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ABSTRACT. In this paper the author studies some cases of Banach space that does not have the

property P1. He shows that ifX gl or .L (ft) for some non-purely atomic measure #, then X does not

have the property P1. He also shows that ifX Coo or C’(Q) for some infinite compact Hausdorff space
Q, then X" does not have the property P.
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1. INTRODUCTION
The Banach space X is said to have the property P, if for each E > 0 and each r > 0, there is

6 > 0, such that for each z and t in X, there is z E B(z, satisfying that for each 0 with 0 < 0 < 6

B(x, r + ) B(y, r + O) C_ B(z, r + O)

where B(x, r) is the open ball ofradius r and centered at z, and B(x, r) is its clouser z

The property P1 plays an important role in approximation theory, and many authors used it This

property appears in approximation by compact operators, simultaneous approximation and other areas

(see for example Roversi [I], Lau [2], Mach [3] and Kamal [4]). Math [3] showed that ifX is uniformly
convex then it has the property P1 [3], and that ifX U(Q), or X B(Q) then X has the property P1
[4]. Mach [4, page 259] asked ifthe space L1 (kt) has the property P1

In this paper the author studies some cases of normed linear space X, for which X does not have the

property P1 In section 2, it is shown that if X 71 then X does not have the property P1, and in

section 3, it is shown that if t is a non-purely atomic measure, then L (#) does not have the property P1
These two results give a negative answer for the question ofMath [4] In section 3, it will be shown also

that ifX (goo)’, or X (C’(Q))*, where Q is an infinite compact Hausdorff space, then X does not

have the property P1
In this paper e is the Banach space of all real sequences z {z,} satisfying that E

together with the norm Ilxll-r Im, Also is the Banach space of all real n-tuples x (x,x2, ...,zn)

together with the norm Ilmll Im, I.
t=l

2. I1 DOES NOT RAVE TRE PROPERTY
The proof of the fact that g does not have the property P depends on the behavior of the property

P in g In Lemma 2.3, it will be shown that if > 0 is fixed, and 6n corresponds to for X e in

Lemma 2 1, then 6, 0 when n oo, so using the fact that g’ is a norm-one-complemented subspace

ofel, it will be shown in Theorem 2.4, that e does not have the property P1.
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LEMMA 2.1. If the Banaeh space X has the property P1 then for each e > 0, there is 5 > 0 such

that for each y E X, there is z E B(0, e) such that if 0 < 0 < 5 then

B(0,1+6+0) NB(y,I+O) C_ B(z, 1

PROOF. Let r 1 and let e > 0 be given By the definition of the property P1 there is 6 > 0 such

that for each x and y in X, there is z B(x, e) satisfying the following; for each 8’ such that 0 < 0’ < 6’

B(x, + 6’) Fl B(y, 1 + 8’) C_ B(z, 1 +

Let x 0 and 6 1/2 6’, then for all 0 satisfying 0 < < 6;

B(0,1 +6+)CB(y, 1 +0) C_ B(0,1-t-6’)B(y, 1 +0) C_ B(z, 1 +0).

LEMMA 2.2. Let n _> 3 be a positive integer, let 6 > 0 be given and let (zl z) be an n-tuple
of real numbers

If z, :> 6, and for each _< n- 1

Z +... + z,_1 z, + z,+1 +... + z _< 6,

then [z[ >_ (2n 3)6.
,=1

PROOF. For each 1,2 ,n, let y, z + + z,-1 z, + z,+ + + z,,, then

=1 =1

= (n-2) - ..
,=I ,=I

Therefore

I.,I _> lu,l _> ( 2)6 H- (n 1)6 (2n 3)6.

LEMMA 2.3. Let n >_ 3 be a positive integer and let 6 > 0 be a given real number such that

(2n 5)6 <_ 1 Then the element x, (6, 6 6, (n 2)6) in g satisfies the following conditions

(1) V0 such that 0 > 0

B(O, 1 + 6 + O) 0 B(x., 1 + O) :fi .
(2) If z 6 g and for each 0 with 0 < 0 < 6;

B(O, 1 / 5 / O) n B(x,, 1 -t- O) C_ B(z, 1 -t- O),

then llzll _> (2, 3)5
’=lifi=PROOF. Let {e,},= be the standard basis in g’, that is e, (x, x, ...,x), where x

and x 0 if :/: j and let

n-1

(n 2)Seth (5, , 5 (r- 2)5) e eX 5 ez
=1

Then Ilxll (n 1)5 + (n 2)5 (2n 3)5 <_ 1 + 25 <_ 2 + 5, therefore for each 0 such that

0<0<6

B(O,I +6 + O) F’I B(x,,, I +0) =/= .
Assume that z (zl, z2, z) E g is such that for each 0 with 0 < 0 < 5

B(0,1 + 5 + O) f- B(x,,, l + O) C_ B(z, l +0).
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It will be shown that

(1) z _> 6, and

(2) for each _<

Z +... + Z_I Z + Z,+I +... + Zn 6.

Ifthese are true then by Lemma 2.2, Ilzll Il (2n 3)6
=1

(1) Assume that Z + + z < 6. Let

,-2
1 + 6 1 (2n 5)

,=1 2

=(6, .,6,
1+6 1-(2n-5))’ 2

Then

1+6
Ilull- (- 2)6+--- +

1 (2n- 5)6
=1+6.

On the other hand

I1 11
1 + 6

6 + + (n 2)6
2 2

--1.

Thus, for each 0 such that 0 < 0 < 6,

y E B(0,1+6 +O) f3B(x,,l+O).

But

SO forany0< (6-- =lkZ) y " B(z, 1 +0).

(2) Assume that for a certain io _< n 1

2;1 +.’. + go-1 go + Zo+ +... + Zn > 6.

Let

(1+6), (__) ( 1+6 (1+6))Y 2 % en 0,0,...,0,----,0,...,0, 2
E e.

Then
io-th term

and
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IlY-Zll=(n-2)+ -- + +(n-2)
1 1 (2n- 5)a(- ) + +

2
=1.

Thus, for each 8 such that 0 < 8 < , y 6 B(0, 1 + + 8) B(x,, 1 + ). But

e l(y +-.. + y,o- ,o + ,o+ + + y,) (= + + =,o- =,0 + =,o+ + +
]- 1 (z +... + z,o_ % + Z,o+ +... + z,)l
I + [ + (z + + =,o- =,0 + =,o. + +

>1.

Thus, for some 8 > 0, y B(z, 1 + 8).
TEOM 2.4. l does not have the prop P
PROOF. It ll be sho that for each > 0, there is xe 6 gl, such that if z 6 g d for l 8 th

0<<gitistmethatB(0,1+g+)B(x,l+)B(z,l+), then lz[[ > . Let {e,}, be

the stdd basis in g, md let > 0 b given If > 1 then for each 8 > 0

B(o, + + ) n B(=, 1 +) g B(o, + + ) n B(=, +).

Thus one can te Xl to be x So thout loss ofgenrgity one may assume that

Let n 3 be a positive imeger satisng (2n- 5) 1 d (2n- 3) > , md let x, be as in

Lena 2.3 Define

n--1

= , ( =)e. (, , , (. =), o, o, ...) e e,.
z=l

Then [lxel[ [lx, 2 + , thus

B(O,I+6+8)B(xe, I+8)# for 0<8<6.

Let P, gl be the mapping defined by P, ({x, }, x, }, By the construction ofx its image
under P, is the elment x,

Assume that for some z 6 g

B(O,I++8)B(x,I+8)B(z,I+8) 0 <’8 < ,
then in g

s(o, + + ) s(=., z + ) s(P.(z), z + ) o < < ,
Thus by Lena 2.3 [lP,(z)l[ (2n- 3) > . Therefore

1
I1=11 IIP,(=)ll > .

3. ORSPACESTDO NOT EPROPER P
The subspacc Y of X is cled a no-one-complememed subspacc of X if there is a line

projection P" X Y tisng that [P[[ 1. IfA is a subset ofX, md x 6 X then

d(=, A) i{ll= 11; e A},

d ifB is other subset ofX, then the deation ofA &ore B is defined by

(A,B) sup{d(x,B);x E A}.
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The compact width ofA in X is defined by

a(A, X) inf{ 6(A, K); K is a compact subset of X}.

The compact width is said to be attained if there is a compact subset K of X satisfying that

a(A,X) 5(A,K)
In this section it will be shown that if X (C(Q))*, where Q is an infinite compact Hausdorff

space, X (o0)’, or X L1 (#) where # is non-purely atomic measure, then X does not have the

property P1.
The proof ofthe following proposition is elementary
PROPOSITION 3.1. Let X be a Banach space that has the property P1, and let Y be a closed

subspace ofX IfY is a norm-one-complemented subspace ofX, then Y has the property P1
COROLLARY 3.2. If# is non-purely atomic measure then L1 (#) does not have the property P1
PROOF. By Feder [5, Theorem 2], LI[0,1] has a subset A for which the compact width

a(A, LI[O, 1]) is not attained, thus by Kamal [6, Theorem 4.3] L[0,1] does not have the property P,
but by Lacy [7, sec 8], L[0,1] is a norm-one-complemented subspace of Lx(), therefore by

Proposition 3 1, L1 (#) does not have the property P.
NOTE 3.3. Theorem 2.4 together with Corollary 3.2 give a negative answer to the question of

Mach [4, page 259].
COROLLARY 3.4. fix o or X C(Q) for some compact infinite Hausdorffspace Q Then

X" does not have the property P1
PROOF. If X eo then e is a norm-one-complemented subspace of X’, and if X C(Q) then

by Kamal [8, Lemma 3.2], el is a norm-one-complemented subspace of X’, in both cases one concludes

by Proposition 3.1 that X" does not have the property P.
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