STANDING WAVE SOLUTIONS OF SCHRODINGER
SYSTEMS WITH DISCONTINUOUS NONLINEARITY
IN ANISOTROPIC MEDIA
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We establish the existence of an entire solution for a class of stationary Schrodinger sys-
tems with subcritical discontinuous nonlinearities and lower bounded potentials that
blow up at infinity. The proof is based on the critical point theory in the sense of Clarke
and we apply Chang’s version of the mountain pass lemma for locally Lipschitz func-
tionals. Our result generalizes in a nonsmooth framework a result of Rabinowitz (1992)
related to entire solutions of the Schrédinger equation.

Copyright © 2006 Hindawi Publishing Corporation. All rights reserved.

1. Introduction and the main result

The Schrodinger equation plays the role of Newton’s laws and conservation of energy in
classical mechanics, that is, it predicts the future behavior of a dynamic system. The linear
form of Schrodinger’s equation is

2

8 m
h

- (E(x) = V(x))y =0, (1.1)

Ay +

where v is the Schrodinger wave function, m is the mass, & denotes Planck’s constant,
E is the energy, and V stands for the potential energy. The structure of the nonlinear
Schrédinger equation is much more complicated. This equation describes various phe-
nomena arising in self-channelling of a high-power ultra-short laser in matter, in the
theory of Heisenberg ferromagnets and magnons, in dissipative quantum mechanics, in
condensed matter theory, in plasma physics (e.g., the Kurihara superfluid film equation).
We refer to [7, 14] for a modern overview, including applications.
Consider the model problem

2
iy = 1Ay VY —yly Py inRY (N 22) (1.2)
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2 Schrodinger systems with discontinuous nonlinearity

where p <2N/(N —2)if N = 3and p < +o0 if N = 2. In the study of this equation, Oh [12]
supposed that the potential V is bounded and possesses a nondegenerate critical point at
x = 0. More precisely, it is assumed that V belongs to the class (V,) (for some a) intro-
duced by Kato in [10]. Taking y > 0 and & > 0 sufficiently small and using a Lyapunov-
Schmidt-type reduction, Oh [12] proved the existence of a standing wave solution of
problem (1.2), that is, a solution of the form

v(x,t) = e By (x). (1.3)

Note that substituting the ansatz (1.3) into (1.2) leads to

hz
—7Au+(V(x)—E)u= |ulP~lu. (1.4)

The change of variable y = i 1x (and replacing y by x) yields
~Au+2(Vi(x) —E)u=|ulP'u inRY, (1.5)

where Vi (x) = V(fix).

In a celebrated paper, Rabinowitz [13] continued the study of standing wave solutions
of nonlinear Schrodinger equations. After making a standing wave ansatz, Rabinowitz
reduces the problem to that of studying the semilinear elliptic equation

~Au+b(x)u= f(x,u) inRY, (1.6)

under suitable conditions on b and assuming that f is smooth, superlinear, and subcriti-
cal.

Inspired by Rabinowitz’ paper, we consider the following class of coupled elliptic sys-
tems in RN (N > 3):

—Auy+a(x)u; = f(x,u;,up) in RV,
(1.7)
—Auy +b(x)uy = g(x,ur,uy)  in RN,

We point out that coupled nonlinear Schrédinger systems describe some physical phe-
nomena such as the propagation in birefringent optical fibers or Kerr-like photorefractive
media in optics. Another motivation to the study of coupled Schrodinger systems arises
from the Hartree-Fock theory for the double condensate, that is, a binary mixture of
Bose-Einstein condensates in two different hyperfine states (cf. [5]). System (1.7) is also
important for industrial applications in fiber communications systems [8] and all-optical
switching devices [9].

Throughout this paper, we assume that a,b € L2 (RN) and there exist a,b > 0 such
that a(x) > a, b(x) > b a.e. in RN, and esslimy| .oa(x) = esslim|y|.ob(x) = +0c0. Our aim
in this paper is to study the existence of solutions to the above problem in the case when
f, g are not continuous functions. Our goal is to show how variational methods can be
used to find existence results for stationary nonsmooth Schrédinger systems.
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Throughout this paper, we assume that f(x,-,-),g(x,-,*) € Lf;c([Rz). Denote
i(x,tl,tz) = }Sirréessinf{f(x,sl,sz); [t —si| <6 i=1,2},

flx,t,t) = }Simesssup{f(x,sl,sz); |t —si| <8;i=1,2},
-0

‘g(x,tl,tz) = }Sillgessinf{g(x,sl,sz); |t —si| <8;i=1,2}, o
glx,h,h) = }siiréesssup{g(x,sl,sz); |t —si| <6;i=1,2}.
Under these conditions, we reformulate problem (1.7) as follows:
—Auy +alx)u; € [i(x,ul(x),uz(x)),f(x,ul(x),uz(x))] ae. xe RN, .

—Aup, +b(x)u, € [(g(x,ul(x),uz(x)),g(x,ul(x),uz(x))] ae xRN,

Let H!' = H(RN,R?) denote the Sobolev space of all U = (uj,u;) € (L*(RN))? with
weak derivatives du,/dxj, duy/dx; (j = 1,...,N) also in L*(RN), endowed with the usual
norm

IUIE, = J (IVUP?+|U?)dx = J (|Vu1 1?4 |V, |2+u%+u%)dx. (1.10)
RY RY
Given the functions a,b : RN — R as above, define the subspace
E= {U = (u,ux) € HY; J (| Vi |2+ | Vu2|2+a(x)uf+b(x)u%>dx< +00}. (1.11)
RN
Then the space E endowed with the norm
2 2 2 2 2
1= | (190 P+ | V0] +aloud + bixud ) dx (1.12)
becomes a Hilbert space.
Since a(x) > a >0, b(x) = b > 0, we have the continuous embeddings H! — L1(RN, R?)
forall2 < g <2* =2N/(N —-2).

We assume throughout the paper that f,g: RY X R? — R are nontrivial measurable
functions satisfying the following hypotheses:

| f(x,t)| < C(It|+[tI?) forae. (x,t) € RN x R?,

(1.13)
|g(x,t)| < C(It|+1t[P) forae. (x,t) € RN x R?,
where p < 2%;
}singesssup{uﬁxtf)'; (x,t) € RN x (—8,+6)2} =0,
(1.14)

gt : (x,t) € RN x (—8,+8)2} 0;

lim esssu
50 p{ |t
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f and g are chosen so that the mapping F : RN x R? — R defined by F(x,t,,t,) := [y f(x,
T,6)dT + fotzg(x,O, 7)dT satisfies

t
F(x,t1,t2) = . glxt,7)dr + f x,7,0)dr, F(x,t;,t,) =0 ifft;=1t,=0;

(1.15)
there exists ¢ > 2 such that for any x € RN,
tli(x>tl)t2) +t2g(x)t1)t2)) tl)tz € [O)+°O)>
tlf(xatl)tz) +t2§(x)tl)t2)) tl S [O,-{—OO), tZ € (_OO)O])
OSﬂF(x,tl,tz) < - (1.16)
tlf(x)tl)tZ)+t2g(x)tl)t2)) tl,tZE(_O0,0],
tif(x,t1,t2) +t2(g(x,t1,t2), t1 € (=00,0], t, € [0,+00).

Definition 1.1. A function U = (u;,u,) € E is called solution to the problem (1.9) if there
exists a function W = (w,w;) € L*(RN,R?) such that

(i)
f(xur(x),ua(x)) < < f(xu(x),u2(x)) ae xin RN,
- (1.17)
g(x,ul(x),uz(x)) <wy(x) <g(xu1(x),ux(x)) ae xinRY;
(ii)
J . (Vur Vv + Vu Vg +a(x)uvy + b(x)uyv, ) dx
X (1.18)

= LRV (wivi + wavy)dx, ¥V (vi,v,) € E.

Our main result is the following.
THEOREM 1.2. Assume that conditions (1.13)—(1.16) are fulfilled. Then problem (1.9) has
at least a nontrivial solution in E.
2. Auxiliary results

We first recall some basic notions from the Clarke gradient theory for locally Lipschitz
functionals (see [3, 4] for more details). Let E be a real Banach space and assume that
I:E — Ris alocally Lipschitz functional. Then the Clarke generalized gradient is defined
by

ol(u) = {€ € E*; I°(u,v) = (&,v), Vv € E}, (2.1)
where I°(u,v) stands for the directional derivative of I at u in the direction v, that is,

1°(u,v) = limsup I—(W—”L;) — I(W).

ANO

(2.2)
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Let Q be an arbitrary domain in RV, Set

Eq = {U = (uy,uy) € H'(Q;R?); J (|Vu1 |2+ | Vi, |2+a(x)u%+b(x)u%)dx< +00},
Q
(2.3)

which is endowed with the norm
U, = J (196 17+ | Viia |* + ()18 + b(x)u3 ) . (2.4)
Q

Then Eq becomes a Hilbert space.
LemmA 2.1. The functional ¥ : Eq — R, Yo(U) = [ F(x, U)dx is locally Lipschitz on Eq.

Proof. We first observe that

F(x) U) = F(x,U1,M2)
= Jo f(x,T,uz)dT+J0 g(x,0,7)dr (2.5)
=J Zg(x,u1,T)dT+I lf(x,‘[,o)df
0 0

is a Carathéodory functional which is locally Lipschitz with respect to the second variable.
Indeed, by (1.13),

| F(x,t1,t) — F(x,s1,t) | =

t
fx,7,t)drt

< :1 C(lz,tl +7,t1P)dr (2.6)
'
<k(t,s1,t) |t —s1].
Similarly,
|E(x,t,t2) = F(x,,5) | <k(t,52,1) [t — 2. 2.7)
Therefore,

|F(x,t1,t2) — F(x,51,2) | < |F(x,t1,t2) — F(x,81,82) | + | F(x,t1,52) — F(x,51,52) |

<k(V)|(t2r52) = (t1,1) |
(2.8)

where V is a neighborhood of (#,,1,), (s1,52).
Set

y1(x) = max{u; (x),v1(x)}, ya(x) = max{us(x),m2(x)}, VxeQ. (2.9)
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It is obvious that if U = (u;,u;), V = (v1,v2) belong to Eq, then (x1,x2) € Eq. So, by
Holder’s inequality and the continuous embedding Eq C LP(Q;R?),

| ¥a(U) = ¥a(V)| < C(|lxipellp, ) 1U = Vg, (2.10)

which concludes the proof. O
The following result is a generalization of [11, Lemma 6].

LeEMMA 2.2. Let Q be an arbitrary domain in RN and let f : O X R? — R be a Borel function
such that f(x,-) € Ly (R?). Then i and f are Borel functions.

Proof. Since the requirement is local, we may suppose that f is bounded by M and it is
nonnegative. Denote

t+1/n tz+1/n m 1/m
S (2,11, 12) ( J » f(x,51,82) | d51d52> . (2.11)
t n

1— 1/n
Since f(x, t1, 1) = lims_gesssup{ f (x,s1,52); [ti —sil <& i= 1,2}, we deduce that for ev-
ery € >0, there exists n € N* such that for [£; —s;| < 1/n (i = 1,2), we have |esssup f (x,s1,
s2) — f(x,t1,1,)| < € or, equivalently,
T(x, t,h) —e<esssupf(x,s1,52) < T(x, ti,t) +e. (2.12)
By the second inequality in (2.12), we obtain

f(x,51,8) < f(xt,t) +e ae xe€Qfor |t —s;| < % (i=1,2) (2.13)

which yields

1/m
Fon (6 t1,12) < (f (x,t1,12) +¢) <\/5> . (2.14)

A= {(sl,sz) eR%: |t—si| < % =1,2); f(x,ti,ty) —e < f(x,sl,sz)}. (2.15)

Let

By the first inequality in (2.12) and the definition of the essential supremum, we obtain
that |A| >0 and

frnn < (JJ (x,51,52)) " ds dsz>1/m > (f(x,51,52) —e) |A[V™, (2.16)

Since (2.14) and (2.16) imply that

flx,t,t) = hm lim fun(x,t1,t2), (2.17)

—00 Mm—0o0
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it suffices to prove that f,, , is Borel. Let

M={f:QxR* — R; |f| <M and f is a Borel function},
(2.18)
N ={f € M; funisaBorel function}.

JM is the smallest set of functions having the following properties (cf. [1, page 178]):

(i) {f € CLAXRYR); | f| <M} C M;

(ii) f® € and f¢ k) &, — f imply that f € J.
Since N’ contains obviously the continuous functions and (ii) is also true for N, then by
the Lebesgue dominated convergence theorem, we obtain that .l = N. For f, we note

that f = —(—f) and the proof of Lemma 2.2 is complete. O

Let us now assume that Q C R is a bounded domain. By the continuous embedding
LPH(Q;R?) — L2(Q; R?), we may define the locally Lipchitz functional W : LP*!(Q; R?) —
R by Yo (U) = [ F(x,U)dx

LeEMMA 2.3. Under the above assumptions and for any U € LP*1(Q;R?),

Vo (U)(x) C [i(x, U(x)), f (x,U(x))] x [ (x,U(x)),g(x,U(x))] ae xinQ,

(2.19)
in the sense that if W = (w1, w,) € 0¥ (U) C LP(Q;R?), then
i(x, Ux)) <wi(x) < f(x,U(x)) aexinQ, (2.20)
g U(x)) <wa(x) <g(xUlx)) ae xinQ. (2.21)
Proof. By the definition of the Clarke gradient, we have
JQ (wivy +wavy)dx < WQ(U,V) VYV = (vi,v;) € LPT(Q;R?). (2.22)
Choose V = (v,0) such that v € LP*1(Q), v > 0 a.e. in Q. Thus, by Lemma 2.2,
Jo (B ">f< x,7,hy (%)) d) dx
J wiv < limsup
Q (h1,h2)—-U
ANO
(2.23)

1(x)+Av(x)
SJ limsup )LI f(x,7,ha(x))dr | dx
Q

(hy,ha)—
ANO

= Jﬂf(x) u1(x), up (%)) v(x)dx.
Analogously, we obtain

J (61 (%), ua(x))v(x)dx < J wivdx Vv =0in Q. (2.24)
o= Q
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Arguing by contradiction, suppose that (2.20) is false. Then there exist ¢ > 0, a set
A C Q with |A] >0, and w; as above such that

wi(x) > f(xU(x)) +e inA. (2.25)

Taking v = 1, in (2.23), we obtain

J wyvdx = I widx < I T(x, U(x))dx, (2.26)
Q A A

which contradicts (2.25). Proceeding in the same way, we obtain the corresponding result
for g in (2.21). O

By Lemma 2.3, Chang [2, Lemma 2.1], and the embedding Eq — LP*!(Q, R?), we ob-
tain also that for ¥ : Eq — R, ¥ (U) = |, F(x, U)dx, we have

Vo (U)(x) C [f(x,U(0), f(x,Ux)] x [g(xUx)),g(xUx)] aexeQ. (227)

Let V € Eg. Then Ve E, where V :RN — R2? is defined by

N {V(x) xin Q,
V= (2.28)

0 otherwise.
For W € E*, we consider Wq € E{; such that (Wq,V) = (W, V) for all V in Eq. Set
¥:E— R, ¥(U) = [pvF(x,U).

LEMMA 2.4. Let W € 0¥ (U), where U € E. Then Wq € 0¥ (U), in the sense that Wq €
¥a(Ula).

Proof. By the definition of the Clarke gradient, we deduce that (W, V) < Yo(u, \N/) for all
V in EQ,

(H+AV) —¥(H)

YU, ‘N/) = limsup hd

H—U,HeE A
10
~ limsup Jgy (F(x,H+AV) —F(x,H))dx
H-U,HEE A
10
~ limsup Jo (F(x,H+AV) —F(x,H))dx (2.29)
H—U,HeE A
10
~ limsup Jo (F(x,H+AV) — F(x,H))dx
H—-U, Hekq A
A=0
:‘I’%(U,V).

Hence (Wq, V) < ¥ (U, V), which implies that W € 9¥%(U). O
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By Lemmas 2.3 and 2.4, we obtain that for any W € 0¥ (U) (with U € E), Wq sat-
isfies (2.20) and (2.21). We also observe that for Q;,Q, C RN, we have W, |g,nq, =

Wa,la,na,-
Let Wy : RN — R, where Wy(x) = Wq(x) if x € Q. Then W, is well defined and

Wo(x) € [f (x,U(x)), f (x,U(x))] x [g(x,U(x)),g(x,U(x))] ae.xeRN, (2.30)

and for all p € CZ(RN,R?), (W, @) = [zy Wog. By density of C* (RN, R?) in E, we deduce
that (W, V) = [gv WoV dx for all V in E. Hence

W(x) = Wo(x) € [f (%, U(x)), f(xUx)] x [gx,Ux)),g(x, U(x))] ae xeRN.

(2.31)
3. Proof of Theorem 1.2
Define the energy functional I : E — R by
1 2 2 2 2
I(U) = 5 <|Vu1 |“+ | Vuy | " +alx)u? +b(x)u2>dx— NF(x, U)dx
X * * (3.1)
=3 Uz —¥(U).

The existence of solutions to problem (1.9) will be justified by a nonsmooth variant of
the mountain pass theorem (see [2]) applied to the functional I, even if the PS condition
is not fulfilled. More precisely, we check the following geometric hypotheses:

1(0)=0, IV €E, suchthatI(V)<0; (3.2)
3B,p >0 suchthatl >pon {U €E; ||Ullg=p}. (3.3)

Verification of (3.2). It is obvious that I(0) = 0. For the second assertion, we need the
following lemma.

LEMMA 3.1. There exist two positive constants C, and C, such that
f(x,50) = Cis* ' = Cy, forae xeRN;se[0,+). (3.4)
Proof. We first observe that (1.16) implies that

{sf(x,s,o), s€ [0,4+0),
0 <uF(x,5,0) <q — (3.5)

sf(%,5,0), s€ (—00,0],

which places us in the conditions of [11, Lemma 5].



10  Schrodinger systems with discontinuous nonlinearity

Verification of (3.2) continued. Choose v € CZ®(RN) — {0} so that v > 0 in RN. We have
Jan [VV]2 4+ a(x)v? < oo, hence t(v,0) € E for all t € R. Thus by Lemma 3.1, we obtain

1(t(v,0)) = g JRN V712 +a(x)vidx — LRN Ltvf(x,r,O)dT

2 tv
L |Vv|? +a(x)vidx — J J (Ci* ' - Gy)dr (3.6)
2 Jry RN Jo
2
_r |Vv|2+a(x)v2dx+C2tJ vdx—Cit“J Ydx <0
2 JrN RN RN

for ¢ > 0 large enough.

Verification of (3.3). We observe that (1.14), (1.15), and (1.16) imply that for any ¢ > 0,
there exists a constant A, > 0 such that

| f(x,8)] <els|+Acls|?
for a.e. (x,5) € RN x R2. (3.7)
|g(x,9) | < els| +Acls|?
By (3.7) and Sobolev’s embedding theorem, we have for any U € E,

[Y(U)| = [¥(u1,u) |
Jup Uy
SJ J |f(x>T’u2)|dT+J J |g(x,0,7)|dT
RN Jo RN Jo

E 2 Ag p+l>
SJRN (2|(u1,u2)| +p+1|u1,u2| dx

€ 2 A p+1)
+J[RN(2|u2| Forielt )

2A
p+£1 (ko jo

(3.8)

< EHUH%Z +

+1
<eGlIUIZ+CIUNET,

where ¢ is arbitrary and Cy = Cy(¢). Thus
1 1
1(U) = S IVl = ¥(U) = SIUIE - eCsIUIE = CUIE™ = >0, (39)

for ||Ullg = p, with p, ¢, and 3 sufficiently small positive constants.
Denote

P = {y € C([0,1],E); y(0) =0, y(1) # 0, I(y(1)) <0},

= inf I(y(1)).
¢ = Inf max (y(1)

(3.10)

Set

A(U) = min [|&]l-. (3.11)
£eal(U)
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Thus, by the nonsmooth version of the mountain pass lemma [2], there exists a sequence
{Um} C E such that

I(U,) — ¢, A (U) — 0. (3.12)
So, there exists a sequence {W,,} C d¥(U,,), Wy, = (wl,,w2,), such that
(= Aul, +a(x)ul, —wh, —Au?, +a(x)u?, —w?) — 0 in E*. (3.13)

Note that by (1.16),

1 —
W)= | (L]ZO (%) f (x, U)dx + ngo () (x, U)dx

(3.14)
+ J Y w1 (x)g(x, U)dx + J . up (x)g(x, U)dx).
Therefore, by (2.31),
Y(U) < lj U(x)W(x)dx = lf (uywy +uywy)dx, (3.15)
Y IRy @ IRy

for every U € E and W € d¥(U). Hence, if (-, -) denotes the duality pairing between E*
and E, we have

I(Upn) =%JRN(|VuL1|Z+ |Vum|2+a(x)|um|1+b(x)|um|2)dx

1
+- <( - Aurln + a(x)uin - erm _Aufn + b(x)ufn - Wrzn)) Um>

+i<w”"U’"> —W(U,,)
_2 (3.16)
ZP‘_J (19ul, I+ V12,1 + a(x) [ ul, | >+ b(x) |22, *) dx
2u Jry
+ i(( —Aul +a(x)ul, —wl, —Aud, + b(x)uZ, —w2),Uy)

-2
> %numné—omnumlly

This relation in conjunction with (3.12) implies that the Palais-Smale sequence {U,,}
is bounded in E. Thus, it converges weakly (up to a subsequence) in E and strongly
in leoc([RN ) to some U. Taking into account that W,, € 0¥(U,,) and U,, — U in E,
we deduce from (3.13) that there exists W € E* such that W,,, — W in E* (up to a
subsequence). Since the mapping U — F(x,U) is compact from E to L!, it follows that
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W € 0¥ (U). Therefore,

W(x) e [f(xUx)), f(x,Ux))] x [g(x, U(x)),g(x,U(x))] ae.xinRN,

(= Aul, +a(e)ul, —wh, —Au, + b(x)u2, — w?)

(3.17)
=0<= J ., (Vu Vv + Vuy Vg +a(x)upvy + b(x)uyvs ) dx
R

= J[RN (wivi +wavy)dx VYV (vi,v,) €E.

These last two relations show that U is a solution of the problem (1.9).
It remains to prove that U # 0. If {W,,} is as in (3.13), then by (1.16), (2.31), (3.12),
and for large m,

% <I(Up) - %(( — Aul +a(x)ul, —wh,—AuZ, + b(x)d, - w2),Uy)
= %(Wma Um> - ,[[RNF(x) Um)dx
(3.18)
= % <,[u120 ul(x)i(x’ U)dx+ JmSO ul(x)f(xy U)dx

" Juzz() h (x)g(x’ U)dx + Juz u2(-x)g(x, U)dx)

<0

Now, taking into account the definition of f, />8> & we deduce that 1 f>8 g verify (3.2)
too. So by (3.18), we obtain

Cc 2 1 2 1
£ < jRN (¢1 Un I+ Ac Lt |P*") = ellUnl[2: + A UM 1SS, (3.19)

So, {U,,} does not converge strongly to 0 in LP*1(RY; R?). From now on, with the same
arguments as in the proof of [6, Theorem 1], we deduce that U # 0, which concludes our
proof. O
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