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The notion of a BE-semigroup is introduced, and related properties are investigated. The concept
of left (resp., right) deductive systems of a BE-semigroup is also introduced.

1. Introduction

Hu and Li, Iséki and Tanaka, respectively, introduced two classes of abstract algebras: BCK-
algebras and BClI-algebras [1-3]. It is known that the class of BCK-algebras is a proper
subclass of the class of BCI-algebras. In [1, 4] Hu and Li introduced a wide class of abstract
algebras: BCH-algebras. They have shown that the class of BCI-algebras is a proper subclass
of the class of BCH-algebras. We refer to [5] for general information on BCK-algebras.
Neggers and Kim [6] introduced the notion of a d-algebra which is a generalization of BCK-
algebras, and also they introduced the notion of a B-algebra [7, 8], that is, (I) x * x = 0, (II)
xx0=ux, (IIl) (x*xy) xz=x%(z*(0xy)), for any x,y, z € X, which is equivalent to the idea
of groups. Moreover, Jun et al. [9] introduced a new notion, called an BH - algebra, which is
another generalization of BCH/BCI/BCK-algebras, that is, (I), (I), and (IV) x * y = 0 and
y * x = 0 imply that x = y for any x,y € X. Walendziak obtained other equivalent set of
axioms for a B-algebra [10]. Kim et al. [11] introduced the notion of a (pre-) Coxeter algebra
and showed that a Coxeter algebra is equivalent to an abelian group all of whose elements
have order 2, that is, a Boolean group. C. B. Kim and H. S. Kim [12] introduced the notion
of a BM-algebra which is a specialization of B-algebras. They proved that the class of BM-
algebras is a proper subclass of B-algebras and also showed that a BM-algebra is equivalent
to a 0-commutative B-algebra. In [13], H. S. Kim and Y. H. Kim introduced the notion of a
BE-algebra as a generalization of a BCK-algebra. Using the notion of upper sets, they gave
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an equivalent condition of the filter in BE-algebras. In [14, 15], Ahn and So introduced the
notion of ideals in BE-algebras and proved several characterizations of such ideals.

In this paper, by combining BE-algebras and semigroups, we introduce the notion of
BE-semigroups. We define left (resp., right) deductive systems (LDS (resp., RDS) for short)
of a BE-semigroup, and then we describe LDS generated by a nonempty subset in a BE-
semigroup as a simple form.

2. Preliminaries
We recall some definitions and results discussed in [13].

Definition 2.1 (see [13]). An algebra (X;*,1) of type (2, 0) is called a BE-algebra if
(BE1l) x*xx =1forallx € X,
(BE2) x*1=1forallx € X,
(BE3) 1xx=xforallx € X,
(BE4) x * (y *z) =y * (x* z) for all x, y, z € X (exchange).

We introduce a relation “<” on X by x < yifand only if x x y = 1.
Proposition 2.2 (see [13]). If (X;*,1) is a BE-algebra, then x x (y * x) = 1 for any x,y € X.

Example 2.3 (see [13]). Let X := {1, a,b,c,d, 0} be a set with the following table:

*1abcd?O
1/1abcdO
all 1accd
b|111ccc (2.1)
cllab1lab
dll1alla
0/111111

Then (X;*,1) is a BE-algebra.

Definition 2.4 (see [13]). A BE-algebra (X;x*,1) is said to be self-distributive if x * (y * z) =
(x*y)*(xxz)forallx,y,z € X.

Example 2.5 (see [13]). Let X := {1, a, b, ¢, d} be a set with the following table:

*|1 abcd
1|1 abecd
all1bcd (2'2)
bl|lalcc
cl11b1b
dlir1 111

Then it is easy to see that X is a self-distributive BE-algebra.
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Note that the BE-algebra in Example 2.3 is not self-distributive, since d* (a*0) = d*d =
1, while (d*a) * (d*0) =1xa = a.

Proposition 2.6. Let X be a self-distributive BE-algebra. If x <y, then zxx < zxyand y*z < x*z
forany x,y,z € X.

Proof. The proof is straightforward. O

3. BE-Semigroups

Definition 3.1. An algebraic system (X;0,*,1) is called a BE-semigroup if it satisfies the
following:

(i) (X;0) is a semigroup,
(ii) (X;*,1) is a BE-algebra,

(iii) the operation “©” is distributive (on both sides) over the operation “*”.

s
*

Example 3.2. (1) Define two operations “©” and onaset X :={1,a,b,c} as follows:

o/l abc *|1 abc
111111 11 abc
all 111 all1bc 3.1)
b1 111 bl alc
cll abc c|l1 111
It is easy to see that (X;©, *,1) is a BE-semigroup.
(2) Define two binary operations “©” and “*” on a set A := {1, a, b, c} as follows:
©|1l abc *x|1 abc
111111 1|11 a b c
all 111 all1bec (3.2)
bl111%b bl|lalc
c|ll1bc cl1111

It is easy to show that (A; ®, *,1) is a BE-semigroup.
Proposition 3.3. Let (X;®,%,1) be a BE-semigroup. Then

(i) (VxeX) lox=x01=1),

(ii) (Vx,y,z€X) (x<y=>x0z<y0z2z0x<z0Y).

Proof. (i) For all x € X, we havethat lox = (1*x1)ox = (1ox)*(1ox) =landx o1 =
xo(1lxl)=(xol)*(xol)=1.
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(ii) Let x, y, z € X be such that x < y. Then
(xoz)*x(yoz)=(xxy)oz=10z=1,
(3.3)
(zox)*x(zoy)=zo (x*xy)=z01=1.
Hencexoz<yozandzox<zoy. g
Definition 3.4. Anelement a(# 1) in a BE-semigroup (X; 0, *,1) is said tobe a left (resp., right)
unit divisor if

(3b(#1) € X) (aob=1 (resp,boa=1)). (3.4)

A unit divisor is an element of X which is both a left and a right unit divisors.
Theorem 3.5. Let (X;0,%,1) be a BE-semigroup. If it satisfies the left (resp., right ) cancellation law
for the operation ©, that is,

(Vx(#1),y,z€ A) (xoy=yoz (resp,yox=z0x) =y =2z), (3.5)

then X contains no left (resp., right) unit divisors.

Proof. Let (X;0,*,1) satisfy the left cancellation law for the operation © and assume that x ©
y =1where x#1. Then x ©y =1 = x ©1 by Proposition 3.3(i), which implies y = 1. Similarly
it holds for the right case. Hence there is no left (resp., right) unit divisors in X. O

Now we consider the converse of Theorem 3.5.

Theorem 3.6. Let (X;©, %, 1) be a BE-semigroup in which there are no left (resp., right ) unit divisors.
Then it satisfies the left (resp., right) cancellation law for the operation ©.

Proof. Let x,y,z € X besuch that x ©y = x ©zand x #1. Then
x0(y*z)=(xo0y)*(xoz)=1,

(3.6)
x0(zxy)=(xoz)x(xoy) =1

Since X has no left unit divisor, it follows that y * z = 1 = z % y so that y = z. The argument is
the same for the right case. O

Definition 3.7. Let (X;0,*,1) be a BE-semigroup. A nonempty subset D of X is called a Ileft
(resp., right) deductive system (LDS (resp., RDS), for short) if it satisfies

(ds1) X©D C D (resp., (D©® X C D)),
(ds2) (Vae D) (VxeX) (axxe D= x€D).
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Example 3.8. Let X := {x, vy, z,1} be a set with the following Cayley tables:

ol x y z 1 x vy z
11111 111 xy z
x[1 x11 x|11yz (3.7)
yl11yz y111z
z|11zy z(1 111

It is easy to show that (X; ©, %, 1) is a BE-semigroup. We know that D := {1,x} is an LDS of X,
but E := {1,y}isnotan LDSof X,sincezoy=z¢ Eand/ory*x=1€E,y€ Ebutx ¢ E.

Let (X;*,1) be a BE-algebra, and let a,b € X. Then the set

A(a,b)={xeX|ax(bxx) =1} (3.8)

is nonempty, since 1,a,b € A(a,b).

Proposition 3.9. If D is an LDS of a BE-semigroup (X;©,*,1), then

(Ya,be D) (A(a,b)C D). (3.9)

Proof. Letx € A(a,b) where a,b € D. Then ax(b*x) =1 € D and so x € D by (ds2). Therefore
A(a,b) CD. O

Theorem 3.10. Let {D;} be an arbitrary collection of LDSs of a BE-semigroup (X;©,*,1), where i
ranges over some index set 1. Then Nie; D; is also an LDS of A.

Proof. The proof is straightforward. O

Let (X;6,%,1) be a BE-semigroup. For any subset D of X, the intersection of all LDSs
(resp., RDSs) of X containing D is called the LDSs (resp., RDSs) generated by D, and is
denoted by (D); (resp., (D),). It is clear that if D and E are subsets of a BE-semigroup
(X;0,%,1) satisfying D C E, then (D), C (E), (resp., (D), C (E),), and if D is an LDS (resp.,
RDS) of X, then (D), = D (resp., (D), = D).

A BE-semigroup (X; 0, *,1) is said to be self-distributive if (X; *,1) is a self-distributive
BE-algebra.

Theorem 3.11. Let (X;©, x, 1) be a self-distributive BE-semigroup and let D be a nonempty subset of
X suchthat AeD C D.Then (D);:={a€ X | yn*(---*(y1*a)---) =1forsomey,...,y, € D}.

Proof. Denote

Bi={aeX|yy*(---x(y1%a)---)=1for some yi,...,y, € D}. (3.10)
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Let a € X and b € B. Then there exist y1,...,y, € D such that y,, * (--- *x (y1 *b)---) = 1. It
follows that

l=x01
=0 (yux (% (g1 %)) (311)
=(xoyn) x (- x((xoy) * (x0b)) ).

Sincexoy; € Dfori=1,...,n,wehavethat x©b € B. Let x,a € X be such that axx € B and
a € B. Then there exist y1,...,Yn, 21,...,2Zm € D such that

Ynx (ox (*(axx))---) =1, (3.12)
Zm* (% (zxa)---) =1. (3.13)
Using (BE4), it follows from (3.12) that a * (y, * (---* (y1 *x)---)) =1, thatis, a <y * (- *
(y1 * x) ), and so from (3.13) and Proposition 2.6 it follows that
]_:Zm*(...*(zl*a)...)

(3.14)
Thus z, * (- % (z1 * (Y * (- * (y1 *x)---)))---) = 1, which implies x € B. Therefore B is
an LDS of X. Obviously D C B. Let G be an LDS containing D. To show B C G, let a be any
element of B. Then there exist y1,...,y, € D such that y,, * (--- * (y1 x a)---) = 1. It follows
from (ds2) that a € G so that B C G. Consequently, we have that (D); = B. O

In the following example, we know that the union of any LDSs (resp., RDSs) D and E
may not be an LDS (resp., RDS) of a self-distributive BE-semigroup (X; -, *,1).

Example 3.12. Let X := {1,a,b, c,d} be a set with the following Cayley tables:

ol abcd *x|1 abcd
1111111 1|11 abcd
alllll allbbd (3'15)
bl11111 bl|lalad
clt1111 cl1111d
di1111d dl11bb1

It is easy to check that (X;©,*,1) is a self-distributive BE-semigroup. We know that D :=
{1,a} and E := {1,b} are LDSs of X, but DUE = {1, a,b} isnotan LDS of X, sinceb*xc=a €
DUE,c¢€ DUE.

Theorem 3.13. Let D and E be LDSs of a self-distributive BE-semigroup (X;-,*,1). Then

(DUE),:={aeX |x*(y*a) =1 for some x € D, y € E}. (3.16)
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Proof. Denote

K:={aeX|xx(yxa)=1forsomexeD, yeckE}. (3.17)

Obviously, K € (DUE);. Let b € (D U E);. Then there exist y1,...,y, € D U E such that
Ynx (- *(y1%b)---) =1by Theorem 3.11. If y; € D (resp., E) foralli=1,...,n,thenb € D
(resp., E). Hence b € K since b * (1% b) =1 (resp., 1 *x (b*b) = 1). If some of y, ..., y, belong
to D and others belong to E, then we may assume that vy, ..., yx € D and Y41, ..., Yy, € E for
1 < k < n, without loss of generality. Let p = yx * (---* (y1 *b) --- ). Then

o oo (et o) )

=y (o (i = (s (o (1 0b) ) ) (3.18)
=1,

andsope E.Nowletg=p*b= (yx*(---* (y1 *b)---)) *b. Then

Yk (o (yixq) )
=yix (o (i * ((Yex (ox (y1xb)--2)) *b)) )

= (yk* (oo (yrxb) ) x (ex (% (ya1xb) )
=1,

(3.19)

which implies that g € D. Since p* (g *xb) = g* (p xb) = g* q = 1, it follows that b € K so that
(DUE); C K. This completes the proof. O
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