY 3.2. In discrete intuitionistic fuzzy special topological space (X,I1(X))
any nonempty proper IFSS, N is Cy-disconnected.

PROOF. Take M:=N ,W:=NcI(X). Then NS NUN,NNNcN,NNN=N=©Q

and NnN = @ hold, since, for example

NNN = (x,N1NN2,NJUN>) = (x,0,N1UN>) # (x,J,X) = @ (3.19)
O

COROLLARY 3.3. In discrete intuitionistic fuzzy special topological space (X,I1(X))
any proper IFSS N = (x,N1,N>), where N1 + @, is C,-disconnected.

PROOF. Take a point p € X such that p € Nf and p € NS and let M:=p, W:=p
in this IFST. Then we get NS MUW, MNWNN =3, NnM+ @ and NnW # &, as

required. O
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