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The paper deals with an extension theorem by Costakis and Vlachou on simultaneous
approximation for holomorphic function to the setting of Dirichlet series, which are ab-
solutely convergent in the right half of the complex plane. The derivation operator used
in the analytic case is substituted by a weighted backward shift operator in the Dirichlet
case. We show the similarities and extensions in comparing both results. Several density
results are proved that finally lead to the main theorem on simultaneous approximation.
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1. Introduction

Let f(s) = 2,21 asn"* be a Dirichlet series and let 0,(f) be its abscissa of absolute con-
vergence, defined by

o.(f) = inf{a ER; > |as|n converges}. (1.1)

nx1

We denote || 2,21 ann ™ llg = 221 lanln™? € [0,+00] forall 0 € R.If f is given by a finite
sum of the previous type, then we say that f is a Dirichlet polynomial. Let C, be the half-
plane of complex numbers with strictly positive real part. We denote by %,(C, ) the set of
Dirichlet series which are absolutely convergent on C, - This space %,(C..), endowed with
the topology given by the family of seminorms || - |4, is a Fréchet space. In the following,
we fix & = (0k) k=0 to be a strictly decreasing sequence of real numbers which converges to
0. Then, the distance associated to the Fréchet space is defined by

o L lf—glls, .
ds(f,g) = PoST T2 —oll F-gly.’ f and g are in 9,(C,). (1.2)

The purpose of this work is to obtain, for Dirichlet series in %,(C;), a simultane-
ous approximation theorem analogous with the one proved by Costakis and Vlachou for
holomorphic functions [5]; see also [6]. Let ) be a Jordan domain included in C and let
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2 Universal approximation theorem for Dirichlet series

& € Q be a fixed complex number. We denote by W' the set of holomorphic functions f
on Q (f € H(Q)) such that the following holds. For every choice of compact sets K and
L,with L c Qand K ¢ C\ Q, with connected complement and for every functions ¢ and
y, continuous in K and L, respectively, analytic in the interiors K and L the following
hold.

There exists a sequence (A,),>0 of nonnegative integers such that

(1.3)
0.

n—+oo

TaeoreM 1.1 [5]. The intersection of W with the set of univalent functions and constant
ones (denote by B) is Gs-dense in B.

This universal theorem can be proved using category type of arguments and applying
an approximation theorem due to Mergelyan for analytic functions. The arguments are
now well known. We can mention [4, 6, 7] for similar proofs. The idea of [6] is the follow-
ing. If we have some approximation properties (realized by sequence of natural numbers)
which hold on G; and dense subsets of a complete metric space, then by Baire’s theorem,
the intersection of these sets is also G5 and dense. Therefore, there is an object realizing
all those approximations (but with different sequences of indices for each one). Now if
we repeat simultaneously the proofs of these generic approximation properties in some
cases, a miracle happens. We realize all of them generically with the same choice of in-
dices.

For the set of Dirichlet series %,(C. ), a technical version of Mergelyan’s theorem has
recently been proved by Bayart [3]. This result uses the notion of compact sets K ¢ C\
C4 admissible for Dirichlet series (see Definition 1.4). For every Dirichlet series f(z) =
ZZ:’I fik™%, we denote by S,(f), n € N*, the partial sum

Si(f)z2)=> fik® zeC (1.4)
k=1

Definition 1.2. Let w = (wy)qen+ be a sequence of strictly positive real numbers. Denote
by B, the backward weighted shift defined by

Bw(l) =0, Bw(nis) =

(n-1)7° Vn=2. (1.5)
Wy—1

The purpose of this paper is to give an analogy for Dirichlet series to the results of
[5]. The study of derivative for analytic function can be seen as the study of a weighted
backward shift (with the canonical basis)

D(z") =nz"!, Vn=2 (1.6)
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For this paper, we just consider weights w = (w,)nen+ satisfying

(Hy)
YVa=>0, w;---w,m*— 0, asm— +oo, (1.7)
(H3)
1 .
Va >0, thesequence <a) is bounded. (1.8)

We denote by M, the supremum of the bounded sequence (1/j%w;)jen+. These condi-
tions mean that the infinite product converges to zero but not too quickly. For example,
we can choose

C

Vk=2, wp=—"-—,
[log(k)]"

CeR}, 5>0. (1.9)

Simpler examples can be chosen, by taking wx = 1/A with A > 1. Moreover, we can note
that the second condition implies that the B, are continuous operators on the Fréchet
space @,(C.). We have for f(s) = >,o1ann € D,(Cy),

. . —®ntl + 1 — Qs
M=Z|aj+1|’——2|aj+l|( J) G+1)

L,
=1 Wiz j+l Jotmiw; (1.10)

[1Bu(f)

= zanﬂM‘xn_arﬁ»l ||f”“n+l'

Therefore, we obtain the following result, as a direct consequence of the main Theorem
4.3, which generalizes Bayart [3, Theorem 6]. This result is Corollary 4.4 and states the
following.

Cororrary 1.3. Let f € 9,(Cy) be a Dirichlet series. Then, for every € >0, there exists
h € 9,4(C,) satisfying the following. For every ¢ € D,(Cy.), every admissible compact set K

in C_, and every function y : K — C continuous on K and holomorphic in K, there exists a
sequence (Ay)n=0 in N* such that the following hold:

ds(f,h) <&,

sup [ Sy, (W) (2) —y(2)| — 0, asn— +o, (1.11)
zeK

Bi"(h) — @, asn— +o, in%,(C,),

where Bl is the A, th iteration of the weighted backward shift.

The method of the proof is analogous to the one of the main theorem in [5]. We use
principally the version of Mergelyan’s theorem for Dirichlet series given by Bayart [3].
The main tool of approximation by Dirichlet series is a technical lemma from Bagchi [1]
which needs the notion of admissible compact set.
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Definition 1.4. Let K be a compact set included in C. This set is admissible for Dirichlet
series if C\ K is connected, and if the following representation can be obtained: K =
Kj U - - - UKy, where the K; should be contained in disconnected strips S; = {z € C; a; <
R(z) < b;} breadth strictly less than 1/2, that is, b; —a; < 1/2.

We denote by C_ the left half-plane {s € C; R(s) < 0}. We can now express the version
of Mergelyan’s theorem for Dirichlet series included in %,(Cy).

Tueorem 1.5 [3]. Let K C C_ be an admissible compact set for Dirichlet series, let f be a

Dirichlet series in 9,(C,), and let g be a continuous function on K which is analytic in K.
For every pair of fixed positive real numbers o and ¢, there exists a Dirichlet polynomial h in
D4(C,) such that

sup | h(z) —g(2)] <, lh=flls<e (1.12)

z€K
Definition 1.6. Denote by W (w) the set of all Dirichlet series h € %,(C,) satisfying the
following: for every admissible compact set K in C_, for every f € @,(C. ), and for every

function g: K — C continuous on K and holomorphic in K, there exists a sequence of
integers (A,)q=0 such that the following hold:

sup | Sy, (h)(2) — g(2) |

zeK

Bﬁ”(h) m’f in gbu(((:+).

0,

n—+00

(1.13)

In a first step, we give relations between the set W ;(w) and subsets of 9,(C..) realizing
analogous estimations with Dirichlet polynomials. On the other hand, we prove that these
subsets are open and that their union is dense in the Fréchet space studied. We conclude
using category-type arguments (see also [4, 5, 7]). Other recent developments related to
universal Dirichlet series have been obtained in the same way in [8].

2. The sets O, (Co,p, j, s, 1)
Definition 2.1. The family of compact sets is defined as
K (a;bi;n) = {z € Csuch that a; < R(z) < b; et I(z) € [-m3n]}, (2.1)

wherea; € Q,b; € QnNJa;;a; +1/2[,n € N* and b; < 0. Foralld € N*,let K(a;bi;... ;a4;
ba) be the disjoint union of the sets K(a;;b;;3n;) for i € {1,...,d}. The family of com-
pact sets K(ay;b15... 5a4;ba) is denumerable. This family can be denoted by the sequence
(Kp)pzo-

It is obvious that the sets K, are well admissible for Dirichlet series and are contained
in C_.

ProposITION 2.2. For each admissible (for Dirichlet series) compact set K C C_, there exists
a nonnegative integer py such that the following inclusion holds:

K CK,, (2.2)
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Proof. We just have to prove this property for a compact set K included in only one strip
S ={ze C/a < R(z) < b} with b — a < 1/2. Using the notations above, if (a,b) € Q?, we
just have to choose n > sup{|z|/z € K}. Else, we take a’ < a and b’ > b such that (a’,b") €
Q? and b’ — a’ < 1/2. Hence, with the same choice for n, we obtain the desired relation
K CcK(a';b';n). O

In the following, we denote the set of Dirichlet polynomials with coefficients in Q +iQ
by the sequence (f;)jen.

Lemma 2.3. The family of Dirichlet polynomials (f;) jen is a dense set for the topology of the
Fréchet space 9,(C.).

Proof. Let g = > 42 axk ™ be a Dirichlet series 9,(C,). We define the sequence (fis)n=0
by

n 1 ‘
Fin =D Brak™, ok —Prnl < S Bin € Q+iQ. (2.3)
k=1

Let 0 be a fixed strictly positive real number and let ¢ be a strictly positive real number too.
Clearly, there exists a positive integer N such that we have i %a1 laklk~7 < e. Therefore,
we obtain the following inequality:

N +00 N
_ _ 1 1
g = fillo = X lax = Bra K0+ 3 Jau| ko< 3 srmre<ive (24)
k=1 k=N+1 k=1
The conclusion is obvious. O

Remark 2.4. We obviously have the density of the family (f;);en for the topology of the
uniform (on every compact set) convergence.

Definition 2.5. Let 0 > 0. According to the preceding definitions, for all positive integers
P> j>n, s, the set 0,(Cs, p, j,s,n) C D,(Cy) is defined by

0o (Cyprjosin) = {ge@a(@) such that sup |$,(¢)(2)— fi(2)| < % 1B (&)~ fillo < %}

z€K,

(2.5)

With these sets, we have a complete representation of Ws(w).

LemMa 2.6. The following equality holds:

+00 +00 +00 +00 +00

Waw) = (U0 (Cirpsjrsin). (2.6)

p=lk=1j=0s=1n=1

Proof. Let g be a Dirichlet series belonging to the right-hand side set. Let K C C_ be an
admissible compact set for Dirichlet series and @ : K — C be continuous function on K

and analytic in 12, and let h be in 9,(C,). For all ¢ >0 and ¢ > 0, we just have to find an
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integer 1y € N such that we have

sup | Sn, (g)(2) —®(2) | <e, |[B(g) —hl|, <. (2.7)

zeK
Using Bayart’s Theorem 1.5, there exists a Dirichlet polynomial p satisfying the two in-

equalities

sup | p(z) — @(2) | <

&
)
zekK 2

Ip—hlly < g (2.8)

With no loss of generality, by Lemma 2.3, we may assume that its coefficients are in Q +
iQ. As a consequence, there exists an integer jo € N such that p = f;,. We let sy and py be
nonnegative integers satisfying 2 < soe and K C K. Moreover there exists ny such that

sup |S0, (@) (@)~ p(2)| <, [IBH(g) - pll, < — (2.9)
zeK S0 So

The last four inequalities allow us to conclude that g belongs to W's(w). The inverse in-
clusion is obvious. O
3. The sets O, (C4,p, j,s,1) are open

In this section, we prove that each set U,-; 0,(C4,p, j,s,n) is open according to the
Fréchet topology defined by the seminorms (|| - [Ig)g on %,(C;). We divide the proof
into two parts.

ProrosriTioN 3.1. For all j, s, n, and p positive integers, the subsets I'(p, j,s,n) of Da(C4)
are open in the Fréchet space 9,(C,), where

T(p, jos,) = {g € Da(C.) such that sup [5,(9)(@) - £(2)| < %} (3.1)

Proof. We denote by M the minimum of the real parts of the complex numbers included
in K,,. Let f be a Dirichlet series in I'(p, j,s,n), which means that we have

sup |S.(f)(2) - fi(2)] < % (3.2)

z€K,

Let ¢; be the following strictly positive real number:

/s —sup,cx, [ Su(f)(2) = fi(2) | 0
S

& = (33)
Define a = ¢,/(1 +¢;) and let g be a Dirichlet series satisfying d5 (g, f) < a. In particular,
we obtain

If —gllo

< a which means || f — gllq, < &1. 3.4
T+ 17 - gl If-g 1 (3.4)
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Now, we can overestimate |S,(g — fi(2)|. One has

184(8)(2) = fi(2) | = [Su(g = )@ | + [Sa(f)(2) = fi(2) . (3.5)

Afterwards, if we denote S,(g — f)(z) = >.7_, b,r %, using (3.4), we have the following
inequality:

n
[by| <790 > | by [r7% < 1. (3.6)
r=1
Consequently, one has
n
sup [Su(g— 2] < D erre ™. (3.7)
zeK,

Hence, we obtain the strict inequality

1
sup [S,(g)(2) - fi(2) | <elzr"° Mt sup |Su(f)(2) - fi(=2) | = - (3.8)

zeK, — zeK, S
Therefore, the set I'(p, j,s,n) is open in the Fréchet topology. O

ProrosITION 3.2. For all positive integers j, s, n, and p, the subsets Aq, (p, j,s,n) are open
in the Fréchet space 9,(C, ), where

Aoy (ps o) = {g € D, (C,) such that ||B(g) - fill,, < %} (3.9)

Proof. We begin this proof as the preceding one. Let f be a Dirichlet series included in
Ag, (p, j>s,n). Hence

1
1B(F) = fillo, <5 (3.10)
Take &, to be a strictly positive real number satisfying

]'Uk+1—!7k

(3.11)

s —|1BA(f) - fill, . i o
o2 VB Sl sy ()

, - J
Ak jz1 \]tn joWjtrr Witn—1

Note that A, is well defined because j/(j+n) — 1 and the second supremum is well
defined by (H). Now, define a = &/2F1 (1 + &) and let g be a Dirichlet series satisfy-
ing ds(g, f) < a. In particular, we obtain || f — gllg.,/(L+ 1l f —gllg,) < 2k+1g 5o Il f -
8llo, < €. Now we can estimate || B} (g) — fjllg,. It follows that

1B5(8) = fillo, = |1Bi(g = Olly, + 1B = fill,,- (3.12)
Using the notation (g — f)(z) = > b,r%, we also have
s |bj+n|

IB2(g = Olly = >

j=1

"% < Anillg — fllo,,- 3.13
@yt kllg = flla (3.13)
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As a consequence, we obtain the following inequality:

1B5(&) = fills, < 1BG(g = Hlla + IBG(f) = fill,,

< Anillg = fllow, +1IBL(S) = filly, (3.14)

1
<Anke2 +|IBG() = fill, = s

Therefore, there exists an open ball, with f as central point, which is included into the set
Aok(P)j)S)”)- I:’

CoROLLARY 3.3. For all positive integers j, s, n, p and k, the set O, (Cy,p, j,s,n) is open in
the Fréchet space 9,(C..).

Proof. We just have to remark that the set O,, (Cy,p, j,s,n) is the intersection of Ay, (p, j,s,
n) with T'(p, j,s,n) which are open sets due to Propositions 3.1 and 3.2. O
4. Main results

ProrosiTiOoN 4.1. Let g be a Dirichlet polynomial denoted by g(z) = Z’,:;zgkk‘z. Then,
there exists a sequence of Dirichlet polynomials, (pm)ms=o, such that | pylls — 0, asm — +oo,
forallo € R, and

VzeC, VmeN, Bl(pm)(z) =g(2). (4.1)
Proof. Using the notations of the proposition g(z) = Zle grk ™%, we consider the Dirich-

let polynomials p,,(z) = Z?:l kWi Wk+1 * * * Wkrm—1 (k +m)~%. With an easy computation,
we obtain the desired equalities. Moreover, we have for all 0 € R,

A
case 0 = 0:||pmll, = Z | gk | wkwis1 -+ * Wkem—1k7,
k=1
N (4.2)
case 0 < 0:||pmll, = D gk | 0k@ks1 *  * Wiom-1(k+m) 7.
k=1
Using (H;), we obtain the result. O

Note that the sequence (p)m=o constructed in the previous proposition converges
also uniformly (on each compact set) to 0.
We possess all the arguments to state and to prove the main theorem of this work.

TaeOREM 4.2. Thesets U, 00, (Cy,p, j,s,n) are dense subsets of the Fréchet space D,(Cy.).

Proof. Let d € 9,(C,) be written d(z) = 2;11 a;j~*. We want to obtain a sequence of
Dirichlet polynomials in U,_, Oy, (C4,p, j,s,n) which converges to d. Fix € €]0;1/2s[ and
B € 6. We denote by d,(z) the partial sum 2;:1 ajj~* and we choose r such that ||d —
d,||p<e. Now, we approximate the Dirichlet polynomial d, with an element in Un006,(Cs,
P> j»s,1). According to Theorem 1.5, for all m > 0, there exists a Dirichlet polynomial p,,
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satisfying the following inequalities:

1 1
sup |Pm(z)_f](2)| <;’ ||Pm_dr||ﬁ<a (4.3)

z€K,

Due to Proposition 4.1, there exists a sequence of Dirichlet polynomials, (g )m=0, such
that IIqmllg — 0, as m — +oo, for all ¢ € R and B[)(g)(z) = fj(z). With the notation

filz) = lel ay,;I7%, we know that g, can be described by

Nj

qm(2) = D o jwiwpe Wi ([+m) 7 (4.4)
I=1

With this representation, we obtain S,,(g,,)(z) = 0. From (4.3), there exists an integer
such that we have SUpP_ck, |pmo(2) — fi(2)| < 1/s. We denote p,,,(z) = zlmf’ bim,I7% and
take m; > max(mo; Ny, ) such that

Nj

51
g llg = > o | @111 - - - @1 (L4 my) F < - (4.5)
B 2s
I=1

As my > Ny, we have the equality S, (pm,) = pm,- Let P be defined by

P(2) = pmy(2) + qm, (2). (4.6)

We deduce from above that P satisfies

m m 1
1B (P) = fill, = I1BE" (pmo)llg = 0 < 55 (4.7)
because m; > N,,,. Using S, (qm,) = 0, sup.cx, |Sm, (P)(2) - fi(2)| = SUp g, [P, (2) —

fi(2)| < 1/s. Using formula (4.3), we also obtaln lpm —d, ”ﬁ < &. Up to choosing a bigger
integer 1o, we may assume that || p,, — d; || < . As we have

1P = dillg = llpm, = ol + llgm g < 26, (4.8

we conclude that for a fixed strictly positive real §, for all e < 1/(2s), there exists a Dirichlet
polynomial P € U, Oy, (C4,p, j,s,n) such that ||P — d,[|g < 2¢, which implies the inequal-
ity [P —d|lg < 3e. As it is true for every strictly positive real 8, we obtain the density of
UnZ0 0 (Cisps jrsi1) in B (C). O

THEOREM 4.3. The set W y(w) is a Gy and dense set included in %,(C,).

Proof. Lemma 2.6 implies that W ;(w) is a countable intersection of dense open sets of
9,(C4). Hence, the result is a direct consequence of Baire’s theorem. O

As a straightforward consequence of Theorem 4.3, we obtain the following explicit
result of approximation.
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CoroLLARY 4.4. Let [ € 9,(Cy) be a Dirichlet series. Then, for every € >0, there exists
h € 9,(C,) satisfying the following. For every ¢ € D,(Cy.), every admissible compact set K
in C_ and every function v : K — C continuous on K and holomorphic in K, there exists a
sequence (An)n=0 in N* such that the following hold:

ds(f,h) <e,
Su}g |SAn(h)(Z) - 1//(2) | — 0, asn— +oo, (49)

B?U"(h) — ¢, asn— +oo, inP,(C,),

where Bl is the A, th iteration of the weighted backward shift.

Remark 4.5. In the article [5], the authors obtain an approximation result using only
constant and univalent functions. Here, it is not realistic to obtain such a result because
it is well known that a Dirichlet series cannot be univalent on its convergent domain (see,
e.g., [2]). The present paper can also be seen as an extension of [6] to universal Dirichlet
series. Moreover, Theorem 4.3 is a universal approximation result in the sense of [7]. Note
that here the intersection between compact sets and C; is not necessary empty.

Remark 4.6. According to a suggestion of Kahane (see [7, Proposition 3.2]), we have the
following proposition.

ProprosiTiON 4.7. Let f be a Dirichlet series in 9D,(C.). Then, there exist g and g in
Wa(w) such that f = g1 + g.

Proof. We use a translation homeomorphism Ty : 9,(C;) — 9,(C;) defined by T (h) =
f —h. AsW(w) is a G5 and dense set, its image by T/ is also a Gs and dense set. Using
Baire’s theorem, Wy(w) N [f — W4(w)] is no void. Let g; be an element of this intersec-
tion. It follows that g; € Wy(w) and g1 = f — g for an element & € Wy (w). O

As for the classical case, there exists a relation between the set W;(w) and the notion
of universality in the sense of Menchoff. We do not repeat the proof, it suffices to follow
[7, Proposition 3.1].

ProrosiTION 4.8. Let S =D ,.1ann™ € Wy(w) and let g and h be two measurable func-
tions from R into [—oco;+0c0]. Then there exists a subsequence S, of the partial sums of S
such that

R (Sk, (it)) — g(t), I(Sk,(it)) — h(t), asm — +oo, almost everywhere. (4.10)
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