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We investigate several results concerning the differential subordination of analytic and multivalent
functions which is defined by using a certain fractional derivative operator. Some special cases are
also considered.

1. Introduction and Definitions

Let +#(p) denote the class of functions f(z) of the form

f(z) =2+ iamkz’“k (peN:={1,23,...}), (1.1)
k=1

which are analytic in the open unit disk U = {z : z € C,|z| < 1}. Also let <4y denote
the class of all analytic functions p(z) with p(0) = 1 which are defined on U. If f and g
are analytic in U with f(0) = g(0), then we say that f is said to be subordinate to g in
U, written f < g or f(z) < g(z), if there exists the Schwarz function w, analytic in U
such that w(0) = 0, |w(z)] < 1(z € U), and f(z) = g(w(z)) (z € U). In particular, if
the function g is univalent, then the above subordination is equivalent to f(0) = g(0) and
f(U) c g(U).

Let a, b, and ¢ be complex numbers with ¢#0,-1,-2,.... Then the Gaussian
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hypergeometric function ,Fi(a, b; c; z) is defined by

& (@) (B) 2"

2F1([1, b; c, Z) = T/ (12)
,;O () K
where (7). is the Pochhammer symbol defined, in terms of the Gamma function, by
I'(n+k 1 (k =0),
() = (;Z ) (1.3)
(n) n(n+1)--(n+k-1) (k€N).

The hypergeometric function »Fi(a, b; ¢; z) is analytic in U, and if a or b is a negative integer,
then it reduces to a polynomial.

There are a number of definitions for fractional calculus operators in the literature (cf.,
e.g., [1,2]). We use here the Saigo-type fractional derivative operator defined as follows (see
[3]; see also [4]).

Definition 1.1. Let 0 < A <1 and p, v € R. Then the generalized fractional derivative operator

)L ¥ of a function f(z) is defined by

wa() <T(1 AI(Z )~ 2F1<y Al—v1- Al——)f(g)dg) (1.4)

The function f(z) is an analytic function in a simply-connected region of the z-plane
containing the origin, with the order

f(@)=0(z) (z—0) (1.5)
for € > max{0, p—v}-1, and the multiplicity of (z—g)_A is removed by requiring that log(z—¢)

be real when z - ¢ > 0.

Definition 1.2. Under the hypotheses of Definition 1.1, the fractional derivative operator
A+, p+m,v+m

0.2 of a function f(z) is defined by

257 f(2) = 2 A" S E() (2 € U;m € No = (0} UN), (1.6)

With the aid cif the above definitions, we define a modification of the fractional
derivative operator Azl’z’v by

F(p+1—p¢)T(p+1—)L+v)
Tp+DI(p+1-p+v)

ALY f(z) = L f(2), (1.7)
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for f(z) € 4(p) and u—v —p < 1. Then it is observed that Ai‘:g’v also maps «#(p) onto itself as
follows:

p+1)kp+1 H+V), z’””
+1-p) (p+1- )L+V)k (1.8)

ALY f(z) =2+ Z e

(zeU; 0<A<l; p—v-p<1; fed(p)).
It is easily verified from (1.8) that

(847 F(2)) = (p- )AL f(2) + pals” f(2). (19)

Note that A" f = f, ALY f = zf'/p, and ALy f = Q" £, where QU7 is the fractional
derivative operator defined by Srivastava and Aouf [5, 6].
In this manuscript, we will use the method of differential subordination to derive

certain properties of multivalent functions defined by fractional derivative operator Aiﬁg’v.

2. Main Results

In order to establish our results, we require the following lemma due to Miller and Mocanu

[7].

Lemma 2.1. Let q(z) be univalent in U and let 6(w) and ¢p(w) be analytic in a domain D containing

q(U) with ¢(w) # 0 when w € q(U). Set Q(z) = zq'(z)Pp(q(z)), h(z) = 8(q(z)) +Q(z) and suppose
that

(1) Q(=z) is starlike (univalent) in U,
(2) Re{zh'(2)/Q(2)} = Re{6'(q(2))/ $(q(2)) + 2Q'(2)/Q(2)} > 0 (z € ).
If p(2) is analytic in U, with p(0) = q(0), p(U) C D, and

0(p(z)) +zp'(2)p(p(2)) <0(q(z)) + zq' ()P (q(z)) = h(z), (2.1)

then p(z) < q(z) and q(z) is the best dominant.

We begin by proving the following
Theorem 2.2. Let a,f,y € Rand f#0,andlet 0 <A <1l uveR u#p-1L, u—-v-p<1,and
y(p—u—1)/p < 2. Suppose that q(z) € Ay is univalent in U and satisfies

y(p-p-1)-p ifY(P—ﬂ—l)

Re<1 + Zjé?) > p

21,

L (2.2)
l.fr(rJ p-1)

5 <1.
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If f(2) € A(p) and

)L‘uvf( ) Ai;l,w—l,vﬂf(z) )L+2 A2, v+2f( )
)L+1;4+1V+1f( ) a /\yvf( ) + A/\+1;4+1v+1f( ty

{(p-w)(a+p)-a+[y(p-p-1)-plaz) - pzq ()},

“pou-i
then
)L Y
f(z)
————————<QQ)
Ajz\;l 1, v+1f(z)
and q(z) is the best dominant.
Proof. Define the function p(z) by
A y v
f(2)
p(z) = m (z€ ).

Then p(z) is analytic in U with p(0) = 1. A simple computation using (2.5) gives

Zp’(z) . Z<A)L,/4,vf(z)>' Z<AA+1 L, v+1f( )>
p(z) )m/,lvf(z) - AMl’”lwlf( 2) :

By applying the identity (1.9) in (2.6), we obtain

/\+2 A2, v+2f(

- 1 {P—H_l_zp'(z)}‘

)L+1 L, v+1f( P(Z) P(Z)

Making use of (2.5) and (2.7), we have

{ Ai;l'”+l'v+1f(z) AA+2 ;4+2,v+2f(z) } A oy vf(
a +
A

A ) ﬁAmwmﬂz) W

zp
) {Pé) : p—i—l <r;(_z§l -1- Z;:é?) +Y}P(Z)

T 1{(P wy(a+p)—a+[y(p-pu-1)-Blp(z) - pzp'(2)}.

(2.3)

(2.4)

(2.5)

(2.6)

2.7)

(2.8)
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In view of (2.8), the subordination (2.3) becomes
[y(p-p-1)-Blp(z) - Pzp'(2) < [y(p - p - 1) - Blq(2) - Pzq (2) (2.9)

and this can be written as (2.1), where
0(w)=[y(p-p-1)-plw,  Pw)=-p. (2.10)

Since f#0, we find from (2.10) that 8(w) and ¢(w) are analytic in C with ¢(w) #0. Let the
functions Q(z) and h(z) be defined by

Q(2) = zq'(2)9(q(2)) = —pzq'(2),

(2.11)
h(z) =0(q(2)) +Q(z) = [y(p - p-1) - fla(z) - pzq (2).
Then, by virtue of (2.2), we see that Q(z) is starlike and
zh ()| _ o [ B-y(P-p-1) zq'(z)
Re{ 0 } = Re{# + <1 + 1) )} > 0. (2.12)

Hence, by using Lemma 2.1, we conclude that p(z) < q(z), which completes the proof of
Theorem 2.2. O

Remark 2.3. If we put A = p in Theorem 2.2, then we get new subordination result for the
fractional derivative operator Q(Z)L’p) due to Srivastava and Aouf [5, 6].

Theorem 2.4. Let a,fB,y,6 € Rand a,6#0,and let 0 < A <1, u,v €R, pu#p, u—v—-p <1,and
1+6(p—p)(a+7y)/a>0.Suppose that q(z) € Ay is univalent in U and satisfies

S-p)a+y) Sp-ma+y)

zq'(2) P a
Re( 1 2.13
e<+'¢&))> 0 g SP=mary) |, -
- > 0.

< AV () > ’
zP
(2.14)

If f(z) € A(p) and

A+ 141 6
A" f(2) 2
@ Apv +'6 Ap,v +
Az f(2) Az f(2)

zq'(z) + (a +y)q(z) + p.

“5(r- )



6 International Journal of Mathematics and Mathematical Sciences

J\yv
< zf( )> < q(z) (2.15)

Proof. Define the function p(z) by

/\yv
p(z):< Zf()> (z € ). (2.16)

Then p(z) is analytic in U with p(0) = 1. By a simple computation, we find from (2.16) that

then

and q(z) is the best dominant.

, .)L‘MV
zp'(2) _ < fiz )> — 6. (2.17)
P “”f( )

By using the identity (1.9) in (2.17), we obtain

Ai);l,pﬁ-l,vﬂf(z) _ 1 Zp/(Z)
AMVF(z)  O(p-w) P

(2.18)

Applying (2.16) and (2.18), we have

A;L;L#H,wlf(z) . o 6 . va(z)
A g ey A AN

B 1 zp(z) P (2.19)
= { <6(p #) ) +1> + () +y}p(z)

= 6(pa_ D zp'(z) + (a+Y)p(2) +

In view of (2.19), the subordination (2.14) becomes
S(p—p)(a+y)p(z) +azp'(z) <6(p—p) (a+7)q(z) + azq'(z) (2.20)
and this can be written as (2.1), where

O(w)=6(p-p)(a+y)w,  $w)=a (221)
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Since a #0, it follows from (2.21) that 8(w) and ¢(w) are analytic in C with ¢(w) #0. Let the
functions Q(z) and h(z) be defined by

Q(2) = 24'(2)9(4(2)) = azq (2),

(2.22)
h(z) =0(q(2)) + Q(z) = 6(p - p) (a +1)q(2) + azq (2).
Then, by virtue of (2.13), we see that Q(z) is starlike and
! 6 _ 1
RQ{M}:Re M+<1+L@) >0, (2.23)
Q(z) a q'(z)
Hence, by using Lemma 2.1, we conclude that p(z) < g(z), which proves Theorem 2.4. O

If we put A = = 0 in Theorem 2.4, then we have the following.

Corollary 2.5. Let a, f,7,6 € Rand a,6 #0, and let 1 + p6(a + y) /a > 0. Suppose that q(z) € g
is univalent in U and satisfies

—p6(a+y) l.fb'(aw) .

zq'(z) a a 0,
Re(l + —q’(z) > > ; ; 5(a+y) o (2.24)
— 20

If f(z) € 4(p) and

2@ gl 2\ fON  a
{a f2) +ﬂ(f(z)) ”}(7) <570 @)+ (a47)a(z) + P, (2.25)

then (f(z)/zp)6 < q(z) and q(z) is the best dominant.
By putting 6 = a in Corollary 2.5, we obtain the following.

Corollary 2.6. Leta, f,y € Rand a #0, and let 1+p(a+y) > 0. Suppose that q(z) € HA is univalent
in U and satisfies

" — 1 (),
Re<1+zq, (z))> pla+y) ifa+y< (226)
q'(2) 0 ifa+y>0.

If f(z) € A(p) and

{azﬂg) +ﬁ<fi)>a+y}<fz(§)>a < Zq;,(z) +(a+7)q(2) +p, (2.27)

then (f(z)/zP)" < q(z) and q(z) is the best dominant.
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By using Lemma 2.1, we obtain the following.

Theorem 2.7. Let a,,y € Rand p#0,and let 0 < A <1, uyv € R, u#0, pu—v—-p < 1, and
1+7y/p > 0. Suppose that q(z) € Ay is univalent in U and satisfies

Yy 7
" 3 lf 3S 0'
Re(l LA (Z)> N R (2.28)
q(2) 0 if% >0
If f(2) € A(p) and
)L+2 p+2,v+2 A1 p+1,v+1
(z) Az (2)
A (2.29)
+1 M+LY+1
f(2) ,
() < Bz () +ra(a),
< AL f (@) )
then
)L+1 1LY+
f(2)
% <q(z) (2.30)
< AL f(2) >
and q(z) is the best dominant.
Proof. Define the function p(z) by
.)L+1 1 v+1
p(z) = <v(f)()> (z€ ). (2.31)

Then p(z) is analytic in U with p(0) = 1. A simple computation using (1.9) and (2.31) gives

1 ZP,(Z) J\+2 A2, v+2f( ) (p ) I/{) i;l,;ul,wlf(z)

a p(z) =(p-p- )Wﬂf() Tf()ﬂ' (2.32)

By using (2.29), (2.31), and (2.32), we get

)L+2 2,042 A1 p+1,v+1
f(2) Azpy” T f(2)
ap|(p-p- )7—( - )%H +y
{ [ Ay E(2) AL (2) ] }

)L+1/4+1v+1
' < /\,HV e )> Pzp'(z) +yp(2).
f(2)

(2.33)
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And this can be written as (2.1) when 8(w) = yw and ¢(w) = . Note that ¢(w) #0 and 0(w)
and ¢(w) are analytic in C. Let the functions Q(z) and h(z) be defined by

Q(z) = zq (2)9(q(2)) = pzq (2),

(2.34)
h(z) =0(q(2)) + Q(2) = yq(z) + fzq (2).
Then, by virtue of (2.28), we see that Q(z) is starlike and
zh'(z) } { Y < zq"(2) ) }
Re Rei =+ (1+ > 0. 2.35

&oe AT (239
Hence, by applying Lemma 2.1, we observe that p(z) < gq(z), which evidently proves
Theorem 2.7. O

Finally, we prove

Theorem 2.8. Let a,B,y,6 € Rand a,6#0,and let 0 <A <1, v €R, u#p,p+1-pu+v>0
and 1 - 6(p — p)(a +y)/a > 0. Suppose that q(z) € Ay be univalent in U and satisfies

Sp-mla+y) Sp-mla+y)

zq"(z) a a -
Re(1+ 21220 5 (2.36)
< ‘J(Z)> 0 lfé(p—y)(a+y)<0
— <

If f(z) € A(p) and

Ai;l,;ﬁl,vﬂf(z) /\ e vf( ) P 6
“a /\ /4 v + ﬁ P ty )L /4 v
f( ) = f( z) (2_37)

<p+(a+y)q(z) - (pa mzq( z),

)
< q(z) (2.38)
< ALY f(z >>

Proof. If we define the function p(z) by

6
p(z) = <Wzv_r’f()> (zel), (2.39)

then

and q(z) is the best dominant.
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then p(z) is analytic in U with p(0) = 1. Hence, by using the same techniques as detailed in
the proof of Theorem 2.2, we obtain the desired result. O

By taking A = p = 0 in Theorem 2.8 and after a suitable change in the parameters, we
have the following.

Corollary 2.9. Let « € R\ {0} and pa < 1/2. Suppose that q(z) € A4y is univalent in U and satisfies

" 2 . O,
Re<1 + A (Z)> S P ifa> a0
q(2) 0 if a <O.
If f(z) € A4(p) and
zf'(z) Z_”’ @ ~ 1 ,
“<1 i) >< f (z)> <2aq(2) . (2), (2.41)

then (zP/ f(z))" < q(z) and q(z) is the best dominant.
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