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1. Introduction

Let M,,,(x;q) be the weighted power means: M, ,(x;q) = (3., qixl.r)l/ ", where M,,o(x; q)

denotes the limit of M,,,(x;q) asr — 0%, x = (x1,...,%,), 9 = (g1,...,gn), and g; > 0 (1 <
i < n) are positive real numbers with 37, g = 1. In this paper, we let g = ming; and unless
otherwise specified, we assume 0 < x7 < xp < -+ < xy.

For k € {0,1,...,n}, the kth symmetric function E, x of x and its mean P, ; are defined
by

X
E,, (x) = Z Hxl] nr( nr () 1<r<n; Eno=Pyo=1 (1.1)

7
1<iy<<iy<n j=1 <r>

We define A, (x;q) = M,1(x;q), Gu(x) = Muo(x;q), and H,(x;q) = M, -1(x;q) and
we shall write M,,, for M, ,(x;q) and similarly for other means when there is no risk of
confusion.

For a real number a and mutually distinct numbers r, s, t, we define

a a
M3, - M7,

A = |
r,st,a a a
My, - M3,

, (1.2)

where we interpret MY, — M)  as In M,,, — In M,, 5. We also define A, tobe A,y 1.
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Forr > s>t >0, a >0, the author studied in [1-3] inequalities of the following two

types:
Crot((1=9)) 2 Arpar (1.3)
Ar,s,t‘,a( 2 Cr,s,t(qa)/ (14)
where for 0 < x < 1,
1- xl/t—l/r 1
Crsi(x) = v £ 0;  Crso(x) (1.5)

= 1= xl/s=1/r"

For any set {a,b,c} with a,b,c mutually distinct and nonnegative, we let r =
max{a,b,c}, t = min{a,b,c}, s = {a,b,c} \ {r,t}. By saying that (1.3) (resp., (1.4)) holds
for the set {a, b, c}, a > 0, we mean that (1.3) (resp., (1.4)) holds forr > s>t >0, a > 0.

A result of Diananda [4, 5] (see also [6, 7]) shows that (1.3) and (1.4) hold for
{1,1/2,0}, a = 1. When a = 1, the sets {a,b,1}’s for which (1.3) or (1.4) holds have been
completely determined by the author in [1-3]. Moreover, it is shown in [3] that (1.4) does not
hold in general unless 0 € {a, b, c}.

For general a’s, the cases r > s > t > 0 for which inequality (1.3) or (1.4) holds are open
(with t = 0 in (1.4)). It is our main goal in this paper to study these cases. We first restrict our
attention to the case {a, b,0}. This is partially because of the following result in [2] (note that
there is a typo in the original statement though).

Theorem 1.1 (see [2, Theorem 3.2]). Let r > s > 0. If (1.3) holds for {r,s,0}, a > 0, then it also
holds for {r,s,0}, ka with 0 < k < 1. If (1.4) holds for {r,s,0}, a > 0, then it also holds for {r,s,0},
ka with k > 1.

Moreover, for the unweighted case g1 = q» = -+ = g, = 1/n, the author [3,
Theorem 3.5] has shown that (1.3) holds for {1,1/r,0} with a = n/r when r > 2 and (1.4)
holds for {1,1/r,0} witha = n/((n —1)r) when 1 < r < 2. The values of a’s are best possible
here; namely, no larger a’s can make (1.3) hold for {1,1/r,0} and similarly no smaller a’s can
make (1.4) hold for {1,1/r,0}.

More generally, for arbitrary weights {g;}’s, by using similar arguments as in [3], one
sees that the largest a that can make (1.3) hold for {1,1/r,0} is 1/(gr) and the smallest a that
can make (1.4) hold for {1,1/r,0}is1/((1 - g)r).

In Section 2, we will extend Theorem 3.5 of [3] to the case of arbitrary weights.
Namely, we will prove the following.

Theorem 1.2. Forr>2,0<p<1/g,
A< (=) MY+ (1-(1-9) "G (1.6)
Forl<r<2,p>1/(1-g),

Al g MG, 4 (1= g0 PG (1.7)
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We note here that by a change of variables x; — xg/
(resp., (1.7)) in the form of (1.3) (resp., (1.4)).
After studying (1.3) and (1.4) for the set {a,b,0}, we move on in Section 3 to the case
{a,b,c} with min(a, b, ¢) > 0. Our remark earlier allows us to focus on (1.3) only. In this case,
we can recast (1.3), via a change of variables, as the following;:

", one can easily rewrite (1.6)

A< s (L=q) )M, + (1= s (1= q))) M5, (1.8)

wherea >0,7>1>s>0and

1
Cr,l,s (x) .

Ars(x) =1- (1.9)

We will show that (1.8) holds for all n if and only if it holds for the case n = 2. Based on this,
we will then be able to prove (1.8) for certain r, s, a’s satisfying a natural condition.

One certainly expects that analogues of (1.3) and (1.4) hold with weighted power
means replaced by the symmetric means; one such example is given by the following result
in [8].

Theorem 1.3. Let g; = 1/n, then for any integer 2 < k < n,

n k
<in> < <nk ~ Aox(n) <Z> > MK, + o x(n)Ep, (1.10)
i=1

where for 2 < r < k < n (with (";1) =0 here),

nk(1-1/n)*" = (n-1)*
(Da-1m () o

k k

Xr,k (1’1) =

As was pointed out in [3], the proof given in [8] for the above theorem is not quite
correct. In Section 4, we will study inequalities involving the symmetric means and our
results include a proof of Theorem 1.3.

2. Proof of Theorem 1.2

In view of Theorem 1.1, one only needs to prove (1.6) for p = 1/g and similarly (1.7) for
p =1/(1 - g). In this proof we assume that 0 < x; < --- < x,,. The case x; = 0 will follow by
taking the limit. We first prove (1.6) and we define

1/ -1 1/
A, - (1- Q)(r )/qrMn,rq

7 (2.1)

f&) =
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If x; = --- = xy, then f = 0; otherwise we may assume n >2and 0 < x = x1 =+ = Xk < Xk41
for some 1 < k < n, then

o _$0f .

We want to show that the right-hand side above is nonnegative. It suffices to show that each
single term in the sum is nonnegative. Without loss of generality, we now show that

or > 0. (2.3)
6x1
We have
1/q
Gn 0 - r— T —-r
G Of _ g Yoer = An) = (1= g) VT M (57 - M), (2.4)
q1 0xy ’
Now we set
(41 - x; + Slogi)
y(r) = ( n-q L il > , (2.5)
-q
so that
AT o = A) = (1-9) (g + (L= @y (D)7 (1 = (1) (2.6)
> (1-q)(gx1+ 1= @y() "7 (x1 - y(r)).
Hence
4G, of
1/9_1/4-1 0x,
q1(1-g) " "x !
(1-q)""x 27

g _yoON" o yoN (g v\ T o
2(@*7) <1 xl) -4 )

We want to show that the right-hand side expression above is nonnegative, and by setting
z = y(r)/x1, this is equivalent to show that

_ 1/q-1,_
(g/(1 q)+Z)1/ H(z 1) 1 28)
(a/(1=q)+z")"" (2 - 1)

g(z,q) =
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forz>1,0 < g <1/2and calculation yields that

(@/@-9+2)"" @ -1) 4
(9/(1-q) +2)""7%(q/(1-q) +2r)"/7 7202

= %((z—1+%7>(z’—1)<zr+%1) - <z+%><z’—zr‘l><zr+%—1>>.

(2.9)
We now set s = g/(1 - g) with 0 < s <1 and we consider
a(z,s)=(z-1+s)(z" =1)(z" +s5) - (z+5) <zr - zr‘1>(zr +rs—1). (2.10)
By Cauchy’s mean value theorem,
@ =2<z’—1—rzr‘1(z—1)> <0. (2.11)
0s?
It follows that for 0 < s <1,
a(z,s) > min{a(z,0),a(z,1)} = min{0,a(z,1)}. (2.12)

It follows from the discussion in [3] (see the function a(y, 1) defined in the proof of Theorem
3.5 there and note that we have r > 2 here) that a(z,1) > 0. This implies that a(z,s) > 0 so
that g(z, g) is an increasing function of z and we then deduce that

8(z,q) < lim g(z,q) = 1. (2.13)

This shows that 0f/0x; > 0 and hence 0f/0x > 0 and by letting x — x3,1 and repeating
the above argument, we conclude that f(x) < f(xp, %n,...,%,) = 1 = (1-¢q)" "% which
completes the proof for (1.6).

Now, to prove (1.7), we consider

1/(=q) _ (r-1)/(1-q)r p g1/ (-9
h(X) — n q nr

(2.14)
G:l/ (1-9)

Similar to our discussion above, it suffices to show oh/0x, > 0. Now

1/0-
G T (1-q) oh _ A0
- n

— - 1/(1-9)-
Gn ox, (X0 — Ay) = qU VO NI (0 Mz ). (215)
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Now we set

T n-1 Al 1/r
w(r) = <(q" - q)xl”j qu—l 9% > , (2.16)

so that

AV = A) = (1= 9) (g0 + (= P (D)0 (x, — (1))

(2.17)
> (1=q) (gxn + (1= () (or = w(r),
where the inequality follows from the observation that the function
z— (gx, + (1- q)z)l/(l_q)_l(xn -z) (2.18)

is decreasing for 0 < z < x;,.
We then deduce that

x,Gy 7 oh
qnql/(l_q)_lwl/(l_Q) (r) axn

G 5 ) ) ),

By proceeding similarly as in the proof of (1.6) above, one is then able to establish (1.7) and
we shall omit all the details here.

3. A General Discussion on (1.8)
Theorem 3.1. For fixed a >0, r > 1> s> 0, (1.8) holds for all n if and only if it holds for n = 2.

Proof. We consider the function
fu(xq,9) = Ars((1=9)" )My, + (1= 4 s (1)) M5 — A7 (3.1)

The theorem asserts that in order to show f,, > 0, it suffices to check the case n = 2. To see
this, we may assume by homogeneity that 0 < x; < x < -+ < x4 < x, = 1 and we let
a=(ay,...,ay) €10, l]"_1 be the point in which the absolute minimum of f,, is reached. We
may assume that 0 < a; < a» < --+ < ay1 < a, = 1 for otherwise if a; = a;,; for some
1 < i < n-1, by combining a; with a;;; and g; with gi,1, and noticing that A, s(x) is an
increasing function of x by [2, Lemma 2.1], we have

fn(a;9,9) 2 fa1(a’sq.q), (3.2)
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where a’' = (a1,...,a4i.1,8i + Aiv1, Aiv2, .-, An), 9 = (G1,---,Gi=1, Gi + Gis1, Gis2, - - -, Gn), and ' =
min(qi, ..., qi-1,Gi + Gis1,Gi+2, - - -, Gn)- We can then reduce the determination of the absolute
minimum of f, to that of f,, | with different weights.

If a is a boundary point of [0,1]"‘1, then a; = 0, and in this case we show
that f,(a;qu,q) > 0 follows from f,1(a";q",q) > 0, where a" = (ay,...,a,) and q" =
(q2,---,9n)/ (1 = q1). On writing f,_1(a";q",g) > 0 explicitly, we get

<qui> <Ars((U=@)") (1-q0) "My, (2% q")
i=2

(3.3)
+(1-4s((1=-9)") (A= q1)"M;_, (% q").
Meanwhile, f,(a; q,,g) > 0is equivalent to
- ‘ a alry ra n.on
(S0m) <aut@-a) -0 sz, w5
i=2 (3.4)

a als x ra n.on
+ (1= As((1-9)7) (1 -q1)" M5, (% q").
Thus, it amounts to show that

Ls(U=g)) (1 =-q1)" M, ,(@%5q") + (1= 45 ((1-9)") A~ q)"M;_, (a"q")

<A ((1=)") (A -q0)" M2, L (%q") + (1= (1= 9)")) (1 - @)™ M2, (a5 "),
(3.5)

which is equivalent to

(- (A=)NAs(=a)") ) 0 pe

1-Ls((T=q1)")) s ((1-9)%) n-1s = Vin-1,r (3.6)

Now the above inequality follows from M,,_s < M,_1, and
(1= s (M=) Ars (1 =g1)") < (1= Ars((1-91)")) s (1= 9)%), (3.7)

since 1, ¢(x) is an increasing function of x.

Thus f,(a;qn,q) > 0 follows from f,_1(a”;q",q) > 0. Moreover, on writing g"
min(q2/(1 — q1),...,9./(1 — q1)) and noticing that 4" > g, we deduce that f,-1(a";q",q)
fn1(@”;q",q"). Hence the determination of f,, > 0 can be reduced to the determination of
fn-1 > 0 with different weights.

It remains to show the case a; > 0, so that a is an interior point of [0, 1]™!. In this case
we have

vVl

Vf.(a;q,q) =0. (3.8)
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Thus aj, ..., a,-1 solve the equation
g(x) =L ((1—g) YME x4+ (1= ((1-q)"))MESx " - AT = 0. (3.9)

Note that

fn(2;9,9) = D giaig(ai) = quang(ay). (3.10)

i=1

Thus if g(a,) > 0, then f, > 0. If g(a,) < 0, we note that g(x) = 0 can have at most two
roots in (0, a,] since it is easy to see that ¢'(x) = 0 can have at most one positive root. As
lim, _,¢-g(x) = +oo, this implies that g(x) = 0 has only one root in (0, a,]. As ay, ..., a,-1 are
the distinct roots of g(x) = 0, this implies that we must have n -1 = 1 so that we only need to
show f,, > 0 for the case n = 2 and this completes the proof. O

In what follows, we will apply Theorem 3.1 to establish (1.8) for certain r, s, a’s. Before
we proceed, we note that there is a natural condition to be satisfied by r, s, a in order for (1.8)
to hold, namely, if we take n = 2 and rewrite it as

M* — M~ 1
< =~ (3.11)
M, =A; T 1-4s((1-9)%)
On taking x; — x7, we conclude that
r-s._ 1 (3.12)
r=1 - 0s((1-9)%) '
Before we prove our next result, we need two lemmas.
Lemma 3.2. Fixing u < 0, the function
(t)—l_t 0<t#1 (3.13)
f® = 11—t 7 '
is concave for u < =1 and is convex for -1 < u < 0.
Proof. Calculation yields that
) utu—2
t) = t), 3.14
£0 = s (3.14)

where

gty =-(u-"+ A +u)t - (1 +u)t+u-1. (3.15)
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Now
' (t) = u(u+1)(u- 1)t (1 -t). (3.16)

Thus if -1 < u < 0, then ¢"(t) > 0for 0 <t < 1and g"(t) < 0 for t > 1. Since ¢'(1) = 0, this
implies that ¢'(t) < 0 for 0 < t#1. As g(1) = 0, we then conclude that g(t) > 0for0 <t <1
and g(t) < 0 for t > 1. It follows from this that f(t) is convex for -1 < u < 0 and the other
assertion can be shown similarly, which completes the proof. O

Lemma 3.3. Forr>1,0<q1, g2 <1, g1 + q2 = 1, the function
-1 1-a/
£t) = <q1t1/<r_1> +qz>“ <q1tr/(r—1) +q2> “r (3.17)

is convex for t >0whenr >2,1>a>0,ora=1,r>1.

Proof. Direct calculation shows that
a-3 —a/r-1
fll(t) — rq_ll <q1t1/(r—1) + q2> <q1tr/(r—l) + q2> tl/(r—l)—zg(t), (318)

where

r—a
§t2+1/(r—1) + 2q2t1+2/(r—1)

1-a)(r-2 _ 1-a
) = 702 s, (=) £L¥

r—a)
-1 r 74

1
(1-a)? ey T—a (1-a)(r—-a) o (1-a)(r-2)
+2< - qlqgtl ARDE r_1q§t+ " qlqgtl/( Dy 3

1 1 -1 I
(3.19)

One then easily deduce the assertion of the lemma from the above expression of g(t) and this
completes the proof. O

Theorem 3.4. Inequality (1.8) holds for the casesr >2,1>a >0ora=1,r > 1, r+s > 2, provided
that (3.12) holds with strict inequality.

Proof. By Theorem 3.1, it suffices to prove the theorem for the case n = 2. We write A =
A ((1 = g)") for short in this proof. What we need to prove is the following:

(131 + qox2) " < M) + @)™ + (1= 1) (quxS + g2x5) ™", (3.20)
Without loss of generality, we may assume that g1 = g, > = 1 — g and define

f#) = @ +42) ™" (@t +42)" = Mt +02)"""), (3.21)
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so that we need to show that f(t) < f(1) for t > 0. We have

f'(t) = aqiga(qit° + Qz)_a/s_l ((qlt +q2)"" <1 _ ts—1> LAt + qz)a/r—l (ts’l ~ t”1>>
= aquga(t +42) "t + ) (107 (1),
(3.22)
where

1-t¢

a-1 l-a/r
g(t) = <q1t1/(r—1) + q2> <q1t1‘/(7—1) + q2> + )Lm -\ (323)

By Lemmas 3.2 and 3.3, we see that g(t) is a strictly convex function for r > 2,1 > a > 0 or
a=1,r>1,r+s>2 Note that by our assumption (3.12) with strict inequality,

lim g() = 1+ )L: —2 <o (3.24)
On the other hand, note that A satisfies
1-q)"=1(1-9)"" +(1-H)(1-9)"", (3.25)
so that
a— a/r _ a/s—a/r
hm gty =(1-9q) =(1-1)(1-9) > 0. (3.26)

As g(t) is strictly convex, this implies that there are exactly two roots ti, f, of g(t) =

satisfying that #; € (0,1) and f, > 1. Note further that f(0) = f(1) and lim;_ ¢ f'(t) < O,
which implies that f(t) < f(1) for 0 < t < 1. Similarly, we note that f'(t) <0 fort € (1,1 +¢)
with e > 0 being small enough. This combined with the observation that lim;_, ., f () < f(1)
as A, s(x) is an increasing function of x implies that f(¢) < f(1) for t > 1 which completes the
proof. O

We remark here that if condition (3.12) is satisfied for some r, s, a, then it is also
satisfied for 7, s, a’ with 0 < &' < a. Thus it is not surprising to expect a result like Theorem 3.4
to hold.

To end this section, we prove a variant of (1.3) which is motivated by the following
inequality due to Mesihovi¢ [9] (with g; = 1/n here):

(1_1>A +—G > <ii - 1/">< Zx“"> (3.27)
i=1

We now generalize the above inequality to the arbitrary weight case.
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Theorem 3.5. For0 < x3 <xp <--- <Xy,

(1-9)An+qGy > <§njqix3‘q> <iqix?> (3.28)
i=1 i=1

with equality holding ifand only if x1 = - - =x,0rx1 =0, 1 =q, xp=---=x,0rn=2,q=1/2.

Proof. Define

D,(x) = (1-q) A, + 4G, - <iqix3_q> <§n;q,~x?>. (3.29)
i=1 i=1

We need to show D,, > 0 and we have

l (?)Dn =1-g+ q% - (1 - q) <x;q2qix?> - q<xz_1ZI]ix3_q>' (3.30)
gn OXyn Xn P

i=1

By a change of variables: x;/x, — x;,1 <i<n,wemayassume0<x; <xp<---<x,=1in
(3.30) and rewrite it as

gn(x1,..., xp1) =1-q+ 4G, — (1-q) <Zqix?> - q<Zqix3_q>. (3.31)
i-1 i=1

We want to show g, > 0. Leta = (ay,...,a,-1) € [0, 1]"71 be the point in which the absolute
minimum of g, is reached. We may assume a; < a, < --- < ap_1. If a; = 0, then a is a boundary
point of [0, 1], and in this case we have

gn(@ =0,...,a,1) =1-q-(1-4q) <Zqia?> - q<Zqiaf_q>
i=2 i=2

(3.32)
21-q-(1-q)(1-q)-q(1-q1) =q1-q=0
with equality holding if and only if g1 = g, a, = --- = a, = 1. Now suppose a; > 0 and
Ap-1 < am=--+=a, =1forsomel <m<n, thenay,...,a, solve the equation
Vgu(ai,...,an-1) =0. (3.33)
Equivalently, ay, ..., a,-1 solve the equation
Gun=(1-9) (xq + x“’). (3.34)

As the right-hand side expression above is an increasing function of x, the above equation
has at most one root (regarding G, as constant). So we only need to show g, > 0 for the case
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ap = =au1=xX<ay=-=a,=1in(3.31) for some 1 < m < n. In this case we regard g,
as a function of x and we recast it as

h(w,x)=1-q+qx“ - (1-q)(wxT+1-w) —q(wxl_q +1 —a)>
(3.35)
=w-q+qx* - (1-q)wx? - guwx'.

Here 0 < x < 1and g £ w < 1 - gq. Note first that when g = 1/2, h(w, x) = 0 so that we may
now assume 0 < g < 1/2. We have

oh

30 - =1+gxTInx - (1-q)x7- qxl_" = d(x). (3.36)
Now
d'(x) = gxTe(x), (3.37)
where
e(x)=1+glnx-(1-q)-(1-q)x'™. (3.38)

Note that e'(x) = 0 has one root (1 -¢)(1 - 2q)x(1)72q = g so that if 0 < x¢ < 1, then at this point

q

e(xp) =qlnxg+q- T-24

<0. (3.39)

Note also that lim,_,¢-e(x) < 0, e(1) = 2qg =1 < 0. This implies that e(x) < 0 for 0 < x < 1.
Hence d(x) > d(1) = 0 for 0 < x < 1. As it is easy to see that h(w, x) is a convex function of
w for fixed x, we conclude that h(w, x) is an increasing function of g < w <1 - g for fixed x.
ThusforO<x<x,gq<w<1l-g,

h(w,x) > h(q,x) =q (x" - xl“’> >0 (3.40)

with equality holding if and only if x = 1.

Thus we have shown g, > 0; hence 0D,,/0x, > 0 with equality holding if and only if
x1=-=x,0rx1=0,q1 =q,x = =x,0rn =2,q = 1/2. By letting x, tend to x,_1,
we have D, > D,_; (with weights qi,...,qu-2, gu-1 + g») With equality holding if and only if
Xp = Xp—1 Or n = 2 and either g = 1/2 or x; = 0, g1 = q. It follows by induction that D, > 0 with
equality holding if and only if x; = --- =x,0rx; =0, g1 =g, X2 =---=x,0rn=2,qg=1/2
and this completes the proof. O

We remark here that if we define

S(p) = <§;qix3_ﬁ> <§;qixf > (3.41)
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thenfor1 <p<1/2,

ds 1-2 1-2 Xi
T D qiqjxf’xf(xj P _x f‘) h‘<x_j> <0. (3.42)

1<i<j<n

Hence Theorem 3.5 improves (1.3) for the case {1,1/2,0}, a = 1.

4. Inequalities Involving the Symmetric Means

In this section, we set g; = 1/n,1 < i < n. As an analogue of (1.8) (or (1.3)), we first consider

A;xl < )Luc,r,k(n)Mz,r + (1 - )La,r,k (n))Pr‘f,k’ (41)

wherea >0,r>1,n>k >2,and

(1-1/n)" - ((n-k)/n)**

Aoy = .
”k(n) (1_1/n)a/1”_((n_k)/n)a/k

(4.2)

The case r = 2, & = k in (4.1) is just Theorem 1.3. In what follows, we will give a proof of
Theorem 1.3 by combining the methods in [8, 10]. Before we prove our result, we would like
to first recast (4.1) for the case a = k as

n k
<le> S (nk - Xr,k (n) <:> > Mlnc,r + Xr,k(n)En,k/ (43)
i=1

where )NL,,k (n) is defined as in the statement of Theorem 1.3. Now we need two lemmas.

Lemmad4.1. For2<r<k<n-1,

Mei(n) < Xpi(n=1). (4.4)
Proof. We follow the method in the proof of Lemma 2 in [8]. We write Xr,k (n) as

k!(nk(l /)"~ (n - 1)")

Lox(n) = ) (4.5)
(15 (=) (L~ 1/n)*" ~n+ k)
From the above we see that in order for (4.4) to hold, it suffices to show that
k!((l —pkT—(1- t)k>
f) = (4.6)

(M a-in) (- -1+kt)
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is increasing on (0, 1/k). The logarithmic derivative of f(t) is

f'(t) k r-1 r—1+ (k-1 kg
—=———(1-r+ - + —. 4.7
f@  r1-1 1-1-pkVD QR 1 4 kt g‘l—zt @7
Note that for 0 < t < 1, we have
A=t —1+kt>1-(1-pI 50 (4.8)

by considering the Taylor expansions to the order of 2. It follows from this that

)k r-1 rele(k-nt \ i i
F® 2 ra-p (1_” 1- (- 0 1 —t)k(“/r)> HT
_ k (lor  kent/r k-1
T\ r 1-qopan 2 )

It is easy to see that the function

(4.9)

t
Ty (4.10)

is an increasing function for 0 < t < 1. Hence

r 1-(1-pFka1/n 2 T r r 2

1-r  (k=nt/r k-1 1o k—r+k—1:(k_1)<%_1>20‘ (411)

r

O

Lemma 4.2. Inequality (4.1) holds for all x in the case n > k > r > 2, a = k if it holds for x =
(a,b,...,b)with0 <a<b.

Proof. In this proof we assume that 0 < x1 < x < --- < x,,. We prove the lemma by induction
on n. When n = k, the assertion holds as a special case of (1.6). Now assume that the assertion
holds for n — 1, and we proceed to show it also holds for n. If x; = 0, we use the equivalent
form (4.3) of (4.1) for the case a = k to see that what we need to prove is

n-1 \ K N n 11— 1\K/T B
<in> < <nk ~ T, xn) <k>> (B20) M ) + T Eran e )
i=2

(4.12)
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By the induction case n — 1, we have

n-1 k - n-1
<§xi> < ((Tl - 1)k —Apk(n - 1)< K >>M£_1,r(x2/' “e s Xn) (413)

+ X k(= 1) Ep1x(x2,..., Xp).

Note that

- —_1\Kk/7 - -1
<nk—xr,k(n)<z>>(”n1> =(n—1>"—xr,k<n><"k > (4.14)

Using this with Lemma 4.1 together with the observation that

k
n-1,r’ (415)

we see that inequality (4.12) follows from (4.13).
Thus from now on we may focus on the case x; > 0. Since both sides of (4.1) are
homogeneous functions, it suffices to show that

min{ Ak (R)ME, + (1= Lepi(m) P} 21, (4.16)
x€EA 4
where
n
A={x=(x1,...,xn):x,~20,151'511, in=n}. (4.17)
i=1

Assume that /\k,,,k(n)M,’j/r + (1 - Meri (n))Pr’f,k attains its minimum at some point (ay, ..., a,)
witha; > 0,1 <i<nlfa =a, = = a,, then (4.16) holds. Furthermore, if n = 2, then
(4.16) also holds, being a special case of (1.6). Thus without loss of generality, we may assume
n >3 and a, > a,-1 > a,—, here. We may also assume that when r = 2, k > 2 since otherwise
inequality (4.1) becomes an identity. Consider the function

f(xy) = Ark(mMyy(a,..., an2,%,y) + (1= Dirk(n) Pr (a1, .., an2, X, y)  (418)

on the set

n-2
x,Y): x>0, y>0, x+y=n—- > a; ;. (4.19)
y y y

i=1
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It is minimized at (a,-1, a,). It is easy to see that f has the form
1 k/T
k() <E(x’ +y") + B> +C(ay, ..., an2)xy + D, (4.20)

where B, C, and D are nonnegative constants with C depends on ajy, ..., a,-2. We now set
x+y=cand xy = zwith 0 < z = xy < (x +y)?/4 = ¢2/4. Note here that equality holds if and
only if xy = 0 or x = y. We regard the above function as a function of z = xy and recast it as

r r k/r
h(z) =)Lk,r,k(n)<%<<c+ VCZ_4Z> + (C_ VCZ_4Z> >+B> +Clay,...,ans)z + D.

2 2
(4.21)

For y > x > 0, calculation yields

k/r-1 r-1 _ ,r-1
W (xy) = —M<%(x’+y’) +B> <u> +Cl(ay,..., an2). (4.22)

n y—x

Since a, > a,_1 > 0, we must have h'(a,_1a,) = 0 and we can further recast this as

A . k az—l _ ar—l
C(ay,...,an2) = MM,’;;’(al,...,an)<—"_l>. (4.23)

n ap — Ap-1

Now if a,_, > 0, we can repeat the same argument for the pair (a,-1, a,—2). By a slightly abuse
of notation, we obtain

r-1 r-1
A1~ A

Aer k a
MMﬁf(al,...,an)<—2>. (4.24)
n g Ap-1 — Ap-2

hl(an—zan—l) = C(alr cee,0n-3, an) -

It is easy to see that (since we assume a; > 0 and k > 3 when r = 2)

C(ay,...,an-3,a,) > Cl(ay, ..., an-2)- (4.25)

Moreover, one checks easily that the function

r-1 _ r-1
) e —— ; _z (4.26)

is increasing with respect to each variable x, y > 0 when r > 2. It follows that when r > 2,

W (ap-2an-1) > W (an-1a,) =0, (4.27)
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which implies that by decreasing the value of a,_,a,-1 while keeping a,_» + a,_1 fixed, one is
able to get a smaller value for )Lk,,k(n)M’,;, + (1= Aerk ("))Prlf,k' contradicting the assumption
that it attains its minimum at (ay, ..., a,).

Hence we conclude that )Lk,,,k(n)Mﬁ,r +(1- )Lk,r,k(n))PT’fr , s minimized at (a,b,...,b)
with 0 < a < b satisfying a + (n — 1)b = n. In this case (4.16) holds by our assumption which
completes the proof. O

Now we are ready to prove a slightly generalization of Theorem 1.3.
Corollary 4.3. Inequality (4.1) holds in thecasesn >k >r =2, a=kandn>a=r=k > 2.

Proof. The first case is just Theorem 1.3 and by Lemma 4.2, it suffices to show that inequality
(4.1) holds for the case x = (a, b, ...,b) with 0 < a < b and this has been already treated in the
proof of Theorem 2 in [8]. For the case n > a = r = k > 2, by Lemma 4.2 again, we only need
to check the case x = (a, b, ...,b) with 0 < a < b. In this case we define

k 1V _ — k
a (n nl)b )Hl_lkrk,k(n))(z_kbhSabH)_<g+ (n 1)b> |

7 n n
(4.28)

f(a,b)= )tk,k,k(n)<

As in the proof of Theorem 1.2, it suffices to show that

9 -k k-1 -1\**
o = A+ (- A (B ) (S ) s

k(n —1)bk-1 b n
(4.29)
By a change of variables a/b — a, we can recast inequality (4.29) as
(@) = Mo (m) + (1= A (n))<"‘k+ﬂa>-<”"1+E>k_1 (4.30)
814) = Mekk kkk n-1 n-1 n n ' '

As g(1) = 0and g(0) = 0, we conclude that g(a) > 0 for 0 < a <1 as g(a) is a concave function
for 0 < a < 1 and this completes the proof. O

We recall a result of Kuczma [10].
Theorem 4.4. Forn >3,1<k <n-1, P,x < M, ) with

_k(lnn-In(n-1))
M) = A T —1

(4.31)

and the result is best possible.

The above theorem combined with Corollary 4.3 immediately yields the following.
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Corollary 4.5. Let g; = 1/n with n > 1 being an integer. Then for any integern —1 >k >r =2 or
n-1>k=r>2,

AR < Dk (MM, + (1= Ak (M)MY o, (4.32)

where A i (n) is defined as in (4.2) and r(k) is defined as in Theorem 4.4.

Next, we consider the following inequality:
Py < pajet(m)AG + (1= paki(n)) Py, (4.33)
wherea >0,n>k >1>2and

(n=1)/n)"" ~ (n-k)/n)*’*

Haji(n) = : (4.34)
(n=1)/m)" = ((n=k)/m)*'*
We note here that it is easy to check that the function
_ 1/x
X — (" x) (4.35)
n

is a decreasing function for 1 < x < n so that we have 0 < pgx(n) < 1.
As an analogue of Theorem 1.1, one can show similarly the following.

Proposition 4.6. Let n = k > 1> 2; if (4.33) holds for ag > 0, then it also holds for any 0 < a < ay.

The case n = k, a = 1 of (4.33) was established in [11]. In the case of n = k, one
possible way of establishing (4.33) is to combine Theorems 4.4 and 1.2 together. However,
this is not always applicable as one checks via certain change of variables that one needs to
have 1/7(k) > 2 in order to apply Theorem 1.2, a condition which is not always satisfied. We
now proceed directly to show the following.

Theorem 4.7. Inequality (4.33) holds forn =k >1>2and 0 < a < n.

Proof. In view of Proposition 4.6, it suffices to prove the theorem for the case a = n. We
write p(n) = pyn1(n) in this proof and note that since both sides of (4.33) are homogeneous
functions, it suffices to show that

man{P;’/l -(1- ,u(n))GZ} < u(n), (4.36)

Xe

where

n
A={x=(x1,...,x,,):xi20,1§i§n, in=n}. (4.37)
i=1
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Assume that P}, — (1 — u(n))G}, attains its maximum at some point (ay, ..., a,) with a; > 0,
1 <i < n. Consider the function

f(xy) =P (x,y,a5...,an) —xy(1 - ‘u(n))Hai (4.38)
i=3

on the set

{(x,y):xZO,yZO,x+y=n—Zai}. (4.39)

i=3
It is maximized at (ai, ay). It is easy to see that f has the form

(Axy +B)"' - Cxy, (4.40)
where A, B, and C are nonnegative constants. The above function is certainly convex with
respect to xy. As 0 < xy < (x + y)*/4 with equality holding if and only if xy = 0 or x = y,
f is maximized at xy = 0 or x = y. Repeating the same argument for other pairs (a;, a;), we
conclude that in order to show (4.33) for a = n = k, it suffices to check that it holds for x being
of the following form (0,...,0,a...,a) or (a,...,a) for some positive constant a. It is easy to
see that (4.33) holds when x is of the second form and when x is of the first form, let m denote
the number of a’s in x; if m < I, then it is easy to see that (4.33) holds. So we may now assume
that I < m < n = k and we need to show that

Ql/l

- < Pk (n)

VAL
i _ (4.41)
n

Certainly the left-hand side above increases with m1; hence one only needs to verify the above
inequality for the case m = n—1, which becomes an identity and this completes the proof. [

We note here that Alzer [12] has shown that for n > 3,

_— noop, 1 4.42
"'"‘1_n+1A" +n+1G"' (4.42)

The case a = I = n — 1 of Theorem 4.7 now improves the above result, namely, for n > 3,
-2 n-2
-1 n" -1 n -1
Pt < (n-1)"" A <1 C(n- 1)”‘1>G2 ' (449

as one checks easily that for n > 3,

n"2 n

n-1)""' " n+1l

(4.44)
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Similar to Theorem 4.7, we have the following.

Theorem 4.8. For1<k<mn,g;=1/n,

e hn—-k_ . k-1_,
Pros—— | —M, —1Gn. (4.45)
Proof. We define
n-k k-1
fO) = —— My, + —— Gy = Py (4.46)
We now set
Putgo1 = Pucijo1 (X1, -+, Xt), Gt = Guoa (X1, -+, Xpe1), (4.47)
so that
of kn-k ., kk-1Gk k~k1
i 4.48
ox, nn o1 +nn—1xn n P (4.48)
where we have also used the following relation:
k _ n-k
P-,Il(,k = Exnp-,l:_lllk_l (xl/ sy xn—l) + TPyl;l,k (xlr sy xn—l)- (449)

Similar to the proof of Theorem 1.2, it suffices to show that 0f/0x, > 0. By a change of
variables x; — x;/x,, it suffices to show that forall0 < x; <1,

k-1
L. (450
As a consequence of Lemma 3.2 in [3], one checks easily that
k-1 n-k —1 =
pn 1k1—n_1+n_1GZ—1' (451)

The above inequality then implies (4.50) and we then conclude that 0f/0x, > 0 which
completes the proof. O

We remark here that once again one may hope to establish the above theorem by
combining Theorems 4.4 and 1.2 together. However, (1.6) is not applicable in this case since
one checks readily that k/#(k) < n is not satisfied in general.

We now want to establish some inequalities involving the symmetric means in the
forms similar to (1.4). Before we state our result, let us first recall that for two real finite
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decreasing sequences x = (x1,x2,...,%,) and y = (Y1,Y2,...,Yn), X is said to be majorized by
y (which we denote by x<ny) if

Xi+x+- -+ xj<y1+yp+oc+y; (1<j<n-1),

(4.52)
X1+Xp+ -+ Xy =y1+y2+"‘+yn~
For a fixed positive sequence x = (x1,x2,...,%,) and a nonnegative sequence a =
(a1, a2,...,a,), we define
F(a) = Zxa(l) o) """ Xotny (4.53)

where the sum is over all the permutations of x. A well-known result of Muirhead states the
follwing.

Theorem 4.9 (see [13, Theorem 45]). Let a and &' be two nonnegative decreasing sequences. Then
F(a) < F(a') for any positive sequence if and only if a<,qe’.

We now use the above result to show the following.

Theorem 4.10. For1<k<n, g =1/n,
Abs Lo g (1o L pr 4.54
n= k=17 nk + C kel )k (4.54)
Proof. On expanding Ak out, we can write it as

1
Ak > —Mk nx +linear combinations of various terms of the form F(a), (4.55)

where F(a) is defined as in (4.53) with a; > 1, 3. | a; = n. Itis then easy to see via Theorem 4.9
that for any such a appearing in (4.55), we have P]:, « < F(a). Hence one deduces that

1
Al > nk—Mn L+l (4.56)

for some constant ¢, which can be easily identified to be 1 — 1/n*! by taking x = (1,...,1)
and noticing that we get identities in all the steps above. O

Our next result gives a generalization of the above one and we shall need the following
two lemmas in our next proof.

Lemma 4.11 (Hadamard'’s inequality). Let f(x) be a convex function on [a,b], then

b b b
f(“; ) < %aj'af(x)dx < M (4.57)




22 International Journal of Mathematics and Mathematical Sciences

The next lemma is similar to that in [10].
Lemma4.12. Let A, B, C, D > 0 be arbitrary constants and let k > r = 2 or k > r > 3. The maximum
value of f(x,y) = A(X" +y" + B)¥'" + Cxy on the set {(x,y) : x >0, y >0, x+y = 2D} is

attained either when x = y or when xy = 0.

Proof. We set z = xy and note that 0 < z < D? with equality holding if and only if x = y or
xy = 0. Moreover,

x,y=D+VD? -z (4.58)

This allows us to rewrite f(x,y) = Ag(z) + CZ where

k/r

g(2) = <<D+\/D2—z>r+ (D—\/D2—z>r+B> . (4.59)

It suffices to show that g(z) is convex for 0 < z < D?. Note that 2¢'(z) = k - h(v/D? - z) where
h(w) = p(w)q(w) with

pw)=(D+w) +(D-w) +B)"",  gw)=(D-w)"'-D+w) Nw'. (460)
( )

As the derivative of vD? - z is negative for 0 < z < D?, it suffices to show h'(w) < 0 for
0 < w < D. Note that p(w) >0, g(w) < 0 and it is easy to check that p’(w) > 0 for 0 < w < D.
Hence it suffices to show that g'(w) < 0 for 0 < w < D. Calculation shows that

wlg (w) = ~(r = 1) ((D+w) ™+ (D -w)?)w - (D-w) " + (D +w)""

D+w (4.61)
=(r-1) <f udu - w((D +w) 2+ (D- w)r_2>> <0
D-w
by Lemma 4.11. This completes the proof. O

Now we are ready to prove the following.

Theorem 4.13. Let q; = 1/n and let v be a real number, r = 2 or r > 3. Then for integers n, k,
n>k>r,

1 1
k k k
Ay > ey M, , + <1 - nk—k/r>Pn,k' (4.62)

Proof. Since both sides of (4.62) are homogeneous functions, it suffices to show that

1 k 1 k
r)r(lean{ WMn’r + (1 - W)Pn,k} <1, (463)
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where

n
A:{x:(xl,...,xn):xizo,1§i§n, in:n}. (4.64)
i=1

Assume that (1/n**/")ME +(1-1/n*"*/")P¥ attains its maximum at some point (a, ..., a,)
with a; > 0,1 <i < n. Consider the function

1 1
flx,y) = WM,’jlr(x,y, as,...,a) + <1 - W)Py’f’k(x,y, as,...,a) (4.65)
on the set

{(x,y):xzo,yZO,x+y=n—Zai}. (4.66)

i=3
It is maximized at (ay, az). Clearly, f has the form

k/r

A(x"+y" +B)""" + Cxy + (constant), (4.67)

where A, B, and C are nonnegative constants. By Lemma 4.12, f attains its maximum value
at either x = 0 or y = 0 or x = y. Repeating the same argument for other pairs (a;, a;),
we conclude that in order to show (4.62), it suffices to check that it holds for x being of the
following form (0,...,0,a...,a) or (a,...,a) for some positive constant a. It is easy to see
that (4.62) holds when x is of the second form and when x is of the first form, let m denote the
number of a’s in x; if m < k, then it is easy to see that (4.62) holds. So we may now assume
that k < m < n and we need to show that

() o) Oy e
k

Equivalently, we need to show

11 1
— > Ry (1 > (" (4.69)
n n

Note that

m\ 1§ i
<k>m _HIIZI(l_Z)‘ (4.70)
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If we define for 1/n<u<1/(k-1),

(u) ukk/r 4 <1 — #) ) klt[ —iu), (4.71)

then it is easy to check that ¢"(u) > 0 for r > k/(k — 1). Further note that

1 1 1 1/ 1\ 1
- = - (- < = 4.72
g<n> nk’ g(k—l) nk<k—1> ~ nk *.72)
This implies that g(u) < 1/n* for 1/n < u < 1/(k - 1), and hence it follows that (4.69) holds
for k < m < n and this completes the proof. O
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