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ABSTRACT. Fixed point theorems for generalized Lipschitzian semigroups are proved in p-
uniformly convex Banach spaces and in uniformly convex Banach spaces. As applications,
its corollaries are given in a Hilbert space, in L? spaces, in Hardy space H?, and in Sobolev
spaces H*P for 1 < p < oo and k = 0.
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1. Introduction. Let K be a nonempty closed convex subset of a Banach space E. A
mapping T : K — K is said to be Lipschitzian mapping if for each n > 1, there exists
a positive real number k,, such that

1T"x = T"y[| < knllx - || 8]

for all x, y in K. A Lipschitzian mapping is said to be nonexpansive if k,, = 1 forall n >
1, uniformly k-Lipschitzian if k,, = k for all n > 1, and asymptotically nonexpansive
if lim, k,, = 1, respectively. These mappings were first studied by Geobel and Kirk
[6] and Geobel, Kirk, and Thele [8]. Lifshitz [10] showed that in a Hilbert space H,
a uniformly k-Lipschitzian mapping T with k < /2 has a fixed point. Downing and
Ray [3] and Ishihara and Takahashi [9] verified that Lifshitz’s theorem is valid for
uniformly Lipschitzian semigroup in Hilbert spaces.

Mizoguchi and Takahashi [14] introduced the notion of a submean on an appropriate
space and, using a submean, they proved a fixed point theorem for uniformly Lips-
chitzian semigroup in a Hilbert space. Recently, Tan and Xu [21] generalized the result
of Mizoguchi and Takahashi [14] to a Banach space setting and, also, proved a new
fixed point theorem for uniformly k-Lipschitzian semigroup in a uniformly convex
Banach space.

Now, we consider the following class of mappings, which we call generalized Lips-
chitzian mapping whose nth iterate T" satisfies the following condition:

IT"x =T"y|| < anllx = y||+ ba(|lx - T"x[[ +]|y = T"¥|])

(2)
+en(|lx =T"y[|+ [y = T"x||)

for each x,y € K and n > 1, where a,, by, ¢, are the nonnegative constants such that
there exists an integer n( such that b, + ¢,, < 1 for all n > ny.
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This class of generalized Lipschitzian mappings are more general than nonexpan-
sive, asymptotically nonexpansive, Lipschitzian, and uniformly k-Lipschitzian map-
pings and it can be seen by taking b, = ¢, = 0.

In this paper, we prove some fixed point theorems for generalized Lipschitzian semi-
groups in p-uniformly convex Banach spaces and in uniformly convex Banach spaces.
Next, we give its corollaries in a Hilbert space, in L? spaces, in Hardy space H?, and in
Sobolev spaces H®?, for 1 < p < o and k > 0. Our results improve and extend results
from [9, 14, 21, 22].

2. Preliminaries. Let p > 1 and denote by A the number in [0,1] and by w, (A) the
function A- (1 —A)? +A? - (1 —A). The functional || - ||¥ is said to be uniformly convex
(cf. Zalinescu [24]) on the Banach space E if there exists a positive constant ¢, such
that, for all A € [0,1] and x,y € E, the following inequality holds:

[Ax + (A=) p[IP < Allx[IP + (1 =D I7 —wp(A) - cp - lIx = pII". 3)

Xu [23] proved that the functional || - ||P is uniformly convex on the whole Banach
space E if and only if E is p-uniformly convex, i.e., there exists a constant ¢, > 0 such
that the modulus of convexity (see [7]) 6g(€) = cp-€” all0 <€ < 2.

Let G be a semitopological semigroup, i.e., a semigroup with a Hausdorff topology
such that, for each a € G, the mappingt — a-t and t — t - a from G onto itself
are continuous. A semitopological semigroup G is left reversible if any two closed
right ideals of G have nonempty intersection. In this case, (G, X) is a directed system
when the binary relation “<” on G is defined by a < b if and only if {a} uaG 2
{b} U DG, where D is the closure of set D. Examples of left reversible semigroups
include commutative and all left amenable semigroups.

Let m(G) be the Banach space of bounded real valued functions on G with the
supremum norm. Suppose X is a subspace of m(G) containing constants. Following
Mizoguchi and Takahashi [14], we say that a real valued function ¢ on X is a submean
on X if the following conditions are satisfied:

@) pu(f+g) <u(f)+u(g) forall f,g € X;
(i) p(axf)=ou(f) forall fe X and x = 0;
(iii) if f,g € X with f < g, then u(f) < u(g); and
(iv) u(c) = c for every constant c.
If 4 is a submean on X and f € X, then we denote by either u(f) or u;(f(t)), ac-
cording to time and circumstances, the value of u at f. For a € G and f € m(G), we
define (I, f)(t) = f(at) and (v, f)(t) = f(ta) for all t € G. Let X be a subspace of
m(G) containing constants which is lg-invariant, i.e., [, (X) < X for all a € G. Then a
submean p on x is said to be left invariant if u(f) = u(l,f) foreverya € G and f € X.
A right invariant submean is defined similarly. A submean is called invariant if it is
left and right invariant. Let K be a closed convex subset of a Banach space E. Then
a collection ¥ = {T; : s € G} of mappings of K into itself is said to be a generalized
Lipschitzian semigroup on K if the following conditions are satisfied:

(i) Tsex = TsTix for all s,t € G and x € K;

(ii) for each x € K, the mapping t — Tyx from G into K is continuous; and
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(iii) for eachs e G

ITsx - Tsyll < aslix =yl +bs(llx — Tex Nl + 11y = Tsyll) + cs (lx = Tey Nl + 11y = Texl),
4)

for x,y € K, where as,b,cs > 0 such that there exists a t; € G such that b;+¢; <1
for all s > t;.
The following lemma is needed to prove the main result:

LEMMA 1 [22, Lem. 2.1]. LetE be a p-uniformly convex Banach space, K a nonempty
closed convex subset of E, and {x; : t € G} a bounded family of elements of E. Also,
suppose that for every x in K, the function f on G, defined by

S =lxe—x|F, teg, (5)
belongs to X. Set
r(x) =plix—x|I?, x€K (6)
and
¥ =inf {r(x):x € K}. 7)

Then there exists a unique point z in K such that
r+epllz—x? <7r(x) 8)
for all x in K, where c, is the constant appearing in (3).

3. Main results. Now, we prove the first result of this paper.

THEOREM 1. Let K be a nonempty closed convex subset of a p-uniformly convex
Banach space E, X an lg-invariant subspace of m(G) containing constants which has
left invariant submean u, and ¥ = {T; : s € G} a generalized Lipschitzian semigroup on
K. Suppose that there exists an xo in K such that {T;x( : x € G} is bounded and that,
for every u,v € K, the function f on G defined by

SO =ITu-vl?, teg, 9)
and the function g on G defined by

git)y=2r"af +B), teG (10)
belong to X. Then, if 2P~ {p (& + BY)} < 1+ ¢y, where o = (ay + by +¢¢) /(1 - by —

ct), Bt = by +2¢:)/ (1 =by — ), and ¢, is the constant appearing in (3), there exists a
zeK suchthat T;z =z forall s € G.
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PROOF. Since {T;xg :s € G} is bounded, it follows that {T;x : s € G} is bounded
for every x € K. By Lemma 1, we inductively construct a sequence {xy};_; in K in the
following manner:

pe|| Texn—1 = xn||” = minp || Texn-1 - y|” (11)

yekK

forn=1,2,.... It follows from Lemma 1 that
cpllxn = Y|P < pel| Texnor = 217 = pel| Texn—1 = xnl|” (12)

for all y € K and n > 1. Since T is generalized Lipschitzian, we get, after a simple
calculation,

| Tsx = Tsy|| < asllx = v+ Bslly — Ts || (13)

for each x,y € K and s € G, where o = (as + bs+¢s)/(1 —bs—c;) and Bs = (2b, +
2¢s)/ (1 —bs—cs). By putting y = Tsx,, into (12), we have

Cll’Hxn - Tsanp = IJtHTtxnfl - Tsanp _IJtHTtxnfl _anp

= /Jt”Tstxnfl - TSXan _UtHTtxnfl _Xan

— eI T Tt = Toxnll” = e[ Texnot — xl” (19
< e[t | Texn-1 = xeull + Ballocn = Toxall]” = el Texn-s = l”
or
(cp =27 1B |xn — Tsxnl|? < (2P 1ol = 1) - pe|| Texn—1 — x| (15)
Therefore, we have
us||xn = Texcn||” < A~ pe|| Texn—1 — xnl|?, (16)

where A = (27~ 1af —=1)/(c, — 271 BY) < 1 by the assumption of the theorem. Since
el | Texn—1 = xn||” = pel| Texn-1 — xn1” (17)
by (11), it follows from (13) that

pe||Texn-1 = xn||” < A= uel| Texn-1 —xn-a|”
n 14 (18)
<A [JtHTtX()—X()H .

Noticing that
l1xcn = xn 1|7 < 27 (|30 = Textna |7 + | Texn 1 = xn1|[), (19)
we get

lloen = xn-1 [l < 2771 (pel13n = Texna [P + el | Texn—1 = xna |7
< 2P || Texn—1 = xna|” (20)

< 2P A" || Tyxo — xol|”,
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which shows that {x,} is a Cauchy sequence and, hence, convergent. Let z = r}im Xn.
Then, for each s € G, we have

P
llz-Tez|l < (HZ_XWH"'Hxn_Tsan"'HTSXH_TSZH)

< [+ )|z =l [+ (1 +Bo)lxen — Texnl ]

(21)
<27 1+ 0P|z =Xul [+ (1+ B - A~ ][ — Texn||” |
— 0 asn — oo,
Therefore, T,z = z for all s € G and the proof is complete. O

Let E be a Banach space, K a nonempty closed convex subset of E, and G an un-
bounded subset of [0, ) such that

t+heG forallt,heG (22)
and
t—-heG forallt,heG witht>h (23)

(e.g., G =[0,%) or G = N, the set of nonnegative integers). Suppose &¥ = {Ts :s € G} is
a generalized uniformly Lipschitzian semigroup on K, i.e., a family of self-mappings
of K satisfying the conditions:
(i) Tsinx =TsTyx forall s,h € G and x € K;
(ii) for each x € K, the mappings s — T;x from G onto K is continuous when G
has the relative topology of [0, %); and
(iii)

I Tsx = Tsv|| = allx = vl + b (|[x = Tox|[ + Ly = T |l) + e (Il = Tyl + ||y - Tex]])
(24)

for all x,y in K and s in G, where a, b, c are nonnegative constants such that b+c < 1.
For the rest of this paper, lim; and lim; always stand for lim; .. ¢cq, lim; .ot
respectively.
The normal structure coefficient N(E) of E is defined (cf. [2]) by

diamK

:K is a bounded convex subset of E
rx (K)

consisting of more than one point}, (25)

N(E) = inf{

where diamK = sup{||x — ¥|l : x,¥ € K} is the diameter of K and rx(K) = infycx
{sup,ck llx — ¥} is the Chebyshev radius of K relative to itself. E is said to have
uniformly normal structure if N(E) > 1. It is known that a uniformly convex Banach
space has the uniformly normal structure and for a Hilbert space H, N(H) = /2.
Recently, Pichugov [15] (cf. Prus [17]) showed that

N(L?) =min {217 2(P-DIP} ] < p < . (26)

Some estimate for normal structure coefficient in other Banach spaces may be found
in [18].
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Suppose E is a uniformly convex Banach space. Then it is easily seen that the equa-
tion

§25gl<1—%>1\7(15) =1 (27)

has a unique solution £ > 1, where N(E) = N(E) L.

Now, recall the definition of an asymptotic center. Let K be a nonempty closed con-
vex subset of a Banach space E and {x; : t € G} be a bounded family of elements of
E. Then the asymptotic radius and asymptotic center of {x;}:cc with respect to K are
the number

rx ({x;}) = inf lim||x; — || (28)
yeK t

and the (possibly empty) set
Ak (txe}) = [y e K:Tim|lee - vl = e (ixe) (29)

respectively. It is easy to see that if E is reflexive, then Ax ({x;}) is nonempty bounded
closed and convex and if E is uniformly convex, then Ak ({x;}) consists of a single
point.

We need the following lemma to prove our next theorem.

LEMMA 2 [22, Lem. 3.4]. Let E be a Banach space with uniformly normal structure.
Then for every bounded family {x;}:cc of elements of E, there exists y inco({x;:t €
G}) such that

lim||x; - || < N(E)A({x}), (30)
where co(D) is the closure of the convex hull of D < E and
A(txe}) =lim (sup {llxi —x;l : t <1, j € G}) (31)

is the asymptotic diameter of {x;}.
Now, we are in position to prove our next theorem.

THEOREM 2. LetE be a uniformly convex Banach space, K a nonempty closed convex
subset of E, and ¥ = {Ts : s € G} a generalized uniformly Lipschitzian semigroup on K
with (x+ ) < &, where & > 1 is the unique solution of (27), x = (a+b+c)/(1-b—-c)
and B = (2b+2c)/(1—b—c). Suppose there is an xy in K such that {T;xy:s € G} is
bounded. Then there exists z in K such that Tsz = z for all s in G.

PROOF. By induction, we define a sequence {x,}; in K in the following manner:
Xn+1 :AK<{TtXn}t€G) (32)
forn=0,1,...,1i.e., x,1 is the unique point in K such that

Lim||Tyxpn — xp+1|] = inf lim || Ty, — ). (33)
t yeK t
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Write 7, = ¥k ({TtXn}ieg). Then by Lemma 2, we have
n :@HTtxn_Xn—lH

< N(E) - A({Tuxn} e

(34)
= N(E)hp(sup{HTixn—zjnH it<i,je G})
< N(E)(et+B) - d(xn),
that is,
n < (a+B) - N(E)d(xn), (35)

where d(x;,) = sup {||T;x, —xy|l : t € G}. We may assume that d(x;) > 0 for all n > 0.
Let n > 0 be fixed and let € > 0 be small enough. First, choose j € G such that

[|Tixni1—Xna1|| > d(xni1) —€ (36)
and then choose sy in G so large that
[|Tsxn — xns1|| <7vn+e (37)
and
[|Tsxn — Tixns1|| < &l Ts—jxn — xns1l| + Bl Tixn — xn|| < (0 + B) (rn +€) (38)

for all s > sg. It, then, follows that

for s > sy and, hence,

Tsxn—%(xnﬂ +T,xn+1)" < ((X+E)(Tn+€) (1—6E<d(xn+l)e>) (39)

(x+B)(rn+e)

1
Tsxn — 2 (xn+1 + zjn+1)H

d(Xpi1) —€ ) (40)
(x+B)(rn+e)

rns@‘
<(x+B)(rp+e) (1—65(

Taking the limit as € — 0, we get

rns(a+,8)-rn(15£<m)) (41)
which together with (35) leads to the conclusion
d(xns1) < (a+B)2N(E)5gl(1— (a13)>d(xn). (42)

Hence,

d(xn) < Ad(xn-1) < A"d(x0), (43)
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where A = («+ B)°N(E)Sz' (1 - (1/(x+B))) < 1 by assumption. Noticing that

[lxns1 = xnl| <Wm|| Texy — xpi1 || +Hm || Texn — x|
t t (44)
<rp+d(x,) <2d(xy),

we see from (43) that {x,} is a Cauchy sequence and, hence, strongly convergent. Let
z = lim,, x;,,. Then we have, for each s € G,
Iz = Tsz|| < [|z = x|l + | Tsxn = xnl| + || Tsxn — Ts2||
< (1+®)||z—xnl||+ (1 +B)d(xn) (45)
— 0 asn — oo,
This completes the proof. O

As a consequence of Theorem 2, we have the following result.

COROLLARY 1. Let K be a nonempty bounded closed convex subset of a uniformly
convex Banach space E and let T : K — K be a generalized uniformly Lipschitzian
mapping with («+ ) < & (€ is as in Theorem 2). Then T has a fixed point.

If we take b = ¢ = 0 in Theorem 2, then we have the following result from Theorem 2:

COROLLARY 2 [22, Thm. 3.5]. Let E be a uniformly convex Banach space, K a non-
empty closed convex subset of E, and & = {T; : s € G} a uniformly k-Lipschitzian semi-
group on K with k < &, where € > 1 is the unique solution of (27). Suppose there is an
xo in K such that {Tsx : s € G} is bounded. Then there exists z in K such that Tsz = z
forall s inG.

4. Some applications. Since a Hilbert space H is 2-uniformly convex and the fol-
lowing equality holds:
[Ax + (1=l = Allx[*+ (1= ¥ = A1 =) |x —» || (46)

for all x,v in H and A € [0,1].
By Theorem 1 and (46), we immediately obtain the following:

COROLLARY 3. Let E be a nonempty closed convex subset of a Hilbert space H, X
be an l;-invariant subspace of m(G) containing constants which has left invariant
submean u, and¥ = {Ts : s € G} be a generalized Lipschitzian semigroup on K. Suppose
that there exists an xo in K such that {T;xq : s € G} is a generalized Lipschitzian
semigroup on K. Suppose that there exists an xo inK such that {Tsxq : s € G} is bounded
and that for every u,v in K, then the function f on G defined by

f) =ITiu-v|?* teG (47)
and the function g on G defined by
gt)=2(c¢+p3), teG (48)

belong to X. Then, if {u; (o + B2)} < 1, where &; = (a¢ + by +¢;) /(1 — by — ¢;) and
Bt = (2by +2¢¢) /(1 — by — c¢), there exists z in K such that T;z = z for all s in G.
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If 1 < p <2, then we have for all x,y in L¥ and A € [0,1]
[Ax+ (1 =22 < Alx I+ 1 -DIyI2=AQ-2)(p-Dlx-»I? (49)

(the inequality (49) is contained in [12, 20]).
Assume that 2 < p < o and t, is the unique zero of the function g(x) = —x?~1 +
(p—-1)x+p-2in the interval (1, ). Let

_ 1+th7!
cp=(p-1)(1+t,) " =—"2 (50)
g (1+t) (1+t,)""
Then we have the following inequality
lAx + 1 =) pIIP < Allx|P + (1 =) I¥IIP —wp(A) -cp-lIx =P (51)

for all x,y in L? and A € [0, 1]. (The inequality (51) is essentially due to Lim [11].)
By Theorem 1 and inequality (49) and (51), we immediately obtain the following
result.

COROLLARY 4. LetK be a closed convex subset of an L? space,1 < p < o, X beanl¢-
invariant subspace of m(G) containing constants which has a left invariant submean
u, and ¥ = {T; : s € G} be a generalized Lipschitzian semigroup on K. Suppose that
{Tsxo : s € G} is bounded for some xo € K and that for every u,v in K, the functions f
and g on G defined as in Theorem 1 belong to X. If 2us (o +B2) <p whenl <p <2
and 29 g (o 7+ BYTY) < 1+¢, when p > 2, where &s = (as +bs +¢) /(1 —bs —c5)
and s = (2bs+2c¢;) /(1 —bs—c;), then there exists z € K such that Tsz = z forall s € G.

Let HP,1 < p < o, denote the Hardy space [5] of all functions x analytic in the unit

disk |z| < 1 of the complex plane and such that

1 21 . p 1/p
Ix]l = lim (J |x(re')] d@) < w. (52)
r—1-\ 270 0
Now, let Q be an open subset of R™. Denote by H*? (Q), k > 0,1 < p < o, the Sobolev
space [1, p. 149] of distribution x such that D%x € L¥ (Q) forall |x| =a,+---+an <k
equipped with the norm

1/p
x| = | D%x (w) \”m) . (53)
(|a|z<kLz

Let (Qq,2Za, Ux), X € A, be a sequence of positive measure spaces, where index set
A is finite or countable. Given a sequence of linear subspaces Xy in LP (Qq, Z«, Ha), We
denote by L;p,1 < p < o0 and q = max{2,p} [13], the linear space of all sequences
X = {xq € Xy : x € A} equipped with the norm

1/a
x|l = (Z (”xtx”p,(x)q) , (54)

xXEA
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where || - ||« denotes the norm in LP (Qu, Z«, Ha)-

Finally, let L, = (51,21,p1) and Ly = (52,32, 42), where 1 < p < o0, g = max{2,p}
and (S;,2;,u;) are positive measure spaces. Denote by L;(L,) the Banach spaces [4,
II1.2.10] of all measurable L,-value function x on S» such that

1/q
llxll = (L (HX(S)”p)qIJZ(dS)) . (55)
2

These spaces are g-uniformly convex with g = max{2,p} [16, 19] and the norm in
these spaces satisfies

Ax+ (1 -y I4<AllxT+ 1 -A)]yI1T-d-wg(A) - lIx -1 (56)
with a constant
P2l for1<p<?
d=d, = { s P (57)
bor for2 < p < o.

Now, from Theorem 1, we have the following result.

COROLLARY 5. Let K be a closed convex subset of the space E, where E = H?, or
E=HKP(Q), or E = Lgp, ot E=Lg(Ly),and1 <p < o0, q =max{2,p}, k=0, X be an
lg-invariant subspace of m(G) containing constants which has a left invariant submean
u, and & = {T; : s € G} be a generalized Lipschitzian semigroup on K. Suppose that
{Tsxo : s € G} is bounded for some xo in K and that for every u,v in K, the functions
f and g on G defined as in Theorem 1 belong to X. If 29 s (o + BE) < 1+d, where
s = (as +bs+c¢5) /(1 —bs —cs) and Bs = (2bs + 2¢5) /(1 — bs — cs), then there exists
ze K such that Tsz = z for all s € G.
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