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We consider the existence of analytic solutions of a certain class of iterative second-order

. . . . " 2
functional differential equation of the form x” (x["(z)) = coz? + ¢1 (x(2))* + (212! (2))” +
() (), myr 2 0.
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1. Introduction

In recent years, the study of the existence of analytic solutions of iterative functional
differential equations has attracted several researchers, see [2—11] and references cited
therein. In [3], the authors studied the existence of analytic solutions of iterative func-
tional differential equation of the following form:

x'(2) = (x"(2))%, (1.1)

where m is a nonnegative integer. In the present paper, we propose to study a more general
form of iterative functional differential equations than (1.1) as follows:

X' (x1(2)) = 2 + a1 (x(2)) + & (x2(2)) + - - - +en(x™(2)), (1.2)

. . m
where r and m are nonnegative integers, ¢y, ¢1,¢2, ..., ¢y are complex numbers, >’ i=0 lcjl #
0, and xU! denotes the jth iterate of x. In order to obtain analytic solutions of (1.1), we
first seek the analytic solutions y(z) of the following companion equation:

@y @2y (@) = ay (12)y" (@02) + [y (o2) ) [ Se (y(a,-z))z] (13)
j=0

satisfying the initial value conditions

y(0) = u, y'(0)=n#+0, (1.4)
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2 Analytic solution of functional differential equation

where g, 17 are complex numbers, and « satisfies one of the following conditions:

(H1) |a| > 15

(H2) 0< |al < 1;

(H3) |a| = 1, ais not a root of unity, and log(1/|a" — 1]) < Klogn, n = 2,3,4,...,
for some positive constant K. Then we show that (1.2) has an analytic solution of the
form

x(z) = y(ay~'(2)), (1.5)

in a neighborhood of the number g, where y~!(z) is the inverse function of y(z). Finally,
we make use of (1.5) to show how to derive an explicit power series solution of (1.2).
2. Preliminary lemmas

We first obtain the analytic solutions y(z) of the companion equation (1.3). By (1.3), we
have that

2.7 r+1 T+1 ’r T m
oy @2y (o'z) —ay (@)Y WD) S (i) o
[y (arz)] j=0
| y,(“rﬂz))' m
VAR i Ci ocfz , or
a"1< y'(ar2) go !
1 y/(‘xr+1z y (0 :| J =
a't) > ¢ ocft or 2.1
a“l[yTwz y'(0) i E%] 0
1 y r+1 J m ]
oc’_l[ ¥ (arz) 1} yiert) goC] re’t)) .
1 m

(@2 = @)= @2) [ @0 3o 0w

Since y(z) is an analytic function in a neighborhood of 0, y(z) can be represented by a
power series of the form

+ oo
= > buz", (2.2)
n=0

and we can see easily that by = y, by = 1, and y'(z) = z;fo(n +1)b,412". We have

[y (a'z) - y'(a'2)]

+00
= ! |: z (I’l+ l)bn+1‘x r+1)n " Z (f’l‘f‘ 1)bn+1a’”z”]

[§n+l bup1 (0" — 1)a” }

ar—l

1
ar-
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_ ! [Zm(n+1)bn+1((x 1) }

n=1

1 [
_ — |: Z (H+2)bn+2 ((xn+1 _ 1)ar(n+1)zn+1:|

n=0
+oo
_ z(n+2) ((xn+1 _ 1)0(m+1bn+22n+1.
n=0
Therefore,
1
g [)/ ((xrﬂz) Z(n+2 ot — ) rn+1bn+zzn+1'

By means of (2.2), we get that

+oo 2 4w o/on
- (z bnz”> . (Zbibni)z".
n=0 i

n=0 \i=0
Then
+o00
y(alz) = Z(Xbbn ,>ocfz, j=0,1,2,.
0 \i=0
This implies
z m
Ly'(oct > ci(y(at))
j=0
+o00 +o0 n m )
(Z n+1) nﬂ(x’”t”) ( Z Z Z cja"bib,_it"
0 \n=0 n=0i=0j=0
z+0o n n—k m .
[ ST X I e bbby it
0 n=0k=0i=0j=0
+oo Z Z Z ¢j (x(n k) j+kr
= ( e /= (k+1)bibk+lbnki>zn+l-
o n+1
Therefore,

z m +°°Z Z Z ca (n—k)j+(k+1)r
’ k=0 0]
a't c ocJt

Joy( J;)] Z n+1

n=0

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)

(k+1)bibks1by—k—iz""

(2.8)
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Next, we will consider

z m
y'(oc’z)J v (o't) D ci(y(alt))
0 i

+oo to g Zf‘:k S cialnR ke
= [ S+ Dparmzr) == =0 (k+1)bibgs 1 byp-iz""
n=0 n=0 n+l
+00 Z 0 z Z(tz—ok—s ZmZOC‘OC("_S_k)jJr(kH)r
=2 = - (s+ 1) (k+ Dbibsabrsrby—i- 2"
) (2.9)
Therefore,

y'(a’z)J ¥ (a't) Z y(alt))
0 j=0

n n—k-ssm . (n—s—k)j+(k+s)r
0 Dk 2o cjaln=s=kj
— e (s+1)(k+ Dbbgs1bgsi by 2"

+o00
- go —s+1
(2.10)

We see that (1.3) is equivalent to the integrodifferential equation (2.1). By (2.1), (2.4),
and (2.10), we see that

Zs 0 Z Zn ks Z;nzocj(x(”—s—k)jﬂkﬂ)r
—s+1 (2.11)
X(S+1)(k+1)bibs+1bk+1bnfs,k,i, n=0,1,2....

(n+2)(“n+1 _ 1) rn+1b

Therefore,

k— k)i e
zs o z Zn s Z;”:ocj“(” s—k)j+(k+s)r—rn—1
(n+2)(n—s+1)(amt!l —1)

(5 + 1)(k + l)bibsﬂbkﬂbn—s—k—i:
(2.12)

bn+2

where n = 0,1,2.... Next, we show that such a power series solution is majorized by a
convergent power series. Now we begin with the following preparatory lemma, the proof
of which can be found in [1, Chapter 6].

LEMMA 2.1. Assume that (H3) holds. Then there is a positive number § such that |a" —
1171 < (2n)® for n=1,2,3,.... Furthermore, the sequence {d,},—, defined by d, =1 and
dn = (1/|an71 - 1|)maxn=n1+nz+---+m,0<n1snzs---snt,tEZ{dnldnz e dnt}; n= 2)3)4)--- SatiSf)’
d, < (25913720 4y — 1,2.3,....

LEmMA 2.2. Suppose that (H3) holds. Then, when 0 < || < 1, (1.3) has an analytic solution
of the form (2.2) in a neighborhood of the origin.
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Proof. For convenience, we let M = ZT:() [c;|. By means of (2.12), it follows that for each
n=0,1,2,...,

Zs o Z Zn k- 5 1]11:0 |Cj | |‘X|(n—s—k)j+(k+s)r—rn—1

bz | < (n+2)(n—s+1)| (a1 —1)|
X (s+1)(k+1) | bi] | borr | [brrr | [ s (2.13)
noon—s n—k—s
< T 2 2 2 bbb [bocseics .
s=0k=0 i=0
Therefore,
non—s n—k-
|bnia| < | antl — z Z Z |bi| | bss1 | | brsr | | Ones—i=i | (2.14)
=0k=0 i=0
where n=0,1,.... Let
Qz,w) = w' = 2|ulw’ + ul? 2—ﬁ(w—lyl—z) (2.15)

for (z,w) in a neighbor of (0, |u|). We see that Q(0, |u|) = |ul* — 2|ul* + [ul* — (/M) (lul -
lul = 0) =0 and Q) (z,w) = 4w® — 6|ulw? + 2|ul*w — 1/M, so Q. (0,|ul) = —1/M # 0.
Therefore, there exists a unique analytic function G(z) in a neighborhood of 0 such that
G(0) = |ul, G'(0) = 1 satisfy the equality Q(z,G(z)) = 0. It follows that

= > Cu2", (2.16)
n=0

where Cy = |ul, C; = 1 in a neighborhood of 0. Next, we will show that

n+2—MZ Z Z i s+1Ck+1Cn —s—k—1> n=0,1,.... (217)

Suppose that (2.17) is true, by (2.16), we will get that

G*(z) = G(2)G*(z) = (Co + f Cn+1Z"+1) ( f (iCiCn—i)Z")
n=0

n=0 \i=0

+00 n +oo n n—k
=G Z (ZCani)z” + Z < Z Z CiCk+1C”ki> sy
i=0 n=0

n=0 k=0i=0

G'(2) = G(2)G(2) = (co + Zw cnﬂz"“)

n=0

e (fee ) 53 B )

k=0i=0
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+00 n n-k
-qy (chn ,)z +zcoz ( > > CiCa1 Cpoi— ) i
n=0

i=0 k=0i=0
+00 n  n-s n—k—s
2
+2 (MZ > 2 cics+lck+1cn_s_k_i)z"+
n=0 % s=0k=0 i=0

+o00
— G (2) +2G[GY(2) - CoGA(2)] + % S Cpa2™?
n=0

=2CyG*(z) - C3G*(2) + — (G(2) — Cy — C12)

1
M

=20l (@) - WP G (D) + 5 (G(2) — |l —2),

(2.18)
that is,
GH(2) = 201G () ~ WP G () + 3 (G(2) — lul —2), (219)
or
GH(2) — 21Ul G*(2) + [uPGX(2) — — (Gl2) — lul —2) = 0. (2.20)

M

Hence, Q(z,G(z)) = 0. Furthermore, we see that Q(z,G(z)) = 0 if and only if (2.17) is
true. Therefore, we conclude that (2.17) holds. Now, we know that the power series (2.16)
converges in a neighborhood of 0. Therefore, there exists a positive constant P such that

C, < P" (2.21)

for n =1,2,3,.... In the following lemma, we show that |b,| < C,d,, n = 1,2,..., where
the sequence {d,},., is defined as in Lemma 2.1. Indeed, |b;| = |y| <1 = Cid,, so it
suffices to prove that |b,11| < Cys1dus1, 1 = 1,2,.... Let P(n) denote the statement that
|byi1| < Cpi1dysr. From (2.14) and (2.17), we obtain

b, s(i>cj|)|a—1|-1>bo||b1||b1||bo|

j=0
<Mla- 1|_1C0C1d1C1d1C0

(2.22)
= (MCyCiC,Cy) (la— 1| "dydy)

=Gla—1]"! max {d, d,,} = Cd..
ny+ny=2
0<ny<ny
Thus, P(2) is true. Next, suppose that P(1),P(2),...,P(n) are true, that s, |bsy1 | < Cor1dsi1,
forall s =1,2,...,n. By (2.14) and (2.17), we get that

|b"+2| - | antl — ;

n

—s n—k—
z Z b | |bk+1 | |bs+1 | |bn—s—k—i|
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:| (x”” Zz(“’(} |bk+l||b5+1||bnsk|
+|bnfsfk| |bk+1| |bs+1| |bo|

n—k—s—1

S bl b | bt |bnski|)
i=1

:mig@bcl | bt | | Bost | | Bnesei]|
—0k=0

n—k—s—1

S bl b | bt | |bn_s_k_i|)
i=1

(3
= n 2|I70| |bk+1| |b5+1| |bn—s—k|
(e -1\ 5 5

n—s n—k—s—1

35S bl b b [brecac]
s=0k=0 i=1
- g7 |2 (2100 1 10

n—s—1
Ly z|bo||bk+1||bm||bn_s_k|)
k=0

z S bl b [t p)
k=0 i=1

||[\/]:

M

m[gﬂbﬂ | b1 | | b1 ] | bo]

n—s—

s—1
> 21bol [brsr | [bssr | [bys ]
k=0

n
+2
s=0
—k—s—1

Z S 0] bt | || |bnski|]

i=1

||M:

M
= W[zzcocn st1dn—s11Csr1ds11

s=0
n n—s—1
+ Z Z 2C0Ck+1dk+l C5+1ds+lcnfsfkdnfsfk
s=0 k=0
n—s n—k—s—1

M=

+

N

I
(=]
~

-0 =1

CidiCkH dk+1 Cs+1 dsﬂ Cn—s—k—idn—s—k—i:|
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M &
“Ta—1)] |:S_Z()2C0Cns+lcs+ldns+lds+l
n n—s—1
+ z Z 2C()CkﬂCerlCn—s—kdkﬂderldn—s—k
s=0 k=0
n  n-s n—k—s—1
+ Z Z Z CiCkHCs+1Cn—s—k—ididkﬂds+1dn—s—k—i:|
s=0k=0 i=1
M

- | ((X"“ - 1) | n|+nz+r.r.l-a:i-)§1t=n+2 {dnldnz o dnt}
O<ny<ny<---<ng,t=2

n n n—s—1
x [chécnmcm +>. D, 2CoCin Con1 Gk
s=0 s=0 k=0
n  n-s n—k—s—1
+ Z z z CiCk+1Cs+1Cnski]
s=0k=0 i=1
= dp+2Cur2.

Therefore, P(n+ 1) is true, we conclude that |b,| < C,d,, foralln =1,2,3,
(2.21) and Lemma 2.1, we see that

|by| < Pr(250)" 'y 3 ) n=1,2,3,....
Therefore,
(256+1)("—1)/"n—28/n

limsup | b, |"" < limsup P

_ limp(zsaﬂ)(ﬂ*l)/ﬂnfza/n — ppSotL.

Thus, 1/limsup |b,|"" = 1/P2%*!, which shows that power series (2.2)
|z| < 1/P2°*1, The proof is complete.

(2.23)

.... In view of

(2.24)

(2.25)

converges for
O

LEMMA 2.3. Suppose that (H1) holds. Then for any r = m, (1.3) has an analytic solution of

the form (2.2) in a neighborhood of 0.

Proof. Forr=m,0<k+s<n,wehaves+1 <n+1,and k+1 <n—s+1, it follows that

(s+1)/(n+1)<land (k+1)/(n—s+1) < 1. Next, we have
(k+s+Dr+jn—s—k)—rn
=(k+s)r+r—(k+s)j+jn—rn
=(k+s)(r—j)—n(r—j)+r
=(k+s—n)(r—j)+r, so

(k+s+Dr+jin—s—k)—rn=(k+s—n)(r—j)+r.

(2.26)
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Since |(X| >1, |a|(k+s+1)r+j(n—s—k)—rn — |a|(k+s—n)(r—j)+r — |a|(k+s—n)(r—j)|‘x|r < |a|r and the
sequence

a1 S )
|‘x|n+l -1
n=1

(2.27)
converges to 0, this sequence is bounded, namely, there exists M > 0 such that
|(x|r—1 zm: Ci
|a|n+j_°|1 L ov, wao12s. (2.28)
Therefore,
(S+ 1)(k i 1) Z;n:o |Cj | | o | (k+s+1)r+j(n—s—k)—rn—1
(n+2)(n—s+1)(artl —1)
(2.29)
W Sl Ll S ||
|oc”+1—1| < a1 =1 <M, Vn=12,3,....
In view of (2.10), we get that
n  n—-s n—k-s
|bpia| <M Z z Z | bi | bsr1 | brsr | | bpes—k—i|, VYn=0,1,2,.... (2.30)
s=0k=0 i=0
We define a sequence {D, },_, by Dy = |ul, D; = || and
n n-s n—k—s
Du2=M > > DiDeiDis1Dysiiy Yn=0,1,2,.... (2.31)
s=0k=0 i=0

Next, we will show that |b,11| < Dpy1, n = 1,2,3,.... By definition of D,,, we have |by| <
Dy, |b1] < D; and we let P(n) denote the statement that |b,+1| < D,.+1. Then

0 0-s 0—k-s
bl <MD > DT |bi|bort | bisr | | Bo—s—k—i]

s=0k=0 i=0 (2.32)
= M|bo||b1| |61 |bo| = M|bo|*|b1|* = D,

Therefore, P(1) is true. Next, suppose that P(1),P(2),...,P(n) are true, so |by1| < D4y,
fort=1,2,3,...,n. Therefore,

n n-s n—k—s
|bn+2 | <M Z Z Z |b1 | bs+1 | bk+1 | |bn—s—k—i|

s=0k=0 i=0

n

(2.33)
n sn—k-s
<MY > > DiDsiDis1Dysk-i = Dy
s=0k=0 i=0
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Hence, P(n+ 1) is true, so we can conclude that |b,| < D, for n =0,1,2,.... Now, if we
define
+o0
G(z) = > Dyz", (2.34)
then

G*(2) = G(2)G*(2) = (Do + i D,mz””) <Z°° (iDiDn,)z”)

n=0 n=0 \i=0

400 n +o00 n n—k
=Dy (ZD,»D,“) 2"+ ( > Dkaﬂani)z"“,
i=0 n=0

n=0 k=0i=0

G*z) = G(2)G*(2) = (Do + i Dn+1z””>

n=0

k

[ g (ZDD” ')Z +§ ( i ’ED-D,(HD,[“)Z"H]

k=0i=

0
+0o0 n 00 n n—k (235)
[5pt] = D5 . (Z iDi- ,~>z"+2DoZ<Z ZDka+1Dn_k_i)z"+l
n=0 =0 n=0

k=0i=0

n  n-s n—k-s
+Z (MZ >, 2. DiDeiDin1 Dy l>z””

n=0 s=0k=0 i=0

+00

= DG (2) +2D0[G*(2) ~ DoG(2)] + 1 5 Do
n=0
=2DyG*(z) - D3G*(z) + ﬁ (G(z) — Dy — D1 2)

=21 G* (@) - WG (&) + - (Gl) — lul - Inle).
Thus,
G'(2) = 21ulG(2) + lul*G*(2) — ﬁ(G(Z) —lul=1Inlz) = 0. (2.36)
Let
R(z,0) = @'~ 2lula’ + lul’a? — - (0 4l = yle) (237)
for (z,w) in a neighborhood of (0, |x]), so we see that R(0,u) = [ul* — 2|ul* + |ul* —

(1/M)(lul = |l = In10) = 0 and R (z,w) = 4w® — 6|u|w? + 2|ul*w — 1/M, then R (0,
|ul) = —1/M # 0. Therefore, there exists a unique function w(z) which is analytic in a
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neighborhood of 0 such that w(0) = |u|, w'(0) = x| and satisfies R(z,w(z)) = 0. Accord-
ing to (2.34) and (2.36), we have G(z) = w(z). It follows that the power series (2.34) con-
verges in a neighborhood of 0, which implies that the power series (2.2) is also convergent
in a neighborhood of 0. The proof is complete. O

LEmMA 2.4. Suppose that (H2) holds. Then for either 0<r <m and ¢o=0,¢1=0,...,¢,_1 =
0, or v = 0, (1.3) has an analytic solution of the from (2.2) in a neighborhood of 0.

Proof. By assumption, we get that

{|oc|1 S lel }*” (238)
n=1

1— |a|nt!

converges to |a| 7! Z;-”ZO [cjl, so it is a bounded sequence which implies that there exists
M > 0 such that

o S ||

T <M, Vn=123,.... (2.39)

There are two cases to consider as follows.
Casel. r=0.As0 < k+s < n, we have

(s+1)(k+1) ZT:O CjOC(”_S_k)ﬂ(kHH)r—m—l
(n+2)(n —s+ 1)(an+1 _ 1)

(2.40)
(s+ D (k+1) X cjaln=Ri-!

(n+2)(n—s+1)(artl —1)

lal ' 370 | ¢

1-— |(x|n+1

Case 2. 0<r<mand ¢g=0,¢c; =0,...,c,—1 = 0. We see that ||~ Dkts=n) < 1 where
r < j < m. Then,

|(x|(n—s—k)j+(k+s+1)r—rn—l _ |(x|(r—j)(k+s—n)+r—l
4 (2.41)
= 1| I o] < o]
Thus,

|a|(n—s—k)j+(k+s+1)r—rn—1 < |(X|_1. (2‘42)

Next, we consider

(s+ 1)(k + 1) 2;":0 Cja(n—s—k)j+(k+s+l)r—rn—1
(n+2)(n—s+1)(artl —1)

(2.43)

Z;»n:() |C] | |(x|(n—s—k)j+(k+s+l)r—m71 |(X|71 Z;n:() |CJ |

1— |a|nt! T 1 |alnt!
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Therefore, by both cases, we have

(S+ 1)(k + 1) Z;ﬂ:o Cja(n—s—k)j+(k+s+l)r—rn—1 |(X|71 z;nzo | ¢ | (2 44)
(n+2)(n—s+1)(ant! —1) 1— |a|ntl )
It follows that
(S + 1)(k + 1) z;ﬂzo Cja(nfsfk)j+(k+s+l)r7rn—1
(1t D —s+ D = 1) <M forn=1,2,3,.... (2.45)

The conclusion of Lemma 2.4 now follows easily from the same argument as in the proof
of Lemma 2.3. 0

3. Main results

We now state the main result of this paper. Consider the following three hypotheses:
(i) (H3) holds;
(ii) (H1) holds, and r = m;
(iii) (H2) holds, and either 0 <7 < m and ¢y = 0,¢; = 0,...,¢,_1 =0, 0rr = 0.

THEOREM 3.1. Suppose one of the conditions (i), (ii), or (iii) is fulfilled. Then, for any u,
(1.2) has an analytic solution x(z) in a neighborhood of u satisfying the initial conditions
x(u) = w, X' () = a. This solution has the form x(z) = y(ay~'(z)), where y(z) is an analytic
solution of the initial value problem (1.3)-(1.4).

[

Proof. In view of Lemmas 2.2-2.4, we may find a sequence {b, },_, such that the function
y(z) of the form (2.2) is an analytic solution of (1.3) in a neighborhood of 0. Since y'(0) =
1 # 0, the function y~!(z) is analytic in a neighborhood of the y(0) = u. If we define x(z)
by means of (1.5), then

X (x(2)) =x" (y(a"y71(2)))

2,07

-2y

(ay N (2)y' (@ y (2) —ay (& y ' (2) y" («"y "' (2))

[y (ary=1(2)) ]’

/ 3.1
ci(y(efy~'(2)))°, by (1.3), (3.1)

M=

0

-
Il

¢;(x7(2))°, as required.

Mz

0

-.
Il

The proof is complete. U

We now show how to explicitly construct an analytic solution of (1.2). Since x(z) =
y(ay 1(2)), x(u) = y(ay~1(u)) = y(0) = p. By Theorem 3.1, x(z) is an analytic function
in a neighborhood of y. Thus x(z) can be written in a neighborhood of y as

(W (z—p)?  x"(w)(z—p)?
a 31 A

x(z) =pu+x"(u)(z—u)+ (3.2)
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Next, we will determine the derivatives x (u), n = 1,2,.... We have x(z) = y(ay~'(z)), so

thatx'(z) = ay’(ay~1(2))/y’ (y '(2)). Thatis, x’(4) = ay (ocy‘l(y))/y'(y‘l(y)) =ay' (0)/
¥'(0) = a. Hence x"(¢) = a. By means of (1.2), we get that

X () =" () = Dei(x = ¢cj; (3.3)
j=0 =0

hence x” (u) = yz Z;’Lo ¢j. Next, we have

(x" (x1(2)))" = 2" (" (2)) (xI")(2))
= x"" (xI(2))x (xI"1(2)) ' (xI72)(2)) - - - &' (x(2)) %' (2).

(3.4)

Therefore, the derivative of (x” (x["(2))) at z = p is

X (e () (1 () (R () - () () = X () [ ()] = X (el

’

(Zc ﬂz)) S 6 (1)) =23 el (2) (x171(2))’

j=0 j=0

=2 ﬁ cixl(2)x' (xl71(2))x' (xU72(2)) - - - &' (x(2))x (2).
0 (3.5)

Hence, the first derivative of (Z “ocjlx Ul(2))?) at z = is Zyz “0Cj ol . Next, by taking
the first derivative of (1.2) at z = y, we get that

X (W =2u> cjol. (3.6)
=0
Thus,
X)) =2u > cjod " (3.7)
i=0

In general, we can show by induction that
(" (x11(20)) ™ = ((x7(2))" 5 (1) (2))
Z [Pkn+l( (xI"(2)) ,(xm(z))”,...,(x[’](z))(”ﬂ))]x(k“) (xI"(2)),
k=1
(3.8)
forn=1,2,...,and

(x1(2)"Y = Qu(x10(2)s-..r X1 1(2)s... 510(2)s-.» 201 (2)), (3.9)
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respectively, where x;;(z) = xD(xll(2)), Pj; and Qj; are polynomials with nonnegative
coefficients. Next, we have

(n+1)

ic;( <1(2))?)

j=0

(iq((x[j](z))z))(nﬂ)

j=0

2

Il
Mz

-
Il
o

¢; (x11(2)) (x11(2)) )™

Cr (x)(2))" (U](z))<n—k+1>>

I
TM§

i

k=0

II
u Ms

i (e (2) P (1 (2) Y m=1,2,.

(3.10)

For convenience, we denote the following notations:
Bt = Qu(x" ()., x’ (s 559 ()., x (), (3.11)

where the number of repeats of x)(y) is I, for t = 1,2,...,j. Then, we see that f; =
(xUl(u))®. By differentiating (1.1) for n+ 1 times at z = y, we get

(G () )™ ) (ol ()

+ 3 [P (G0 () (17 ) ) |42 (17 ()

(3.12)

M Tpage

ZC Cr () () k)(x[j](‘u))(”‘k“)_

0 k=0

=2

j

Thus,

\IMS

Z Ckﬁkjﬁ” k+1,j-
) (3.13)

n
ar(n+1)x(n+3) (Pl) + Z [Pk,n+1 (ﬁlr:,BZr’ ﬁn-f—l r)] (k+2 =
k=1

This shows that

(n+3) 2 ZT:() ZZ:O Cjczﬁkjﬁn—kﬂ,j - ZZ:] [Pk,nﬂ (ﬁlraﬂZm ﬁnﬂ r)] (kt2) (.“)
X" (u) = ,
(Xr(nﬂ)
(3.14)
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where n = 1,2,.... By means of this formula, it is then easy to write out the explicit form
of our solution x(z) as follows:

) m oy '
x(z) =p+talz—p)+ ‘Lzl—' g‘)cj(z—‘u)2 + 3—‘7 ;)cjocf*r(z—y)3
! ! (3.15)

+o00

= (n+3) n+3
+ - .
;(n+3)!x Wz=p)
Example 3.2. The following example shows how to construct an analytic solution by using
the previous argument. Consider the following functional equation:

X' (x(2)) = ¥(2) + (x?(2))”. (3.16)

This is just (1.2) with the choice of r = 1, m =2, ¢y = 1, ¢; = 1, and ¢; = 1. We can easily
see that (3.16) satisfies condition (iii) of Theorem 3.1; hence, for any complex numbers
p and a such that 0 < || < 1, (3.16) has an analytic solution x(z) in a neighborhood of y
which satisfies x(¢) = p and x"(¢) = a. This analytic solution has the form as in (3.2) in
caser =1,m=2,¢p=1,¢ =1,and ¢; = 1. We already know that x(y) = g and x"(y) = a.
We will find x" (), n > 2. For n = 2, it follows from (3.16) that

X () = 5" (x(u)) = 22 () + (x2 () = 242, (3.17)

For n = 3, it follows from (3.16) that

7

¥ (x(2) = (2(2) + ((+2(2))) (3.18)
Thus,
X" (x(2))x' (2) = 2x(2)x' (2) + 22 (2)x' (x(2)) ¥’ (2)
= 2x'(2)[x(2) + 2 (2)x' (x(2))]. (319
By putting z = y, we obtain
X" (W) = 2alp + pal, (3.20)
which gives
X () = 201+ ). (3.21)
Similarly, for n = 4, we obtain
() =2(1+24° +a?) + M. (3.22)

o2
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By continuing this process, we obtain an analytic solution of (3.16) as

(1+a)
3

)(z—y)4+---.

x(z) =p+alz—p) +p*(z—pu)+ (z—u)?

(3.23)

1+2u3+a>  (1+p)u’
+< 12 * 6a2
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