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1. Introduction

In the real life, individual or collective preferences are not always crisp; they can be also
ambiguous. Since 1965 when Zadeh [1] introduced fuzzy set theory, researchers [2-11]
modelled such preferences by (binary) fuzzy relation (simply denoted by FR) on X, that
is, a function R : X x X — [0,1] where X is a set of alternatives with Card(X) = |X| > 3.
In this case, for (x,y) € X2, R(x,y) is interpreted as the degree to which x is “at least as
good as” y. If Vx,y € X, R(x,y) € {0,1}, then R is crisp, and we denote R(x,y) = 1 by xRy
and R(x,y) = 0 by not(xRy). Literature on the theory of fuzzy relations and on applications
of fuzzy relations in other fields such as economics and in particular social choice theory is

growing.
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Since 1983 when Atanassov [12, 13] introduced intuitionistic fuzzy sets (IFSs), some
scholars [14-19] modelled ambiguous preferences by a (binary) intuitionistic fuzzy relation
(IFR) on X, that is, a function R : X x X — L* = {(a,a2) € [0,1]2, a1 + a, < 1} where
Vx,y € X, R(x,y) = (ur(x,y),vr(x,y)). In this case, yr(x,y) is the degree to which x is “at
least as good as” y, and vr(x,y) is the degree to which x is not “at least as good as” y. The
positive real number 7r(x, y) =1 - pur(x, y) — vr(x, y) (since ur(x,y) + vr(x,y) < 1), usually
called fuzzy index, indicates the degree of incomparability between x and y. In this paper, we
simply write Vx,y € X, R(x,y) = (ur(x,y), vr(x,y)). Clearly, we have two particular cases:
(1) if V(x,y) € X x X, or(x,y) = 0, thatis, vr(x,y) = 1 - ur(x,y), then R becomes an FR on X,
and (ii) if V(x, y) € X x X, 7r(x,v) = 0 and vr(x,y) € {0,1}, then R becomes the well-known
(binary) crisp relation. In the first case, we simply write R(x, v) = pr(x, y), and in the second
case, we have xRy < pgr(x,y) =1 (i.e., vr(x,y) = 0).

A factorization of a binary relation is an important question in preference modelling.
In that view, Dimitrov [18] established a factorization of an IFR into an indifference and a
strict component in the particular case where the union is defined by means of the (max, min)
t-representable intuitionistic fuzzy t-conorm. Recently, Cornelis et al. [20] established some
results on t-representable intuitionistic fuzzy t-norms (i.e., T = (T,S) where S is a fuzzy t-
conorm, and T is a fuzzy t-norm satisfying Va,b € [0,1], T(a,b) < 1-S(1 -a,1-1)), on
t-representable intuitionistic fuzzy t-conorms (i.e.,, 2 = (5,T)) and on intuitionistic fuzzy
implications. Thereby, our goal is to generalize Dimitrov’s framework [18] and to establish
some results on IFRs by means of continuous t-representable intuitionistic fuzzy t-norms and
t-conorms.

The aim of this paper is (i) to study the standard completeness of an IFR, (ii) to
establish a characterization of the T-transitivity of an IFR, (iii) to generalize the factorization
of an IFR established by Dimitrov [18], and (iv) to determine necessary and sufficient
conditions on a C-transitive IFR R under which a given strict component of R (obtained in
our factorization) satisfies respectively pos-transitivity and negative transitivity.

First we establish some useful results on t-representable intuitionistic fuzzy t-norms,
t-representable intuitionistic fuzzy t-conorms, and intuitionistic fuzzy implications.

The paper is organized as follows. In Section 2, we recall some basic notions and
properties on fuzzy operators and intuitionistic fuzzy operators which we need throughout
the paper. We also establish some useful results on fuzzy implications and intuitionistic
fuzzy implications. Section 3 has three subsections. In Section 3.1, we recall some basic and
useful definitions on IFRs. In Section 3.2, we introduce the standard completeness, namely, a
(S, T)-completeness of an IFR. We make clear that the notion of completeness introduced
by Dimitrov [18] is not standard, but it is weaker than a standard one. In Section 3.3,
we establish, for a given C, a characterization of the T-transitivity of an IFR. Section 4
is devoted to a new factorization of an IFR, and it has two subsections. In Section 4.1,
we recall the factorization of an IFR established by Dimitrov [18] with the (max, min)
intuitionistic fuzzy t-conorm. We point out some intuitive difficulties of the strict component
obtained in [18]. In Section 4.2, we introduce definitions of an indifference and a strict
component of an IFR, and we establish a general factorization of an IFR for a large class of
continuous t-representable intuitionistic fuzzy t-conorms. Section 5 contains two subsections.
In Section 5.1, we introduce intuitionistic fuzzy counterparts of pos-transitivity and negative
transitivity of a crisp relation. We justify that there exists some IFRs (noncrisp and non
FRs) which violate each of these two properties. This forces us in Section 5.2 to establish
necessary and sufficient conditions on a C-transitive IFR R, such that a strict component
of R satisfies, respectively, pos-transitivity and negative transitivity. Section 6 contains some
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concluding remarks. The proofs of our results are in the Appendix. (This was suggested by
an anonymous referee.)

2. Preliminaries on Operators

Let <;- be an order in L* defined by V(ai, az), (b1, b2) € L*, (a1, a2)<r+(b1, b2) © (a1 < by and
ap > by). (L*, <) is a complete lattice. Oz- = (0,1) and 1;- = (1,0) are the units of L*.

In the following section, we recall some definitions, examples, and well-known results
on fuzzy t-norms, fuzzy t-conorms, fuzzy implications, and fuzzy coimplicators.

2.1. Review on Fuzzy Operators

We firstly recall notions on fuzzy t-norms and fuzzy t-conorms (see [21, 22]).

A fuzzy t-norm (resp. a fuzzy t-conorm) is an increasing, commutative, and associative
binary operation on [0,1] with a neutral 1 (resp. 0). The dual of a fuzzy t-norm T is a fuzzy
t-conorm S, thatis, Va,b € [0,1], T(a,b) =1-5(1 —a,1-Db).

Let us recall two usual families of fuzzy t-norms and fuzzy t-conorms. The Frank t-
norms (TJIT)IG[O,OO]I thatis, VI € [0, 0], VYa,b € [0,1],

Tm(a,b) =min(a,b) =anb, ifl=0,
Te(a,b) =axb, ifl=1,
Tf:(a, b) = Ti(a,b) =max(a+b-1,0), ifl=+oo, (2.1)
1*-1)(I° -1
log; <1 + %), otherwise,

where Ty, Tp, and Tp are the minimum fuzzy t-norm, the product fuzzy t-norm, and
the Lukasiewicz fuzzy t-norm, respectively. The Frank t-conorms (Sé)lelom], that is, VI €
[0, 0], Ya,b € [0,1],

Sm(a,b) = max(a,b) =a Vb, if =0,
Sp(a,b)=a+b-axb, ifl=1,
1
Sr(a,b) = 1 S, (a,b) = min(a + b, 1), if 1 = +oo, (2.2)
-2 _1) (1"t -1
1-log; <1 + ( l)—( 1 ) >, otherwise,

where Sum, Sp, and Sy, are the maximum fuzzy t-conorm, the product fuzzy t-conorm, and the
Lukasiewicz fuzzy t-conorm, respectively.

A fuzzy t-norm T (fuzzy t-conorm S) is strict if Va, b € [0,1], Vc €]0,1], a < b implies
T(a,c) <T(b,c) (resp.Va,b € [0,1], Vc € [0,1[, a < b implies S(a,c) < S(b,c)). The product
fuzzy t-norm (resp. the product fuzzy t-conorm) is an example of a strict fuzzy t-norm (resp.
fuzzy t-conorm).
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We have the following properties:

{(i) T(a,b) < min(a,b)
VYa,b e [0,1], (2.3)
(i) max(a,b) < S(a,b).

Throughout the paper, T is a continuous fuzzy t-norm, and S is a continuous fuzzy
t-conorm.

In the following, we recall some definitions and examples on fuzzy implications and
fuzzy coimplicators based on fuzzy t-norms and fuzzy t-conorms, respectively (see [21-23]).

The fuzzy R-implication Ir associated to T is a binary operation on [0,1] defined by
Va,b € [0,1], It(a, b) = max{t € [0,1], T(a,t) < b}. The fuzzy coimplicator Js associated to S
is a binary operation on [0, 1] defined by Va,b € [0,1], Js(a,b) = min{t € [0,1], b < S(a,t)}.

Let us recall some usual examples of these fuzzy operators.

The fuzzy R-implication associated to Ty is defined by

1, ifa<bp,
VYa,be[0,1], I, = (2.4)
b, ifa>b.

The fuzzy coimplicator associated to Sy is defined by

b, ifa<bp,
Va,b e [0,1], Jsy(ab)= (2.5)
0, ifa>b.
The fuzzy R-implication associated to Ty, is defined by
1, if a<bp,
Va, b€ [0,1], Ir(ab)= (2.6)
l-a+b, ifa>hb.

The fuzzy coimplicator associated to Sy, is defined by

b-a, ifa<b,
Va,be [0,1], Js.(ab)= (2.7)
0, if a > b.

The fuzzy R-implication associated to Tp is defined by

va/b € [0/1]/ ITP(a/ b) = b (28)
a
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The fuzzy coimplicator associated to Sp is defined by

b-a .
, ifa<hb,
Va,be[0,1], Js,(a,b)=31-a (2.9)
0, if a > b.

We complete the previous examples by giving expressions of fuzzy R-implications of
the other Frank fuzzy t-norms and fuzzy coimplicators of the other Frank fuzzy t-conorms:

1, ifa<b,
VI €]0,1[U]1, +oo[, VYa,be [0,1], In(a,b)= (I-1)("-1)
’ log,)( 1+ ———————= ), ifa>b,
la-1
0, ifa>b,
Jsi(a,b) = I-n@I-r-1\ |
1_10g1<1+W>/ ifa<b.
(2.10)

We recall some useful properties on fuzzy implications and fuzzy coimplicators.
Proposition 2.1 (See [4, 5,9, 21, 23]). Forall a,b,c € [0,1],

(1) Ir(a,a) = 1; Js(a,a) =0, and Js(a,b) <b < Ir(a,b);
(2) T(a, It(a,b)) = min(a,b), and S(a, Js(a, b)) = max(a, b);

3)
b<a= IT(a,b) <1,
(2.11)
a<be Js(ab)>0;
(4)
{IT(b, ¢) <Ir(ac),
a<b= (2.12)
IT(C/ [1) S IT(C/ b)/
5)
Js(b,c) < Js(a,c),
a<b= (2.13)
Js(c,a) < Js(c,b);

In the following, we recall some useful definitions and results on intuitionistic fuzzy
operators.
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2.2, Review on Intuitionistic Fuzzy Operators

Definition 2.2 (See [20]). (1) Anintuitionistic fuzzy t-norm is an increasing, commutative, and
associative binary operation T on L* satisfying V(a, b) € L*, T((a,b), (1,0)) = (a,b).

(2) An intuitionistic fuzzy t-conorm is an increasing, commutative, associative binary
operation 2 on L* satisfying V(a,b) € L*, 2((a,b),(0,1)) = (a,b).

Cornelis et al. [20] introduced an important class of intuitionistic fuzzy t-norms (resp.
t-conorms) based on fuzzy t-norms (resp. fuzzy t-conorms).

Definition 2.3. An intuitionistic fuzzy t-norm T (resp. t-conorm 2) is called t-representable if
there exists a fuzzy t-norm T and a fuzzy t-conorm S (resp. a fuzzy t-conorm S and fuzzy
t-norm T) such that Va = (aj,a2), b = (by,b2) € L*, T(a,b) = (T (a1, b1),S(az, b)) (resp.
2(a,b)) = (S(a1, b1), T(az, ba)).

T and S (resp. S and T) are called the representants of T (resp. 2).

The theorem below states conditions under which a pair of connectives on [0, 1] gives
rise to a t-representable intuitionistic fuzzy t-norm (t-conorm).

Theorem 2.4 (see Cornelis et al. [20, Theorem 2, pages 60-61]). Given a fuzzy t-norm T and a
fuzzy t-conorm S satisfying Yay, ax € [0,1], T(a1,a,) <1-S(1—ay, 1 - ap).

The mappings T and 2 defined by, for x = (x1,x2) and y = (y1,y2) in L* : T(x,y) =
(T(x1,y1),S(x2,2)) and D(x,y) = (S(x1,y1),T(x2,12)), are, respectively, a t-representable
intuitionistic fuzzy t-norm and t-representable intuitionistic fuzzy t-conorm.

Throughout the paper, we consider only continuous t-representable intuitionistic
fuzzy t-conorms (shortly if-t-conorm) and continuous t-representable intuitionistic fuzzy t-
norms (shortly if-t-norm). They are denoted by 2 = (5,T) and T = (T, S), respectively, where
Va,be[0,1], S(a,b) <1-T(1-a,a-b).

From the previous result, we deduce some examples of if-t-norms and if-t-conorms.

Example 2.5. (1) Tv = (Tm,Sm) and Im = (Sm, Tm) are, respectively, if-t-norm and if-t-
conorm associated to Ty and Sy since Va, b € [0,1], Tm(a,b) <1-Sy(1-a,1-Db).

(2) Ty = (T, S1) and 21 = (Si,Tv) are, respectively, if-t-norm and if-t-conorm
associated to Ty and Sy since Va,b € [0,1], T.(a,b) <1 - S (1 -a,1-D).

(3) Tp = (Tp,Sp) and Jp = (Sp,Tp) are, respectively, if-t-norm and if-t-conorm
associated to Tp and Sp since Va,b € [0,1], Tp(a,b) <1-Sp(1 —a,1-Db).

Definition 2.6 (see Cornelis et al. [20, Definition 8, page 64]). (1) The intuitionistic fuzzy R-
implication (shortly if-R-implication) associated with an if-t-norm T = (T,S) is a binary
operation on L* defined by: Vx = (x1,x2), v = (y1,y2) € L%, Ic(x,y) = supi{z €
L*, T(x,z)<py) =supiz = (z1,22) € L*, T(x1,21) <y1 and S(x2,22) > o).

(2) The intuitionistic fuzzy coimplicator (shortly if-coimplicator) associated with an
if-t-conorm 2 = (S,T) is a binary operation on L* defined by: Vx = (x1,x3), y
(y1,¥2) € L*, Jo(x,y) = inf{z € L*, y<1-J(x,2z)} = inf{z = (z1,22) € L*/n
S(x1,z1) and y» > T(x2,22)}.

IN

We establish in the sequel some new and basic results on the previous implications.
These results will be useful later.
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2.3. Some Basic Results on Fuzzy Implications and If-Implications

The following result establishes two links between the fuzzy R-implication It and the fuzzy
coimplicator Js.

Proposition 2.7. Let S and T such thatVa,b € [0,1], T(a,b) <1-S(1-a,1-b). Then

(1) forall a,b e [0,1],Ir(a,b) >1 - Js(1 —a,1-b);
(2) if T and S are dual, then Ya,b € [0,1], Ir(a,b) =1 - Js(1 —a,1-b).

The following result gives expressions of an if-R-implication and an if-coimplicator by
means of I7 and Js.

Lemma 2.8. Forall x = (x1,%2),y = (y1,y2) € L*,
(1) Jo(x,y) = Us(x1, y1), min(Ir(x2, y2), 1 = Js(x1,41)));
(2) It (x/ ]/) = (mln(IT (xlf yl)/ 1- ]S (xZI yZ))I IS(xZI y2))
We now introduce a new condition which can be satisfied by a if-t-conorm 2 = (S, T).

Definition 2.9. 2 = (S, T) satisfies condition G if

ay > b1
Y(ai, az), (b1, by) € L%, a < b, = Ir(by, a2) + Js(b1,a1) < 1. (2.14)

a1+a2:b1+bz

Let us end this section by giving some examples of if-t-conorms satisfying condition
G. This justifies that the class of continuous t-representable if-t-conorms satisfying condition
G is not empty.

Proposition 2.10. (1) Foralll € [0,+o0], 2] = (S, T") satisfies condition G.

(2) If S and T are dual, then the restriction of 2 = (S,T) on L] = {(x1,x2) € L*, x1 + xp = 1}
satisfies condition G.

In the next section, we recall some basic notions on IFRs and study its standard
completeness (see Atanassov [12], Bustince and Burillo [15], and Dimitrov [17, 18]). We
establish, for a given T = (T, S), a characterization of the C-transitivity of an IFR R.

3. Preliminaries on IFRs
3.1. Review on IFRs

An IFS in X is an expression A given by A = {(x, pa(x),va(x)), x € X}, where pyg : X —
[0,1] and v4 : X — [0, 1] are functions satisfying the condition Vx € X, pa(x) + va(x) < 1.
The numbers p4(x) and v4(x) denote, respectively, the degree of membership and the degree
of nonmembership of the element x in A. The number o4 (x) =1 — pa(x) — va(x) is an index
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of the element x in X. Obviously, when Vx € X, va(x) =1 — pa(x), thatis, r4(x) = 0, the IFS
Ais a fuzzy set (simply denoted by FS) in X. In this case, Vx € X, A(x) = pa(x).

Let A and B be two IFSs, and let 2 = (S,T). The intuitionistic fuzzy union AU)B
associated to 2 is an IFS defined by

Vx € X, {”AU"B(X) = S(ka), (), 3.1)

vau,B(x) = T(va(x),ve(x))

(we recall that if A and B are FSs, and T and S are dual, then AU, B becomes the well-known
fuzzy union AUgB defined by Vx € X, AUsB(x) = S(A(x),B(x)). And if A and B are crisp,
AUjyB = AUgB becomes the crisp union). As defined in the Introduction, an IFR in X is an IFS
in X x X.

We complete some basic definitions on IFRs.

Definition 3.1. Let R be an IFR.
(1) Ris reflexive if Vx € X, pr(x, x) = 1.
(2
(€]
(4) Ris perfect antisymmetricif V(x,y) € X x X, x#y,

R is symmetric if Vx, vy € X, ur(x, y) = ur(y, x) and vr(x, y) = vr(y, x).

R is sr-symmetric if Vx, y € X, or(x, y) = 7r(y, x).

)
)
)
)

ur(y,x) =0,
vr(y,x) =1.

or (3.2)

pur(x,y) >0
-
(kr(x,y) =0, ve(x,y) <1)

(5) The converse of R is the IFR denoted R™! and defined by Vx,y € X, pg1(x,y) =
Hr(y, x) and vg-1 (x, y) = vr(Y, X)-

In the following, we recall the well-known notion of completeness of a crisp relation
in X. We then present definition of the standard completeness of a FR and its two usual
and particular cases (weak completeness and strong completeness). Following that line, we
introduce the definition of the standard completeness of an IFR. We establish a link between
that standard definition and the one introduced by Dimitrov (see [17, 18]). And we write the
two particular cases of that standard definition.

3.2. Intuitionistic Fuzzy Standard Completeness (J)-Completeness)

Let R be a reflexive IFR and 2 = (S5, T).
When Ris a crisp relation, R is complete if RUR™ = X2, thatis, Vx, y € X, xRy or yRx.
When R is a FR, for the fuzzy t-conorm S, R is S-complete if RUsR™ = X2, that is,
Vx,y € X, S(R(x,y),R(y,x)) = 1. In particular, if S = Sy, we simply say that R is strongly
complete, that is, Vx,y € X, max(R(x,y),R(y,x)) = 1. If S = S, we simply say that R is
weakly complete, thatis, Vx,y € X, R(x,y)+R(y, x) > 1 (see Fono and Andjiga [7, Definition
2, page 375]).
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In the general case where R is an IFR and 2 = (5,T), we have the following generic
version of the standard completeness of R.

Definition 3.2. Ris J-complete if RUyR™! = X?, that is,

S L), , =1,
oy ex, { (ur(x,y), ur (v, x)) 63

T(vr(x,y),vr(y,x)) =0.

Remark 3.3. If an IFR Rbecomes a FR, and S and T are dual, then (S, T)-completeness becomes
S-completeness. Furthermore, if R becomes crisp, then 2-completeness and S-completeness
become crisp completeness.

Dimitrov (see [17, Definition 2, page 151]) introduced the following version of
completeness of an IFR: R is D-complete if Vx, y € X,

[(kr(x,y), vr(x,y)) = (0,1)] = [ur(y, x) > 0,9k (y, x) <1]. (3.4)

It is important to notice that D-completeness is not a version of the standard
completeness. However, the following result shows that it is weaker than each version of
the standard completeness.

Proposition 3.4. If R is (S, T)-complete, then R is D-complete.

As for FRs, we deduce the two following interesting particular cases of 2-
completeness when 2 € {2m, 21}.

Example 3.5. Let R be a reflexive [IFR and 2 = (S, T).

(1) If 2 = Im = (max, min), then R is 2-complete if Vx,y € X,

max(ur(x,y), pr(y,x)) =1,

(3.5)
min(vg(x,y),vr(y,x)) = 0.
In this case, we simply say that R is strongly complete.
(2) If 2 = I = (51, TL), then Ris 2-complete if Vx,y € X,
min(Lpur(x,y) +pr(y,x)) =1, [ pr(xy) +pr(y,x) 21, 56
ie. .
max(0, vr(x,y) +vr(y,x) -1) =0, vr(x,y) +vr(y,x) < 1.

In this case, we simply say that R is weakly complete.

We notice that, if R becomes a FR, then intuitionistic strong completeness of R and
the intuitionistic weak completeness of R become, respectively, fuzzy strong completeness
of R and fuzzy weak completeness of R. Furthermore, as for FRs, intuitionistic strong
completeness implies intuitionistic weak completeness.
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Throughout the paper, R is a reflexive, weakly complete, and sr-symmetric IFR.

In the sequel, we define T-transitivity of an IFR R. We introduce and analyze four
elements of L*. They enable us to obtain a characterization of the T-transitivity of R which
generalizes the one obtained earlier by Fono and Andjiga [7] for FRs.

3.3. C-transitivity of an IFR: Definition and Characterization
Let T = (T, S) and It be the if-R-implication associated to T.

Definition 3.6. R is C-transitive if Vx, y,z € X,

4 = T 4 4 7 7
TR y), Ry ) <R3, e, {”R(" 22 T(kr(xy) in(ye2)) 67)
vr(x,z) < S(vr(x,y),vr(y, 2)).

If R becomes a FR and T and S are dual, then the T-transitivity becomes the usual
T-transitivity, that is, Vx, y,z € X, R(x,z) > T(R(x,y), R(y, z)). If R becomes a crisp relation,
then the T-transitivity and the T-transitivity become the crisp transitivity, that is, Vx,y,z €
X, (xRy and yRz) = xRz.

We write the particular case of the T-transitivity where T = Ty.

Example 3.7. If T = Ty, then R is Cy-transitive if Vx, v, z € X,

pr(x, z) > min(pr(x, y), pr(v, 2)),

(3.8)
vr(x,z) <max(vr(x,y),vr(y,2))-

We simply say that R is transitive.

To establish a characterization of the T-transitivity of R, we need the following four
elements of [0,1]? associated to R.
Let us introduce and analyze these elements of [0, 1]%.

Definition 3.8. For all x,y,z € X,

(1) (a1(x,y,2), pi(x,y,2)) = (T(pr(z,y), pr(y, X)), S(Vr(2, y), vr(Y, X)));
(2) (aZ(Xfyf Z)rﬂZ(x/yl Z)) = (T(/"R(x/y)f.uR(y’ Z))rS(VR(xry)rvR(yr Z)));

(3) (“3(3(/ v, Z)rﬁB(x/ Y, Z)) = min(IC[(."lR(yl Z)rvR(yf Z))/ (/"R(yl .X'), vR(y/ x))], IC[(.“R(x/
]/), VR(x/ y))r (ﬂR(Z/y)r VR(ny))]);

(4) (“4(3(/ v, Z)rﬂ4(x/ v, Z)) = min(It[(,uR(y/ x)/ VR(yI x))r (.uR(y/ Z)rvR(yf Z))]r It[(‘HR(Z,
y)r VR(ZIy))/ (#R(x/y)/ VR(X, y))])

The next result shows that (a;(x,y,z),fi(x, y,z))ie{1,2,3,4} are elements of L* and
deduces expressions of as(x,y, z), f3(x,y,z), as(x,y,z) and Ps(x,y, z).
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Proposition 3.9. (1) Foralli€ {1,2,3,4}, (ai(x,y,2),Bi(x,y,2)) € L*.

(2) () as(x,y,z) is the minimum of min[Ir(ur(x,y), pr(z,y)),1 — Js(vr(x,y),
vr(z,y))] and min[Ir (ur(y, z), ur(y, %)), 1 = Js(vr(y, 2), vr (Y, X))].
(i) ps(x,y, z) = max(Js(Vr(y, 2), vr (Y, X)), Js(Vr(x, y), VR (2, Y)))-
(iii) as(x,y,2) is the minimum of min[Ir(ur(z,y), pur(x,¥)), 1 — Js(vr(z,y),
vr(x,y))] and min[Ir(ur(y, x), pr(y, 2)), 1 = Js(vr(y, x), vr (¥, 2)))].
(iv) Pa(x,y, z) = max(Js(vr(y, x), vr(Y, 2)), Js(Vr(Z,Y), Vr(X,Y)))-

The following remark gives some comparisons of those elements of L*.
Remark 3.10. Forall x,y,z € X,

(1) (le (xr y/ Z)/ ﬁl (.X', y/ Z))SL* (a3(x, y’ Z)/ ﬂ3 (x/ Yy, Z));
(2) (aa(x, y,2), f2(x,y, 2)) <1 (aa(x, Y, 2), Pa(x, ¥, 2)).-

The following result shows that in the particular case where R is strongly complete,
the four reals a3 (x, y, z), as(x,y, z), P3(x,y, z) and Ps(x,y, z) become simple.

Corollary 3.11. Let R be an IFR, and let x,y,z € X.
(1) If R is strongly complete and

<{#R (%) <pe(xy) {#R(y/x) =m(xy) {#R(J//x) < pr(x,y) > 69)
ur(z,y) < pr(Y,z) Hr(z,y) < pr(Y, z) ur(zy) = pr(y,2) )

then

a1 (x,y,z) =T(ur(z,y), ur(y,x)) <1,
a3(x,y,z) = min(pur(y, x), ur(2,v)), (3.10)
a(x,y,z) =as(x,y,2z) = 1.

(2) If R is strongly complete and

<{VR(]/,X) > vr(x,y) . {vR(y,x) =vr(x,¥) o {VR(]//X) > VR(x/]/)>, (3.11)

vr(z,Y) > vr(Y, 2) vr(z,y) > vr(Y, 2) vr(z,Y) = vr(Y, 2)

then

pi(x,y,z) = S(vr(z,¥), e (¥, %)) >0,
ps(x,y, z) = max(ve(y, x), vr (2, ¥)), (3.12)
Ba(x,,2) = Pa(x,y,z) =0.
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In the particular case where T and S are dual and R becomes a FR, we have some links
between a; and p; fori € {1,2,3,4}. Furthermore, we obtain expressions of («a;(x, y, z))ie[1,2/3/4,
introduced earlier by Fono and Andjiga (see [7, page 375]).

Corollary 3.12. If T and S are dual and R is a FR, thenVx,y,z € X,

1)
pr(xy,z) =1-a(x,y,2),
pa(x,y,2) =1-a(x,y,2),
(3.13)
Ps(x,y,z) =1-as(x,y,2),
Pa(x,y,2) =1 -as(x,y,2).
()
a1 (x,y,z) = T(pr(z,y), ur(¥, X)),
m(x,y,z) =T(ur(x,y), ur (Y, 2)),
(3.14)

az(x,y,z) = min(Ir (ur(x,y), pr(z, ¥)), I (ur (v, 2), ur (¥, %))),
ay(x,y,z) = min(Ir (ur(y, x), pr (Y, 2)), Ir (kr (2, y), pr(x,y)))-

We end this section by establishing by means of those four elements of L* a
characterization of the C-transitivity of an IFR R. Before that, let us recall a characterization
of the T-transitivity of a FR: Vx,y,z € X, if T and S are dual, and the IFR R
becomes a FR, then Fono and Andjiga (see [7, Lemma 1, page 375]) used the four reals
a1(x,y,z), ax(x,y,z), a3(x,y,z), and as(x,y,z) defined in Corollary 3.12, to obtain the
following characterization of the T-transitivity of R.

R is T-transitive on {x, y, z} if and only if

R(x,z) = pr(x, 2) € [a2(x,y,2), aa(x, ¥, 2)],
(3.15)

R(z,x) = pr(z,x) € [a1(x,y,2), a3(x,y,2)].

We generalize that result for an IFR. Therefore, we obtain our first key result.

Lemma 3.13. Let {x,y,z} C X.
The two following statements are equivalent:

(i) Ris C-transitive on {x,y,z};
(ii)
pr(x,z) € [m(x,y,2), aa(x,y,2)],  vr(x,2) € [fa(x,y,2), fa(x,y,2)],

(3.16)
ur(z,x) € [a1(x,y,2),a3(x,y,2)],  vr(z,x) € [B3(x,y,2), fr(x,y,2)].
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In the following section, we study a factorization of R. For that, we proceed as follows:
(i) we recall the factorization of an IFR established by Dimitrov [18]; (ii) we notice some
similarities between that factorization and those established earlier on FRs by Dutta [3],
Richardson [10], and Fono and Andjiga [7]; (iii) using the vocabulary used by these authors
for the factorization of FRs, we write Dimitrov’s [18] factorization in a simple and elegant way
for the (max, min) if-t-conorm (see Lemma 4.2); (iv) we point out some intuitive difficulties
of the strict component obtained in [18]; (v) we introduce definitions of an indifference and
a strict component of an IFR, and we complete Lemma 4.2 to obtain a general factorization of
an IFR when the union is defined by means of a given continuous t-representable if-t-conorm
satisfying condition G.

4. Factorization of an IFR
4.1. Review on Dimitrov’s Results and Some Comments
Dimitrov proposed a factorization of an IFR and obtained the following result.

Proposition 4.1 (see Dimitrov [18, Proposition 1], or Dimitrov [17, Proposition 3, page 152]).
Let 2 = 2y = (max, min) be the if-t-conorm, and let R be an IFR which is reflexive, D-complete and
ar-symmetric; 1 and P are two IFRs such that

(i) R=1uy,,P,

(ii

)

) 1 is symmetric,

(iii) P is perfect antisymmetric,
)

(iv
Yng) € XxX, {#R(x/y) = (%) _ {ﬂp(x/y) = pp(y, x) W
vr(x,¥) = vr(Y, x) vp(x,y) =vp(y,x).
Then, forall x,y € X,
(1) I(x/ ]/) = (#I (.X', y)/ VI (x, y))r where

pi(x,y) = min(ur(x,y), ur(y, x)), .

vi (x,y) = max(v(x,y), ve (v, x)); '

(2) P(x,y) = (up(x,y),vp(x,y)), where
ur(x,y), if ur(x,y) > pr(y, x),
ur(x,y) = ,
y otherwise,

(4.3)

vo(x,y) = {VR(X,]/)/ if ve(x,y) > vr(y,x),

, otherwise.
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After a careful check, we notice that, in the particular case where R becomes a FR,
conditions (4.1) and (4.3) become some known notions introduced earlier by Dutta [3] and,
used by Richardson [10] and, Fono and Andjiga [7].

Let R be an IFR.

(1) If R becomes a FR, the strict component P of R becomes the fuzzy strict component
of R and thus, condition (4.1) of the previous result becomes condition “P is
simple,” thatis, V(x,y) € X x X,

R(x,y) = ur(x,y) = R(y, x) = pr(y, x)

(4.4)
= P(x,y) = pur(x,y) = P(y,x) = ur(y, x).

For convenience and as in fuzzy case, we also call condition (4.1): “P is simple.”

(2) The strict component P of R obtained in the previous result satisfies the following
condition:

(4.5)

Hr(x,y) < pr(y, x) pr(x,y) =0
Vx,y €X, —
vr(x,¥) 2 vr(Y, X) vp(x,y) = 1.

If Rbecomes a FR, condition (4.5) becomes the condition “P is regular,” that s, V(x, y) € XxX,
R(x,y) = pr(x,y) < R(y,x) = pr(y,x) = P(x,y) = pr(x,y) = 0. (4.6)

For convenience and as in fuzzy case, we also call condition (4.5): “P is regular.”
With these remarks on the intuitionistic fuzzy strict component obtained in Dimitrov
[18], we rewrite Proposition 4.1 as follows:

“P is regular and I is defined by (4.2) if P is perfect antisymmetric and simple, I is
symmetric, and R = [UyP for 2 = 2y = (max, min).”

An interesting question is to check if this version of Dimitrov’s result remains true for
2=(5T).

The following result shows that this is true. More precisely, it establishes a
generalization of the previous version of Dimitrov’s result. And we obtain our second key
result.

Lemma 4.2. Let 2 = (S,T), R be a reflexive, weakly complete and sr-symmetric IFR; I and P are two
IFRs such that: (i) R = 1U»P, (ii) I is symmetric, (iii) P is perfect antisymmetric, (iv) P is simple.
Then,

(1) Iis defined by (4.2);

(2) P is reqular.

Otherwise, let us also point out some intuitive difficulties of the strict component
obtained by Dimitrov in the factorization of Proposition 4.1.
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(1) The component P defined by (4.3) is obtained for the particular t-representable if-
t-conorm 2 = 2y = (max, min).

(2) The discontinuity of P, that is,
(i) for all x,y € X, the degree pup(x,y) is insensitive for the variability of

ur(x,y) and pgr(y,x). For illustration, if (ur(x,y), ur(y,x)) = (1,0.999) or

(ur(x,y), pr(y, %)) = (1,0), then pp(x,y) = 1. But if (ur(x,y), ur(y,x)) =
(1,1), then pup(x,y) = 0;

(ii) for all x,y € X, the degree vp(x,y) is insensitive for the variability of
vr(x,y) and vr(y, x). For illustration, if (vr(x,vy),vr(y,x)) = (0,0.001) or
(VR(x,]/)/VR(]//x)) = (0/1)/ then VP(x/]/) = (0. But lf (VR(x/]/)/VR(]//x)) = (0/0)/
then vp(x,y) = 1.

The previous observations force us to complete and generalize the factorization of
Dimitrov for a if-t-conorm 2 = (S, T) satisfying condition G.
4.2. A New and General Factorization of an IFR

First at all, we introduce formally a definition of “indifference of an IFR” and “strict
component of an IFR.”

Definition 4.3. Let 2 = (S,T) satisfying condition G, R be an IFR; I and P are two IFRs. I and
P are “indifference of R” and “strict component of R” associated to [, respectively, if the
following conditions are satisfied:

R=1 U S,T)P/
P is simple and perfect antisymmetric, 4.7)

I is symmetric.

With the results of Lemma 4.2, the equality of (4.7) becomes the following equation:
Yx,y e X, (ur(xy) vr(xy)) = 2[(ur(y,x), vr(y, %)), (a,b)] (4.8)

which is equivalent to the following system:

a+b<1,
S(ur(y,x),a) = ur(x,y) (1), (4.9)
T(ve(y,x),b) =vr(x,y) (E2).

To establish a new and general factorization, we need the following lemma which is
our third key result.
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Lemma 4.4. Let 2 = (S,T),R be an IFR, and let x,y € X such that

ur(x,y) > pr(y, x),
vr(x,y) <vr(y, x).

(4.10)

Then,

(1) (4.9)(Ey1) and (4.9)(E,) have at least one solution;

(ii) each solution of (4.9)(E1) is strictly positive, and each solution of (4.9)(E,) is strictly least
than 1;

(iii) if 2 satisfies condition G, then (4.8) or (4.9) has at least one solution;

(iv) if 2 satisfies condition G, then the element (Js(ur(y, x), ur(x,v)), It (vr(y, x), vr(x,Y)))
is the optimal solution of (4.8) or (4.9), that is, It (vr(y, x), vr(x,y)) is the upper solution
of (4.9)(Ey), and Js(ur(y, x), ur(x,y)) is the lowest solution of (4.9)(E1).

(v) furthermore, if 2 = Dy = (max, min) or 2 is a strict if-t-conorm (i.e., S and T are strict)
satisfying condition G, then (Js(ur(y, x), ur(x,y)), It (Wr(y, x), vr(x, y))) is the unique
solution of (4.8) or (4.9).

We now establish the result of factorization which is the first main result of our paper.

Theorem 4.5. Let J = (S, T) satisfying condition G, R be an IFR; I and P are two IFRs.
The two following statements are equivalent:

(1) I and P are “indifference” and “strict component of R” associated to 2, respectively;

2 ()

vryex, {#I(x/y) = i (y,x) = min(ur(x,y), pr (v, %)), W)

vi(x,y) = vi(y,x) = max(ve(x, ), vr(¥, X)),

(ii) Vx,y € X, I(cxy, §xy) € L* such that ¢y, >0, cyy is a solution of (4.9)(E1), gxy <
1, gxy is a solution of (4.9)(Ez), and

0, ifur(x,y) <pr(y,x),

Cxy, Otherwise,

pr(x,y) = {

(4.12)
L ifvr(xy) 2vr(y,x),
vp(x,y) =

Sxy, Otherwise.

The previous factorization gives a unique indifference of R. However, as in fuzzy case
and contrary to the crisp case, for an IFR R and for 2 = (S, T) satisfying G, the previous result
generates a family of strict components of R. More interesting is that family has an optimal
element called the optimal strict component P of R associated to J.
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Let us give expressions of optimal intuitionistic fuzzy strict components P of R
associated to 2 in the general case and for the three particular cases where 2 € { 2w, 1,

vl

Example 4.6. (1) If 2 = (S,T) satistying G, then Theorem 4.5 implies that R has an optimal
strict component P defined by, Va,b € X,

pr(a,b) = Js(ur(b, a), pr(a,b)),
(4.13)

vp(a,b) = It (vr(b, a), vr(a,b)).

2)If 2 = Im = (Swm,Tm), then the optimal strict component P of R is defined by,

Va,b e X,
/lp([l, b) = ]SM (#R(b/ a)/,uR(a/ b))
0, if ‘HR((Z, b) < ‘l/lR(b, a)
Ur(a,b), otherwise,
(4.14)
vp(a,b) = I, (vr(b, a), vr(a,b))
1, if vr(a,b) > vr(b, a),

vr(a,b), otherwise.

This version is the one obtained by Dimitrov (see [18] or Proposition 4.1).

(3) If 2 = 21 = (S, T1), then the optimal strict component P of R is defined by, Va, b €
X,

I/[P(ar b) = ]SL (ﬂR(br a)/ .uR(ar b))

0, if ur(a,b) < pr(b, a)

ur(a,b) — ur(b,a), otherwise,
(4.15)
vp(a,b) = It, (vr(b,a),vr(a,b))

1/ if VR([I, b) 2 VR(b, a)/

1+vgr(a,b) —vr(b,a), otherwise.
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(4) If 2 = Jp = (Sp, Tp), then the optimal strict component P of R is defined by, Va,b €
X,

‘up(a, b) = ]Sp (//lR(b/ a)rl’lR(ar b))

0, if ur(a,b) < pr(b,a),
pr(a,b) — pr(b, a)  otherwise,
1- ‘l/lR(b, a)
(4.16)

vp(a,b) = I, (vr(b, a), vr(a,b))

1, if vr(a,b) > vr(b, a),

= VR(a/ b) .
(b, a)’ otherwise.

It is interesting to give some cases of 2 where the family of intuitionistic fuzzy strict
components of R has a unique element (i.e., becomes the optimal intuitionistic fuzzy strict
component).

The following result specifies that we have a unique intuitionistic fuzzy strict
component of an IFR R if 2 is a strict t-conorm satisfying G or 2 = Iwm.

Corollary 4.7. Let 2 = (S,T), R be an IFR; I and P are two IFRs.
If 2 is a strict t-conorm satisfying G, or 22 = Dwm, thus the two following statements are
equivalent:

(1) I and P are “indifference of R” and “strict component of R” associated to 2} respectively.

(2) I and P are, respectively, defined by, Vx,y € X,

pui(x,y) = pi(y,x) = min(ur(x, y), pr(y, X)),
vi(x,y) =vi(y,x) = max(ve(x,y), e (Y, X)),
pe(x,y) = Js(ur(y,x), pr(x,y)),
vp(x,y) = Ir(ve(y, x), vr(x,))-

(4.17)

The following result shows that when the IFR R becomes a FR, the previous theorem
becomes the factorization established by Fono and Andjiga (see [7, Proposition 3, page 378]).

Corollary 4.8. Let 2 = (S,T), Rbe an IFR; I and P are two IFRs.
If T and S are dual and R becomes a FR, then the two following statements are equivalent:
(1) I and P are “indifference of R” and “strict component of R” associated to 2, respectively.

(2) I and P are, respectively, defined by, Vx,y € X;

(i) pr(x,y) = pr(y, x) = min(ur(x, y), ur(y, x));
(ii) pr(x, y) < pr(y, x) © pp(x,y) =0;
(iii) pr(x,v) > ur(y, x) © (up(x,y) >0, and up(x,y) is a solution of (4.9)(E1)).
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In this case, “indifference of an IFR” and “strict component of an IFR” become
“indifference of a FR” and “strict component of a FR” associated to S, respectively.

In the rest of the paper, we study two properties of a given strict component of an IFR.

In literature of (binary) crisp relations, it is well-known that the unique strict
component P of a given reflexive, complete, and transitive crisp relation R satisfies
those two interesting and usual properties, namely, pos-transitivity, that is, Vx,y,z €
X, (xPy and yPz) = «xPz and negative transitivity, that is, Vx,y,z € X, xPz =
(xPy or yPz).

Fono and Andjiga [7] showed that this result is no true in the fuzzy case. More
precisely, they introduced fuzzy versions of these properties (see [7, Definition 5, page 379]),
showed that some strict components violate these fuzzy versions (see [7, Example 2, page
383]). They determined necessary and sufficient conditions on a reflexive, weakly complete
and T-transitive FR R such that a regular fuzzy strict component of R satisfies each of these
properties (see [7, Propositions 6 and 7, page 381]).

Following this line, the aim of the sequel is to (i) introduce a version of pos-transitivity
for IFRs and a version of negative transitivity for IFRs and (ii) determine necessary and
sufficient conditions on a given C-transitive IFR R under which a strict component of R
satisfies the introduced properties.

5. Properties of a Strict Component of an IFR
5.1. Definitions and Examples of Properties, and New Conditions on an IFR

Definition 5.1. Let R be an IFR, and let P be a strict component of R.

(1) P is pos-transitive if Vx,y, z € X,
up(x,y) >0 |up(y,z)>0 . up(x,z) >0
imply (5.1)
vp(x,y) <1, |ve(y z)<1 vp(x,z) < 1.
(2) P is negative transitive if Vx, y,z € X,
pP(X, =0 r(y,z)=0 P(xlz)=0
pr(x,y) pr(y, ) imply p 52)
vp(x,y) =1, |ve(y,z)=1 vp(x,z) =1.
Let us give the following remark on these definitions.

Remark 5.2. (1) As P is regular, we can rewrite the pos-transitivity as follows: Vx,y,z € X,

(i) {me(x,y) > #e(y:) imply pr(x,z) > pr(z, x),

ur(Y,z) > pr(z,y)
- {VR(x,y) <vr(y,x)

vr(y,2) <v&(zY)

(5.3)

imply vr(x, z) < vgr(z,x).
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(2) As P is regular, the negative transitivity is equivalent to the following conjunction:
Vx,y,z€X,

/{/ue(y,x) > ur(%, )\
ur(z,y) > pr(Y, z)

{uR(y,x) pr(x,y)
ur(z,y) > pr(y, )
implies pr(x,z) < pr(z, x), (5.4)
{#R(y, x) > pur(x,y)
#R(z,y) #R(yf z)
{#R(x, y) pr(y, x)
\ L 1r(v.2) = ux(z.y) /
{VR(%X) <vr(xy) \
vr(z, )<VR(ny)
{vR(y/ x) = vr(x,y)
vr(z y) < vR(yr z)
implies vr(x, z) > vr(z, x). (5.5)
{VR(% x) <vr(x,y)
vr(z y) = vR(yr z)
{VR(x ,y) =vr(Y,x)
\ \ve(.2) = ve(zv) /

(3) Since R is sr-symmetric, then

{#R(y, x) < ur(x,y) {#R(y, x) = pr(x,y) {#R(y,x) < ur(x,y) 56
ur(z,y) < pr(v,2), ur(z,y) < pr(v,2), ur(z,y) = pr(v, 2),
are equivalent to
{VR(% x) > vr(x,y) {VR(I// x) = vr(x,y) {VR (v, x) > vr(x, y) 57)
vr(2,Y) > vr(Y, 2), vr(z,y) > vr(Y, 2), vr(2z,y) = vr(Y, 2),

respectively.
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One of the main questions is to wonder if a strict component of a given IFR, which is
not a FR, satisfies each of these two properties.

In the following, we justify that there exists an IFR R (distinct to FRs) such that some
strict components of R violate each of these properties.

Example 5.3. Let X = {x,y, z} and Jy, (thus by Proposition 2.10, Jy, satisfies condition G).

(1) We determine an IFR R on X such that there exists a strict component P of R which
violates pos-transitivity, (i.e., P satisfies: there exists u, v, w € X such that

up(u,v) >0 up(v,w) >0
vp(u,v) <1, vp(v,w) <1, (5.8)

(up(u,w) =0 or vp(u,w) =1).

Let R be defined by, Vd € X, R(d,d) = (1,0); R(x,y) = (0.7,0.2); R(y,x) =
(0.5,04); R(y,z) = (0.6,0.2); R(z,y) = (0.5,0.3); R(x,z) = (0.5,0.4); R(z,x) = (0.8,0.1).

Clearly, R is reflexive, weakly complete, and sr-symmetric. By Theorem 4.5, R has an
optimal strict component P, defined by (4.15).

We have: up, (x,y) = pr(x,y) —pr(y, x) = 02> 0; pup, (y, 2) = pr(y, z) - pr(z,y) = 0.1 >
0; vp (x,y) =1+ vr(x,y) —vr(y,x) =08 <land vp (y,z) =1 +vr(y,z) —vr(z,y) =09 <1,
whereas pp, (x,z) = 0and vp (x,z) = 1.

In other words, x is strictly preferred to y (since pp (x,y) > 0 and vp (x,y) < 1), and
y is strictly preferred to z (since up, (v, z) > 0 and vp, (v, z) < 1), but x is not strictly preferred
to z (since pp (x,z) = 0and vp, (x,z) = 1).

Hence Py, violates pos-transitivity.

(2) We determine an IFR R on X such that there exists a strict component P of R which
violates negative transitivity, (i.e., P satisfies: there exists u, v, w € X such that

/’lP(u/ v) =0 #P(Ur w) =0
vp(u,v) =1, vp(o,w) =1, (5.9)

(up(u, w) >0 or vp(u,w) <1).

Let R be defined by, Vd € X, R(d,d) = (1,0); R(x,y) = (0.5,04); R(y,x) =
(0.7,0.2); R(y, z) = (0.4,0.5); R(z,y) = (0.8,0.1); R(x,z) = (0.6,0.1); R(z,x) = (0.4,0.3).

Clearly, R is reflexive, weakly complete, and sr-symmetric. By Theorem 4.5, R has an
optimal strict component P, defined by (4.15).

We have pup (x,y) = pup, (y,z) = 0 and vp (x,y) = vp (y,z) = 1, whereas pup, (x,z) =
Ur(x,z) — pur(z,x) =02 >0, and vp (x,z) =1 + vr(x,z) - vr(z,x) =0.8 < 1.

In other words, x is strictly preferred to z (since pp, (x,z) > 0 and vp (x,z) < 1), but
x is not strictly preferred to y (since pp (x,y) = 0 and vp (x,y) = 1), and y is not strictly
preferred to z (since pup (y,z) = 0and vp, (y,z) = 1).

Hence P, violates negative transitivity.
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This enables us to determine necessary and sufficient conditions on an IFR R such
that a given strict component P of R is pos-transitive and negative transitive. For that we
introduce the following conditions.

Definition 5.4. Let R be an IFR.

(1) (i) Rsatisfies condition C{* if Vx,y,z € X,

ur(Y, x) < pr(x,y) <{ﬂR(x,Z) € [aa(x,y,2),23(x,y,2)]
—

= pur(z,x) <pr(x,z) ).
#r(z,y) < pr(y, 2) >

(5.10)

pr(z,x) € [a2(x,y,2), a3(x, y, 2)]

(ii) R satisfies condition C;’R ifVx,y,ze X,

vr(Y, x) > vr(X,Y) <{VR(x, z) € [fs(x,y,2), P2 (x, ¥, 2)]
—

= vr(z,x) > vr(x, z)>.
vr(z,y) > vr(Y, 2) vr(z,%) € [Bs(x, ¥, 2), P2 (%, 2)]

(5.11)

(2) (i) R satisfies condition CgR ifvVx,y,z€ X,

<{#R(y,x) = (%) {#R(y,x) < ﬂR(x/y)>
ur(z,y) < pr(Y, z) ur(z,y) = pr(Y, 2)
{#R(xr z) € [m(x,y,2),05(x,y, 2)] (5.12)
| @z ) €[y, 2), a(xy, 2)]

U

UR(Z,X) < pr(x, 2)
(ii) R satisfies condition C;R ifVx,y,ze X,
<{VR(WC) =vr(x,Y) {VR(WC) > VR(xfy)>
or
vr(z,y) > vr(Y, 2) vr(z,y) = vr(Y,2)
{vR(x, z) € [fs(x,y,2), P2 (x, ¥, 2)] (5.13)
_ | rzx) € [ps(xy,2),p2(x,y,2)]

U

VR(Z, x) > 1)R(xr Z)

The next result shows that a strongly complete IFR R satisfies the previous conditions.
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Proposition 5.5. Let R be an IFR.
If R is strongly complete, then R satisfies conditions C’f *, CR, CgR, and C3¥.

5.2. Characterization of Some Properties of a Strict Component of an IFR

We now establish, using C’fR and C}’R, our second main result which determines all T-
transitive IFRs whose strict components are pos-transitive.

Theorem 5.6. Let R be a T-transitive IFR, and let P be a strict component of R. Then

. e I’ /,l
R satisfies condition C"
or & (P is pos-transitive). (5.14)

R satisfies condition C{*

In the particular case where R is strongly complete, the previous result becomes as
follows:

Corollary 5.7. Let R be a T-transitive IFR, and let P be a strict component of R.
If R is strongly complete, then P is pos-transitive.

Given a TC-transitive IFR R, the next result establishes an equivalence between
conditions C5" and C}*, and two properties of P.

Lemma 5.8. Let R be a C-transitive IFR, and let P be a strict component of R.
The two following statements are equivalent:

(1) R satisfies condition C5* or condition Cy*;

()
Vx,y,z€X
/ pe(xy) >0 (pup(y,2) = ue(z,y) =0\ '\
@) ,
ve(xy) <1 ve(v,2) = ve(zy) =1
up(x,z) >0 (5.15)
or ==
vp(x,z) < 1.
pp(x,y) = up(y,x) =0 (pup(y,2) >0
(ii) ,

\ vo(xy) =ve(y,x) =1 |wr(y2) <1/ /
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It is important to notice that as P is regular and R is sr-symmetric, we can rewrite (5.15)
as follows:

Vx,y,z€ X,
/ ey, x) = pr(x,y) (Y, x) < pr(x,y)
@) or = ur(x,z) > pr(z, x)
ur(z,y) < pr(y, 2) ur(z,y) = ur(y, z)
or
vr(Y,x) = vr(x,Y) vr(Y,x) > vr(x,Y)
(ii) or = vr(x, z) < Vr(z,x)
vr(z,y) > vr(Y, 2) vr(z,y) = vr(Y, 2)
(5.16)

The third and last main result of our paper determines all C-transitive IFRs whose
strict components are negative transitive.

Theorem 5.9. Let R be a T-transitive IFR, and let P be a strict component of R. Then

R satisfies conditions C}* and C5*
or & (P is negative transitive). (5.17)

R satisfies conditions C}* and C3*

In the particular case where R is strongly complete, the previous result becomes as
follows:

Corollary 5.10. Let R be a T-transitive IFR, and let P be a strict component of R.
If R is strongly complete, then P is negative transitive.

6. Concluding Remarks

In this paper, we establish a characterization of the C-transitivity of R. We also establish
a general factorization of an intuitionistic fuzzy binary relation when the union is defined
by a continuous t-representable intuitionistic fuzzy t-conorm satisfying condition G. This
factorization gives a family of regular strict components. Furthermore, given an IFR R, we
introduce two conditions C|" and C4* (or equivalently C* and C,). And we show that,
when R is C-transitive, these conditions are necessary and sufficient to obtain pos-transitivity
and negative transitivity of a given strict component of R.

An open problem is to apply these results especially in social choice theory when
individual and social preferences are modelled by reflexive, weakly complete, and T-
transitive IFRs. Another open problem is to study the properties of the class of continuous
t-representable intuitionistic fuzzy t-conorms satisfying condition G.
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The Proofs of our Results
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Proof of Proposition 2.7. (1) Leta,b € [0,1]. Since T(a,b) <1-S(1—-a,1-b), then {t € [0,1],1-

S(1-a1-t) <b} C{te[01],T(at) <b}. Sett =1-t we have Ir(a,b) > max{t
[0,1],1-51 -a,1-t) < b} = max{t € [0,1], S(1-a,1-t) > 1-b} = max{1 -+

[0,1],S(1-a,t') >1-b} =1-min{t € [0,1], SQA-a,t')>1-b}=1-]Js(1-a,1-b).
(2) The proof is obvious.

Proof of Lemma 2.8. (1) Let x = (x1,x2),y = (y1,y2) € L*. Set A={z = (z1,z2) € L*, y1
S(x1,z1) and v, > T(x2,z2)}#0. That is to show that infA = (min{z; € [0,1], 11

S(x1,z1)}, min(max{z; € [0,1], T(x2,z2) < y2}, 1 =min{z; € [0,1], y1 < S(x1,21)})).

m Mm

O

ININA

Since A C L* and (L*, <t-) is a complete lattice, and T and S are continuous functions

on the compact [0, 1] x [0,1], then the definition of lower limit in L* gives

inf A = (inf{z; € [0,1], 3t € [0,1], (z1,1) € A}, sup{z; € [0,1], It, € [0,1], (t, z0) € A})

y1 < S(x1,z1)
= inf Z1 € [O/ 1]/ EItl € [0/ 1]/ Y2 > T(.‘X'z, tl) ’

z1+H <1

y1 < S(x1,t)
supy z2 € [0,1], 3t € [0,1], § y2 > T(x2, 22)

Zo+1 <1

( )
y1 £ 5(x1,z1)
= mll’l{ zZ1 € [0/1]/ 3t‘l € [0/1]/ 9 W > T(x2/tl) ¢/
L k21 +1H < 1
p

ryl < S(x1,t) )
maxq 22 € [0,1], I € [0,1], § v2 > T(x2,22) ¢

L \Zz+t2§1

Otherwise, with the second result of Proposition 2.1, we have

ryl < S(x1,21) B Us(x1,y1),1]
Sy > Tl h) & 3 e [0,Ir(x2,12)]
(z1+H <1 (z1+h <1,
(11 < S(x1, 1) (12 € [Js(x1,11),1]
32> T(x2,22) & 4 23 € [0, Ir(x2,2)]
(z2+H <1 (z2+8 < 1.

(A1)

(A.2)
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We distinguish three cases.

(i) If x; < y1 and x2 < y», then with the third result of Proposition 2.1, we have
Js(x1,y1) > 0and Ir(x2,y2) = 1. This implies It (x2,y2) > 1 — Js(x1,y1). Thus,

y1 < S(x1,z1)
minq z1 € [0,1], 3t € [0,1], { y2 > T(x2, 1) ¢ = Js(x1,11),

z1+H <1

y1 < S(xy,t)
max< 2z € [0,1], 3 € [0,1], S y2 > T(x2,22) ¢ =1 Js(x1,11).

zZy+ 1 <1

Hence J,(x,y) = (Js(x1,y1),1 = Js(x1,y1)).
(ii) If (x1 > y3 and xp < yp) or (x1 > y1 and x2 > y»), then with the third result of
Proposition 2.1, it is easy to show that

y1 < S(x1,21)
min< z; € [0,1], 3t € [0,1], § y2 > T(x2,t1) ¢ = Js(x1,y1),

z1+H <1

y1 < S(x1,t2)
maxq z; € [0,1], 3, € [0,1], R y2 > T(x2,22) ¢ = Ir(x2,12) < 1= Js(x1,11).

Zo+1t <1

Hence Jo(x,y) = (Js(x1, 1), It (x2, y2)).
(iii) If x1 < y; and x, > y, then with the third result of Proposition 2.1, Js(x1,y1) > 0,
and It (xy, y2) < 1. We distinguish two cases.

(@) If It (x2,y2) <1~ Js(x1,y1), thus

( y1 < S(x1,21) )

min< z1 € [0,1], 3t € [0,1], { y2 > T(x2,t1) ¢ = Js(x1, 1),

L L Z1 t 1 <1
(A.5)
(11 < S(x1, 1)

max{ z; € [0,1], 3t2 € [0,1], S y2 > T(x2,22) ¢ = Ir(x2,y2).

zy+1 <1

Hence J5(x,y) = (Js(x1, 1), It (22, 2)).
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(b) If It (x2, y2) > 1 = Js(x1, 1), thus

y1 < S(x1,21)

minq z1 € [0,1], 3t € [0,1], { y2 > T(x2, 1) ¢ = Js(x1,11),

z1+H <1
(A.6)
y1 < S(x1, ta)
max{ z; € [0,1], 32 € [0,1], { y2 > T(x2,22) ¢ =1 - Js(x1,y1)-
Zy + 1 < 1
Hence ]Q(x/ ]/) = (]S(xll ]/1)/ 1- ]S(xll ]/1))
Finally, we obtain J,(x,y) = (Js(x1, y1), min(Ir(x2, y2),1 = Js(x1,y1)))-
(2) The proof of the second result is analogous to the previous one. O
Proof of Proposition 2.10. (1) Let (a1, az), (b1, b2) € L* such that
a > by,
ap < bz, (A7)

a1+a2:b1+b2.

(i) Since 25 = Im, 24 = Jp and 2% = 21, with Example 2.5, it is obvious to show that
Vlie {0,1,+c0}, QIF satisfies condition G.

(ii) Assume that [ €]0,1[, and let us show that QIF = (Sl , T}E) satisfies condition G, that
is, IT (b2, a2) + Js(by1, a1) < 1. It suffices to show that VI €]0,1[, log,(1 + ((I - 1)(I*> -
1))/ -1)) < log, (1 + (I - 1)(I*-% —1)/(I'"P —1)). Set ¢ = a; + a, = by + bo.

(a) Since a; > by and the mapping I*is decreasing, then [ < I thatis, I < ™=,

(b) Since I€ —1 > 0, we obtain [t (I¢ - ) < "% (I° - ]), that is, ["> + [™% < [% 4 [17b1,

(c) Since a — by = by — a, the previous inequality becomes [1*®701 — a2 —[1=b1 4 1 <
[ba _ b [Sa ) that is, (1% — 1) ("7 — 1) < (I — 1)(I*® — 1), that is,
(1% = 1) /(1" = 1) < (-9 1) /(b = 1), thatis, 1 + (= 1)(I% = 1) /(% 1) >
1+ (1-1)(I" " =1)/(1*" -1). And we have log;(1+ (I-1)(I"2-1) /(I - 1)) <
log,(1+ (- 1)1 — 1)/ (I —1)).

(iii) The proof of the case I €]1,+oo[ is similar to theprevious one.
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(2) Let 2’ be a restriction of 2 = (S5,T) on L} = {(x1,x2) € L*, x1 + x, = 1}. Assume that
S and T are dual and show that 2’ satisfies G. Let (a1, a2), (b, bz) € L] such that

a > bl,
ar < bz, (A8)

a1+a2:b1+b2:1.

Let us show that It (by, a») + Js(by, a1) < 1.
Since @y +ap = by +by =1 and S are T are dual, then I7(by, az) = IT(1-b1,1—-ay). Thus,
Ir(by, a3) + Js(by,a1) = It(1 = by, 1 —ay) + Js(by, a1) = 1. Hence the result. O

Proof of Proposition 3.4. Suppose that R is (S,T)-complete and let us show that R is D-
complete.

Let (x,y) € X x X such that (ur(x,y),vr(x,y)) = (0,1). Thus S(0, ur(y,x)) = 1 and
T(1,vr(y,x)) = 0. Since S(0, ur(y,x)) = ur(y,x) and T(1,vr(y,x)) = vr(y,x), we have
ur(y, x) =1 and vr(y, x) = 0. Hence ur(y, x) > 0 and vr(y, x) < 1. O

Proof of Proposition 3.9. For all x,y, z € X, we have the following.

(1) Let us show that (ai(x,y,z),pi(x,y,z)) € L*. In fact, (ai(x,y,2), pi(x,y,2))

= (T(.HR(Z/}/)/#R(%X))/ S(VR(Z/y)rvR(yrx))) = t[(ﬂR(zry)/VR(Z/y))/(,uR(y/x)/
vr(y,x))] € L* since Tis a t-norm on L*.

(a) Let us show that (a3(x,y, z), f3(x,y,z)) € L*. In fact, (az(x, vy, 2), p3(x,y,2)) =
min(Ic[(ur(y, 2), vr(Y, 2)), (HR(Y, x), VR (Y, X)) ], I [(kr (X, ¥), VR (%, 1)), (Ur(Z,
y),vr(z,y))]). Since, Ic[(ur(Y, 2), vr(Y, 2)),(ur(y, x), vr(y, X)) €L*, I [ (ur (x,
y),vr(x, 1)), (ur(z,v),vr(z,1))] € L* and Min = (min, max) is a t-norm in L*,
then (as3(x,y, z), P3(x,y,z)) € L*.

(b) The proofs of the assertions (ax(x,vy,z),p2(x,y,z)) € L* and (as(x,y,z),
Ps(x,y,z)) € L* are analogous to the previous ones.

(2) The proof of the last result is deduced from the second result of Lemma 2.8. O

Proof of Corollary 3.11. Assume that R is strongly complete.

(1) Assume also that R satisfies (3.9). And in the three cases, we have ugr(x,y) =
ur(y,z) = 1, and vr(x,y) = vr(y,z) = 0. This implies Js(vr(z,¥y), vr(x,¥))
]S(VR(y/x)rvR(ylz)) = 0/ ]S(VR(x/y)/vR(Z/y)) = VR(Z/y)/ ]S(VR(y/Z)/vR(y/x)) =
vr(y,x) and Ir(ur(z,y), pur(x,y)) = Ir(ur(y,x),ur(y,z)) = 1, Ir(ur(x,y),
ur(z,y)) = pr(z,y), Ir(ur(y, 2), ur(y, x)) = pr(y, x). And we obtain ay(x,y, z) =
ay(x,y,z) =1, and az(x,y,z) = min(ur(y, x), ur(z,y)). Thus a1(x,y,z) < 1 and
az(x,y,z) <1

(2) Assume that R satisfies (3.11). Thus vr(x,y) = vr(y,z) = 0 and (vg(y,x) > 0 or
vr(z,y) >0). Thus, f(x,y,z) = S(vr(x,y),vr(y,z)) = S(0,0) =0.

Assume to the contrary that f1(x,y,z) = 0. We have max(vr(z, ), vr(y,x)) < S(vr(z,v),
vr(y,x)) = fi1(x,y,z) = 0. Hence vr(y, x) = 0 and vr(z, y) = 0. This contradicts the assertion

(vr(y,x) > 0or vg(z,y) >0).
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Let us show that f3(x, y, z) = max(vr(y, x), vr(z,v)) and f4(x,y, z) = max(0,0) = 0.
Proposition 3.9 implies that

Ps(x,y,z) =max(Js(0,vr(y, x)), Js(0,vr(z,¥))),
(A.9)

Ps(x,y,z) = max(Js(vr(y, x),0), Js(vr(z, ), 0))-

By definition, Js(0,vr(y,x)) = min{t € [0,1]/5(0,t) > vr(y,x)} = min{t € [0,1]/t >
vr(y,x)} = min[vr(y, x),1] = vr(y,x) and Js(vr(y,x),0) = min{t € [0,1]/S(vr(y, x),t) >
0} =min[0,1] = 0.

Analogously, Js(0,vr(z,y)) = vr(z,y) and Js(vr(z,y),0)) = 0. Thus ps3(x,y,z) =
max(ve(y, x), vr(z,y)), and fa(x, y, z) = max(0,0) = 0. O

Proof of Corollary 3.12. Assume that T and S are dual and Ris a FR. Let x, v,z € X.
(1) (i) Let us show that fi(x,y,z) =1 - a1 (x, y, 2).

By definition, p1(x,y,z) = S(vr(z,vy),vr(y, x)) and a:1(x,y,z) = T(ur(z,y), ur(y, x)). Since
Ris aFR, we have vr(z,v) =1 - ur(z,y) and vr(y, x) = 1 — ur(y, x). Otherwise, since T and
S are dual, we have S(vr(z,y),vr(y,x)) =1 -T(1 - vr(z,v),1-vr(y,x)). Thus pi(x,y,z) =
1-T(1 - (1- pr(z,9)), 1 - (1= pr(y, %)) = 1 = T(ux(z, ), pr(y, %) = 1 - a1(x, y, z). Hence
the result.

(ii) The proof of equality f(x,y,z) = 1 — ax(x, y, z) is analogous to the previous one.

(iii) Let us show that f5(x,y,z) =1 - as(x,y, z).

With the previous proposition, f3(x,y, z) = max(Js(vr(y, z), vr(y, X)), Js(vr(x,y),vr(2,V))).
Since Ris a FR, we have vr(y,z) = 1-ur(y, 2), vr(z,y) = 1-ur(z,y),vr(y,x) = 1 - ur(y, x),
and vr(x,y) = 1-pr(x, y). Otherwise, since T and S are dual, we have Js(vr(y, 2), vr(y, X)) =
1-Ir(1 -vr(y,2),1-vr(y,x)) and Js(vr(x,y),vr(z,y)) = 1 - Ir(1 - vr(x,y),1 - vr(z,v)).
Thus f3(x,y,z) = max(1 - Ir(1 - (1 - ur(y,2)),1 - (1 - ur(y,x))), 1 = Ir(1 - (1 -
ur(x,y)), 1= (1 - pr(z,y)))) = max(1 - It(ur(y, 2), ur(Y, X)), 1 = It (ur(x, y), pr(z,y))) =
1 —min(Ir(pr(y, 2), ur(y, %)), Ir(ur(x, y), pr(z,y)))-

Otherwise, as(x,y,z) = min[min(It(¢r(y, z), ur(y,x)), 1 = Js(vr(y, z), v&(y,x))),
min(Ir(ur(x, ), Ur(z,y)), 1 = Js(Wr(x,y),vr(z,¥)))] = min[min(Ir(ur(y, 2), ur(Y, x)),
Ijl"(l - VR(y/Z)r 1- vR(yrx)))/ min(IT(/’lR(x/y)/ lflR(Z/y))/ IT(1 - vR(x/y)rl - VR(Zry)))]
=  min[min(Ir(ur(v, 2), ur(v, %)), Ir(pr(y,z), ur(y,x))), min(Ir(ur(x,y), pr(z,v)),
It(ur(x,y), ur(z,y)))] = min[Ir(ur(y, ), pr(y, %)), Ir(ur(x,v), pr(z,v))] = 1 - p3(x, y, 2).
Hence the result.

(iv) The proof of the equality f4(x,y,z) = 1 — a4(x,y, z) is analogous to the previous
one.

(2) The proof of the last result is obvious. O

Proof of Lemma 3.13. (i)=(ii): Assume that R is C-transitive on {x, y, z} and show that (3.16).



30 International Journal of Mathematics and Mathematical Sciences

Since R is C-transitive on {x,y, z}, then we have the following twelve inequalities:

1) ver(x,z) <S(vr(x,y),v:(y,2)); vr(x,y) < S(vr(x, 2),vr(z,y));
vr(y,z) < S(vr(y, x),vr(x,2));
(i) vr(z,x) <S(vr(z,y),ve(v,%));  vr(zy) < S(vr(z, x),vr(x,Y));

ve(y,x) < S(ve(y,2),vr(z,)); (A.10)

(iil) pr(x,2) 2T(ur(x,y), ur(y,2));  pr(x,Y) 2 T(pur(x,2), pr(2,Y));
#r(y,2) 2 T (ur(y, x), pr(x, 2));

(iv) pr(zx) 2T(ur(z y), ur(y,x));  wr(z,y) > T(ur(z,x), pr(x,y));
ur(,x) 2 T(ur(y, 2), ur(z, %))

Let us show that pur(x, z) € [aa2(x,y, 2), as(x, y,2)].

By definition of Ir, the two first inequalities of (iii) of (A.10) imply ax(x,y,z) =
T(ur(x,y), ur(y,z)) < pr(x,z) < Ir(ur(z,y), pr(x,y)). And the second inequalities of (i)
give Js(Vvr(z,y), vr(x,y)) < vr(x,2) < 1-pur(x, z), thatis, pr(x,z) <1-Js(vr(z,y), vr(x,y)).
Thus, ax(x,y, z) < pr(x, z) < min(Ir(ur(z, ¥), pr(x,y)), 1 = Js(Vr(z,y), vr(x, ¥))).

Otherwise, the third inequality of (iii) gives ur(x,z) < Ir(ur(y,x), ur(y,z)). The
third inequality of (i) gives Js(vr(y, x),vr(y, 2)) < Vvr(x,z) < 1 — pr(x,z). Thus, pr(x,z) <
min(Ir (ur(y, %), #x(, ), 1 Js(vk(y, %), v&(y, 2))). Hence the resul.

With the two first inequalities of (iv) of (A.10), the second inequality of (ii) of (A.10),
the third inequality of (iv) of (A.10), and the third inequality of (ii) of (A.10), we show
analogously that ur(z, x) € [a1(x,y, 2), a3(x,y, z)].

With the two first inequalities of (i) of (A.10) and the third inequality of (i) of (A.10),
we show analogously that vr(x, z) € [s(x, v, 2), fo(x,y, 2)].

With the two first inequalities of (ii) of (A.10) and the third inequality of (ii) of (A.10),
we show analogously that vr(z, x) € [B3(x, v, z), p1(x,y, z)]. Hence the result.

(ii)=(i): Assume (3.16), and let us show that R is T-transitive on {x,y, z}. That is to
show the twelve inequalities of (A.10).

The assertion pugr(z, x) € [a1(x,y,2),a5(x,y,2z)] implies ai(x,y,z) =
T(ur(z,y), ur(y,x)) < pr(z,x), pur(z,x) < Ir(ur(y,z),pr(y,x)) and pr(z,x) <
It(ur(x,y), ur(z,y)). Thus, the second result of Proposition 2.1 and the last inequalities
imply pr(z,y) > T(ur(z, %), pr(x,y)) and pr(y,x) > T(kr(y,2), pr(z x)). Hence (iv) of
(A.10).

Analogously, the assertion pr(x,z) € [ax(x,y,z),as(x,y,2z)] and the second result
of Proposition 2.1 imply (iii) of (A.10); the assertion vr(x,z) € [fa(x,y,2),P2(x, Yy, 2)]
and the second result of Proposition 2.1 imply (i) of (A.10); the assertion vz(z, x) €
[B3(x,y,2), p1(x,y,2)], and the second result of Proposition 2.1 imply (ii) of (A.10). O

Proof of Lemma 4.2. Letx,y € X.
(1) Let us show that v;(x, y) = max(vr(x, y), vr(y, x)).

Since R = [UyP and I is symmetric, thus vgr(x,y) = T(vi(x,y),vp(x,y)) and vr(y,x) =
T(vi(x,y),vp(y, x)). We distinguish two cases.
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(i) Suppose that pp(x,y) > 0 or (up(x,y) =0and vp(x,y) <1).

The perfect antisymmetric of P implies vp(y,x) = 1. Since T is a t-norm, vg(y,x) =
T(vi(x,y),1) = wvi(x,y). This last equality and (i) of (2.3) imply wr(x,y) =
T(wi(x, y),vp(x,y)) = Tr(y, x),ve(x,Y)) < vr(y,X) = vi(x,y). Thus, vi(x,y) = vr(y,x) =
max[vr(x,y), vr(y, X)].

(ii) Suppose that pup(x,y) = 0and vp(x,y) = 1.

Since T is a t-norm and I is symmetric, vr(x,y) = T(vi(x,y),vp(x,y)) = T(vi(x,y),1) =
vi(x,y). This equality and (i) of (2.3) imply vr(y,x) = T(vi(x,y),vp(y,x)) < vi(x,y) =
vr(x,y). Thus, vi(x, y) = vr(x, y) = max[vr(x,y), vr(y, X)].

The proof of the equality y;(x, y) = min(ur(x,y), ur(y, x)) is similar to the previous
one.

(2) Let us show that vr(x,v) > vr(y,x) © vp(x,y) = 1.

Since R = IUyP, thus vr(x,y) = T(vi(x,y),vp(x,y)) and vr(y,x) = T (vi(y, x), vp(y, X)).
(=): Assume to the contrary that vr(x,y) > vr(y, x) and vp(x,y) < 1.

Since P is perfect antisymmetric and vp(x,y) < 1, we have vp(y,x) = 1. Thus vr(y, x) =

T(vi(y,x),vp(y,x)) = vi(y, x). Since vr(x,y) > vr(y, x), the previous result gives v;(x,y) =

max(vr(x,y),vr(y, x)) = vr(x,y). Since I is symmetric, the two previous equalities imply

vr(x,y) = vr(y,x). The sr-symmetric of R and the previous equality imply ur(x,y) =

Uur(y, x). Thus, since P is simple, the two previous equalities imply vp(x,y) = vp(y,x) = 1,

which contradicts the hypothesis vp(x,y) < 1. Finally, vr(x,y) > vr(y, x) = vp(x,y) = 1.
(&): The proof of converse is obvious.

The proof of the equivalence pr(x,y) < ur(y,x) © up(x,y) = 0 is analogous to the previous

one. O

Proof of Lemma 4.4. Suppose that pr(x,y) > pr(y, x) and vg(x,y) < vr(y, x).

(i) Consider the function f defined over [0,1] by f(t) = S(t, ur(y, x)), thus f(0) =
ur(y,x) and f(1) = 1. f is continuous and monotone because S is continuous and
monotone. Then f takes all values between pr(y, x) and 1. In particular, f has the
value pr(x,y) for ur(x,y) > ur(y, x). Thus (4.9)(E1) has at least a solution.

By considering the function g defined over [0,1] by g(t) = T(¢,vr(y, x)), we analogously
show that (4.9)(E;) has at least a solution.

(ii) Let us show that each solution of (4.9)(E;) is strictly positive. Let t; be a solution of
(4.9)(Ev).

Assume to the contrary that t; = 0. Thus, ur(x,v) = S(ur(y, x), t1) = S(ur(y, x),0) = pr(y, x),
thatis, ur(x, v) = ur(y, x) which contradicts pr(x,y) > ur(y, x). And we have t; > 0.

Let us show that each solution of (4.9)(E;) is least than 1. Let f, be a solution
of (4.9)(E;). Assume to the contrary that t, = 1. Thus, vg(x,y) = T(vr(y,x),t2) =
T(vr(y,x),1) = vr(y, x), that is, vg(x,y) = vr(y, x) which contradicts vr(x,y) < vr(y, x).
And we have f, < 1.
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(iii) Assume that 2 satisfies condition G. We can remark by (2) of Proposition 2.1
that S(ur(y,x), Js(ur(y, x), ur(x,y))) = wpr(x,y) and T(vr(y,x), Ir(vr(y,x),
vr(x,Y))) = vr(x,y). Since R is w-symmetric, pr(x,y) + vr(x,y) = pr(y,x) +
vr(y, x). Because 2 satisfies condition G, then ur(x,y) > ur(y,x), ve(x,y) <
vr(y,x), and the previous equality imply Js(ur(y,x),pur(x,y)) + Ir(vr(y, x),
vr(x,y)) < 1. Hence (Js(ur(y,x), pr(x,y)), Ir(vr(y, x), vr(x,y))) is a solution of
(4.8).

(iv) Assume that 2 satisfies condition G, and let us show that Js(ur(y, x), pr(x,y)) is
the lowest solution for (4.9)(E7).

Consider #; another solution of (4.9)(E;). Thus we have S(t, pur(y,x)) = pr(x,y) which
implies t; € {t € [0,1], S(t, ur(y,x)) > pr(x,y)}. Since Js(ur(y, x), pr(x,y)) = min{t €
[0/ 1]/ S(t/l’[R(y/ x)) 2 [JR(.X, y)}r we deduce that ]S(ﬂR(y/ x), [/lR(xr y)) <t

We analogously show that I7(vr(y, x), vr(x,y)) is the upper solution for (4.9)(E,).

(v) If 2 = (max, min), we easily show that (Js(ur(y, x), pr(x,y)), Ir (Ve (y, x), vr(x,y)))
is the unique solution of (4.8).

Suppose that 2 = (S, T) is a strict t-conorm on L* satisfying condition G.

The previous functions f and g defined in (i) are, respectively, the bijections
from [0,1] to [ur(y,x),1] and from [0,1] to [0,vr(y, x)]. We easily show that (t1,t,) =
(Js(ur(y, x), ur(x,y)), It (vr(y, x), vr(x,y))) is the unique solution of (4.8). O

Proof of Theorem 4.5. (1)=(2): Lemma 4.2 implies (i).

Let us show (ii). Vx, y € X, suppose that pr(x,y) > pr(y, x) and vr(x,y) < vr(y, x).
(iii) of Lemma 4.4 implies that (4.8) has at least one solution. Set (cxy, gxy) € L* one of these
solutions. Thus ¢y, is a solution of (4.9)(E1), and gy, is a solution of (4.9)(Ez). With (ii) of
Lemma 4.4, we have ¢y, > 0 and g, < 1. Since the equality R = [U,P is equivalent to equation
(ur(x,y),vr(x,y)) = 2[(ur(y, x),vr(y, %)), (up(x,y),vp(x,y))], hence pp(x,y) = cxy and
17P(x/ ]/) = &xy-

For the case where pr(x,v) < ur(y,x) and vr(x,y) > vr(y, x), we easily show that
Lemma 4.2 implies that pp(x,y) = 0 and vp(x,y) = 1.

(2)=1): Letx,y € X.

(i) implies that pr(x,y) = pr(y,x), and vi(x,y) = v;(y,x) which show that I is
symmetric.
Let us show that R = U, P, thatis, S(ur(x,y), up(x,y)) = pur(x,y) and T (vi(x,y), vp(x,y)) =
vr(x,y). Since R is sr-symmetric, we distinguish two cases.

(@) If pr(x,y) < pr(y,x) and vr(x,y) > vr(y, x), thus (i) implies pur(x,y) = pr(x,y),
and vi(x,y) = vr(x,y), and the definition of P gives pup(x,y) = 0 and vp(x,y) = 1.
We have S(ur(x,y), pr(x,y)) = S(ur(x,y),0) = pr(x,y) and T (vi(x, y), vr(x, y)) =
T(vr(x,y),1) = vr(x,y).

(b) If ur(x,y) > pr(y,x) and vr(x,y) < vr(y,x), thus (ii) implies that pp(x,y)
is a solution of (4.9)(E:), and vp(x,y) is a solution of (4.9)(E.); we have
S(ur(y, x), up(x,y)) = pr(x,y) and T(vr(y, x),vp(x,y)) = vr(x,y). Furthermore,
as ur(x,y) > ur(y, x), and vr(x,y) < vr(y, x), (i) implies p;(x,v) = pr(y,x) and
vi(x,y) = vr(y,x). Then S(ur(x,y), pur(x,y)) = S(ur(y, x), ur(x,y)) = pr(x,y)
and T(vi(x,y),ve(x,y)) = T(vr(y, x), vp(x,y)) = Vr(x, ).
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It is easy to show that P is simple and P is perfect antisymmetric. O

Proof of Corollary 4.7. The proof of this corollary is deduced from Theorem 4.5 and the last
result of Lemma 4.4. O

Proof of Corollary 4.8. The proof is deduced from Lemma 4.2, Theorem 4.5, and the last result
of Proposition 3.9. O

Proof of Proposition 5.5. Let x,y,z € X. Since R is strongly complete, Corollary 3.11 implies
a3 (x/ y/ Z) < a2 (x/ y/ Z) and ﬁz (x/ y/ Z) < ﬁ?’ (xr y/ Z). D

Proof of Theorem 5.6. As R is sr-symmetric, (i) of (5.3) and (ii) of (5.3) are equivalent.
Therefore, to show (5.3) means to show (i) of (5.3) or (ii) of (5.3).
(=): We distinguish two cases.

(1) Suppose that R satisfies condition C|*, and let us show that P is pos-transitive.
We show (i) of (5.3). Let x,y,z € X such that pr(x,y) > pr(y,x) and pur(y,z) >
Ur(z,y). Let us show that ur(x,z) > ur(z, x). Since R is T-transitive on {x,y, z},
Lemma 3.13 implies

ur(x,z) € [a2(x,y,2), a4(x,y,2)],

All
Ur(z, x) € [a1(x,y,2),a3(x,y,2)]. (A1)

We distinguish two cases.

(a) Suppose that az(x,y,z) < ax(x,y,z) or ur(z,x) < ax(x,y,z) < az(x,y,z) or
a(x,y,z) <as(x,y,z) < ur(x, z); thus (A.11) implies pr(x, z) > pr(z, x).

(b) Suppose that ax(x,y,z) < asz(x,y,z) and pr(z, x), pr(x,z) € [a2(x,y,z),
as(x,y,z)]; thus, since pr(x,y) > ur(y, x), pr(y,z) > pr(z,y) and R satisfies
condition C’fk, we deduce that pg(x, z) > pr(z, x).

(2) With Lemma 4.2, the proof is analogous to the previous one.

(&) Suppose that P is pos-transitive, and let us show that R satisfies C’f “or C}*.
Since P is pos-transitive, we have (5.3), that is, (i) of (5.3) or (ii) of (5.3). We distinguish two
cases.

(a) Suppose (ii) of (5.3), and let us show that R satisfies C}*. Suppose that R verifies

vr(y,x) > vr(x, ),

A12
vr(z,y) > vr(Y, 2), -

and vg(x, z), vr(z, x) € [Bs3(x,y, 2), f2(x,y, z)]. Let us show that vr(x, z) < vr(z, x).
Since R satisfies

VR(Y,X) > VR(X,Y),

A.13
vr(z,y) > vr(Y,2), A

the two previous inequalities and (ii) of (5.3) imply vr(x, z) < vr(z, x).
(b) With (i) of (5.3), we show analogously that R satisfies C’f k. O
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Proof of Corollary 5.7. Since R is strongly complete, then Proposition 5.5 implies that R satisfies
condition C/*. Hence, Theorem 5.6 implies that P is pos-transitive. O

Proof of Lemma 5.8. To establish (5.15) is equivalent to establish (5.16).
We remark that as R is sr-symmetric, (i) of (5.16) and (ii) of (5.16) are equivalent.
(1)=(2): We distinguish two cases.

(1) Suppose that R satisfies condition Cg ®, and let us show (5.16). We show (i) of (5.16).
Let x,y, z € X such that

{#R(y,x)wzz(x/y) or {P‘R(J/fx)</‘R(x'V) (A.14)

#r(z,y) < pr(Y, z) ur(z,y) = pr(Y, 2).

Let us show that pr(x, z) > pr(z, x). Since Ris T-transitive on {x, v, z}, Lemma 3.13
implies (A.11). We distinguish two cases.

(a) Suppose that az(x,y,z) < ax(x,y,z) or ur(z,x) < ax(x,y,z) < az(x,y,z) or
a(x,y,z) <as(x,y,z) < ur(x, z); thus (A.11) implies pr(x, z) > pr(z, x).

(b) Suppose that ax(x,y,z) < asz(x,y,z) and pgr(z, x), pr(x,z) € [ax(x,y,z),
az(x,y,z)]. With (A.14), the condition CgR implies that ur(x, z) > ur(z, x).

(2) Suppose that R satisfies condition C;*, and let us show (5.16). We show (ii) of (5.16).
Let x,y, z € X such that

{VR (yx) =ve(xy) {vR(y,x) > vr(x,Y) (A15)
vr(z,y) > vr(Y, 2) vr(z,y) = vr(Y, 2).

Let us show that vr(x, z) < vr(z,x). Since R is C-transitive on {x, y,z}, Lemma 4.2
implies
vr(x,2) € [fa(x,y,2), P2 (x,,2)],

(A.16)
vr(z, %) € [fs(x,y,2), pr(x, v, 2)].

We distinguish two cases.
(a) Suppose that fs3(x,v,z) > pa(x,y,z) or vr(z,x) > po(x,y,2) > P3(x,y,z) or
Pa(x,y,2) > Ps3(x,y,z) > vr(x, z); thus (A.16) implies that vr(x, z) < vr(z, x).

(b) Suppose that ﬁZ(xz y; Z) > ,63 (x/ y/ Z) and VR(Z, x)/ VR(X, Z) € [ﬁS(x, ]// Z)/
p2(x,y,z)]. With (A.15), the condition C;* implies that vr(x, z) < vr(z, x).

(2)=(1) Suppose (5.16), and let us show that R satisfies Ct* or CJ*. We distinguish
pp 2 2 &
two cases.

(a) Suppose (i) of (5.16), and let us show that R satisfies CgR. Suppose (A.14), and
Ur(x,z), ur(z, x) € [a2(x,y,z),a3(x,y,z)]. Let us show that pr(x,z) > ur(z, x).
With (A.14), (i) of (5.16) implies pr(x, z) > pr(z, x).

(b) With (ii) of (5.16), we show analogously that R satisfies C}*. O
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Proof of Theorem 5.9. As R is sr-symmetric, Remark 5.2 implies that (5.4) and (5.5) are
equivalent. Therefore, to show (5.4) means to show (5.4) or (5.5).
(=): We distinguish two cases.

(1) Suppose that R satisfies condition C!* and C5", and let us show that P is negative
transitive. We show (5.4). Let x, v, z € X. We distinguish three cases.

(a) Suppose

Hr(Y, x) < pr(x,y),

(A.17)
Hr(z,y) < pr(Y,2),

and let us show that ugr(x,z) > ur(z x). Since R satisfies condition C’fR,
Theorem 5.6 implies that P is pos-transitive. Thus,

Hr(Y,x) < pr(x,y),

(A.18)
ur(z,y) < pr(Y,2),

and the pos-transitivity of P imply that ur(x, z) > pur(z, x). Hence ur(x,z) >
Hr(Z,X).

(b) Suppose (A.14) and let us show that pur(x,z) > pr(z, x). Since R satisfies
condition C4* and (A.14), then Lemma 5.8 implies that ur(x,z) > pr(z,x).
Hence pr(x,z) > pr(z, x).

(c) Suppose that pr(x, y) = ur(y, x) and pur(y, z) = pr(z,y), and let us show that

Ur(x,z) > pr(z,x). Assume to the contrary that pur(x,z) < ur(z, x). Thus,
pr(x,y) = pr(y, x) and pr(x, z) < pr(z, x), that is,

Ur(x,z) < pr(z,x),

(A.19)
pr(x,y) = ur(Y, ).
Since R satisfies condition C’; ®and
Ur(x,z) < pr(z, x),
(A.20)

pur(x,y) = pr(y, x),

then Lemma 5.8 implies that ur(z,y) > pr(y,z) which contradicts the

hypothesis pr(y, z) = pr(z, y).

(2) Suppose that R satisfies condition C;* and C}*, and let us show that P is negative
transitive. We show (5.5). Let x, v, z € X. We distinguish three cases.
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(a) Suppose that R verifies

vr(y, x) > vr(%,y),

(A.21)
vi(z,y) > vr(v.2),

and let us show that vg(x,z) < wr(z,x). Since R satisfies condition C}¥,

Theorem 5.6 implies that P is pos-transitive. Thus,

vr(y, x) > vr(x,y), (A.22)

vr(z,y) > vr(¥,2),

and the pos-transitivity of P imply that vgr(x,z) < vr(z, x). Hence vr(x,z) <
vr(z, X).

(b) Suppose (A.15), and let us show that vgr(x,z) < vr(z, x). Since R satisfies
condition C;* and (A.15), then Lemma 5.8 implies that vg(x,z) < vgr(z, x).
Hence vr(x, z) < vr(z, x).

(c) Suppose that vr(x,y) = vr(y, x) and vr(y, z) = vr(z,y); and let us show that
vr(x,z) < vr(z, x). Assume to the contrary that vr(x, z) > vr(z, x). Thus,

vR(x/ Z) > VR(Z/ x)/

(A.23)
vr(x, ¥) = vr(Y, X).
Since R satisfies condition C;* and
VR(xl Z) > VR (Zr .X'),
(A24)

vr(x,y) = vr(Y, %),

then Lemma 5.8 implies vr(z,y) < vr(y,z) which contradicts hypothesis
vr(Y, z) = vr(Z, ).

(<) Suppose that P is negative transitive, and let us show that R satisfies (C}* and
C5*) or (C}* and C3*).
Since P is negative transitive, we have (5.4) and (5.5), that is, (5.4) or (5.5) as R is -
symmetric. We distinguish two cases.

(i) Suppose (5.4), and let us show that R satisfies C'* and C,". Suppose that
Ur(x, 2), ur(z,x) € [a2(x,y,2),a3(x,y,z)] and (3.9). Let us show that pr(x,z) >
Ur(z,x). In fact, (3.9) and (5.4) imply ur(x,z) > pr(z, x). Assume to the contrary
that ur(x, z) = ur(z, x). With (3.9), we distinguish two cases.

(@) If ur(x,y) > pur(y, x) and pr(y, z) > pr(z, y); thus we have pg(x, z) = pr(z, x)
and ur(y, z) > pr(z,y). Hence the negative transitivity of P implies pur(y, x) >
Ur(x,y) which contradicts the hypothesis pur(x, v) > pr(y, x).
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(b) If pur(x,y) = pr(y, x) and pr(y, z) > pr(z,y); thus we have pr(x, z) = pr(z, x)
and ur(y, z) = pr(z,y). Hence the negative transitivity of P implies pur(z,y) >
Ur(y, z) which contradicts the hypothesis yr(y, z) > pr(z,y).

(ii) Suppose (5.5) and let us show that R satisfies C;* and C,*. Suppose (3.11) and
vr(x,z),vr(2,x) € [B3(x,y,2),P2(x,y,2)]. Let us show that vr(x,z) < vr(z, x).
In fact, (3.11) and (5.5) imply vr(x,z) < vgr(z, x). Assume to the contrary that
vr(x, z) = vr(z, x). With (3.11), we distinguish two cases.

(a) If vr(x,y) < vr(y, x) and vr(y, z) < vr(z,y); thus we have vr(x, z) = vr(z, x)
and vg(y, z) < vr(z,y). Hence the negative transitivity of P implies vr(y, x) <
vr(x,y) which contradicts the hypothesis vr(x,y) < vr(y, x).

(b) If vgr(x,y) = vr(y, x) and vr(y, z) < Vr(z, y); thus we have vr(x, z) = vgr(z, x)
and vgr(y, z) = vr(z,y). Hence the negative transitivity of P implies vg(z,y) <

vr(y, z) which contradicts the hypothesis vr(y, z) < vr(z,y). [
Proof of Corollary 5.10. The proof is deduced from Proposition 5.5 and Theorem 5.9. O
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