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We consider the question of existence of trigonometric series universal in weighted
L,10,27] spaces with respect to rearrangements and in usual sense.
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1. Introduction
Let X be a Banach space.

Definition 1.1. A series

Me

fo freX, (1.1)

k=1

is said to be universal in X with respect to rearrangements, if for any f € X the members
of (1.1) can be rearranged so that the obtained series >.;”; fo(x) converges to f by norm
of X.

Definition 1.2. The series (1.1) is said to be universal (in X) in the usual sense, if for any
f € X there exists a growing sequence of natural numbers 7y such that the sequence of
partial sums with numbers #y of the series (1.1) converges to f by norm of X.

Definition 1.3. The series (1.1) is said to be universal (in X) concerning partial series, if
forany f € X it is possible to choose a partial series >.;_; fy, from (1.1), which converges
to the f by norm of X.

Note that many papers are devoted (see [1-10]) to the question on existence of various
types of universal series in the sense of convergence almost everywhere and on a measure.

The first usual universal in the sense of convergence almost everywhere trigonometric
series were constructed by Menshov [6] and Kozlov [5]. The series of the form

1 < :
5 + Z aicoskx + bysinkx (1.2)
k=1
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2 Universal series by trigonometric system

was constructed just by them such that for any measurable-on-[0,27] function f(x) there
exists the growing sequence of natural numbers ny such that the series (1.2) having the se-
quence of partial sums with numbers 7 converges to f(x) almost everywhere on [0,27].
(Note here that in this result, when f(x) € L{y,, it is impossible to replace convergence
almost everywhere by convergence in the metric Lf, ).

This result was distributed by Talaljan on arbitrary orthonormal complete systems
(see [8]). He also established (see [9]) that if {¢,(x)};_,—the normalized basis of space
Lfoyl], p > 1, then there exists a series of the form

> ari(x), ax — 0, (1.3)
k=1

which has property: for any measurable function f(x) the members of series (1.3) can be
rearranged so that the again received series converge on a measure on [0,1] to f(x).

Orlicz [7] observed the fact that there exist functional series that are universal with
respect to rearrangements in the sense of a.e. convergence in the class of a.e. finite mea-
surable functions.

It is also useful to note that even Riemann proved that every convergent numerical
series which is not absolutely convergent is universal with respect to rearrangements in
the class of all real numbers.

Let u(x) be a measurable-on-[0,27] function with 0 < u(x) < 1, x € [0,27], and let
L/i [0,27] be a space of measurable functions f(x), x € [0,27], with

2n
L | f(x)|u(x)dx < oo, (1.4)
Grigorian constructed a series of the form (see [3])
Z Cre™  with Z |Cr|T< 0 Vg>2, (1.5)
k=—0o0 k=—o

which is universal in L;l [0,27] concerning partial series for some weighted function p(x),
0<ulx) <1, x€[0,2m].

In [2] it is proved that for any given sequence of natural numbers {1}, with A,,, ~*
there exists a series by trigonometric system of the form

> Cre™, C_r=Cp (1.6)
k=1
with

<Am, x€[0,27], m=1,2,..., (1.7)

m
z Ckeikx
k=1

so that for each ¢ > 0 a weighted function p(x),

O<u(x) <1, [{xel0,2n]:ulx)#1}]|<e, (1.8)
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can be constructed so that the series (1.6) is universal in the weighted space L/i [0,27] with
respect simultaneously to rearrangements as well as to subseries.
In this paper, we prove the following results.

THEOREM 1.4. There exists a series of the form

0

> Ce® with > [Cr|T< o0 Vg>2 (1.9)

k=—o0 k=—0c0

such that for any number € > 0 a weighted function u(x), 0 < u(x) < 1, with
[{xe€[0,2n] s u(x) # 1} ] <e (1.10)

can be constructed so that the series (1.9) is universal in LPI, [0,271] with respect to rearrange-
ments.

THEOREM 1.5. There exists a series of the form (1.9) such that for any number € >0 a
weighted function u(x) with (1.10) can be constructed so that the series (1.9) is universal in
L,[0,27] in the usual sense.

2. Basic lemma

LemMA 2.1. For any given numbers 0 < € < 1/2, Ny > 2, and a step function

q
Fx) =2 ye xa (%), (2.1)

s=1

where A is an interval of the form A = [(i—1)/2™, i/2™],1<i<2™, and

. -1
[ys| - As] <€ (8-[02 fz(x)dx) , s=12,...,q, (2.2)

there exists a measurable set E C [0,2m] and a polynomial P(x) of the form

Px)= > G, (2.3)
No<lk|<N
which satisfy the conditions

|E| >2m — ¢, (2.4a)
J 1P(x) - f(x)|dx <, (2.4b)

E
> Gl <e  Cu=0Cy (2.4¢)

No<|k|<N
max [I > Cre** dx] < £+J | fix) | dx (2.4d)

No<=m<N e | No<|kl<m e

for every measurable subset e of E.
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Proof. Let 0 < € < 1/2 be an arbitrary number.
Set

g(x) =1 ifxel[0,27]\ [8'” 38'”],

2 2 (2.5)

e 38-7‘[]. (2.6)

2 .
g(x)—l—g 1fx€[7, 3

We choose natural numbers v; and N so large that the following inequalities be satisfied:

1 o —ikt ‘ €
ano @i ™dt| < [ k<N 2.7)
where
@) =y1-gvi-x) - xa, (%) (2.8)

(By xe(x) we denote the characteristic function of the set E.) We put
El = {x € As:g(x) =y} (2.9)
By (2.5), (2.8), and (2.9) we have

|Er| >2m-(1—-€)- |A], g(x)=0, xé&A, (2.10)
2m 5 2 )
. gi(x)dx < o Iyi]” - | AL (2.11)

Since the trigonometric system {eik"}f: is complete in L?[0,27], we can choose a nat-

ural number N; > Nj so large that

— o0

2
J Sl - g |dx< (2.12)
O Tosikl<ny
where
2
= o | aine . (2.13)
T Jo
Hence by (2.7), (2.8), and (2.12) we obtain
o ‘ . 2 .
J S gVe —gi(x) |dx < —+[ > || } <= (2.14)
01 No<lkl<N 8 Locigeny 4

Now assume that the numbers »; < v, < -+ - 51, N; <N, < - - - < N;_1, functions g (x),
£(x),...,8-1(x), and the sets E;, Es,..., Es_; are defined. We take sufficiently large natural
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numbers v; > v;_; and Ns > N,_; to satisfy

2
L —ikt €
7, g&(He ™dt| < —16-M’ 1 <s<gq, |kl <Ns-y, (2.15)
2m © e
L Z Cy e’k"—gs(x) dx < FRTE (2.16)
0<|k|<N;
where
s 1 2 >
&) =y g %) - pa(x), CY = 5 ), &0 ikt gy (2.17)
Set
E; = {x € As: g(x) = ys}. (2.18)

Using the above arguments (see (2.19)—(2.21)), we conclude that the function g;(x) and
the set E; satisfy the conditions

|Es| >2m-(1—€)- |As]38(x) =0, x¢&A,, (2.19)
2 5 2 2
L& (x)dx < o lys| ™+ | A, (2.20)
2 . €
J > C,(f)e’k"—gl(x) dx < . (2.21)
O TN <IkI<N; 2

Thus, by induction, we can define natural numbers v; <7, <+« v4, Ny <Ny < - - - <Ny,
functions gi(x),82(x),...,g4(x), and sets E, Ey,...,E; such that conditions (2.17)—(2.19)
are satisfied for all 5, 1 < s < g. We define a set E and a polynomial P(x) as follows:

E= UES, (2.22)

q
Px)= > ckeka=z[ > C,((S)eik"}, C_ = Cp, (2.23)

No<|k|<N s=1 L N;_; <|k|<N;

where

Ce=C forNyy <kl <Ny s=1,2...,g N=N, - 1. (2.24)
By Bessel’s inequality and (2.5), (2.17) for all s € [1,g] we get

V2 o
[ > e ] < [ | gf(x)dx}
Ni-y <|k|<Ns °
2

sﬁ- lys| -/ 1As], s=1,2,...,q.

172

(2.25)
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From (2.5), (2.15), and (2.16), it follows that
|E| >27 —e. (2.26)

Taking relations (2.1), (2.5), (2.13), (2.15), (2.21)—(2.24), we obtain

q
| Ip(x)—f(x>|dxsz[j 2 Gl gl dx} <e (2.27)
E s=1 Ni_1<|k|<Ns
By (2.1), (2.2), (2.23)-(2.24) for any k € [Ny, N], we have
Z |Ck|2Jr€ < max |Ck Z |Ck
No<|k|<N No= k=N
o - 2
<max |2 Iyl 1A -Z[ > |
- - sTEENci=lki<N: (2.28)
— 3 - 3 q
< max | ol !Asl_-g §|)’s| - A
< max §|y| \A|_-§- jlfz(x)dx <€
- 1<s<q B € s : ] € 0 ’

that is, the statements (2.4a)—(2.4c) of Lemma 2.1 are satisfied. Now we will check the
fulfillment of statement (2.4d) of Lemma 2.1. Let Ny < m < N, then for some sg,1 < 59 <
q> (N5, < m < Ny, 41) we will have (see (2.23) and (2.24))

S0
5 Ckeik"=Z[ 5 c;:)eka]+ SocEtek (229)

No<lkl<m s=1 L Ny_j <|k|<N; Nyy-1<lkl<m

Hence and from (2.1), (2.2), (2.5), (2.21), (2.22), and (2.25) for any measurable sete C E,
we obtain

|

dx

Z Ckeikx

N1 <|k|<m

S[] 3 deegw
s=1

dx]
€1 Ne_y <|kI<N;

+ZJ |gs(x)|dx+J Stk
s=17¢€

€1 Nyg-1<lkl<m

<Zzs+1 J |fx)|dx+ |)’so+1| \ Agyi1 <J |f |dx+s

(2.30)
dx
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3. Proof of theorems

Proof of Theorem 1.5. Let
f1(x), fo(%),..., fu(x),  x€[0,27], (3.1)

be a sequence of all step functions, values, and constancy interval endpoints of which are
rational numbers. Applying lemma consecutively, we can find a sequence {E;}Z; of sets
and a sequence of polynomials

Py(x) = Z C,(f)e"k",

N, <|k|<N; (3.2)

1=No<N;1<:--<Ng<:++, s=12,...,

which satisty the conditions
|E| >1-2726*0 E c[0,27], (3.3)
L | Po(x) — fi(x) | dx < 272640, (3.4)
(s) | 2+27% -
N <ZII:CI<N Gl <2 Chi= c’, (3.5)
N max [ J D, Ge™ dx} <272 J | fi(x) | dx (3.6)
sT1=pis Ne<lkl<p

for every measurable subset e of E;.
Denote

i Cre™ = i[ > C,(:)e"k"}, (3.7)

k=—0c0 s=1 L N,y <|k[<N;

where C = C,(:) for Ny_; < |k| < N5, s =1,2,....
Let ¢ be an arbitrary positive number. Setting

Q. =(E, n=12,.., (3.8)
E=Q, = ﬂ E, no=[log,e]+1, (3.9)
S=ngp
B=JQ.=Q, ( U Qn\Qn_l). (3.10)
n=ny n=np+1

It is clear (see (3.3)) that |B| = 2 and |E| >2m —¢.
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We define a function p(x) in the following way:

p(x)=1 forxe Eu ([0,27]\B),

(3.11)
ux)=p, forxeQ,\Q, 1, n=no+1,
where
" -1
fhn = [24" . ]_[hs} , (3.12)
s=1
hs = || f(x)||c+ max Z C,(cs)eik" +1, (3.13)
No-1=p<Ns N1 <|kl<p C
where
lgGllc = max |gx)], (3.14)
g(x) is a continuous function on [0,27].
From (3.5), (3.7)—(3.12), we obtain the following.
(A) 0 <u(x) = 1, p(x) is a measurable function and
[{xe€[0,2n] :u(x) # 1} | <« (3.15)
(B) >r-1 Gkl < oo for all g > 2.
Hence, obviously, we have
%im Cy=0. (3.16)

It follows from (3.9)—(3.12) that for all s > ny and p € [N;-1,N5),

J Soocde | uydx = Y [J > cet yndx]
(02N | N <lki<p n=st1 LI\ TN <lki<p
® 2
< > 24”[J > ce hsldx} <27,
n=s+1 0 N1 <|kl<p

(3.17)

By (3.4), (3.9)—(3.12) for all s > ng, we have
2
7 1800 - £ [urdn

_ JQS | Pu(x) — £(x) | p(x)dx +J

10,271\ | Po(x) = fi(x) | p(x)dx

=272 |:JQ \0 |Ps(x)—f5(x)|yndx]

n=s+1
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z C}(j)eikx )hsldx:|

N,_1<|k|<N;

Nl 2
=27 2‘““0 <|ﬂ<x>| +

n=s+1
< 2—2(S+1) +2—4S < 2—25.
(3.18)

Taking relations (3.6), (3.9)—(3.12), and (3.17) into account we obtain that for all p e
[Ni_1,N;) and s > np + 1,

2m .
J Z C,((S)e’k" p(x)dx
0 I N <lkl<p
:I Z C}({s)eikx y(x)dx+J Z C otkx #( x)dx
Qs Ne1<lkl<p (0,271 % Nii<lkl<p
s
< Z |:J z C]({s)eikx dX:| _‘un+274s
n=ng+1 L2\ oy [N <iki<p (3.19)

n=np+1

Ao Z fin + J _|fs(x)\y(x)dx+2*45

n=np+1

2m
<I | fo(x) | p(x)dx +27%.
0

Let f(x) € LL[0,27], that s, [ | f (x) | p(x)dx < oo,
It is easy to see that we can choose a function f,, (x) from the sequence (3.1) such that

J:ﬂlfx) Fun () | pu(x)dx <272, vy >np+1. (3.20)

Hence, we have

2 2
JO | £ () | u(x)dx <272 + L | F () | ) dx. (3.21)

From (2.1), (A), (3.18), and (3.20), we obtain with m; = 1,
2
1760 = [P )+ Cone] )

2
sjo | () — fn () () dx+[ | fy () = Py, ()| u(x)dx (3.22)

2m
+I | Conye™* |u(x)dx < 2272421+ | Cpy |-
0
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Assume that numbers v; < v, < -+ <v4_1, m; <my < --- < my_; are chosen in such a
way that the following condition is satisfied:

2n J .
L f(x) = > [Py.(x) + Cpe™]

s=1

p(x)dx <2274 421 |Cp, |, 1<j<g-1

(3.23)
We choose a function f, (x) from the sequence (3.1) such that
2 q-1 )
J (f(x) - Z [Py, (x) + Cmse’”‘f"]) fon, () |p(x)dx < 2724, (3.24)
0 s=1
where vy > v, 1574 >mg_y
This, with (3.23), implies
2w
L | £, ) [pu(x)dx <2729 422720 D 427 |Cp | =9-27% 427+ [Cy,, |.
(3.25)
By (3.18), (3.19), and (3.25) we obtain
2w
| 100 = Py i <272,
o (3.26)
P,(x)= > =GN,
Nyg-1<IkI<Ny,
rria}))im J Z C(Vq x|y (x)dx < 10 - 2729 + 277 - | Con, |- (3.27)
! 1 k= NVq 1
Denote
. N1 )1 q-1
mg=minineN:n¢ {{{k}kims,]} U {m}_ } ) (3.28)
s=1

From (2.1), (A), (3.24), and (3.26), we have

2
JO

q
= > [Py, (x) + Cpe™]

s=1
2m
SJ
0

p(x)dx

q-1
(760 S 1P+ Co1) - £ 9t
s=1
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2m
#7100 - P L)

2
+J | Cn €™ | p(x)dx < 2- 2724+ 2+ | Cp, |.
0

(3.29)
Thus, by induction we, on g, can choose from series (3.7) a sequence of members
Cme™*, q=1,2,..., (3.30)
and a sequence of polynomials
P,x)= > ek, N, >N, ,q=12,... (3.31)

qu,l s|k|<N,,q

such that conditions (3.27)—(3.29) are satisfied for all ¢ > 1.
Taking account the choice of P, (x) and Cy, qeimq" (see (3.28) and (3.31)), we conclude
that the series

q=1

[ S ek +Cmqeiqx] (3.32)

NVq—15|k|<NVq

is obtained from the series (3.7) by rearrangement of members. Denote this series by
z Cg(k)eia(k)x.

It follows from (3.16), (3.27), and (3.29) that the series > C,(k)e’?®* converges to the
function f(x) in the metric L}‘ [0,27], that is, the series (3.7) is universal with respect to
rearrangements (see Definition 1.1). O

Proof of Theorem 1.5. Applying Lemma 2.1 consecutively, we can find a sequence {E;} 2,
of sets and a sequence of polynomials

P(x)= > C,(Cs)eik", C 5,)( =G,
Neoy <[kl <N; (3.33)
1=Ny<N;<:---<Ns<---, s=12,...,

which satisfy the conditions

|E| >1-2726t0 E c[0,27], (3.34)
(s) | 2+27% )
> 1T <2y, (3.35)
Ne1=<[k|<N;

dx<2™", n=12,..., (3.36)

J.

where { f,(x)}5-1, x € [0,27], is a sequence of all step functions, values, and constancy
interval endpoints of which are rational numbers.

fn(x) - ZPS(X)
s=1
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Denote

Z(MM:Z[ 5y cﬁﬂﬂ, (3.37)

k=—0c0 s=1 L N,y <|k[<N;

where Ci = C,((S) for N1 < |k| < N;,s=1,2,....
It is clear (see (3.35)) that

D Ck|T<e0 Vg>2. (3.38)
k=1

Repeating reasoning of Theorem 1.4, a weighted function p(x), 0 < y(x) < 1, can be
constructed so that the following condition is satisfied:

J>27T
0

For any function f(x) € L,[0,1], we can choose a subsystem { f,, (x)};%; from the se-
quence (3.1) such that

n

fn(x) - ZPS(X)

s=1

p(x)dx <27, n=12,... (3.39)

2
L | () = fu, (x) | u(x)dx < 277 (3.40)

From (3.37)—(3.40), we conclude

2 2
I s = |
0

2
SLIfm—mWmeM

2n
g
0

z Ck ezkx

|kl<M,

flx)— ”Z [ > C,(:)e"k"] “u(x)dx
s=1

N1 <|k[<N;

- u(x)dx < 27K 4272,

ka zP (x)

(3.41)

where M, =N, — 1
Thus, the series (3.37) is universal in L}l [0,1] in the sense of usual (see Definition 1.2).
Theorem 1.5 is proved. O
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