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The existence and uniqueness of a variational solution are proved for the following nonau-
tonomous nonclassical diffusion equation u; — eAuy — Au + f(u) = g(x,t), ¢ € (0,1], in a
noncylindrical domain with homogeneous Dirichlet boundary conditions, under the assumption
that the spatial domains are bounded and increase with time. Moreover, the nonautonomous

dynamical system generated by this class of solutions is shown to have a pullback attractor <.,
which is upper semicontinuous at € = 0.

1. Introduction

In recent years, the evolution equations on noncylindrical domains, that is, spatial domains
which vary in time so their Cartesian products with the time variable are noncylindrical
sets, have been investigated extensively (see, e.g., [1-3]). Much of the progress has been
made for nested spatial domains which expand in time. However, the results focus mainly
on formulation of the problems and existence and uniqueness theory, while the existence
of attractors of such systems has been less considered, except some recent works for the
reaction-diffusion equation (or the heat equation) [4, 5]. This is not really surprising since
such systems are intrinsically nonautonomous even if the equations themselves contain no
time-dependent terms and require the concept of a nonautonomous attractor, which has only
been introduced in recent years.

In this paper, we consider a class of nonautonomous nonclassical diffusion equations
on bounded spatial domains which are expanding in time. First, we show how the first initial
boundary value problem for these equations can be formulated as a variational problem
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with appropriate function spaces, and then we establish the existence and uniqueness over a
finite time interval of variational solutions. Next, we show that the process of two parameter
generated by such solutions has a nonautonomous pullback attractor. Finally, we study the
upper semicontinuity of the obtained pullback attractor.

Let {Q;},cr be a family of nonempty bounded open subsets of RN such that
s<t=Q,CQ. (1.1)

From now on, we will frequently use the following notations:

Qrr = U Q; x {t},

te(r,T)

Qri= |J Qix{t}, VreR,
te(t,00) (1.2)
Z = U 0Q; x {t},

te(r,T)

7,T
Z = U 08 x {t}.

te(T,00)

In this paper we consider the following nonautonomous equation:

ur —eAu; — Au+ f(u) = g(x,t) in Qr,
(Pe)qu=0 on 3, (1.3)

Uli=r = Uz (x), x€Q,,

where ¢ € [0,1], the nonlinear term f and the external force g satisfy some conditions
specified later on. This equation is called the nonclassical diffusion equation when ¢ > 0,
and when ¢ = 0, it turns to be the classical reaction-diffusion equation.

Nonclassical diffusion equation arises as a model to describe physical phenomena,
such as non-Newtonian flows, soil mechanics, and heat conduction (see, e.g., [6-9]). In the
last few years, the existence and long-time behavior of solutions to nonclassical diffusion
equations has attracted the attention of many mathematicians. However, to the best of
our knowledge, all existing results are devoted to the study of the equation in cylindrical
domains. For example, under a Sobolev growth rate of the nonlinearity f, problem (1.3)
in cylindrical domains has been studied [10-13] for the autonomous case, that is the case
g not depending on time ¢ and in [14, 15] for the nonautonomous case. In this paper, we
will study the existence and long-time behavior of solutions to problem (1.3) in the case of
noncylindrical domains, the nonlinearity f of polynomial type satisfying some dissipativity
condition, and the external force g depending on time ¢. It is noticed that this question for
problem (1.3) in the case € = 0, that is, for the reaction-diffusion equation, has only been
studied recently in [4, 5].
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In order to study problem (1.3), we make the following assumptions.

(H1) The function f € C!(R,R) satisfies that

—B+ s < f(s)s < P+ azlsf, (1.4)

fl(s)2-¢, (1.5)

for some p > 2, where a1, ay, f, € are nonnegative constants. By (1.4), there exist
nonnegative constants a1, &, f such that

—B+ & sl < F(s) < B+ alsl’, (1.6)

where F(u) = fg f(s)ds is the primitive of f.
(H2) The external force g € leoc (RN+1),
(H3) The initial datum u, € H}(Q,) N LP(Q;) is given.

Since the open set Q; changes with time t, problem (1.3) is nonautonomous even
when the external force g is independent of time. Thus, in order to study the long-time
behavior of solutions to (1.3), we use the theory of pullback attractors. This theory has been
developed for both the nonautonomous and random dynamical systems and has shown
to be very useful in the understanding of the dynamics of these dynamical systems (see
[16] and references therein). The existence of a pullback attractor for problem (1.3) in the
case ¢ = 0, that is, for the classical reaction-diffusion equation, has been derived recently
in [4]. In the case ¢ > 0, since (1.3) contains the term —sAu;, this is essentially different
from the classical reaction-diffusion equation. For example, the reaction-diffusion equation
has some kind of “regularity”; for example, although the initial datum only belongs to a
weaker topology space, the solution will belong to a stronger topology space with higher
regularity, and hence we can use the compact Sobolev embeddings to obtain the existence of
attractors easily. However, for problem (1.3) when ¢ > 0, because of —Au, if the initial datum
ur belongs to Hé (Qr)NLP(L;), the solution u(t) with the initial condition u(7) = u; is always
in Hy(€;) N LP(Q;) and has no higher regularity, which is similar to hyperbolic equations.
This brings some difficulty in establishing the existence of attractors for the nonclassical
diffusion equations. Other difficulty arises since the considered domain is not cylindrical,
so the standard techniques used for studying evolution equations in cylindrical domains
cannot be used directly. Therefore, up to now, although there are many results on attractors
for evolution equations in cylindrical domains (see, e.g., [17, 18]), little seems to be known
for the equations in noncylindrical domains.

In this paper, we first exploit the penalty method to prove the existence and uniqueness
of a variational solution satisfying the energy equality to problem (1.3). Next, we prove the
existence of a pullback attractor oA, for the process associated to problem (1.3). Finally, we
study the continuous dependence on ¢ of the solutions to problem (1.3), in particular we
show that the solutions of the nonclassical diffusion equations converge to the solution of
the classical reaction-diffusion equation as ¢ — 0. Hence using an abstract result derived
recently by Carvalho et al. [19] and techniques similar to the ones used in [14], we prove the
upper semicontinuity of pullback attractors <, in L2(Q;) at &£ = 0. The last result means that
the pullback attractors <4, of the nonclassical diffusion equations converge to the pullback
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attractor o of the classical reaction-diffusion equations as ¢ — 0, in the sense of the
Hausdorff semidistance.

The paper is organized as follows. In Section 2, for the convenience of readers, we
recall some results on the penalty method and the theory of pullback attractors. After some
preliminary results in Section 2, we proceed by a penalty method to solve approximated
problem, and then we also prove the existence and uniqueness of the solution to problem
(1.3) in Section 3. In Section 4, a uniform estimate for the solutions is then obtained under an
additional assumption of the external force g, and this will lead to the proof of existence of
a pullback attractor <, in an appropriate framework. The upper semicontinuity of pullback
attractors o, at & = 0 is investigated in Section 5. In the last section, we give some discussions
and related open problems.

Notations. In what follows, we will introduce some notations which are frequently used
in the paper. Denote H, := L%(Q,) and V, := H(l)(Q,) for each r € R, and denote by (-,-), and
| - |; the usual inner product and associated norm in H, and by ((-,-)) and || - || the usual
gradient inner product and associated norm in V. For each s < t, consider V; as a closed
subspace of V; with the functions belonging to V, being trivially extended by zero. It follows
from (1.1) that {V}},c[, 1 can be considered as a family of closed subspaces of Vr for each
T > T with

s<t=V,CV,. (1.7)

In addition, H, will be identified with its topological dual H; by means of the Riesz theorem
and V; will be considered as a subspace of H; with v € V, identified with the element f,, € H;
defined by

fo(h) = (v,h),, heH,. (1.8)

The duality product between V' and V, will be denoted by (-, ).

2. Preliminaries
2.1. Penalty Method

To study problem (1.3), for each T > 7, we consider the following auxiliary problem:
U —eAuy — Au+ f(u) = g(x,t) in Qrr,
u= 0 on ZT, (21)

Ulper = U (x), x €Q,

where 7 € R, u; : Q; — Rand g: Q, — R are given functions.
The method of penalization due to Lions (see [20]) will be used to prove the existence
and uniqueness of a solution to problem (2.1) satisfying an energy equality a.e. in (7,T) and,
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as a consequence, the existence and uniqueness of a solution to problem (1.3) satisfying the
energy equality a.e. in (7, o0). To begin, fix T > 7 and for each t € [7,T] denote by

Vi i={veVr: ((v,w))r =0,Yw € V;} (2.2)

the orthogonal subspace of V; with respect the inner product in Vr and by P(t) € £(V7) the
orthogonal projection operator from V7 onto V3, which is defined as

PHveVt,  v-P(t)yweV, (2.3)

for each v € V7. Finally, define P(t) = P(T) for all t > T and observe that P(T) is the zero of
L(Vr).

We will now approximate P(t) by operators which are more regular in time. Consider
the family p(t; -, ) of symmetric bilinear forms on V7 defined by

pt;o,w) = ((P(t)v,w))r, Yo,we Vr, VE2>T. (2.4)

It can be proved that the mapping [7, ) 3 t — p(f; v, w) € R is measurable for all v, w € V7.
Moreover, |p(t; v, w)| < ||v|r|lw]|r. For each integer k > 1 and each ¢ > 7, we define

1/k
pr(t;0,w) =k p(t+r;0,w)dr, VYo,weVy, Vt>T, (2.5)
0

and denote by Py (t) € £(Vr) the associated operator defined by
((Pc(t)o,w))r =prt;v,w), VYo,we Vr, VE>T. (2.6)
Lemma 2.1 (see [2, 4]). For any integer 1 < h < k, any t > T and every v,w € Vr,

pr(t;v,w) = pr(t;w,v),
0 < pu(t;0,0) <pr(t;v,0) <plto,0) = |PB)Y|I7 < ||ol7,

) 1 (2.7)
pe(t;0,0) = Epk(t;v,v) =k(p(t+ E;v,v) —p(t;v,v)) <0,
((Pe(t)v,2))r =0, VzeV.
Moreover, for every sequence {vy} C L*(1,T; V) weak convergent to v in L*(t,T; Vy),
T T
lli(m inff pr(t; vk (t), v (1)) dt > f p(t;o(t),v(t))dt. (2.8)
-t Jr T

Let]:Vr — Vi be the Riesz isomorphism defined by

(Jo,w)r = ((v,w))r, Yo,w € Vr, (2.9)
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and for each integer k > 1 and each t € [7,T], we denote
Ai(t) == —A + kJPr(b). (2.10)

Obviously, Ax(t) € £(Vr,Vy), t € [1,T], is a family of symmetric linear operators such that
the mapping t € [7,T] — Ax(t) € £(Vr, V}) is measurable, bounded, and satisfies

(Ao, )y > |0l7, Yo € Vr, Vie [r,T]. (2.11)
Let u; € Vr be given and for each k > 1 consider the following problem:

(u (), 0) 7 + (Ax(Dux(t), v) 7
+e(Ax(Oup(t),v) + (f(uk(t)),v), = (g(t),v), YveVr, (2.12)
((uk(7),0))r = ((4r,0))r-

The idea of the penalty method is as follows: for each k > 1 we first prove the existence
of a solution 1y to problem (2.12) (a problem in a cylindrical domain) using standard methods
such as the Galerkin method, and then show that u; converges to a solution to problem (2.1)
(a problem in a noncylindrical domain) in some suitable sense, and as a consequence, the
existence of a solution to problem (1.3) (see Section 3 for details).

2.2. Pullback Attractors

Since the open set €; changes with time ¢, problem (1.3) is nonautonomous even when the
external force g is independent of time. Thus, in order to study the long-time behavior of
solutions to (1.3), we use the theory of pullback ®-attractors which is a modification of the
theory in [16].

Consider a process U (-, -) on a family of metric spaces {(X;, d;); t € R}, that is, a family
{U(t,T);—0 < T <t < +oo} of mappings U(t,7) : X; — X; such that U(7, 7)x = x for all
x € X, and

U, ry=U(t,r)U(r,t) Vr<r<t (2.13)

In addition, suppose D is a nonempty class of parameterized sets of the form @ =
{D(t); D(t) € X;, D(t) #0,t € R}.

Definition 2.2 (see [4]). The process U(-,-) is said to be pullback ®-asymptotically compact
if the sequence {U(t, T,)x,} is relatively compact in X; for any t € R, any @ € 9, and any
sequences {7,} and {x,} with 7, — —oo and x,, € D(7,).

Definition 2.3 (see [4]). A family B € D is said to be pullback ®-absorbing for the process
U(.,-) if for any t € R and any De D, there exists 7y(t, @) < t such that

U(t, 7)D(T) C B(t), (2.14)

forall T < To(t,§).
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Remark 2.4. Note that if B € D is pullback ®-absorbing for the process U(:,-) and B(t) is
a compact subset of X; for any t € R, then the process U(-,-) is pullback ®-asymptotically
compact.

For each t € R, let dist;(D;, D,) be the Hausdorff semi-distance between nonempty
subsets D; and D, of X;, which is defined as

dist;(Ds, D,) = sup ieande’ (x,y) for Dy,D, C X;. (2.15)

xeDy y

Definition 2.5 (see [4]). The family 4 = {A(t); A(t) C X;, A(t)#0,t € R} is said to be a
pullback ®-attractor for U(:, ) if

(1) a(t) is a compact set of X; for all t € R,
(2) o is pullback D-attracting, that is,

lim dist,(U(t,7)D(T), A()) =0 YD € D,Vt€R, (2.16)

(3) A is invariant, that is,

U(t,T)A(T) = A(t) for—oo<T <t < +oo. (2.17)

Theorem 2.6 (see [4]). Suppose that the process U (-, -) is pullback D-asymptotically compact and
that B € D is a family of pullback D-absorbing sets for UL(-,-). Then, the family o4 = [A(t);t € R}
defined by A(t) := A(B,t), t € R, where foreach D € D and t € R,

A(D,t) = UU(t,T)D(T)Xt(closure in X,) (2.18)

s<t T<s

is a pullback D-attractor for U(:,-), which in addition satisfies

X

Alt) = UA(B,t) . (2.19)

De®

Furthermore, A is minimal in the sense that if C = {C(t);t € R} is a family of nonempty sets such
that C(t) is a closed subset of X; and

lim dist(U(t,7)B(7),C(t)) =0 forany t€ R, then A(t) C C(t) Vt €R. (2.20)

2.3. The Upper Semicontinuity of Pullback Attractors

We now state some results on upper semicontinuity of pullback attractors, which are slight
modifications of those in [19]. Because the proof is very similar to the one in [19], so we omit
it here.
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Definition 2.7. Let {U,(:,-) : € € [0,1]} be a family of evolution processes in a family of Banach
spaces {X;} with corresponding pullback ®-attractors {A.(f) : € € [0,1], t € R}. For any
bounded interval I € R, we say that { A.(-)} is upper semicontinuous at ¢ = 0 for ¢ € I if

lim sup dist;(A.(t), Ao(t)) = 0. (2.21)

e—0tel

Theorem 2.8. Let {U.(-,-) : € € [0,1]} be a family of processes with corresponding pullback D-
attractors {A.(-) : € € [0,1]}. Then, for any bounded interval I C R, {A.(:) : € € [0,1]} is upper
semicontinuous at 0 for t € I if for each t € R, for each T > 0, and for each compact subset K of X;_-,
the following conditions hold:

(i) SUP ;¢ [0,71SUP ek dist; (U (¢, t —T)x,Up(t,t —T)x) —» 0ase — O,
(1) Ueego) Uret, Ae(t) is bounded for given to,
(iil) Upeec1 Ae(t) is compact for each t € R.

3. Existence and Uniqueness of Variational Solutions

For each T > 7, denote

Qrr = Qr x (1,T),
Urr = {® € L2(, T; V) n 1P (Qer ), @ € L2(x, T; Vi), (3.1)

®(1) = D(T) = 0,D(t) € V; ae. in (7, T)}.

Definition 3.1. A variational solution of (2.1) is a function u such that
(C1) u € L(r,T, Vr) N LP(Q.1), ' € L3 (7, T; V1),
(C2) forall® e U,

T
f [~ (u(®), @' (1)1 + ((u(t), ()7 + ((U (1), @(t))); + (f (w), D(t)) ;] dt
! (3.2)

T
- [ st,00)a

(C3) u(t) € Vyae.in (1, T),
(C4) limy - (t - 7) 7" [L|u(r) — ur[7 dr = 0.

Remark 3.2. If T, > T; > 7 and u is a variational solution of (2.1) with T = T,, then the
restriction of u to Q. 1, is a variational solution of (2.1) with T = Tj.

Denote QT = UT>TQ(T/T)'

Definition 3.3. A variational solution of (1.3) is a function u : QT — R such that for each
T > T, its restriction to Q. r is a variational solution of (2.1).
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To prove the uniqueness of variational solutions to problem (2.1), we need the
following lemmas.

Lemma 3.4 (see [4]). Assume that v € L*>(t,T, V1) N U’(QT,T) and there exist ¢ € L*(1, T, V7) and
n € LP/PY(Qyr) such that

T T T
[ wo,0 ) =- [ ao,00yd- [ (0o,00),, (33)

for every function ® € U, .
Foreach 0 < h < T — T, define vy, by

o = {h-l(v(t +h)-o(t) ae. z:n (r,T - h), 54)
0 ae.in (T-h,T).
Then
T T T
lim f (on(t), w(t))pdt = f (&(1), w(t))pdt + j (1(1), w(t))pdt, (3.5)

for every function w € L*(t,T; Vr) N U’(@T,T) such that w(t) € Vya.e. in (1,T).

Remark 3.5. If T < T' < T and @ € L%(7,T'; V1) N LP(Qr x (1,T")), with @ € L?>(r,T’; Hy)
satisfies (1) = O(T') = 0 and ®(t) € V; ae. in (7,T), then the trivial extension @ of @
satisfies @ € U, r, with ((5)' =@, Using the open sets Qt = Qpur_p, T <t < T, itis easy to see
that under the conditions of (3.5), one also has

T'-h d ,
1}11%47 (vh(t),w(t))TdtzL (§(t),w(t))Tdt+fT (n(t), w(t)),dt, (3.6)

for every 7 < T' < T and every function w € L*(7,T; V1) N U’(QT,T) such that w(t) € V; a.e. in
(7, T).

Lemma 3.6 (see [4]). Let v; € L?>(7,T; V1) ﬂLP(@T,T), i =1,2, be two functions such that v;(t) €

Vi ace. in (1,T) for i = 1,2. Assume that there exist & € L*(t,T; V), 1; € Lp/p’l(QTrT), i=1,2
such that

T T T
| @oo0)a--[ wo.omyma-| oo, =12, 67)

for every function ® € U, r. Then, for every pair T < s < t < T of Lebesgue points of the inner
product function (v, v,)7 it holds
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t t
(01(t), v2(8)) 1 = (v1(5), v2(s))r = f (61(r), v2(r) ) pdr +I (&2(r), v1(r) ) pdr
t t
+ J (mi(r), va(7)) pdr + f (m2(r), v1 (1)) dr

t-h
+ 1,%1}1’1 L (v1(r + h) —vi(r), va2(r + h) —va(r))dr.

(3.8)

If u is a variational solution of problem (2.1), then 7 is the Lebesgue point of [u|? since
the condition (C4) is satisfied. The next corollary gives an obvious consequence of (3.8).

Corollary 3.7. If u is a variational solution of (2.1), then for every Lebesgue point t € (t,T) of |ul>
it holds

t t
() +ellut)|I +2f ||u<r>||%dr+2j (f (u(r)), u(r))dr

(3.9)
—h
= [zl + efurlly +2 f (§(r),u(r))rdr +limh™! J [u(r +h) = u(r)lpdr.
Proof. If u is a variational solution of (2.1), then we have
T
[ |Fao. o), +e((5.00)) +@o 0w+ (Fuw),o0),|d
T T
. (3.10)
= J‘ (g(t), @(t)) dt.
Applying Lemma 3.6 with v; = v, = u, we get
t t
0
lu(t)[; - |u:l7 = - L <<62—1; + u(r),u(r)))Tdr - L ((ga—l; + u(r),u(r)))Tdr
t t
- G - g u)dr = [ (i) = g0,
t-h
+%ig})h*1 I lu(r + h) — u(r)3dr (3.11)

t t t
= =2 [ Nty lar =2 [ (), u)gdr +2 (g0, ur)gar
t-h
= ellu®IIF + elurll7 + limh™ f ju(r +h) - u(r)lpdr.

Hence, it implies the desired result. O
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The aim of this section is to obtain a variational solution of (2.1) such that

t t
()7 +ellut)|7 + Zf l[ur)lI7dr + ZI (f (u(r)), u(r)) dr
! ! (3.12)

t
= 2 + ellusl2 + 2f (g(r), u(r)) dr.
T

We will say that u satisfies the energy equality in (7,T) if (3.12) is satisfied a.e. in (7,T).
Analogously, if u is a variational solution of (1.3), we will say that u satisfies the energy
equality a.e. in (7, +o0) if for each T > 7 the restriction of u to @T,T satisfies the energy equality
(3.12) a.e.in (7, T).

For any function v € L?(r, T; Hr) and any t € (7, T], we put

t—h
o (t) := limsup h™! lo(r + h) —v(r)3dr. (3.13)
h|0 T

Then 177,,r is a nondecreasing function. By Corollary 3.7, a variational solution u of (1.3)
satisfies the energy equality a.e. in (7, T) if and only if 7, 7(t) = 0 for a.e. t € (7,T). In fact,
using the continuity of the following mapping:

t
te [, T] — |uslt + elluc |7 +2f |(8(r), 1) = @I = (f(r), u(r),|dr,  (B.14)

one can see that a variational solution u of (1.3) satisfies the energy equality a.e. in (7, T) if
and only if 7, 7(T) = 0.

The next lemma provides a sufficient condition for u to satisfy the energy equality a.e.
in (1,T).

Lemma 3.8. Let u be a variational solution of (2.1) and suppose that there exists a sequence {t,} C
(1, T) of Lebesgue points of [u|2 such that t, — T and

lim sup<|u(tn)|% +€|lu(ty) ||%>
n—+oo

. (3.15)
< furff +ellur | + 2[ |(8r), ()¢ = )7 = (f (r)), u(r)) .

Then, u satisfies the energy equality a.e. in (7,T).
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Proof. 1t is sufficient to prove that 7,,7(T) = 0. Since t, — T and 7,7 is nondecreasing, by
Corollary 3.7, we have

nl+oo n— +oo

1u,1(T) < limsup 17,7 (t,) = lim sup<|u<tn>|% + el ultn) 17 — luclf — ellul7

tn
-2 f [(5(r), u()y = (I} - (f<u<r>>,u<r>>T]dr>

. 2 2 2 2
< lim sup ([u(tn) 7 + elu(tn) I} ) = el — ellu 7

n—+oo

T
~2 [(str) )y = I = (), ),

<0.
(3.16)

This completes the proof. O

Proposition 3.9. Let u,u be two variational solutions of (2.1) corresponding to the initial data
Ur, Uy € Vo N LP(Q7), respectively, which satisfy the energy equality a.e. in (7,T). Then,

t
() ~ DR + ellut) - TD| + 2[ lu(r) - 7(r) 2dr
r (3.17)

< (") (|uT — 3+ elfur - m%) ae. te (1,T).

Hence, it implies the uniqueness of variational solutions to (2.1) satisfying the energy equality in
(7, 7).

Proof. Since u, u satisfy the energy equation, 7,7 (t) = 1z r(t) =0 forall t € (7,T) and

u(t) —u(t)|7 + ellut) - u®)|l7 + 2f llu(r) - u(r)|zdr
t
+2f (f (u(r)) - f@a(r)), u(r) - u(r)) dr (3.18)

t—h
< |ur = e + ||ty — U ||7 - 2% Rt j (u(r +h) —u(r),u(r + h) - u(r))dr.
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On the other hand,
2

T

t-h
‘hl I (u(r+h) —u(r),u(r + h) —u(r))pdr

(3.19)
t-h t-h
< <h‘1 f |u(r + h) — u(r)lzdr> <h‘1 f [u(r + h) — ﬁ(r)|2dr>,
SO
t-h
l}iﬁ)\ ht (u(r + h) —u(r),u(r + h) —=u(r))pdr = 0. (3.20)
Using this and (1.5) in (3.12), one can conclude
2 2 ' 2
u(t) —u(®)|r + ellu(t) —u®)|lr +2 f llu(r) —u(r)llzdr
t
< fur = e[ + ellur — % |17 - 2f (f(u(r)) = f@u(r)),u(r) —u(r))dr (3.21)
t
< b =l + el =l +2¢ [ Jutr) =)
By an application of Gronwall’s inequality, we get (3.17). O

The method of penalization will now be used to prove the existence and uniqueness
of a variational solution to problem (2.1) satisfying an energy equality a.e. in (7,T) and,
as a consequence, the existence and uniqueness of a variational solution to problem (1.3)
satisfying the energy equality a.e. in (7, c0).

Theorem 3.10. Let g € L*(t,T; Hr),u, € V; N LP(Q;) be given. Then problem (2.1) has a unique
variational solution satisfying the enerqy equality a.e. in (7, T).

Proof. We divide the proof into two steps.

Step 1. Existence of a weak solution to problem (2.12).

We will use the Galerkin method (see [20]). Take an orthonormal Hilbert basis {e;}
of Hr formed by elements of Vr N LF(€2r) such that the vector space generated by {e;} is
dense in Vr and L7 (7). Then, one takes a sequence {u,, } converging to u, in Vr, with {u, }
in the vector space spanned by the m first {e;}. For each integer m > 1, one considers the
approximation ug, (f) = 37" yx,,j(t)e;, defined as a solution of

(14,0, e5)+ (AOur, (B, ¢7)7 + (A, (B, e7)+ (f i, (), ¢7)7 = (3(8),€)),

((ux, (1), €))7 = ((ur,. €))7
(3.22)
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Multiplying (3.22) by y,’(m,].(t) and summing from j = 1 to m, we obtain

(14, 0,15, (®) -+ (AcOus, (0,1, ) )+ e(AcOy,, 0,1, )+ (f e, ()1, ®)

= (30,1, M)
(3.23)
or
[, O+ 5 T, O + |, ©|+ k((Petus, 0,4, ®)), s
+ek (P, (0),15,®))) + (f 0, ®),1,®)) = (8),1,1)) .
Thus,
(0,1, ). 2 [at, O+ e, O+ 5 [, I + k(PO 6,0, ()
+ek (P, (0,1, 1))+ (f 0, (1)1, 1))
- |u'k (t)| +5||ukm(t)||T+sk((Pk(t)ukm(t),ukm(t)>>T
%di[”uk (t)||T+k((Pk(t)uk (), ux,, (t)))T+2,[Q F(ukm(x,t))dx] .
(3.25)
We have
(3,1, ). < %<|g(t)|§ + [, (t)|;> , (3.26)
SO
8O 2 2|, +%[llukmu)n%+k((Pk(t)ukma),ukm(t)))T+2fQ F(ukm<x,t>)dx]

+ 2sk<(Pk(t)u;<m(t),u;%(t)))T + |u;(m(t)|;.
(3.27)
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Integrating (3.27) on [7,t],7 <t < T, we obtain

2¢ Ji ”u'km (r) ||idr +2¢ek J‘; <<Pk (ruy (1), u;(m(r)>>Tdr + Jj |u;<m (r) |;dr

s, DI + K ((Pe(tyia, (6), 11, (D)) + 2f F (g, (x, ) dx (3.28)

Qr

t
sf |g<r>|§dr+||ukm<f>||%+k((Pm)ukm(T),uk,,,(T)))T+2f Flug, (x,7))dx.

Qr

Since
[ P, o 0)dx > i+ Bl O
! (3.29)
[ P, G myde < ol + allu
T
we have
t 2 t t 2
2£J‘ ”u'km(r) ||Tdr + ZEkJ‘ <<Pk (ruy (r), u}cm(r)>>Tdr + f |u;<m (r) |Tdr
+ [, (1T + K (Pt (£), 1, (8)) 7 + 28 [, (D] (3.30)

t
< f 1§ |2dr + g, ()1 + k((Pe(T) g, (7), 11, (7)) + 4PIQ1| + 282t Iy -

From (3.30), we deduce that

{ur,, } is bounded in L* (7, T; V1) N U’(QT,T),
{ur, ) = ux weakly in L*(7, T; Vr) 0 1P (Qrr),
{u} }isbounded in L*(t,T; Vr),
{uj } — uj weakly in L*(t,T; V7).
Since {uy,, } is bounded in L*(7,T; Vr) N U’(QT,T), one can check that { f (1, )} is bounded in

Li(T,T; L9(Qr)) withg = p/(p — 1), hence f(u,) — nin Li(7, T; L9(Qr)). We now prove that
1= f(uk).

Indeed, we have
Vr cc Hr c V7,
{ug,, } is bounded in L*(7, T; V1),
{u }isbounded in L*(7,T; V).
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By the Aubin-Lions lemma [20, Chapter 1], {ux,} is relatively compact in L%(z, T; Hr).
Therefore, one can assume that uy, — uy strongly in L2(t,T; Hr), s0 Uy, — ux a.e.in Q..
Since f is continuous, f(ux,) — f(ux) a.e. in Q. Applying Lemma 1.3 in [20], we have

f(uk,) = f(ux) weakly in LI(7, T; L1(Qr)). (3.31)

This implies that uy is a weak solution of problem (2.12).
Step 2. Existence of a variational solution to (2.1) satisfying the energy equality. O

From (3.30), we have

T
kf (PPt (r), (7))
t
<(T-7) <f lg(r) |§dr + [|uk,, ()17 + k((Pe(T) g, (T), 1k, (7)) (3.32)

+ 4E|QT| + 2a2””m”in(gﬂ>'
Consider the function @ : L?>(7,T; Vr) — R defined by
T
0) = [ (P00, o@)dt, v e 2w TiVe) (3.33)

It is easy to see that @ is a continuous and convex function. It follows that

fTT((Pk(t)ukm(t),ukm(t)))Tdt is weakly lower semicontinuous in L*(7,T;Vr). Moreover,
{uk, } — ux weakly in L?(7, T; Vr), hence

T
k[ (o), uw)yar
T
< Ktiminf [ (PO, () s, ()l

t ~
<(T-7) < f |g(r) P2edr + Il 2 + k(P (Pttr, 1)) 7 + 451211 +2&z||uf||';p(gr)>.
(3.34)
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Since {u; } — u; weakly in L*(t,T; Vr), then, reasoning as above,

T
zgkf ((PeBy, (1), (1))t
T
SZeklimrrljgff (Pt (£), s, (1))t (3.35)

t
< <J‘ |g(r) |§dr + ||uT||% + k((Pe(T)ur, ur))r + 4P|1Q7| + 2&2||uT||§p(QT)> .

From the facts that uy,, — u, weakly in L% (7, T; Vr), u;(m — uj weakly in L*(t,T; V1) and the
weak lower semicontinuity of the norm, we deduce that

' ’ 2 ' ’ ’ ! ’ 2
2¢ L || (r) || dr + 2¢k J; ((Pe(r)up(r), ui (r))) pdr + L | (r) |7 dr
T
+ |l ()17 + kf ((Pe(B)uk (), ux(t)))r + 2&1||”k(t)||’£n(gﬂ

t ~
<(+T-7) < f |8 [3dr + el + k((Pe(r)r, ) + 41 | +2az||ur||’zp<gﬂ> =C
(3.36)

Since u, € V; N LP(Q;), ((Pr(T)Ur, ur))r =0 for all k > 1, (3.36) gives

ux} is bounded in L*(7, T; V1) N LP (7, T; L? (Qr)),
is bounded in L2(7, T; V1),
— uweakly in L% (7, T; Vr) N L (7, T; LP (Qr)),

— u' weakly in L?(7, T; Vr).

k}
u, )
K}
i)

From Lemma 2.1, we have

T T
[ IP@udr <timin [ (PLOus0),m0)) et < liminge <0,

that is, P(t)u(t) =0 a.e. in (7,T) or u(t) € V; a.e. in (1,7T),
(3.37)

T T
j ||P(t)u’(t)||§dt§liknli£ff ((Pk(t)u’k(t),u’k(t)))Tdt5likrr_1)i£f%:0,

that is, P(t)u/(t) = 0 a.e. in (7, T).

Moreover, (3.36) and the equality

ur(t) — uk(s) = J‘t w (r)dr, Vs, te|r,T], Vk>1, (3.38)

S
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give
[ (£) = upe(s)|p < CV2t—s|V* Vs, t e [r,T], Vk > 1. (3.39)

It follows from (3.36) that ||ux(t)||r < C for all t € [7,T] and each k > 1. Since the injection
of Vr into Hr is compact, the set {v € V7 : ||v||% < C} is compact in Hr. By (3.39) and the
Arzela-Ascoli theorem, there exists a subsequence, that will be still denoted by {uy}, such
that

ur — u in C([7,T]; Hr) as k — +oc0. (3.40)

So, the condition (C4) is satisfied.
On the other hand, {uy} is bounded in L* (7, T; V1) and {u;c }is bounded in L?(t, T; V),
applying the Aubin-Lions lemma and Lemma 1.3 in [20, Chapter 1], one has

f(ux) — f(u) weakly in L(7, T, L9(Qr)). (3.41)
Since uy is the weak solution of the problem

( (1), 0) + (Ac(Dug(t), v) 1
+e(Ac(Du(t),v) . + (f(ur(t)),v), = (8(t),v);, YveVr, (3.42)

((uk(7),0))r = ((4z,0))1,
taking to the limit as k — +oo and using the fact that P(t)u(t) = 0, P(t)u'(t) = 0 a.e. in (7, T),
we can conclude that u is the solution of (2.1).

Now, we will show that u satisfies the energy equality in (7, T). Multiplying (3.22) by
Yk,,j and summing from j = 1 to m, we obtain

(11, (011, () + (A (Bt (8), 11, () 7
(3.43)

+ (At (1), 1, (0))+ (f (a, (), 14, (1) 7 = ()t (D) -

Hence, we get

e, (D7 + ek, (B)IIT + K ((Pe(B) e, (1), i, ()

N —
R

b g O + ek (PO, (0,0, 0)), + (F (s (0), 15, ) = (36,15, ).,
(3.44)
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or

t T
g, ()2 +2f ™ <r>||%dr+2kf (PP, (1), i, (r)))pdlr

t

t
+ ellug,, (D2 + 2kej ((Petryy, (), uk, (r)) ) dr + 2f (f (s, (1)), s, (r)) pdr - (3.45)

T

t
=2 [ (g(r) e, (1))l + el I
Since

((Petty, (), 4, 1)). > 3 % (PO, (), e, )y,

(P (B)u,, (£), ux,, (£))7 20,

¢ t (3.46)
e, ()2 +2j itk (P2 + el (8) |2 +2j (F Gt (1)), g, (7))

t
< 2[ (8(r), 1k, (1)) 7Ar + [the, [T + €l 17 + ek ((Pi(t)thr,,, Ur,,)) 1,

letting m — oo, we obtain

T T
|uk<T>|%+2f ||uk<r>||%dr+e||uk<T>||%+2f (F (), e (1) )l
' ! (3.47)

T
<2 [ (g0 (1)) et + i+ el
Now
T
f (F(ur(r)), e () )l
T T

=f (Fur(r)) — F (), we(r) - u(r))pdr + f (FGui(r)), u(r)) pdr

T T
+ f (f (u(r)), ux(r)) . dr - f (f (u(r)), u(r))dr (3.48)

T T

> —Zf [ui(r) — u(r)[2dr + f (f (ux(r)), u(r)) dr

T T
[ ), mr)gdr = [ (£, ),
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This inequality and (3.47) give

T
(D)7 + ZJ‘ ek (r) |7 dr + ellu ()17

T T
< ZI (g(r), ux(r))pdr + |uT|% + £||uT||% + ZIJ‘ [ux (1) — u(r)|%dr (3.49)

T

T T T
—f <f<uk<r>>,u<r>>Tdr—f (F(u(r)), () pdr + f (F(u(r), u(r)) dr.

Since ux — u weakly in L*(t,T; V1), we get

T
[u(T)[7 + ellu(T)F < urlf + ellurlF - 2f (f (u(r)), u(r)) dr
! (3.50)

T T
~2 ) lidr+2 [ (g(r),u)dr.

Applying Lemma 3.8 with ¢, = T for all n, one concludes that u satisfies the energy equality
on (7,T), and the desired uniqueness follows from Proposition 3.9.

4, Existence of Pullback 9-Attractors

The aim of this section is to establish the existence of a pullback attractor for problem (1.3).
Suppose that g € leoc(RN *1). Then, according to Theorem 3.10, for each 7 € R and each
ur € V; N LP(Q;) given, there exists a unique variational solution u(-; 7, u,) of problem (1.3)
satisfying the energy equality a.e.in (7,T) forall T > .
Define

U(t, T)ur :=u(t; T, u;), —-oo<t<t<+oo,u, €V,NLP(Q,). (4.1)

It is easy to check that the family of mappings {U(t, T); —oo0 < T <t < +o0} is a process U (-, -).

A uniform estimate in V; N LP(Q7) will be obtained now for the variational solutions
of (1.3) satisfying the energy equality, and since the compactness of the embedding Vr N
LP(Qr) < Hr, this will immediately imply the existence of a pullback attractor for the
process U (-, -). The proof requires the following lemma.

Lemma 4.1 (see [21]). Let X C Y be Banach spaces such that X is reflexive and the injection of X in
Y is compact. Suppose that {v,} is a bounded sequence in L*(ty, T; X) such that v, — v weakly in
LP(to, T; X) for some p € [1,+0) and v € C°([ty, T];Y). Then, v(t) € X forall t € [to, T] and

lo®llx < l}qfﬂigf lonll e o), VEE [to, T1. (4.2)
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Proposition 4.2. Suppose that the assumptions in Theorem 3.10 hold and g € L (RN*') satisfies

t

Cyr=sup | |g(r)|idr < +oo. (4.3)
t<T Jt-1

Then, for any u, € Vy N LP(Q;) given, the corresponding variational solution u of (1.3) satisfying
the energy equality in (7, T) also satisfies

1)1,y + DI
<C —or(t-1) 2 p 1 (44)
<C(e (laeell? + Naaelf ) +1+ T Cor ), Vie[r+1T],

where or = min{Ay11/2,1/(e + 1), a1/&2}, Ai,r > 0 is the first eigenvalue of the operator —A in Qr
with the homogeneous Dirichlet condition, ay, &, are the constants in (H1), and the constant C is
independent of t, T, €.

Proof. Assume that uy,, are the Galerkin approximations of u; defined by (3.22). From (3.44)
and (3.24), we have

d
(I O + (e + Dk, OIE) + [y, )]+ Nk, )12

N —

2
+eu, || + e+ DR((PetOyuy, (6,10, 1))) |+ k(Pe(tyun, (), 105, (1)) s
+ek (P, 0,1, )+ (f e, (1), 1, (B + i, ()

= (8(0),uk, ()7 + (81,14, (1)
Moreover,

d
((Peteyay, (00,10, ) ), 2 5 (PO, (), 05, Oz,

(Foa )16, 0), = 5 | Pl oy
(4.6)
(300, 5s () < |+ mlue, OF, V>0,

! 1 ! 2
(801, ®), < g -ls®F + e, O], >0
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SO
4 <|ukm (D) + (e 1)1t (O + (& + DR(P (Bt (1), 11, (D))
2 2
2 L}T F(ug, (x, t))dx> + [, O |+l DI + |, 0] )
+ek((Peltyu, (0),u, (0)) )+ k(PO (1), i, ()7 + (f (i (1)), 105, (5) 1
1 1
< g 18OLF + mlue, OF + 8@+ mafui, O], vmm>0.
Since
(P01, 0 = [, (D) ()
! (4.8)
2 J;; (=B + ar|ux,, (t)Pdx) = —pIQr| + ax ||ux, (t)ll'zp(gr),
we have
1d ) )
¥, <Iukm B)7 + (e + Dluk, (O|7 + (e + Dk ((Pr(H)ux,, (£), uk,, ()))r
+ 2 fq, F(u, (x,1))dx > + (1 -m2)|up., (t)|i + %uukm(t)n% + (% - 111>|ukm 07
el @] + ek ((Pettyuy, 0,5, 1))
+ k((Pc(t)ux,, (t), uk,, (1)) 1 + azllux,, (t)llip(gﬂ
1 1 >
< By + (Q + 4—,12) 15t
(4.9)
Denote
Yk, (1) = i, ()7 + (& + D[lge, (D17 + (& + DE((Pe(t)uag, (1), u,, (1))
(4.10)

+ ZJ F(ug, (x,t))dx.
Qr
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Choose 7, < 1 and 7; small enough such that or < min{1/(e + 1), a1 /&>, \i,r — 2111}, we have
OrYk, (t) = or <Iukm(t)|:‘} + (e + 1) [Juk, (D117 + (e + DE((Pe (), (), 1k, (£))) 7

+2I F(uy, (x, t))dx>
Qr

<or <|ukm ()17 + (e + Dlluk, (D17 + (e + 1k((P(t)u,, (), tx,, (1))

+2 J; (B+ ol (O )dx + 2ﬁ|QT|>
< o1 (e, OFF + (& + Dllui, (1 + (& + DR((Pelb) i, () 100, (D))
28 1t (D17 4%
<2(1- 112)|uk (f)| +21 5l (t)||T+2<%—q1>|uk (t) |T+2£||uk (t)”

+ 26k ((Petyy, (8), 15, (1)) )+ 2K((Pe(tg, (8) i, ()1 + 2001t (D] g

(4.11)
Hence, we have
d 2
Eyk'”(t) + oYk, (t) < C(l +|g(®) |T> (4.12)
By Gronwall’s lemma, we get
Yk, () <e "Dy (1) + C<1 +eort Jt e’®|g(s) |§ds>. (4.13)

Now, observe that

Yion (7) = iz, |7 + (€ + V|t I7 + (€ + DE((Pi(7) thr, , r,))

+ 2J F(uy, )dx + 2B|Qr|
Qr

< (1o + e+ 1)lhun I} + (6 4 DR(PLTIn 10, )y
1,T
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+ 2J (B + &olur, I7) dax + 2B Q21]
Qr
= Crllun, I} + (6 + DE((Pk(7)thr,, r, )7 + 281tz I}, g + 4B |

Lr(Qr)

< Cr (1 + lltn, I3 + 1ar, s ) + (€ + DR((Pe(T)ttr, 4z, )y

(4.14)
Since
2 fQ F(u,, (x,£))dx + 2B|Qr| > 28 [[uk,, |, q, (4.15)
so combining with (4.13) and (4.14), we have
2 [k, [y + 1tk (B
<C <e-of<f-f> (1 + Ut I + Nt I ) + 1+ €77 ft 7| g(s) |§ds> (4.16)

+ e (¢ 4+ 1)k((Pe(T) 1t Ur,)) 7

where C is independent of ¢, 7, ¢, and k.
Now, it is known that uy, — uj-weakly in L*(7,T; V1) as m — +oo. Hence, by (4.16)
and Lemma 4.1, we can conclude that

~ 2
20 ||uk||IZP(QT) + |luk (B |I7

t
(i - 2
< C<e or(t-7) <1 + {1 |2 + ||uT||’Zp(QT)> +l+e Urtf em5|g(s)|Tds>
T

(4.17)
+e7 ) (g + D)k (Pe(T) e, ),
t
- C<ear(tr) (1 + [lu | + ||uT||Zp(QT)> +1+ e’Uth eaTs|g(s)|§ds>.
T
Finally, since uy — u in L*(1,T; Vr) as k — +o0, we get
2 [u(®)} ) + @)
LP(Qr) T
t
_ _ _ 2
< C<e or(t T>(1 + [luell? + ||uT||§p(QT)) +1+e GTfJ e"T5|g(s)|Tds> (418)
T

1
- — 2
< C<e or(t-7) (”uT“T + ”uT“;]jP(QT)> +1+ mcg,T>r
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where we have used the fact that

t t t-1
f e"’f“*”lg(s)lidsff e o) g(s)|7ds + f 17| g(s)| s + -
T -1 -2 (419)

1
< (1 +eor +e—20T + "'>Cg,T = mcg’T'
O
Let R be the set of all 7(¢) such that
Tim e (@)1 + I ®)1f, g, ) =0- (4.20)

Denote by D the class of all families D= {D(t); D(t) € VinLP (L)), D(t) #0,t € R} such that
D(t) C B(r(t)) for some r(t) € R.
For each t € R define

1
ra(t) = 2C<1 + mcg,t) (4.21)

and consider the family of closed balls B = {B(t);t € R}, where

B(t) = {veV;:|ol, <ro(t)}, teR. (4.22)

Then using (4.4), it is not difficult to check that B is pullback ®-absorbing for the process
U(,-). Moreover, by the compactness of the injection of V; into H;, it is clear that B(t) is a
compact set of H; for any t € R. Then, it follows from Theorem 2.6 that the process U(,-) has

a pullback ®-attractor A= {A(t) : t € R} in a family of spaces { H;}.
5. The Upper Semicontinuity of Pullback ®-Attractors at ¢ =0

It is proved in [4], when ¢ = 0, the existence of a pullback D-attractor Ay = {Ap(t) : t e R}
in a family of spaces {H;} for problem (P;). The aim of this section is to prove the upper
semicontinuity of pullback attractors <4, at € = 0 in { H;}, that is,

lim sup dist;(Ac(t), Ao(t)) =0, (5.1)
€20 yep ’

where [ is an arbitrary bounded interval in R.
The following lemma is the key of this section.

Lemma 5.1. For each t € R, each T > 0, and each compact subset K of Vi_r, we have
U, (t, T)ur — Uo(t, T)u.? < Ce, Vre[t-T,t], Yu, €K, (5.2)

where the constant C is independent of T and u,.
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Proof. Denote U, (t, T)u, by u(t), and Uy(t, T)u, by v(t). Let w(t) = u(t) — v(t), we have

wy — eAuy — Aw + f(u) - f(v) =0.

Multiplying this equation by w and integrating over Q;, we get

We have

(F) - f(0),w), = fg (F) — F@)) (1 —0) > ~lu—of},

e(Auy, w)y = —e(Vuy, Vw), < ellue], - [[wl];-
Applying (5.5) in (5.4), we have
d o 2
= wle < 2€lwl; + 2efluell, - llzoll

Hence

(5.3)

(5.4)

(5.5)

(5.6)

; ; 1/2 ; 1/2
|w<t)|352sfe”<‘-‘-5>||ut(s>||t~||w<s>||t325e2”<f ||ut<s>||$> <f ||w<s>||f> . (67)

Now, we estimate the term on the right-hand side of (5.7). Multiplying the first equation in

(1.3) by u; and integrating over £2;, we obtain

1d d
il el + 5 g el + 5 [ P00 < [ s

Using Cauchy’s inequality, we conclude that

%(uumn? 2 P<u<t>>> #2601} < 5150

Integrating (5.9) from 7 to t, T € [t — T, t], we find that

t t
Il +2 [ P +2¢ [ ) <l +2 [ P+ [ Isol:

(5.8)

(5.9)

(5.10)
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Since fQ[ F(u(t)) > —ﬁth| + 5{1||u(t)||ip(gt) , we have

t 1 t )
2 [ ) < Il +2 [ P+ 5 [ Is)l+C
From (3.29), we obtain

el +2 | Fu) < Clluelf + Clirlly g+ C.

t

Combining (5.10) and (5.12), we see that

t t
C 2
f s (8)I1P < ;<1 e+ el +f |g<s>|t>
T T
t

C 2
< S (1l + el + 101
€ =T

- C(K,T, g, t)
-_ S 4

because of u; € K and g € L} (R™!). Now, using (5.13) in (5.7), we get

; 1/2
Iw(f)lfSC(K/ng/f)x/E<f IIW(S)IIf> :

Using (4.4) and noting that 7 € [t - T, t], we have

o)1 < Nu@)IIF + o)

t
<2C <e-0t<f-T> (latell? + lfaeellF gy +1) +1+ e-ﬂttf e%| g(s)|f>

T

t
2 — 2
< 2C<””T”t + ””T”in(g,) +2+e mtJ‘ eat5|g(s)|t>

t 2
< C(K><1 « |g<s>|t>
t
< C(K)<1 + LT |g(s)|f>.

27

(5.11)

(5.12)

(5.13)

(5.14)

(5.15)
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Thus,

t t
[ Il < c) <t e[ |g(s>|f>
t 5.16
<CK) (T ] 1s If> o

<C(K,T, g t).
Combining (5.14) and (5.16) we get

lw(t)[f < C(K,T, g, t)ve. (5.17)

The proof is complete. O

Theorem 5.2. If g € L} (RN*!) satisfies (4.3), then for any bounded interval I € R, the family of
pullback -attractors {A:(*) : € € [0,1]} is upper semicontinuous in L?($) at 0 for any t € I, that
is,

lim sup dist;2(q,) (A (t), Ao(t)) = 0. (5.18)
tel

e—0

Proof. We will verify the conditions (i)-(iii) in Theorem 2.8. First, condition (i) follows
directly from Lemma 5.1.

Let B(-) = B(ry(-)) be the corresponding family of pullback ®-absorbing sets of (1.3),
which is uniform with respect to €. By the definition of pullback ®-absorbing sets, for any
t € R, there exists 7y = 7y (t) < t such that

JU.(t,7)B(r) c B(t) = B(ro (1)) (5.19)
By Theorem 2.6, we see that
Ac(t) = ﬂ ng(t, 7)B(7). (5.20)
s<t T<s

From (5.19) and (5.20), we get

Aq(t) € B(ro(b)). (5.21)
Now, for given ty € R, we can write

U UA®) c [UBro(). (5.22)

£€[0,1] t<ty <ty
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Because lim;_, _o, sup ro(t) < +oo due to (4.4), from (5.22) we have

U UAg(t) is bounded in L?(;,) for given t, (5.23)

e€[0,1] t<to
that is, condition (ii) is satisfied. From (5.21), we can find that, for each t € R,

U A:(t) c B(no(t)), (5.24)

0<e<1

thus Uy..<; A (t) is bounded in Hj (<), hence

U Ag(t) is compact in L2(Qy), (5.25)
0<e<1
since H& (Q) C L*(Q;) compactly. Then condition (iii) holds. O

6. Conclusion

In this paper we have proved the existence and uniqueness of variational solutions
satisfying the energy equality to a class of nonautonomous nonclassical diffusion equations
in noncylindrical domains. We have also proved the existence of pullback attractors <, of the
process generated by this class of solutions and the upper semicontinuity of {<, : £ € [0,1]}
at & = 0, which means that the pullback attractors <4, of the nonclassical diffusion equations
converge to the pullback attractor o of the reaction-diffusion equation in the sense of the
Hausdorff semidistance. As far as we know, this is the first result on the existence and long-
time behavior of solutions to the nonclassical diffusion equations in noncylindrical domains.
The result is obtained under the assumption (1.1) of spatial domains which are expanding in
time. This assumption may be replaced by the assumption that the spatial domains Q; in RV
are obtained from a bounded base domain Q by a C?-diffeomorphism, which is continuously
differentiable in the time variable and are contained, in the past, in a common bounded
domain (see [5] for the related results in the case £ = 0).

It is noticed that the obtained results seem to be not very satisfying because although
the process U (:, -) associated to problem (1.3) is constructed in the family of spaces H& (Q) N
LP(€;), we are only able to prove the existence and upper semicontinuity of the pullback
attractor in L?(€;). It would be very interesting if one can show the existence and upper
semicontinuity of the pullback attractor in the space HJ(€;) N LP(€;). For nonclassical
diffusion equations in cylindrical domains, this question has been solved very recently in
[15, 22] by using the so-called asymptotic a priori estimate method. However, in the case of
non-cylindrical domains, this question seems to be more difficult and is still completely open.
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