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The main objective of this paper is to study the boundedness character, the periodic char-
acter, the convergence, and the global stability of the positive solutions of the difference
equation x4 = (A + Zfzoocixn,i)/(B + Zfzoﬁixn,i), n=0,1,2,..., where A, B, a;, 8, and
the initial conditions x_g,...,x_1, Xo are arbitrary positive real numbers, while k is a posi-
tive integer number.
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1. Introduction

Our goal in this paper is to investigate the boundedness character, the periodic character,
the convergence and the global stability of the positive solutions of the difference equation

k
A+ Do Qi

= L , n=0,1,2,..., (1.1)
B+ Zi=0/3)ixn7i

Xn+1

where A, B, «;, f; and the initial conditions x_,...,x_1, X are arbitrary positive real
numbers, while k is a positive integer number. The case where any of A, B, a;, f3; is allowed
to be zero gives different special cases of (1.1) which are studied by many authors (see, e.g.,
[1-14]). For the related work, see [15-26]. The study of these equations is challenging
and rewarding and is still in its infancy. We believe that the nonlinear rational difference
equations are paramount importance in their own right. Furthermore, the results about
such equations offer prototypes for the development of the basic theory of the global
behavior of nonlinear difference equations. Note that the difference equation (1.1) has
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been extensively studied in the special case k = 1 in the monograph [14]. So, the results
presented in our paper are new.

Definition 1.1. The equilibrium point ¥ of the difference equation (1.1) is the point that
satisfies the condition X = F(X,X,...,X). That is, the constant sequence {x,};__; withx, =
X for all n > —k is a solution of the difference equation (1.1).

Definition 1.2. Let X € (0,00) be an equilibrium point of the difference equation (1.1).
Then, the following hold
(i) The equilibrium point X of the difference equation (1.1) is called locally stable
if for every ¢ > 0 there exists § > 0 such that x_,...,x_1,x9 € (0,00) with [x_; —
X+ +|x_; =X+ |xo —X| <8, then |x, —X| <eforall n > —k.
(ii) The equilibrium point X of the difference equation (1.1) is called locally asymp-
totically stable if it is locally stable and if there exists y > 0 such that x_g,...,x_1,
Xo € (0,00) with |x_x —X|+ - -+ |x_; = X| + [xg — X| <y, then x,, » X as n — oo.
(iii) The equilibrium point X of the difference equation (1.1) is called global attractor
if for every x_g,...,x_1,x9 € (0,00) one has x, — X as n — oo,
(iv) The equilibrium point X of the equation (1.1) is called globally asymptotically
stable if it is locally stable and global attractor.
(v) The equilibrium point X of the difference equation (1.1) is called unstable if it is
not locally stable.

Definition 1.3. Say that the sequence {x,},__, is bounded and persists if there exist posi-
tive constants m and M such that

m<x,<M Vn=x=-k. (1.2)

Definition 1.4. A sequence {x,},__, is said to be periodic with period p if x,+, = x, for
all n = —k. A sequence {x,}, _, is said to be periodic with prime period p if p is the
smallest positive integer having this property.

Assume that ¥ = Y* (o, @ = 35 (= 1)ia;, b= 35 Bi,and b = X (~1)!B;. Then the
equilibrium point X of the difference equation (1.1) is the solution of the equation

¥="—s. (1.3)

Consequently, the positive equilibrium point X of the difference equation (1.1) is given
by

(&—B)++/(&—B)2 +4Ab (1)

2b

X =

Let F: (0,00)k*1 — (0,00) be a continuous function defined by

k
A+ Zi:o XU

B+z§:0/3iui. (1.5)

F(uo,ul,...,uk) =
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Now, we have

k ~ o~
JF(X,...,%)
Yn+1 = Z auj Yn—j> (1.6)
j=0
and then the linearized equation is
k
yn+1+zbjyn—j =0, (17)
j=0
where
Bix —
bj = = (1.8)
7 B+b%

2. The main results

In this section, we establish some results which show that the positive equilibrium point
X of the difference equation (1.1) is globally asymptotically stable and every positive so-
lution of the difference equation (1.1) is bounded and has prime period two.

TueOREM 2.1 (see [4, 10, 13, 17]). Assume that a,b € Rand k € {0,1,2,...}. Then
lal +1bl <1 (2.1)
is a sufficient condition for the asymptotic stability of the difference equation
Xpp1+ax, +bx,—k =0, n=0,1,.... (2.2)

Remark 2.2 (see [13]). Theorem 2.1 can be easily extended to a general linear difference
equation of the form

xn+k+plxn+k—l+' ) '+pk-xn :03 n:())l’za'--, (2.3)

where p1, p2,...,px € Rand k € {1,2,...}. Then equation 2.3 is asymptotically stable pro-
vided that

k
Spil <1 (2.4)
i-1

THEOREM 2.3. Assume that B > a holds. Let {x,};__, be a solution of the difference
equation (1.1) such that for some ny = 0,

either x, > X forn > ny (2.5)

orx, <X forn=n. (2.6)
Then {x,} converges to X as n — o, that is,

lim x, = X. (2.7)

n—oo
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Proof. Assume that (2.5) holds. The case where (2.6) holds is similar and will be omitted.
Then for n > ny + k, we deduce that

A+ ZLO KiXy—i _ [ﬁa"x :| |: 1+ (A/Zf:() ocixn_i)}

e = B+ Yo ixn-i =0 B+ Yo fixu-i
k [1+@Aa%)] [<& (A +ax) Y
- [,ZO“"’C""] BbR) [,.Z()“ix”"} G%(B+D%)
With the aid of (1.3), the last inequality becomes
k
Xp1 < Zaixn_i/ﬁ, (2.9)
i=0
and so
Xpt1 < max {x,_;} forn=ng+k. (2.10)
Set
Yn = max {xp_i} fornm=ny+k. (2.11)
Then clearly
Yn=Xp1 =X forn=ng+k. (2.12)
Next, we claim that
Ynr1 < yu  forn=mnp+k. (2.13)
Now, we have
i1 = max {x441-1} = max {xn+1:(§2{a§]ﬁ {xn—i}} < max {Xu1, Yn} = Yn- (2.14)
From (2.12) and (2.13), it follows that the sequence {y,} is convergent and that
y = iijgloyn > X (2.15)
Furthermore, we get
From this and by using (2.13) we obtain,
g < AF @iy Ay (2.17)

B+b%  B+b¥
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Then
A+a
Pkl =1£ni5ak>§l{xn+i} < B+3);:’ (2.18)
and by letting n — o0, we obtain
A+ay
<2122 (2.19)
4 B+bXx
Consequently, we obtain
y(l - "NN) <A (2.20)
B+bXx B+bXx

From (1.3) and (2.20), we deduce that y < X, and in view of (2.15), we obtain y = X. Thus,
the proof of Theorem 2.3 is completed. O

THEOREM 2.4. Let {x,},__, be a positive solution of the difference equation (1.1) and B > 1.
Then there exist positive constants m and M such that

m<x,<M, n=0,1,.... (2.21)
Proof. From the difference equation (1.1), we have when B > 1

A 1(&
x”+1SB+B<iZO‘xix"i>’ n=0,1,.... (2.22)

Consider the linear difference equation

A 1(&
ntl = — + = iYn—il> =0,1,... 2.2
yei=3+3 <Izotx y > n=0 (2.23)
with the initial conditions y; = x; >0, i = —k,...,—1,0. It follows by induction that
Xn = Yn. (2.24)

First of all, assume that B > d. Then we have A/(B — ) is a particular solution of (2.23)
and every solution of the homogeneous equation which is associated with (2.23) tends to
zero as n — oo, Hence

lim y, = Bf = (2.25)

From this and (2.24), it follows that the sequence {x,} is bounded from above by a posi-
tive constant M say. That is,

X, <M, n=0,1,.... (2.26)
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Set

m= —. (2.27)

Then we have

A+ va‘zo KiXp—i A
X = ~ —=m
B + zi:()ﬁixnfi B + bM

(2.28)

Xn+1 =

and consequently, we get
m<x, <M, n=0,1,..., (2.29)

which completes the proof of Theorem 2.4 when B > d. Second, consider the case when
B < a. It suffices to show that {x,} is bounded from above by some positive constant.
For the sake of contradiction, assume that {x,} is unbounded. Then there exists a subse-
quence {x,, } such that

limn; = oo, lim x4, = o0,
= e (2.30)
Xigp, = Max{x,: —k<n<1l+n;}, (j=0,1,2,..).
From (2.22), we deduce that
k
zoc,-x_,ur,,j > Bxi4n; — A. (2.31)
i=0
Taking the limit as j — oo of both sides of the last inequality, we obtain
k
lim Zoc,-x_,ur,,j = 0, (2.32)

j—oo

i=0

It is easy enough to show that Xeitn; < Xinpy (1=0,1,2,... ,k),and then as d = Zf:o o, we
have

k
z AiX—jtn; = 5X1+nj. (2.33)
i=0

From the last inequality and the difference equation (1.1), we obtain

aA + Zf:o QX jin [d— B — Z:‘c:o/jix—nnj]

(2.34)
B+ Zf:o ﬁix7i+nj

k
0 < @X1in, — D OiX—iyn, =
i=0

Consequently, it follows that

k
> Bix_itn, <d—B. (2.35)
i=0
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Then for every i = 0,1,2,...,k for which f; is positive, the subsequence {x_,-mj} is
bounded which implies that the sequence {Zf;o a;iX—itn;} 18 also bounded. This contra-
dicts (2.32) and the proof of Theorem 2.4 is completed. O

THEOREM 2.5. Assume that B > d holds. Then the positive equilibrium point X of the differ-
ence equation (1.1) is globally asymptotically stable.

Proof. The linearized equation (1.7) with (1.8) can be written in the form

k ~
(Bj% — aj)
il t D~ Yn-j=0. (2.36)
Yn+1 go (B+5%) Yn—j
As B > a, we get
klpy ~ e
Ol it A CALE) (2.37)
j=0 B+bXx (B+b3€)

Thus, by Remark 2.2, we deduce that the equilibrium point X of the difference equation
(1.1) is locally asymptotically stable. It remains to prove that the equilibrium point X
is a global attractor. To this end, set I = lim,_.. infx, and S = lim, .., supx,, which by
Theorem 2.4 are positive numbers. Then, from the difference equation (1.1), we see that

S<A+aS I>A+al

< m, Z TS (2.38)

Hence
A+(@-B) <bIS< A+ (d-B)S. (2.39)
From which it follows that I = S. Thus, the proof of Theorem 2.5 is completed. O

THEOREM 2.6. The necessary and sufficient condition for the difference equation (1.1) to
have positive prime period two solutions is that both inequalities

A(b-b)’ - (@+a)(b-b)(B+a) <b(B+a)? (2.40)
B+a<0 (2.41)

are valid.

Proof. First, suppose that there exist positive prime period two solutions

...,P,Q,P,Q,... (2.42)
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of the difference equation (1.1). We will prove that the condition (2.40) holds. It follows
from the difference equation (1.1) that

_ A+a)Q+ o P+aQ+oa3P+- - -

P= >
B+B0Q+piP+BQ+ B3P+
(2.43)
Q= A+agP+oa;Q+aP+asQ+ - - -
B+BoP+p1Q+pP+BQ+ -+
Consequently, we obtain
A+aQ+aP+aQ+asP+--- =BP+ByPQ+B1P*+BoPQ+B3P*+- -+, (2.44)
A+aP+a1Q+aP+a3Q+ -+ = BQ+oPQ+1Q* + f2PQ+B3Q%+ -+ (2.45)
By subtracting, we deduce after some reduction that
—(B+a)
P+Q=—r——", 2.46
o (2.46)
while by adding we obtain
PQ:A(ﬁ1+ﬁ3+---)—(oc0+oc2+---)(B+a)) (2.47)

b(By+ps+---)

where B +a < 0. Now, it is clear from (2.46) and (2.47) that P and Q are two positive
distinct real roots of the quadratic equation

t* —(P+Q)t+PQ=0. (2.48)

Thus, we deduce that

—(B+a) \* ABi+Bs+-+-)— (do+ay+---)(B+a)
([31+[33+---) >4< E(/g1+/33+...) ) (2.49)
From (2.49), we obtain
A(b—b)’ - (@+a)(b-b)(B+a) <b(B+a)? (2.50)

and hence the condition (2.40) is valid. Conversely, suppose that the condition (2.40) is
valid. Then, we deduce immediately from (2.40) that the inequality (2.49) holds. Conse-
quently, there exist two positive distinct real numbers P and Q such that

__ —B+a 1

p= 2B+ Bs+---) 2 s (2.51)
~ —(B+a) 1

Q_—Z(ﬁ1+ﬁ3+---)+2\/T1’ (2.52)
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where T} > 0 which is given by the formula

T1:< —(B+a) >2_4<A(ﬁ1+/33+---)—((xo+oc2+---)(B+a)>.

Bi+pst--- b(Br+PBs+--) (2.53)

Thus, P and Q represent two positive distinct real roots of the quadratic equation (2.48).
Now, we are going to prove that P and Q are positive prime period two solutions of the
difference equation (1.1). To this end, we assume that

x_p =P, X jr1 = Q... x1=Q, xo = P. (2.54)
We wish to show that
x1 = Q, x, =P (2.55)
To this end, we deduce from the difference equation (1.1) that

_Adapxotonx_1t+ X
B+ﬂ0)€0 +ﬁ1X_1 + .. +/3kx_k

X1

(2.56)
_A+P(aptoat---)+ Qi tas+---)

S BHP(BotPate ) FQBI S+

Dividing the denominator and numerator of (2.56) by —(B+a)/(f + 3 + - - - ) and using
(2.51)—(2.53), we obtain

 2A(BiABs+ )/ (Bra)+[1+ VK | (aotapte - ) +[1-VK (0 +az+- -+ )
~ =2B(Bi+Ps+- )/ (B+a)+[1+ VK] (Bo+ B+ )+ [1— VK] (Bi+Bs+--+)
~ [5—2A(ﬂ1+ﬂ3+---)/(B+a)]+a K,
- [5723(/31+ﬁ3+---)/(B+a)]+5\/f1’
(2.57)
where
Kl:1_[A(Z—b)z—_(5+51(E—b)(3+a)]) (258)
b(B+a)?

and from the condition (2.40), we deduce that K; > 0. Multiplying the denominator and
numerator of (2.57) by

(Z—ZB(ﬁ‘+/33+"'))—EJIT. (2.59)

(B+a)
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We have

[—2A(B1+ s+ -)/(B+@)|[b—2B(By +ps+ - )/(B+a)] — bak,
[Z—ZB(ﬁ1+ﬁ3+ .. -)/(B+E)]2—52K1

X1 =

[ba—ab—a(2B(By+ps+---)/(B+a)) +bQAB +B5+ - )/(B+d) |VK:

' 52881+t - )/(Bra)] K,

(2.60)

After some reduction, we deduce that

o —(B+a)
LT 2Bt )

(et ) Bote ) =2t ) (Brt o)~ (it -)/B+a)) (Ab-Ba)] (14K
2+ ) (Bt ) ~2(ao ) (Bt )~ @B+ )/(B+a) (Ab—Ba)]

_ —B+a)(1+VK) —(B+a) 1\ﬁ

- 2(‘81+‘83+"') _2(ﬁ1+ﬁ3+"')+§

=Q.
(2.61)

Similarly, we can show that

A+aox)tonxot s aX-(k-1) A+Qap+az+--+)+Plag+as+--+)

M2 B Boxy +Bixot -+ Pix-er)  B+Q(Bo+Pat---)+P(BiAPst--) =k
(2.62)
By using the mathematical induction, we have
Xy =P, x,,1=Q Vn=x=>-k. (2.63)
Thus, the difference equation(1.1) has positive prime period two solutions
....P,Q,P,Q,.... (2.64)
Hence the proof of Theorem 2.6 is completed. O
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