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Recurrence and explicit formulae for contractions (partial traces) of antisymmetric and symmetric
products of identical trace class operators are derived. Contractions of product density operators
of systems of identical fermions and bosons are proved to be asymptotically equivalent to,
respectively, antisymmetric and symmetric products of density operators of a single particle,
multiplied by a normalization integer. The asymptotic equivalence relation is defined in terms
of the thermodynamic limit of expectation values of observables in the states represented by
given density operators. For some weaker relation of asymptotic equivalence, concerning the
thermodynamic limit of expectation values of product observables, normalized antisymmetric and
symmetric products of density operators of a single particle are shown to be equivalent to tensor
products of density operators of a single particle.

1. Introduction

This paper (see also preprint [1]), presenting the results of a part of the author’s thesis [2],
deals with contractions (partial traces) of antisymmetric and symmetric product density
operators representing mixed states of systems of identical noninteracting fermions and
bosons, respectively.

If # is a separable Hilbert space of a single fermion (boson), then the space of the n-
fermion (resp. n-boson) system is the antisymmetric (resp. symmetric) subspace #"" (resp.
HY™) of H®". Density operators of n-fermion (resp. n-boson) systems are identified with those
defined on H#*" and concentrated on H"\" (resp. H"").
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Recall that the expectation value of an observable represented by a bounded self-
adjoint operator B on given Hilbert space in a state described by a density operator p equals
Tr Bp. If B is an unbounded self-adjoint operator on a dense subspace of given Hilbert space,
instead of B one can consider its spectral measure Eg(A) (which is a bounded operator) of a
Borel subset A of the spectrum of B. Then Tr Eg(A)p is the probability that the result of the
measurement of the observable in question belongs to A [3].

k-particle observables of n-fermion and n-boson systems (k < n) are represented,
respectively, by operators of the form

A \%
rrB=AY (Be ) Al 11 B=8Y(Ber)sy (1.1)

(multiplied by (%)), where Aiz) and Siz) are projectors of H®" onto H'' and H'",
respectively, I is the identity operator on & and B is a self-adjoint operator on #°¢ (see [4]).
Operators (1.1) are called antisymmetric and symmetric expansions of B. In view of the earlier
remark it is assumed that B is bounded. The expectation values of observables represented

A \
by I'! B and I'} B in states represented by n-fermion and n-boson density operators K and G,
respectively, can be expressed as

A \
TrKT} B=TrBLJK, TrGI}B=TrBL\G (1.2)

(see [4, equations (1.7), (3.19)]), where k-particle density operators LﬁK and L’;G are (n, k)-
contractions of K and G (see Definition 2.1), called also reduced density operators. Such operators
were investigated by Coleman [5], Garrod and Percus [6], and Kummer [4] (see also, e.g.,
[7-9] and references therein). A presentation of the basic ideas concerning reduced density
operators and their applications can be found in [10].

In the present paper particular interest is taken in the case when K and G are product
density operators, that is, they are of the form

— 1 An — ; vn
K= g™ G—Trp\mp , (1.3)

where p"'" = Aiz) p®"AiZ), pt = Siz) p®"S$), and p is a density operator of a single fermion
or boson, respectively. The first objective of this paper is to find the recurrence and explicit
formulae for LK and LXG for K and G being, respectively, antisymmetric and symmetric
products of identical trace class operators, including operators (1.3). The explicit form of
the operators LXK and LXG proves to be quite complex. However, they can be replaced by
operators with simpler structure if only the limiting values of expectations (1.2), in the sense
of the thermodynamic limit, are of interest. The second objective of this paper is to find that
simpler forms of contractions LXK and LXG for product density operators (1.3), equivalent to
the complete expressions in the thermodynamic limit.

The problems described above have been solved for k = 1,2 by Kossakowski
and Mackowiak [11], and Mackowiak [12]. The formulae they derived were exploited in
calculations of the free energy density of large interacting n-fermion and n-boson systems
[11,12], as well as in the perturbation expansion of the free energy density for the M-impurity
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Kondo Hamiltonian [13]. In the case of investigation of many-particle interactions of higher
order [14-17], or higher order perturbation expansion terms of the free energy density, the
expressions for (Tr p") 'LEp" and (Tr p¥")'LEp"" with k > 3 can be used in the canonical
and grand canonical ensemble approach, which is the physical motivation for the present

paper.
The main results of this paper are Theorems 3.1, 3.4, 4.9, and 4.14.

2. Preliminaries

In this section notation and terminology are set up.

2.1. Basic Notation

Let (K, (-,-)) be a separable Hilbert space over C or R. The following notation is used in the
sequel.
I: the identity operator on ¥,
B(H): the space of bounded linear operators on # with the operator norm || - ||,
T(H): the space of trace class operators on H# with the trace norm Tr| - |,
B*(H): the space of bounded self-adjoint operators on <,
B, (#): the set of nonnegative definite bounded self-adjoint operators on &,

D(H): the set of density operators (matrices) on #, that is,

D(H)={DeT(H)|D=D*, D>0, TrD =1}. (2.1)

Set H" = H @ --- ® H and denote by S, the group of permutations of the set {1,...,n}.

n
Let Ai,lrf), SSZ) € B(H*") be the projectors such that

1
AY (pro-eg)=— Z; SENTYr(1) © * © Yrn),
TES,

. (2.2)
SSZ)(%®“'®%) = Z Pr1) ® O Pr(n)

‘areS,

for every ¢, ..., ¢, € H. The closed linear subspaces H"" = A$)JZ®" and HV" = S$)JZ®" of
H®" are called the antisymmetric and symmetric subspace, respectively.

The antisymmetric and symmetric product of operators B € B(H®F), C € B(H®™) are
defined as BAC = AS™ (Be C)A%™ and Bv C = S (B® C)S™, respectively. It
is assumed B = BA---AB, B = BV...VB, and B"! = B"! = B. Clearly, if B € B(¥)

—— ——

n n
then B' = AQB*" = BAY, B¥" = SW B = B"S%), and if B € B (<) then B, B'" €
By (K.
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Set R, = [0,+00) and R, = R, U {+oo}. The product of measures y,; is denoted by
U@ py and p®" stands for p ®--- © . In subsequent sections use is made of product integral
| ——

kernels, described in the appendix.

2.2, Contractions of Operators

The definition and basic properties of contractions of operators are now recalled for the
reader’s convenience. They were studied in [4-7]. A discussion of properties of reduced
density operators can also be found in [10].

Let S be a separable Hilbert space over the field K = C or R.

Definition 2.1. Let k,n € N, k < n, and K € T(H#*"). Then the (n, k)-contraction of K is the
operator LXK € T(H#*) such that

Veeneot | Troen (C ® I®(”‘k)>K = Trp+CLEK. (2.3)

It is also assumed LK = K.

Remark 2.2. The operator LYK always exists and is defined uniquely by (2.3). LXK is a partial
trace of K with respect to the component H°"%) of H°" = Hk @ HZR If H = Hy :=
L2(Y, u), where the measure y is separable and o-finite, and X is a product integral kernel of
K (see the appendix) then LXK has an integral kernel X, given by formula (A.4), according
to Lemma A.5 and Corollary A.6.

Under the assumptions of Definition 2.1 one has Tr4g®kLﬁK = Tryp=K, and if p € N,
k < p < n, then L’;(L,’;K) = LflK. Moreover, if K € B*(H*") then LflK € B*(H#%F), and if
K € B (H%") then LEK € B (HF).

‘Contractions of density operators are called reduced density operators. Contractions
preserve the Fermi and the Bose-Einstein statistics of the contracted operator, that is, for

K € ADT(#AY and G € SU)T(#*)S%) one has LK € AYT(#)AY and LXG €
SWT(#7%)SY). For such K and G (1.2) hold.
The following theorem is a part of Coleman’s theorem [4, 5].

Theorem 2.3. Let n € N, n > 2. For every (n-fermion) density operator D € D(H®"), D =
AWDAY, one has |LLD|| < (1/n)||D||.

3. Recurrence and Explicit Formulae for Contractions of Products of
Trace Class Operators

In this section recurrence and explicit formulae for contractions of antisymmetric and
symmetric powers of single particle operators are derived.

In the whole section use is made of the Hilbert space £y := L*(Y, u) over the field
K = C or R, where the measure y is separable and o-finite.



International Journal of Mathematics and Mathematical Sciences
The following theorem in the case of k = 1,2 was proved in [11, 12].

Theorem 3.1 (Recurrence formulae). Lef p € T(Hy). Ifk,n € N, 1 < k <n, then

n n-1
<k> b= <k - 1> (L) np

(3.1)

B <nI: 1> (Lﬁ_lp/\(nfl)> <I®(k71) ®P> Ail’

()= (223) Gty v

(3.2)

N <n; 1> <Lﬁ_1pv(n—l)> <I®(k—1) ® p) s®,

andifn e N, n > 2, then

nLlp" = (Tr p"““”)p -(n-1) (Lll_lpA("‘l))p, (3.3)
nLyp = (Trp" ™ )p + (n-1) (Lhp" ™). (3.4)

Proof. Let ¢ : Y xY — K be a product integral kernel of p. For every m € N define the
mapping ¢ : Y x Y™ — K by the formula

e(x1,y1) -+ (X1, Ym)

A X1,e0,Xm

Q y y = det : : . (3.5)
17e7Ym

QCm y1) ++ Q(%ms Ym)

Then the mapping X : Y" x Y" — K given by

1 An X1,000,Xn
K(x1,..., X, Y1, Yn) = EQ y y (3.6)
* 177 Yn

is a product integral kernel of p\" = Aiz)y P
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Equation (3.1) will be first proved for n > k + 1. In view of Remark 2.2, an integral
kernel £: Y* x Y* — K of (¥)Lkp"" can be given by

n
ﬂ(x', y/) — <k> J‘Ynk JC(X,, x", ]/I/ xu>d#®(n—k) (x//) (37)

for py*%*-a.a. (x',y') € Y* x YK, Performing k! permutations of the first k rows and k!
permutations of the first k columns of the determinant defining X and expanding that
determinant with respect to the kth column one obtains

£(x1,...,xk,y1,--~/]/k)

k
= <Z> L > sgnasgnod (-1)*7

Tl n2
1 (k!)” roes, =1

X (1)s -+ s Xar(j=1) Xar(j41)s - - - » Xor(k) s Xkt 1y - - - ,xn>

x f Q(Xx(j), Yorry) - "7V <
Ynfk

yo'(l)/ s /ya(k—l)/ xk+1/ e /xn
(3.8)

n n .
x dp®m R (e, ., x) + <k> L Z sgnrsgno Z (=1)k*

_l 2
n (k|) aT,0€5k j=k+1

Xa(1)s - r X (k)r Xkl s Xj=1, Xj41,+ - -, Xn
(n-1) a( ] ]
x| o(xj Vo) - Q" < )
r[Y"k Yo)s---rYo(k-1), Xk+1,+ -, Xn

x dp®" R (xp, ., x).

Consider the first term on the r.h.s. of (3.8). In all summands of Z;-;l except the last
one the (k — 1)th row of the determinant (containing the variable x,()) can be shifted into
the jth position, changing thereby the sign of the determinant by (-1)*2~01 = (=1)™+1,
Then the first term of sum (3.8) assumes the form

k-1
<n>1 ! Z sgng'sgnOZ(—l)kﬂ.(—l)_k_j+1

) 2
k) mn (k') a,0€Sk j=1

XI Q(Xx (), Yor)) - QA("_1)<
Ynfk

x]l'(l)/ cecy xﬂ'(jfl)/xﬂ'(k)/ le'(j+1)/ cecy x]l'(k*l)/karl/ e /xn>

Yo)r---rYok-1), Xk+1,+- -, Xn
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n
x dp®mR) (e, ., x) + <k> 11 Z sgnﬁsgno(—l)k”‘

l 2
n (k') a,0€Sk

xyr(l)/ e /xll‘(kfl)/xk+1/ cecy xn

x f 0(Xr ) Yow) - @ < >d/4®(”">(xk+1, ).
Yn-

]/a(l)/ cecy yo'(k—l)/ Xk+1s+++7Xn
(3.9)

Let Tjx € Sk denote the transposition j < k for j < k (then (1) (=) = (-1) = sgn Tik)
and the identity permutation for j = k (with sgn Ty = 1). Expression (3.9) can be written as

k /n
Z<k>1 ! > (sgnxrsgnTjc) sgno
=1

al 2
j n! (k,) ar,0€Sk

/\(n—l) x(JZ'OT]'k)(l)/ cecy x(]l'oTjk)(kfl)/ Xk+1s--7Xn
x Q(x(zronk)(k)IVO(k)> %
Ynk Yo),--- 1 Yo(k-1), Xk+1,+ -+, Xn

x dp®m0) (g, .., x0) (3.10)

n-1 1
= < > Z sgn 7 sgn 0Q (X7 k), Yo(k))

k-1 (k!)z'r,cresk

1 B xr(l)/'--/xT(kfl)/karl/-'-/le _
yn-k (11 : Yo)r+ -+ rYo(k-1)s Xk+1s+ -+, Xn

The function p; : Y* x Y* — K, such that P1(x1,..., Xk, y1,-- ., yk) is p&*

expression (3.10), is an integral kernel of the operator

-a.e. equal to

n-1
<k B 1> (Li3p ™) np, (3.11)

which appears on the r.h.s. of (3.1).

Consider now the second term of the sum on the rh.s. of (3.8). One can change
the indices of the integral variables x.1,...,x; in all summands of Z}Lkﬂ except the first
one, according to the rule x; — xpy1 — Xk2 — -+ — Xxj for the jth summand, and
simultaneously change the order of the columns of the determinant inversely (which changes
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the sign by (-1)UDF = (—1)* D) The resulting sum Z;’:k .1 then contains n — k terms
identical to the one with j = k + 1. Thus the second term of sum (3.8) equals

n\1 1
_(n_k)<k>mw Z SgN T sgn O

a,0€Sk

x]l'(l)/' . '/xﬂ'(k)/karZ/' <o Xn

x f 0 (XK1, Yorry) - @7 <
Ynfk

n-1\ 1
=- — sgn o
()iz

1 1 X1yeee s Xky Xk42s -1 Xn
X I Q(Xk+1, Yo(i)) <f CE . Q/\(n ) < >
Y yr-i-k (1 : Yo(1)r---rYolk=1), Xk+ls- -+, Xn

xdp®m 1P (xp o, xn)>d/4(xk+1)'

>d‘u®("k) (Xks1y-vnrXn).

Yo(1)r -+ rYolk-1), Xk+ls- -+, Xn

(3.12)

The function P> : Y* x Y* — K, such that Dy(x1,..., %k, y1,--.,yk) is p*?*-a.e. equal to
expression (3.12), is an integral kernel of the operator

- <n; 1> <LI,;_1PA(n_1)> <I®(k—1) ® P) A$)Y, (3.13)

which occurs on the rh.s. of (3.1). One concludes that the kernel £ of the operator on the
Lh.s. of (3.1) is y®2k-a.e. equal to the kernel p; + [, of the operator on the r.h.s. of (3.1), which
proves the equality of both operators.

The proof of (3.1) for n = k + 1 and the proof of (3.3) proceed analogously.

Similarly, the proof of (3.2) and (3.4) is accomplished by changing the product A into v
and replacing determinants in all formulae by pernaments, defined for every complex matrix
A= [111',]']21]-:1 as

perA =3 ar()1- - Aa(mm- (3.14)

TES,

Notice that signs of permutations are omitted in this case, similarly as the multipliers +1 in
the Laplace expansions. O

Lemma3.2. Let k,meN, 1<k <m, p € T”(Hy), jx € {k,...,m}, and
jk=1 0 jka-1 j2-1

R := Z Z ...ijl ®ij‘71 Q- <§§>,0jk—7k’1 (3.15)
jk-1=k=1 jk2=k=-2  j1=1

(for k = 2 the only summation index is jk_1 = ji). Then AgZR = RA(:;)Y and Sg)yR = RSiZ)Y.
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The proof of the above lemma consists in demonstrating the invariance of R under
permutations of factors in the tensor products. To this end it suffices to observe that R is
invariant under transpositions of neighbouring factors.

Lemma 3.3. Let p € T(Hy), & =Trp™, &/ :=Trp" fors €N, &) :=1,&) =1, and

Jp~1 =1

m
()= > - Zém LD p A pPTUA i,
Jp=Pjpa=p-1  j1=
) (3.16)
Jo—

1Me (P) - i Z Zé i pfl foz—fl V- fop—fpfl

Jp=P jp=p-1  ji=

forp,m € N, p < m. (For p = 1 the only summation index is j; and the summation runs over the
operators pi.) If 2 < p < m then

() = (M7 (0) Ap = (T4 (0)) (190 0 ) AT, (317)
Y (p) = (1,77 (p) ) v p + (ILY 1 (0) ) (10D @ p) S . (3.18)

Proof. Equation (3.17) will be first proved for p > 2. One has

T (p) =&npp Ao Ap

lpll

* Z Z Z ng 1, 4= 1)p+l +1Pl1 /\pl2 “hop. /\plpfl_lp—Z /\plp—lp,lﬂ

lp=p ly1=p-11,2=p-2 hL=1

(3.19)

m-1 lp_l lpfl_l lz—l

+ Z Z Z . Zgi{\n—lp—l(_l)p+lp+1pll A plz—ll Ao A pp 1=lp-2 A pl =l q+1

lP:p lp,] Zp—l l,,,zzp—z l1 =1

m-1 =1 Ipo-1 -1
+ Z Z Z o Zém L L= 1)p+lﬁ+1pll A plz—ll Ao A plp—z—lp—s A plp—lvfz Ap.
lp=p l,2=p-21,3=p-3 =1

(3.20)

m-1 ]‘pfl -1 jz—l

Z Z . Z <§z\m—1)—jpf1 (_1)(?‘1)+fpflp]'l A sz‘fl Ao A p]'pfl‘jpf2> Ap (3.21)

Jp-1=p=-1jp2=p=2  j1=1
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forl, = jp-1, Ip2 = jp-2,..., I1 = j1. By Lemma 3.2, the second term after the last of equalities
(3.20) equals

(7 (p) (1P @ p) AL (322)

The sum of expressions (3.21) and (3.22) is equal to the rh.s. of (3.17) for p > 2. After
simplifications the proof also applies to the case of p = 2.
The proof of (3.18) is analogous to that of (3.17). O

The next theorem provides the explicit form of (n,k)-contractions of product
operators. The proof for k = 1,2 was given in [11, 12]. The author of [12] emphasized that
formula (3.23) for k = 2 was derived by S. Pruski in 1978.

Theorem 3.4 (Explicit formulae). Let k,n € N, k < n, p € T(Hy), & = Trp", &/ := Trp** for
seN,and &) :=1,¢) :=1. Then

n el pl . o .
( > k A Z Z Zén ]k( 1)k+]kp]1/\p]z*]l/\.../\p]r]k-1

jk=k jk-1=k-1 1=

(3.23)
n—(k—l) n—il—(k—z) n—il—---—ik,z—l n— 11—--~—1k 1

= Z Z e Z Z gn 11—--~—1k( 1)k+i1+---+ikpi1 A A pik/

i1:1 i2:1 ik_1:1 Ik 1

n jk1 ja-1
< > k Vn_Z kZ Zé ]kpjlijz—jlv,,_vpjk—jk—l

jk=k jk-1=k-1  j1=
(3.24)

n—(k-1) n—i;—(k-2) n—iy——igp—1 n—iy——if_1

=> > .3 S P Vv,

=l =l =1 ix=1
(For k = 1 the only summation indices are j; and iy and the summation runs over the operators pi
and p", resp.)

Proof. For every p,m € N, p < m, let IT,” (p) be defined as in Lemma 3.3. Then the first of
equalities (3.23) can be written as

<Z> Lup"™ =TI (p). (3.25)

The proof of (3.25) will be carried out by (double) induction with respect to k and, for fixed
k, with respect to n > k.

(1°) (k = 1) This part of the proof is by induction with respect to n > 1.

(a) (n =2) According to Theorem 3.1, 2L;p"2 = (Tr p)p — p? = IT5!(p).

(b) Assuming validity of formula (3.25) (with k = 1) forn € {2,...,m -1}, where
m € N, m > 2, its validity will be shown for n = m.
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One has

I () = &nap + Dm0 =801 = (T (0) ) - (3.26)

j1=2
Thus, according to the inductive hypothesis forn € {2,...,m -1},
I (p) = &1 — (m = 1) (L}, ,p""D)p, (3.27)

which, in view of Theorem 3.1, yields (' )Linp"m =TIN (p).

(2°) Assuming validity of formula (3.25) for k € {1,...,p — 1} (and every n > k), where
p € N, p > 1, its validity will be shown for k = p. For arbitrarily fixed p the proof
will be carried out by induction with respect to n > p.

(a) (n = p + 1) By the inductive hypothesis with respect to k and Lemma 3.3,

(p+1)-1 -1 _ _ (
LY (p) = < b (Lo D) Ap = p7 (150D & p) AT, (3.28)

hence (’”;1 >L5+1 phPr = H;A,z (p), according to Theorem 3.1.

(b) Assuming validity of formula (3.25) forn € {p +1,...,m — 1}, where k = p,
m € N, m > p +1, its validity will be shown for n = m.

By the inductive hypothesis for k € {1,...,p — 1} and Lemma 3.3 one has

H%@>=<m‘1

. > (Lp" ™) np = (07, (p)) (10 V@ p) A, . (3.29)

According to the inductive hypothesis forn € {p +1,...,m — 1} one thus obtains

1

1) = (5, 05 ) ro- (7)) W) (e on)al, - o

which, in view of Theorem 3.1, yields ( )L,p"" = TI,} (p). This completes the inductive
proof for (3.25) with respect to n > p and with respect to k.

Now turn to the second of equalities (3.23). For k = 1 it is identity. Let k > 2. Setting
j1 =11, o = i1 +1d2,..., jk = i1 + - + ik o, equivalently, i1 = ji, 12 = jo —j1, 13 = j3 = jo, -
ix = jk — jk-1, one checks that both sides of the equality in question are equal to

nk k) ol o -
SO DY (F)ERph A pRTR AL A pikir, (3.31)

=1 =i+l Jr-1=jk-2+1 jx=jk-1+1

The proof of (3.24) is analogous to that of (3.23). O
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4. Asymptotic Form for Contractions of Product States

The explicit forms of the contractions of product states given by Theorem 3.4 are quite
complex. In the present section they are replaced by simpler operators, equivalent in the
thermodynamic limit. The main results in this section are Theorems 4.9 and 4.14.

In what follows use is made of the Hilbert space #q := L*(Q, u) (over C or R), where
the measure p is separable, o-finite, and satisfies the condition () = +oo. For every pu-
measurable subset Y C Q it is assumed H#y := L*(Y, ).

Let (L) be a fixed family of measurable subsets of Q such that 0 < u(Y) < +oo for
every Y € M(Q) (it can be the family of all such subsets). Fix d € R, d > 0, and assume that
there exists a sequence (Y}, C M(Q) such that n/p(Y,) — dasn — oo.

Definition 4.1. Fixd € R, d > 0, and let {by} (y ;e n(q)xn be a family of complex numbers. A
complex number b is said to be the thermodynamic limit of this family if for every sequence
{Ya}enw € M(Q) such that limy, —, o1/ pu(Yy) = d the condition lim,, _, by, , = b is fulfilled. In
such a case b is denoted by d — limy, ) - by,n-

Special attention will be given to the families of complex numbers of the form
Tr(LﬁKy,n)Cy, where k,n € N, n > k, Ky,, € T(H#}"), and Cy € B(e’éi’;k).

Definition 4.1 does not guarantee the convergence of families {by,} of interest in
physics. To obtain such a convergence, additional conditions (such as conditions of uniform
growth [18]) are usually imposed on the sequence {Y,},cy in question. However, those
additional conditions do not affect considerations in this paper.

Expression of expectation values of observables in mixed states by using trace,
mentioned in Introduction, is the motivation for the following definition.

Definition 4.2. Fix k € Nand d € R, d > 0. Families {Ay} yc n(@)xn a0 {Byn} v e n@)xn
of operators Ay, By, € T(HSF) are said to be asymptotically equivalent (symbolically:
Ay = Byy), if for every family {Cyu} (y e niqy«y Of Operators Cy,, € B(#2F) with uniformly
bounded operator norms one has

n,dy(;)lgl;lo TI'(AY,n - Byln)Cy,-,l =0. (41)

Condition (4.1) is required to hold in particular for families {Cyn} y e n(q)«y Such that
Cyn=CypforallY e M(Q), n,meN.

Remark 4.3. The authors of [11, 12] used some different definition of asymptotic equivalence
of families of operators, closer to Definition 4.10 in this paper.

Remark 4.4. For fixed k € Nand d € R, d > 0, the relation = is an equivalence
relation. If Ay,, = By, then for every family of operators Cy, as in Definition 4.2 the limit
d = limy, ,(v) - o Tr Ay,,Cy,, exists if and only if the limit d - lim,, ;) - o Tt By,,Cy,» exists, in
which case both limits are equal. Notice also that if Ay, = By, then Ay, + Dy, = By, + Dy,
and aAy, = aBy, for every family {Dyu} y e na)xn C T(HF) and a € C. Furthermore, for
every family {Avn}y e nyn C T(HFF) with uniformly bounded trace norms Tr |Ay,,| and
for every sequence {ay}, .y C C convergent to a € C one has a, Ay, = aAy,.
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Lemma 4.5. Let { Ay} ymen@yxy @9 {Byn} (v memyxn be as in Definition 4.2. Then

d—1lim Tr|Ay, - Bys| = 0= Ay, = By,. (4.2)
nu(Y)— oo

Moreover, if the operators Ay, By, are self-adjoint then

Ay, = By, = d—1lim Tr|Ay, — By,| =0. (4.3)
nu(Y)— oo

Proof. Implication (4.2) follows from Definition 4.2 and the estimate
[Tr(Avn = Byn)Cynl < ||Cyall Tr|Ayn = Byal- (4.4)
Now assume that Ay, = By,, which is equivalent to the condition

where Dy, := Ay, — By,. The operators Dy, have the spectral representations
Dy, = D (Y, 1) Py, vy, (4.6)
i=1

where P, (v, are the projectors onto orthogonal one dimensional subspaces of eigenvectors
¢i(Y,n) of Dy,, corresponding to eigenvalues 1;(Y,n) € R. Since X2, [Ai(Y,n)| = Tr|Dy,| <
+oo, for every (Y, n) € M(Q) x N there exists m(Y,n) € N such that ijm(m)ﬂ A (Y, n)| <1/n.
Thus the operators

m(Y,n)
Fyn= D, L(Y,n)Pyxn) (4.7)
i=1
satisfy the condition
o0
d - 1lim Tr|Dy,, — Fy,| = d —1lim Li(Y,n)| =0, 4.8
nu(Y)— oo | Yo Y,nl n’#(Y)_)mi:m(;,n)ﬂl 1( )I ( )

which, in view of implication (4.2) proved and condition (4.5), yields Fy, = Dy, = 0. In
particular,

Ao fim T FraCrn =0, (49)
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where
m(Y,n)

Cyn= D, sgn(\i(Y,m))Ppvm, [Crnll =1. (4.10)
i=1

Observe that Tr Fy,Cy,, = Tr |Fy .|, hence condition (4.9) gives

d —lim Tr|Fy,| = 0.
o, TrlFral =0 (4.11)

Since Tr |Dy| < Tr|Dy, — Fy| + Tr |Fy,,|, conditions (4.8) and (4.11) yield

d—1lim Tr|Ay, — By,| = d —lim Tr|Dy,| =0,
(1) oo tlAvn = Bl (V)25 Dyl (4.12)
which proves implication (4.3). O

The following lemma follows from Lemma 4.5.

Lemma 4.6. Fix k,m € N. Let {Avn}(y e n@xn @4 {Byn} v nyenyn be families of self-adjoint
operators Ay, By, € T(HSF) such that Ay, = By, and let {Dyn} (v memyn be a family of
operators Dy, € T(HY™) with uniformly bounded trace norms Tr |Dy,,|. Then

Ay,n ® Dy,n = By’n ® DY,n/ Dy’n ® Ay,n = DY,n ® By,n,

Ay]n A\ DY,n = By’n A DY,n/ Dy’n A\ Ay]n = DY,n AN BY,n/ (4.13)

Ay,n V DY,n = By,n V Dy/n, Dy,n Vv Ay,n I~ Dy/n Vv BY,n-

In the sequel {py}y. 4 denotes a family of nonnegative definite self-adjoint
operators py € C(Hy), and for every (Y,n) € M(Q) x N it is assumed that

&Go=1  &o=1 pl=pr,  pyl=py,

&, =Tepy >0, & =Trp)" >0, (4.14)

A V
A gY,n—l VA éY,n—l
SY,n = g/\ ’ SY,Tl = év .

Y,n Yn

The objective of this section is to find density operators of the most simple form which
are asymptotically equivalent to the operators

A (k) 1 v (k) 1
Oyn = LE <Tp§\/n>’ Oyn = Lﬁ (TP¥KH>’ (4.15)
Y,n Y,n

defined for fixed k € N and every (Y,n) € M(Q) x N, n > k.
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Remark 4.7. For every (Y,n) € _M(Q) x N the operator I + s/)\/,n+le is invertible and
(T + s/)\f,nﬂpy)*lll = 1. Furthermore, if sy, llpyll < 1 then I — sy, py is invertible and

(T =5y ,o0) "l = (1= sy, llpvID 7"
The next theorem is a version of a theorem studied in [11, 12] (see Remark 4.3).
A A

Theorem 4.8. If 0y, = Oy, and the reals sQ/n eyl (Yon) € M(Q) x N, are uniformly bounded
then

A )
Gy (T+ 5oy ) = (4 )78}y, (4.16)
(D) i .

Oy (4 )5y (14 5),0pv) - (4.17)

€ €
If‘\éy,n = (\;Y,nﬂ and the reals S\{f/any”, (Y, n) € M(Q) x N, are uniformly bounded then

v(D) _
Oyn <I - S\)//,n+1PY> = (11 + 1) 15\)//,n+1PY- (4'18)

If, additionally, s‘{f,n||py|| < € for some € < 1 and every (Y,n) € M(Q) x N then

V(l) _ -1
Oyn = (n+1)7'sY, . py (I - s}nﬂpy) . (4.19)

) )
Proof. By Theorem 3.1 and the assumption c/>\'Y,n = SY,n +1 one has

A _ 1 A
Oy, —(n+1) 15/},,#1,01/ =-(n+1) 11101[’" <s§n+1py>. (4.20)

1) 1
Since Tr |Gy, (85,,,0Y)] < 85, oyl Tr[Gy,| = 4., llpyl, relation (4.20) yields (4.16), in view
of Remark 4.4.
Now turn to the proof of relation (4.17). According to Remark 4.7,

AD) _ -1
Tr O'Y,n - (n + 1) 159,71+IPY <I + 59,n+1pY>
A -1 A0 A ~1_A
< <I + sm+1py> Tr{oy, <I + sm+1py> —(n+1)"sy,py (4.21)

A

=Tr Oyn <I + Sg\(,rwle) - (Tl + 1)_15/1\f,n+1py

M @
The explicit form of (/}Y,n given by Theorem 3.4 shows that (ATY,,, commutes with I + s}, py,

(O]
and since both operators are self-adjoint, (/)\.Y,n(I +8y,,1Py) is also self-adjoint. Thus conditions
(4.16), (4.21), and Lemma 4.5 yield (4.17).
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The proof of relations (4.18), (4.19) runs parallel to that of (4.16), (4.17). Notice
that in this case the expression ||(I + s/l\,,n +1py)_1|| = 1 from estimate (4.21) is replaced by

(T =8} 0py) = (=8} llpy )™ < (1-€)™ (see Remark 4.7). O

The following theorem for k = 2 (with the reservation of Remark 4.3) was obtained in
[11, 12]. The author of [12] gave also arguments that can be used to check the assumptions of
this theorem.

(k) (k)
Theorem 4.9 (Asymptotic formulae I). If éy,n = (/7\Y,n +1 for every k € N and

syaller|l <2 for every (Y,n) € M(Q) x N (4.22)

then, for every k € N, k > 2,

A(k) A A
Oyn = !O-Y,n N NOyy. (4.23)
—_—
k

vk y(k)
If Oy, = Oy 41 for every k € N and

s{n”py” <e for some € <1 and every (Y,n) € M(Q) x N (4.24)

then, for every k € N, k > 2,

v (k) v(®) v(®)
GY,n = k!O.Y,nV'”VO-Y,n' (4.25)
———

k

Proof. First equivalence (4.23) will be proved. Observe that

A @) A A

2Tr|0y,, —q'0y, A" A0y,

(@) @ @
=] (v = i A+ Ay ) (1P @ (4 f0v) ) AL,
A@ A A) -
+ <om —q!Oy, N A O'Y/n> <I®(”’ g (I - 5/1\/,n+1PY>>A£Z)Y (4.26)
@ @ @
<] (v = i n- Ay ) (1P & (T4 f,0v) ) AL,
A@ A A

O.Y,n —q!O'Y/n/\“-/\O'Y/n

7

A
+ ”I - sm+1py|| Tr
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hence

A @) A A

A
(2 - ”I - sm+1py||> Tr(oy, —glo0y, A== NOy,

4.27
A A ( )

(q)
<Tr <3Y,n -q'oy, N A 0'y,n> <[®(q—1) ® <I + S/l\f,n+1PY>>AiZ)Y ‘

Since the operators py are trace class, infye,; |p=1(¢, py¢) = 0. Thus, by assumption (4.22)
and the self-adjointness of the operators I - sy, py, one obtains

|7 = shanpr]| = sup (9 (1= %apv)0)|

lloll=1
(4.28)
=maxq 1 -5y, inf (¢, pyep), 5,1 5up (¢, pyp) -1 ¢ =1.
lpEe@y (pEe@y
lloll=1 llo||=1
The rest of the proof of (4.23) is by induction with respect to k > 2.
(1°) (k = 2) By Theorem 3.1 for n > 2 one has
1 n+1\ A n A BN
(n+1)> < 2 >0Y’n+1 = ae10m ((n +1) SY,n+1PY>
(4.29)

- () ()2,

@) @)
Assumption (4.22) gives Tr |8Y,n(1®(59,n+1PY))A$)Y| <sypallprll Te |(/;Y,n| < 2, hence, by (4.29),

A@ A .
Remark 4.4, and the assumption 0y, = 0y, one obtains

A AQ)

Oyn+ Oy, (I ® <s§n+1py>>A$)Y ~2 2

n+1

M
Sy,n A ((n + 1)—15’%n+1py>, (4.30)

Thus, in view of equivalence (4.16) from Theorem 4.8 and Lemma 4.6, one has

A A@)

) noA /A
Oy, + Oy, (I ® (SgnnPY))Aiu)Y = 211 —7%xn A <0Y,n (I + s@mlpy) . (4.31)

Furthermore, assumption (4.22) implies that the trace norms of the operators on the r.h.s of
(4.31) are uniformly bounded. Therefore, according to Remark 4.4,

A2 A A 2
(am ~ 26y, A oYln> (1o (I+5},.pv)) A%, =0, (4.32)
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o A AL A o A AD A0

The explicit form of oy, 0y, A Oy, given by Theorem 3.4 implies that oy, — 20y, A 0y, and
(Ie(I+s},,, PY))ASZ)Y commute, which proves the self-adjointness of the operator on the Lh.s
of (4.32). Thus conditions (4.32), (4.27) for q = 2, (4.28), and Lemma 4.5 yield relation (4.23)
for k = 2.

(2°) Assuming validity of equivalence (4.23) for k € {2,...,q—1}, whereg €N, g > 2,
its validity will be proved for k = g.

By Theorem 3.1 for n > g one has

1 n+1\ A@ 1 n \ A1) B
(n+ 1)1 < q >GY'”+1 = m <q _ 1>GYJl A <(Tl +1) 1S/l\f,n+1PY>

(4.33)
1 n\ A _ @)
Y <q> Oyn <[®(q g <5/1\r,n+1PY>>AJZy‘
Assumption (4.22) implies
@) ®(g-1) A (9) A A @
Te| Gy (17070 © (5,007 ) )AL | € Y pallovl]l Te|Oya| <2, (4.34)
.. NG ) EENC))
hence, in view of (4.33), Remark 4.4, and the assumption Oypn = Oypits
JNCRNC I ! n Alg-1)
(¢-1) A @ . 9 1A
Oy, + oY,n<I ® <SY,n+1PY>>AeJeY e \g-1 Oy, A <(n +1) sm+1py>.
(4.35)
Thus, by relation (4.16) from Theorem 4.8, Lemma 4.6, and Remark 4.4, one has
A A@) 1 @ q' A1) A
Oy, + 0y, <1®(q )® <s§,n+1py>>A#Y = (- 1)!01,,,1 A <0Y,n <I + sgnﬂpy)), (4.36)

since the trace norms of the operators on the rh.s. of (4.36) are uniformly bounded, by

(g-1)
assumption (4.22). Furthermore, in view of Lemma 4.6 and the inductive hypothesis (/}Y,n =
® )
(q- 1)!8m Ao A gY,w condition (4.36) yields
—

q-1

A@  A@) 5 @ AD) A AD)
Oy, + Oy, <1®(q g <5§cn+1pY>>A,@y = g0y, N~ N0y, A <C’y,n <I + sgnﬂpy)), (4.37)
| ——’

q-1
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hence

/\(‘1) /\(1) /\(1) _

Oyn—q'0y, A== N0y, <I®(‘7 Ve <I + sQnHPY))AiZ)Y =0. (4.38)

—_—
q
o A@ A A ' A ()
From the explicit form of oy, Oyn A"+ A Oy, given by Theorem 3.4 one finds that oy, —
A (D) @

gloy, A+ Aoy, and (I°0 Ve (I+s) . py))A &, commute, which proves the self-adjointness

of the operator on the Lh.s of (4.38). Thus conditions (4.38), (4.27), (4.28), and Lemma 4.5

. A@) A A .. .
yield oy, = q!0y, A+ A Oy,. Validity of relation (4.23) has been proved.
(S S——

q
Now turn to equivalence (4.25). Similarly to (4.27) one has

(@ ) )
<2 — “I + 5;n+1PYH> Tr cg'yln - q!(\)/'m VeV g'xn
@ M M (439
< Ti| (S = 0y VooV ) (0 (1= apr) ) S5 |
Furthermore, according to assumption (4.24),
2= |1+ Y apr|| 2 2= (14 sV llovl]) 21-€> 0. (4.40)

The rest of the proof of (4.25) is by induction with respect to k > 2 and proceeds analogously
to the proof of (4.23) with condition (4.28) replaced by (4.40) and the operators I ¥ s}, ., py
replaced by I £ sy, ., py (inversion of signs). 0O

Theorem 4.9 allows to replace (n, k)-contractions of antisymmetric and symmetric
product density operators by antisymmetric and symmetric products of 1-particle contrac-
tions, respectively, if the number n of particles in the system is large. Further simplification,
consisting in replacement of antisymmetric and symmetric products by tensor products,
will be now proved possible. To this end weaker conditions on the asymptotic equivalence
relation will be imposed.

Definition 4.10. Fix k € Nand d € R, d > 0. Families {Ay} v,y n)yav { Byl vmen@yxn Of
operators Ay, By, € T(HSF) are called weakly asymptotically equivalent (symbolically: Ay, ~
Byn), if d = limy, u(v) - o Te(Ay,n = By,n) Cyn = 0 for every family {Cyn} (y e n)<n Of Operators
of the form Cy, = ®%,Cy),, where CY) € B(Hy) (i € {1,...,k}, (Y,n) € M(Q) x N) are
operators with uniformly bounded operator norms.

The relation ~ has the properties analogous to the properties of the relation = from
Remark 4.4.

Definition 4.11. Let k € N, k > 2. Fix v € Sk. A set X C {1,...,k} is called a cyclic set of
the permutation o, if X = {Iy,...,1;} for some Iy,...,1l; € {1,...,k}, g € {2,...,k}, such that
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7 (ls) = Isyq for every s € {1,...,9 -1}, and & (l;) = I1. A singleton {I} C {1,...,k} such that
ar(l) = 1is also called a cyclic set of the permutation sr.

Note that the set {1,..., k} from the above definition can be represented as the union
of disjoint cyclic sets of ur.

Lemma 4.12. Letk € N, k > 2. If BV, ..., B® € T(Hy) then

p(r) g

KTe(BY) o0 B ) AY) = sgmr]‘[ Tr HB 0, (4.41)

TESK

where p(or) € {1,...,k} is the number of disjoint cyclic sets of o, indexed by j, and q; denotes the
number of elements of the jth cyclic set of or, which is {11, ..., Ligi }, where

w(lig) =lia, fora;22,  w(ls) =l s=1..,4-1 (4.42)

CZearly,z;’(l q,_kandu"(’”u Alisy = {1, k).

Proof. Let {¢;},.y be an orthonormal basis of #y. One has

p(x)

k! TT<B$31 ®:-- > Z sgn JrHM,, (4.43)

€Sk

where

_ (o) o] l )
M; = izl o Z <(Pi1j,1’B( ;,1)({;1.”(1]_,1) > o <(Pi1iﬂj ! . (PWI”’ )> (4.44)
1= 1,

i, =1
9j

If g; > 2 for some j € {1,...,p(or)} then, by condition (4.42) and Parseval’s formula,

M; = Z Z <(,0in BV Pi, ><‘Pl B(leZ)(Pilj,3>“.<‘Pi1j,qj,B<ljlqj)(Pilf/l>

.. =1 i, =1
lia ljgj

Z Z Z < 0i, ,B(lm)B(l;,z)goilj/3 > <‘Pizj,qj/B(lj’q7)‘Pilf,1>'
]',

=11 11 =1 11

(4.45)

Performing successive summations one then obtains

o qi qi
Mj = Z <(Pi1j,1’ <HB(lj,S)>(Pitj/l > =Tr HB(lj,S)' (4.46)
iy, =1 s=1 s=1
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The derivation of the above formula for g; = 1, 2, after simplifications, proceeds analogously.
This completes the proof of (4.41), in view of (4.43). O

Lemma 4.13. One has

TG
d—lim ||oy,|l =0, (4.47)
nu(Y)— oo ’
.v(®@ v v
and if 0y, = 20y, V Oy, (see Theorem 4.9) then
v
d—lim |[oy,|l = 0. (4.48)
n,}l(Y) — !

Proof. To prove (4.47) it suffices to observe that, according to Theorem 2.3,

1 n
Li(gf’@ >

Now (4.48) will be proved. Let {¢;};.y be an orthonormal basis of #y for fixed Y €
M(Q). Then

A
O'Y,n

11 11 1
<o || < = ——Trpln = = (4.49)
\ s levl < b oy -

1) (1) (1) 1
Tr 20y, V Oy, = 2Tr<c\§m ® ém>s§)y

& V(l) v(l)
= Z Z <(Pi1/ Oy n®Pira) > <‘Pi2' Oy nPirp > (4.50)

TEeS, iy,ir=1

M\ ? M v
= (TI‘ (\)/.Y,n> +TI‘<(\)/'Y,n(\;'Y,n>.

@ )] )

Taking into account (4.50), the relation (\§Y,n = Zéyln \Y g'yln, Definition 4.2 for Cy,, = I*?, and
(@) O]

the equality Tr CV7Y,n =Tr c\ém =1, one obtains

_ V@) V)
d—lim Tr<oynoyn> =0. (4.51)
n//’l(Y)_”)O g g
Furthermore,
o | GORVICY SORVICY
Syt = (0 Sra0rap) < T (v ) (452)
for every ¢ € Hy such that ||¢|| = 1, hence (4.51) yields (4.48). O

Notice that (4.47) can be also proved analogously to (4.48) under the additional
@ ™ @
assumption cArYln = ZC/}Y,,[ A S'W.
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The proof of the next theorem for k = 2 was given in [11, 12].

Theorem 4.14 (Asymptotic formulae II). Let k € N, k > 2. One has

A A A A1)

n'g N~
k k

1)
and if d - limn,#(y)ﬂwﬂc\)/'mn =0 (see Lemma 4.13) then

v v ooy@® v(1)
k!?.Y,nV"'Vo'lf,rb'v?lf,n@"'@glﬁrb' (4.54)

k k

Proof. First (4.53) will be proved. Fix a family {Cyn}y e n)xy Of Operators such as in
Definition 4.10 and set

_ A

0 = 6y,C0, r=1, Lk (4.55)

Then, by Lemma 4.12, one has

1) 1)
Trk!(gmA...Agm)(cy;@..@c;k;)

p(r) qj

= ki Te(BY) @ o By )AY = 3 sgna] [T ] [By)
’ ' €Sk =1 s=1
4.56)
) M (
:Tr(gy,n@...@sm) (Che-ack)
pe) 4 00
+ Z sgnJrH Tr HBY,]; .
TES) =1 s=1
a#1d
Thus
1) 1) 1) (1)
Tr<k!3mA...A3m_sy,n@...@sm)(cg;;®...®c;k;)
per) g (4.57)

= > sgna] [Tr HB&;).
=1 s=l

aeSk
a#1d
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Now, let 7 € Sy, r #1d, be fixed. If g; = 1 for some j € {1,...,p(or)} then

qj ) (1)
(TrHBS’;) |T B(l”)| ”C“”)” 5 ||C(l” , (4.58)
s=1
whereas if qi 22 then
& (i) (js) (M,
Tr [ By, | < HB
s=1
ON R 1 )
< |Gy <H||c<’ > Cy || |6y, (4.59)
@ (|91, _
< |6y, ”cﬁgj)

Since o #1d, there exists at least one j € {1,...,p(or)} such that g; > 2, hence

p(r) qi 02 p(r) AD) p(r) 4; 02
T T80 | < ( TT[5% HH”C -
j=1 s=1 j=1 j=1 s=1
(4.60)
plr) A

= ”CYn“H

GYn

and at least one exponent g; — 1 is nonzero. Thus, by the uniform boundedness of the norms
|ICyxll and Lemma 4.13, the termodynamic limit of the 1.h.s of (4.57) equals 0, which proves
the validity of relation (4.53).

The proof of relation (4.54), after discarding the permutation signs and replacing A by
V, proceeds analogously. O

Appendix
Product Integral Kernels of Trace Class Operators

In this section theorems concerning product integral kernels, exploited in Section 3, are
formulated.

Fix the Hilbert space #y := L?(Y, ) over the field K = C or R, where the measure y is
separable and o-finite. For every n € N the space 5" is identified with L*(Y", 4®"). Unless
otherwise stated, elements of L? spaces are 1dent1f1ed with their representatives and denoted
by the same symbols.
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Let X € L2(Y?, p®?). In the case of the integral operator K : Hy — Hy defined for
every ¢ € Hy and p-a.a. x € Y by

(Ko)(x) = L K(x,y)(y)du(y) (A1)

both X regarded as an element of L?(Y?, u®2) as well as its arbitrary representative is called an
integral kernel of K. The kernel X is unique as an element of L?*(Y?, 4®2) but a representative
of X of a special form, given in Lemma A.3 and Definition A 4, is useful in computations of
the trace of K.

Let HS(Hy) be the space of Hilbert-Schmidt operators on #y with the inner product
defined by (A, B) 4 5.4, = Tr A*B and the induced norm denoted by || - || .5, - In the sequel
use is made of the following theorem, the proof of which can be found in [19].

Theorem A.1. An operator K € B(Hy) is Hilbert-Schmidt if and only if it is an integral operator
with an integral kernel X € L*(Y?, u®%). Furthermore, | K|| sz, = 1Kl 22 pue2y -

Corollary A.2. Let K,G € HS(Hy) and let X, G € L*(Y?, u®2) be integral kernels of the operators
K, G, respectively. Then (K, G) ys(11,) = (JC,C})LZ(YZ,#M).

Recall that K € B(Hy) is a trace class operator if and only if there exist operators
Ki,K, € H#S(Hy) such that K = K;K,. Moreover, TrK = (KI,KZ)JB(H”. This fact,
Theorem A.1, and Corollary A.2 imply the following lemma, in which elements of the L?
space are distinguished from their representatives. The element of the L? space represented
by a function f is denoted by [f].

Lemma A.3. Let K € t(Hy), K = KiKj, where K, K, € ch.S(HY) Let [JCl], [JCz] €
L2(Y?, 4®2) be integral kernels of Ki1,Ka. Then for any choice of representatives X1 € [KXi],
Ko € [ K] the function X : Y x Y — K defined for p>-a.a. (x,y) €Y x Y by

K(x,y) = L Ki(x,2) K (2, ) dpu(2) (A2)

is u®2-square integrable and it is an integral kernel of K. The function £ :Y — K defined for p-a.a.
x €Y by L(x) = K(x,x) is p-integrable. Moreover,

TrK = f}/ L(x)du(x) = J; K(x,x)dp(x). (A.3)

Definition A.4. Under the assumptions of Lemma A.3, the function X given by formula (A.2)
(for any choice of representatives X,K; of [X1], [K]) is called a product integral kernel of K.

Notice that for p being the Lebesgue measure on [0,1] x [0,1] formula (A.3) is valid,
for example, if X is any continuous function.

In the following lemma, which follows from Lemma A.3, the function £, need not be
a product integral kernel of Ky but the integral formula for the trace of Kj still holds for Xj.
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Lemma A.5. Let k,n € N, k < n, and let K be a product integral kernel of K € T(HY") =
T(L2(Y™, y®"™)). Then the function Ko : Y* x Y* — K defined for p***-a.a. (x',y') € Y* x Y* by

Ko (x/, ]/,) — JY . JC(.X’, x//, ]/// xll)d‘u®(1’l—k) (xr/) (A4)

is #®2k
every y, ¢ € HE* and every orthonormal basis {¢;} . of Hﬁf("_k) one has

-square integrable and the integral operator Ko with the kernel Ko belongs to T(HEF). For

(0 Ko@) prex = 2 @ 1, K9 © 451)) - (A5)
i=1

The function Ly : Y* — K defined for p*-a.a. x' € Y* by Ly(x') = Ko(x,x') is y*-integrable.
Moreover,

I Ko(x', x)dp* (x') = I Lo(x)dp*(x') = Tr Ky = Tr K. (A.6)
Yk Yk

Corollary A.6. Under the assumptions of Lemma A.5, if C € B(Hg¥) then TrCKy = Tr(C ®
I®(n_k))K.

Acknowledgments

This paper presents the results of a part of the author’s MS thesis [2] written in the Institute
of Physics, Nicolaus Copernicus University, Torun, under the supervision of Professor Jan
Mackowiak. The author wishes to express his gratitude to Professor Mac¢kowiak for helpful
suggestions and remarks. Professor Mac¢kowiak prepared also, on his own initiative, the
English translation of appropriate parts of the author’s thesis, which was useful for the author
in editing of the present paper.

References

[1] W.Radzki, “Contractions of product density operators of systems of identical fermions and bosons,”
arXiv:0809.0474v2, 2008, http:/ /arxiv.org/abs/0809.0474v2 .

[2] W. Radzki, Kummer contractions of product density matrices of systems of n fermions and n bosons, M.S.
thesis, Institute of Physics, Nicolaus Copernicus University, Toruri, Poland, 1999.

[3] J. von Neumann, Mathematische Grundlagen der Quantenmechanik, Springer, Berlin, Germany, 1932.

[4] H. Kummer, “n-representability problem for reduced density matrices,” Journal of Mathematical
Physics, vol. 8, pp. 2063-2081, 1967.

[5] A.J. Coleman, “Structure of fermion density matrices,” Reviews of Modern Physics, vol. 35, no. 3, pp.
668-689, 1963.

[6] C.Garrod and J. K. Percus, “Reduction of the N-particle variational problem,” Journal of Mathematical
Physics, vol. 5, pp. 1756-1776, 1964.

[7] H. Kummer, “Mathematical description of a system consisting of identical quantum-mechanical
particles,” Journal of Mathematical Physics, vol. 11, pp. 449-474, 1970.

[8] “Reduced density operators with applications to physical and chemical systems. II,” in Proceedings
of a Conference held at Queen’s University, Kingston, Ont., June 20-22, 1974, R. M. Erdahl, Ed., Queen’s
Papers on Pure and Applied Mathematics, no. 40, Queen’s University, Kingston, Canada, 1974.



26 International Journal of Mathematics and Mathematical Sciences

[9] H. Grudzinski and J. Hirsch, “Searching for new conditions for fermion N-representability,” Reports

on Mathematical Physics, vol. 53, no. 3, pp. 331-338, 2004.

[10] A.]. Coleman and V. I Yukalov, Reduced Density Matrices. Coulson’s Challenge, vol. 72 of Lecture Notes
in Chemistry, Springer, Berlin, Germany, 2000.

[11] A. Kossakowski and J. Mac¢kowiak, “Minimization of the free energy of large continuous quantum
systems over product states,” Reports on Mathematical Physics, vol. 24, no. 3, pp. 365-376, 1986.

[12] J. Mackowiak, “Infinite-volume limit of continuous n-particle quantum systems,” Physics Reports, vol.
308, no. 4, pp. 235-331, 1999.

[13] J. Mackowiak and M. Wisniewski, “A perturbation expansion for the free energy of the s —d exchange
Hamiltonian,” Physica A, vol. 242, no. 3-4, pp. 482-500, 1997.

[14] G. E. Volovik, Exotic Properties of Superfluid > He, World Scientific, Signapore, 1992.

[15] P. Tarasewicz and J. Mac¢kowiak, “Thermodynamic functions of Fermi gas with quadruple BCS-type
binding potential,” Physica C, vol. 329, no. 2, pp. 130-148, 2000.

[16] J. Mackowiak and P. Tarasewicz, “Extension of the Bardeen-Cooper-Schrieffer model of superconduc-
tivity,” Physica C, vol. 331, no. 1, pp. 25-37, 2000.

[17] C. W. Schneider, G. Hammerl, G. Logvenov et al., “Half-h/2e critical current—oscillations of
SQUIDs,” Europhysics Letters, vol. 68, no. 1, pp. 86-92, 2004.

[18] D. Ruelle, Statistical Mechanics: Rigorous Results, W. A. Benjamin, New York, NY, USA, 1969.

[19] R. Schatten, Norm Ideals of Completely Continuous Operators, vol. 27 of Ergebnisse der Mathematik und
ihrer Grenzgebiete. N. F., Springer, Berlin, Germany, 1960.



