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The object of the present paper is to introduce new classes of meromorphic functions with varying
argument of coefficients defined by means of the Hadamard product (or convolution). Several
properties like the coefficients bounds, growth and distortion theorems, radii of starlikeness and

convexity, and partial sums are investigated. Some consequences of the main results for well-
known classes of meromorphic functions are also pointed out.

1. Introduction

Let ]ﬂv denote the class of functions which are analytic in ® = ®(1), where

D(r)={zeC: 0<|z| <1}, (1.1)
with a simple pole in the point z = 0. By _, we denote the class of functions f € J of the
form

f(z) = % +Da,z" (z€9D). (1.2)

n=1

Also, by <, (n € R,e € {0,1}), we denote the class of functions f € M of the form (1.2) for
which

arg(a,) =emr—(n+1)n (neN:={1,23,...}). (1.3)
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For 77 = 0, we obtain the classes T) and T} of functions with positive coefficients and negative
coefficients, respectively.
Motivated by Silverman [1], we define the class

=T (1.4)
nerR

It is called the class of functions with varying argument of coefficients.
Leta € (0,1),r € (0,1). A function f € M is said to be meromorphically convex of order
ain D(r) if

Re<1+%> <-a (zeD(r)). (1.5)

A function f € M is said to be meromorphically starlike of order a in B(r) if

zf'(z)
Re(m) <-a (ze€D(r)). (1.6)

We denote by #.5°(a) the class of all functions f € M, which are meromorphically convex
of order & in ® and by #S*(x), we denote the class of all functions f € _#, which are
meromorphically starlike of order a in . We also set

MSE = MS(0), MS* = MS(0). (1.7)
It is easy to show that for a function f € TY, the condition (1.6) is equivalent to the following:

zf'(2)
f(2)

+1

<l-a (zeD(r)). (1.8)

Let B be a subclass of the class M. We define the radius of starlikeness of order a and the
radius of convexity of order a for the class B by

R.(B) = }né (sup{r € (0,1] : f is meromorphically starlike of order a in D(r)});
€

(1.9)
RY(B) = }nll; (sup{r € (0,1] : f is meromorphically convex of order « in ®(r)}),
€

respectively.

Let functions f, g be analytic in % := ® U {0}. We say that the function f is subordinate
to the function g, and write f(z) < g(z) (or simply f < g) if there exists a function w analytic
in, |w(z)| <|z| (z € U), such that

f(z) =gw(z)) (z€). (1.10)



International Journal of Mathematics and Mathematical Sciences 3

In particular, if F is univalent in %, we have the following equivalence:

f(z) <F(z) & f(0) =F(0), f(U) C F(U). (1.11)

For functions f, g € M of the form
f(z) = nzi:lanz”, g(z) = nglbnz”, (1.12)
by f * ¢ we denote the Hadamard product (or convolution) of f and g, defined by
(f*g)(z) = i anbyz" (z€9). (1.13)
n=-1

Let A, B be real parameters, -1 < A < B < 1, and let ¢, ¢ be given functions from the
class M.

By 10(¢, p; A, B), we denote the class of functions f € # such that (p*f)(z) 0 (z € D)
and

(¢*f)(z) - 1+ Az

(pxf)(z) 1+Bz (1.14)
Moreover, let us define
TW (¢, 9; A, B) :=T°NW (P, p; A, B),
TWE (§, 93 A, B) = T N 10($, 93 A, B), (119
where the functions ¢, ¢ have the form
P(z) = % + (-1)“12[5,15’, 0(z) = % + (-1)62%2-" (ze9D), (1.16)
and the sequences {a,}, {f,} are nonnegative real, with
ap+p,>0 (neN). (1.17)

Moreover, let us put

dy:=(1+B)fp+(1+A)a, (neN). (1.18)
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It is easy to show that

f(z) € TW(z¢'(2), z¢'(z); A, B) & —zf'(z) € TW($,; A, B),
(1.19)
f(z) € TW) (29 (2), 29/ (2); A, B) < —zf'(z) € TW, (¢, 9; A, B).

The object of the present paper is to investigate the coefficient estimates, distortion
properties and the radii of starlikeness and convexity, and partial sums for the classes
of meromorphic functions with varying argument of coefficients. Some remarks depicting
consequences of the main results are also mentioned.

2. Coefficients Estimates
First we mention a sufficient condition for functions to belong to the class 1(¢, ¢; A, B).

Theorem 2.1. Let {d,} be defined by (1.18), -1 < A < B < 1. If a function f of the form (1.2)
satisfies the condition

> dulas| <B-A, (2.1)

n=1

then f belongs to the class 10(¢, p; A, B).

Proof. A function f of the form (1.2) belongs to the class W°(¢, ¢; A, B) if and only if there
exists a function w, |w(z)| < |z| (z € B), such that

$*)E) _ 1+ Aw()
((p*f)(z) 1+ Bw(z)

(zeD), (2.2)

or equivalently

z(p* f)(z) —z(p* f)(2)

1 D). 2.3
B=(g+ 1)) Az(g= fm) | FED 29

Thus, it is sufficient to prove that

|z(p* f)(z) —z(p* f)(2)| — |Bz(p* f)(z) - Az(p* f)(2)| <O (z€D). (2.4)
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Indeed, letting |z| =7 (0 <7 < 1), we have

|2(p* F)(2) - 2(¢* ) ()] - |B=($ = £) () - Az * ) (2)]
i(ﬂn +ay)a,z"!
n=1

- ‘(B —A) - i(Bﬂn + Aay)anz"!
n=1

S e (2.5)
< (Bu+ an)lanlr™! = (B— A) + > (B + Aay)|a|r™
n=1 o
< Y dylag|r™! - (B- A) <0,
n=1
whence f € W(¢, ; A, B). -

Theorem 2.2. Let f be a function of the form (1.2), with (1.3). Then f belongs to the class
Cw5, (9, 9; A, B) if and only if the condition (2.1) holds true.

Proof. In view of Theorem 2.1, we need only to show that each function f from the class
CI;, (¢, 9; A, B) satisfies the coefficient inequality (2.1). Let f € TW; (¢, ¢; A, B). Then by
(2.3) and (1.2), we have

2;1“;1 (ﬂn + an)anerl
B-A- 3%, (-1) (B + Aty) anz"1

<1 (ze9). (2.6)

Therefore, putting z = re' (0 < r < 1), and applying (1.3), we obtain

o1 (B + an)lan|r™!

2.7
B-A-37(Bpn+ Aay)|ay|r™! @7

It is clear, that the denominator of the left hand said cannot vanish for r € (0, 1). Moreover, it
is positive for 7 = 0, and in consequence for r € (0, 1). Thus, by (2.7), we have

D [(1+B)fu+ (1+ A)ay]|anlr™' < B- A, (2.8)
n=1
which, upon letting r — 17, readily yields the assertion (2.1). O

From Theorem 2.2, we obtain coefficients estimates for the class C?()fi (¢, p; A, B).
Corollary 2.3. If a function f of the form (1.2) belongs to the class TW; (¢, ¢; A, B), then

a,| <
|Tl|— dn

(neN), (2.9)
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where {dy} is defined by (1.18). The result is sharp. The functions f, y of the form

1 B-A
fun(z) = - mz” (z€D; neN) (2.10)

are the extremal functions.

3. Distortion Theorems
From Theorem 2.2, we have the following lemma.

Lemma 3.1. Let a function f of the form (1.2) belong to the class TW; (¢, ¢; A, B). If the sequence
{dn) defined by (1.18) satisfies the inequality

dy<d, (meN), (3.1)
then
ia < B-A (3.2)
n=1 " dl ‘ .
Moreover, if
ndy <d, (meN), (3.3)
then
ina < B-4 (3.4)
n=1 " dl . .

Theorem 3.2. Let a function f belong to the class T, (¢, ¢; A, B). If the sequence {dy} defined by
(1.18) satisfies (3.1), then

1 B-A 1 B-A

- - < <= = ) )

s rslf@ls == (== <) (3.5)
Moreover, if (3.3) holds, then

1 B-A 1 B-A

_ < 4 < — = . .

po g Sf@lsz+—= (==r<D (36)

The result is sharp, with the extremal function f1, of the form (2.10).
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Proof. Let a function f of the form (1.2) belong to the class Ck)fl((i), ¢; A, B), |z| =r < 1. Since

o0 1 o0
|f(2)| = ; + D anz << + D [anlr”
n=1 n=1
= 1 +ri|a |t < 1 +ri|a |
T n=1 ! T n=1 "
(3.7)
0 " 1 0 "
lf@)] =|z+ D anz 2;—Z|an|r
n=1 n=1
=_ —rZ|an|r" 1 > - - rZ|an|
then by Lemma 3.1 we have (3.5). Analogously we prove (3.6). O
4. The Radii of Convexity and Starlikeness
Theorem 4.1. The radius of starlikeness of order a for the class C?()%((]), ; A, B) is given by
(10 (o o (-, )1“”*” 41
R“<tw*l(¢"”'A’B)>‘i?%((n-a)(B-A) ’ @1)

where d, is defined by (1.18).

Proof. The function f € C?l of the form (1.2) is meromorphically starlike of order a in the disk
D(r),0 < r <1, if and only if it satisfies the condition (1.8). Since

), || S e Soine =™ w2
f@) L+ 35 apz! 1= 32 ladllz""
putting |z| = 7, the condition (1.8) is true if
Sn—a
|a,|r™t < 1. (4.3)
r; l1-«a
By Theorem 2.2, we have
i d lay] <1 (4.4)
n| = . .
~B-A
Thus, the condition (4.3) is true if
n—a ,. dn
e < _n 4.5
-« <B-a €N @3)
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that is, if

(1-a)d, 1/(n+1)

It follows that each function f € tk)?l (¢, 9; A, B) is meromorphically starlike of order a in
the disk 9(r), where r = R* (C?()%((i), ¢; A, B)) is defined by (4.1). Moreover, the radius of
starlikeness of the functions f, ;, defined by (2.10) is given by

. (1 _ zx)dn 1/(n+1)
T, —mm{l, <m> (TLEN) (47)

Thus we have (4.1). O
Theorem 4.2. The radius of convexity of order a for the class C?()}i(dn @; A, B) is given by

) 1 _ lx)d 1/(n+1)

RS twl -A B = inf ( n___ 4.8
< n($:9; A, )> £2N<n(n-a)(B—A)) ' “8)
where d,, is defined by (1.18).

Proof. The proof is analogous to that of Theorem 4.1, and we omit the details. O

5. Partial Sums

Let f € M be a function of the form (1.2). Motivated by Silverman [2] and Silvia [3] (see also
[4]), we define the partial sums f,, defined by

m

fm(z) = % + D a,z" (meN). (5.1)

n=1

In this section, we consider partial sums of functions from the class Ck)fl(cj), ¢; A,B) and
obtain sharp lower bounds for the real part of ratios of f to f,, and f' to f,,.

Theorem 5.1. Let m € N and let the sequence {d,}, defined by (1.18), satisfy the inequalities

B-A<d,<dw (meN). (5.2)

If a function f belongs to the class TW; (¢, ¢; A, B), then

f(z) B-A
Re{ @) } >1- e (z€e9), (5.3)
fm(z) dm+1
Re{ e }z T ara (€9 (5.4)

The bounds are sharp, with the extremal function fuy.1, of the form (2.10).
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Proof. Let a function f of the form (1.2) belong to the class T (¢, ¢; A, B). Then by (5.2) and

Theorem 2.2, we have

d
slanl < 1. (5.5)

m d [ee] [e'e]
Slanl+ 5% D lal <
n=1 n=1

n=m+1

If we put

g(z)=%{%‘<l_%>}

y 5 . (5.6)
L (dun/ (B~ A) 52 anz™
=1+ 1757 apzn (z€9),
then it suffices to show that
Reg(z) >0 (z€9), (5.7)
or
g(z) -1
< . .
o) 71 <1 (ze€e9) (5.8)
Applying (5.5), we find that
g(z) -1 (Ami1/ (B = A)) 3.7 aalanl
< . ~ <1 (z€9), 5.9
el S s Gy S <1 € 69)

which readily yields the assertion (5.3). In order to see that f = fy,,1, gives the result sharp,
we observe that for z = re” we have

flz) 1 (B - A)rm+2 ror, B-A

fm(z) - dm+1 - dm+1 ‘ (510)
Similarly, if we take
m dm+
h(z)=(B-A+ dm*l){cf((zz)) “B-aA +1d - } (z€9), (5.11)

and make use of (5.5), we can deduce that

hz)-1]

(1 + (dm+1/(B - A))) Z:Lozm+ |(1n|
n(z) +1 - <1 (ze9®), (512

T 2-23 00 anl - A= (dma / (B= A))) Zalmalanl ~

which leads us immediately to the assertion (5.4). The bound in (5.4) is sharp for each m € N,
with the extremal function f = fy,,1,, given by (2.10). O
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Theorem 5.2. Let m € N and let the sequence {d,}, defined by (1.18), satisfy the inequalities (5.2).
If a function f belongs to the class C?()Z((]), ¢; A, B), then

Re{ f(z) }>1_w (ze®),

fm(z) )~ A1
m(2) A1 o1
{55} G A <
The bounds are sharp, with the extremal function fu.1, of the form (2.10).
Proof. The proof is analogous to that of Theorem 5.1, and we omit the details. O

Remark 5.3. We observe that the obtained results are true if we replace the class
T, (¢, 9; A, B) by TW(9, ¢; A, B).

6. Concluding Remarks

We conclude this paper by observing that, in view of the subordination relation (1.18), by
choosing the functions ¢ and ¢, we can define new classes of functions. In particular, the
class

W(p; A, B) == W(-z¢'(z),9(z); A, B) (6.1)

contains functions f € M, such that

z(p* ) (z) 1+ Az

- . 6.2
((p*f)(z) 1+ Bz (62)
A function f € M belongs to the class
W(p;a) =W(p;2a—-1,a) (0<a<1) (6.3)
if it satisfies the condition
z(p* f)'(2) }
Req———= 1 > €9D). 6.4
e{ 0x &) a (z€9) (6.4)

The class 7(y; ) is related to the class of starlike function of order a. In particular, we have
the following relationships:

(6.5)
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Let A be a convex parameter. A function f € M belongs to the class
W, (9; A, B) = 70<A2(p(z) + (A - 1)22‘1”(2)’ %;A,B) (6.6)

if it satisfies the condition

1+ Az

. 6.7
1+ Bz (67)

Az(p* f)(z) + (A =1)Z2(p* f) (2) <

The classes W(¢; A, B), W(p; a), and 10, (¢p; A, B) generalize well-known important classes,
which were investigated in earlier works; see for example [5-10].

If we apply the results presented in this paper to the classes discussed above, we can
obtain several additional results. Some of these results were obtained in earlier works; see for
example [5-10].

References

[1] H. Silverman, “Univalent functions with varying arguments,” Houston Journal of Mathematics, vol. 7,
no. 2, pp. 283-287, 1981.

[2] H. Silverman, “Univalent functions with negative coefficients,” Proceedings of the American Mathemat-
ical Society, vol. 51, pp. 109-116, 1975.

[3] E. M. Silvia, “On partial sums of convex functions of order a,” Houston Journal of Mathematics, vol. 11,
no. 3, pp. 397404, 1985.

[4] M. K. Aouf and H. Silverman, “Partial sums of certain meromorphic p-valent functions,” Journal of
Inequalities in Pure and Applied Mathematics, vol. 7, no. 4, article 119, 7 pages, 2006.

[5] M. K. Aouf, “Certain classes of meromorphic multivalent functions with positive coefficients,”
Mathematical and Computer Modelling, vol. 47, no. 3-4, pp. 328-340, 2008.

[6] M. K. Aouf, “Certain subclasses of meromorphically p-valent functions with positive or negative
coefficients,” Mathematical and Computer Modelling, vol. 47, no. 9-10, pp. 997-1008, 2008.

[7] H. E. Darwish, “Meromorphic p-valent starlike functions with negative coefficients,” Indian Journal of
Pure and Applied Mathematics, vol. 33, no. 7, pp. 967-976, 2002.

[8] M. L. Mogra, “Meromorphic multivalent functions with positivecoefficients. I,” Mathematica Japonica,
vol. 35, no. 1, pp. 1-11, 1990.

[9] M. L. Morga, “Meromorphic multivalent functions with positive coefficients. II,” Mathematica Japonica,
vol. 35, no. 6, pp. 1089-1098, 1990.

[10] R. K. Raina and H. M. Srivastava, “A new class of meromorphically multivalent functions with

applications to generalized hypergeometric functions,” Mathematical and Computer Modelling, vol. 43,
no. 3-4, pp. 350-356, 2006.



