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Let A be a function with derivatives of order m and DA € Aﬁ (0<B <1, |yl =m). The
authors in the paper proved that if Q € L*(§"™!) (s > n/(n — 8)) is homogeneous of degree
zero and satisfies a vanishing condition, then both the higher-order Marcinkiewicz-type
integral /,té and its variation ﬂ‘a are bounded from L?(R") to L1(R") and from L'(R") to
LY(n=Phe(R™), where 1 < p < n/f and 1/q = 1/p — B/n. Furthermore, if Q satisfies some
kind of L*-Dini condition, then both yf and i are bounded on Hardy spaces, and pg is
also bounded from L?(R") to certain Triebel-Lizorkin space.

Copyright © 2006 Hindawi Publishing Corporation. All rights reserved.

1. Introduction

Suppose that §*~! is the unit sphere of R” (n > 2) equipped with the normalized Lebesgue
measure do = do(x'). Let Q € L'(§""!) be homogeneous of degree zero and satisfy

[, oot -0, (L)

where x” = x/|x| for any x # 0. Then the Marcinkiewicz integral operator of higher di-
mension is defined by

zdt>1/2

; (1.2)

so(f)(x) = (j: | Fou(f)(x)

where Fo,(f)(x) = (1/8) [j,_ 1 <(Q(x = y)/|1x = yI""1) f (y)dy.
And if we denote H as the Hilbert space H = {h: ||hllg = (J, |h(t)|?(dt/t))"? < oo},
then pa(f) can be looked as the vector-valued function in H, that is

2dt

o 1/2
b N = (| 1PN 1PE) = IFas D@l (13)
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2 Boundedness of higher-order Marcinkiewicz-type integrals

It is well known that the operator po was defined first by Stein in [13], where the
author proved that if Q) is continuous and satisfies a Lip, (0 < a < 1) condition on $""!,
then pgq is an operator of type (p, p) for 1 < p <2 and of weak type (1,1). Benedek et al.
in [1] showed that if Q € C'(§"7!), then uq is an operator of type (p,p) for 1 < p < co.
Recently, Ding et al. in [4] improved the results mentioned above. They gave the LP(R")
(1< p < o) boundedness of uq for Q € H!(S""!), where H'! denotes the Hardy space on
"1 (see [3] for the definition of H').

On the other hand, let b € Lj,c(R"), then the commutator of Marcinkiewicz integral is
defined by

1/2
#‘f’z(f)(x)=(J | Fop.(f)(x 2dt> , (1.4)
where
1 Qx—y) B
Foud( ) = 1 Lx_y.stiu—w—l (b(x) — b(») £ ()dy. (1.5)

In 1990, Torchinsky and Wang [14] proved that if Q) is continuous and satisfies a Lip,,
(0 < a < 1) condition, then for b € BMO, [/l?) is bounded on L?(w), herew € A, (1< p <
).

For 8 >0, the homogeneous Lipschitz space Ag(R") is the space of function f such
that

Wl ‘A[ﬁ Hf( )) (1.6)
L= su < 0o, .
M ase AP

where A’fl denotes the kth difference operator (see [12]).

When Q satisfies a Lip, (0 < a < 1) condition and b € Aﬁ (0 < <min{1/2,a}), Liu
[9] considered the (L? ,Fg’oo) boundedness of yé’), and Wang [15] showed that ylf) is also
bounded from LP(R") to L1(R"), for 1 < p < n/B and 1/q = 1/p — f3/n. Later, in [11] we
weakened the smoothness condition assumed on (2 and got the same conclusions.

Moreover, let m € N and let A be a function on R". We denote

Ry (A5x,) = A(x) = > l'DyA(y)(x -7
lylsm /*

(1.7)

Qui1(A5%,y) = Ru(Asx, ) — > D”A )(x— y)?.
\y\m

Then the higher-order Marcinkiewicz-type integral and its variation are defined, respec-
tively, by

) d 1/2
w0 = (| 1@ 1)

(1.8)
) 1/2
i = ([ 1B )
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where
1 Qx—y)
F5,(f)(x) = P J\x—ylst |x_yﬁlzmﬂ(1‘\;3€>)/)f()/)d)/,
(1.9)
Qx—y)

FA(f)(x) = 1[ Qur (A5, ) f()dy.

t [x—yl<t |.X' - }/|”+m’1

When Q € Lip,($"~!) and DYA € Ag (0 < f < min{1/2,a}), Liu [8] considered the
boundedness of yf) and got the following results.

THEOREM 1.1 [8]. Let 1 < p < oo, let 0 < o < 1, let Q be homogeneous of degree zero on R"
and satisfy (1.1). If Q € Lip,(S"~!) and DYA € Ag (0 < f < min{1/2,a}), then

(a) pd is bounded from LP(R") to Fﬁ’m(R”),

(b) ud is bounded from LP(R") to L1(R"), for 1/p — 1/q = B/n and 1/p > p/n.

It is well known that any weakness or removal of smoothness assumed on kernels
is very interesting to the boundedness of singular integrals. Inspired by [9, 15, 11], we
want to know whether the conditions assumed on Q) in Theorem 1.1 can be weakened or
removed. In fact, the answer is affirmative. And we will also study the boundedness of yf
and ji4 on Hardy spaces. Let us now give a definition and formulate our results.

Definition 1.2. For Q € L5(S""!) (s > 1), the integral modulus w(8) of continuity of order
s of Q) is defined by

1/s
0.(8) = sup (J 1Q(px') - ()| Sd6(x’)) , (1.10)
\pISS Sn—1
where p is a rotation on §"1, |p| = ||p — I|l. When w;(§) satisfies
1
Jiw*&d5<m, (1.11)
0o O

it is said that Q(x") satisfies the L*-Dini condition.

TueEOREM 1.3. Let O0<fB< 1, let 1 < p<n/B, let1/q=1/p—B/n, lets=n/(n— ), and let
DYA € Ag (lyl = m). If Q € L5(S"™Y) satisfies (1.1), then both s and [ are bounded from
LP(R") to LA(R™).

TueEOREM 1.4. Let0 << 1,lets = n/(n— ), andlet DVA € Aﬁ (Iyl =m). IfQ e Ls(S" 1)
satisfies (1.1), then both uf, and ji&y are bounded from L'(R") to L ("=Bh>(R™),

THEOREM 1.5. Let 1 <5’ < p < o0, let Q) satisfy (1.1) and the condition

Y wy(9)

0 ol+e

d§ < oo forsomeO<e<1. (1.12)



4 Boundedness of higher-order Marcinkiewicz-type integrals

Then for DY € A/3 (lyl =m, 0< f <min{1/2,¢}),

bl < 3 107all, ) 10tucs-o1 1o (113)

lyl=m
where 1/s' +1/s = 1.

THEOREM 1.6. LetO0<e <1, let DA € Aﬁ (lyl =m, 0< B <min{l/2,¢e}), let n/(n+f3) <
p <1, and let 1/r = 1/p — f/n. If there exists some s > max{r,n/(n — f)}, such that Q €
L5(S"7Y) satisfying (1.1) and (1.12), then both yg and ﬁg are bounded from HP(R") to
L"(R™).

When p =1, (1.12) can be replaced by (1.11) and we can take 0 < S < 1.

THEOREM 1.7. Let DA € A/5 (lyl =m, 0 < B < 1). If there exists some s = n/(n — f3) such
that Q € L(S*) satisfying (1.1) and (1.11), then both uf and [i& are bounded from
HY(R") to L""=P(R™).

Remark 1.8. When m = 0, ‘ug( f) is the commutator of Marcinkiewicz integral. So, our
results in this paper are extensions of those in [9, 15, 11].

Remark 1.9. It is easy to see that if Q € Lip,(§""!) (0 < a < 1), then Q € L*(§""!) for any
s > 1 and satisfies the L*-Dini condition (1.12). In addition, (1.11) is weaker than (1.12)
(see [6]). So, Theorems 1.3, 1.4, and 1.5 in the paper are substantial improvements of
Theorem A. It should be pointed out that any smooth condition assumed on € is not
needed in Theorems 1.3 and 1.4.

2. Some basic notations and lemmas

LEmMMA 2.1 [7]. Let A be a function with derivatives of order m in Aﬁ (0< B < 1), then there
exists a constant C > 0 such that

R ix)] =€ 3 Dl Jlw i @)
lyl=m

| Qi1 (A5x,9) | <C< 2. ||DYA||Aﬂ)|X—y|m+ﬁ; (2.2)
lyl=m

| Rin1(A3%,y) = Rn1(A3%,2) | sc( > ||DVA||Aﬁ>z|x—z|"z—y|m-”’3; (2.3)
i=0

lyl=m

m

| Ryns1(A5%,y) = Runs1 (A2, y) | sC( > ||DVA|)Aﬂ> (leZIilzyl'”"*ﬁ+|xZI’"*ﬁ>;
lyl=m i=1

(2.4)

| Qum+1(A5%,9) — Qume1(Asx,2) |

SC( Z ||DyA||Aﬁ)mZ: |x—z|i|z—y|m*i(|x—y|ﬁ+|y—z|/3)_

lyl=m i=0

(2.5)
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LEmMMA 2.2 [5]. LetO<a<mn, let1<p<n/a,let1/q=1/p—a/n, andlets=n/(n—«a). If
Q € L5(8"7Y), then the fractional integral operator Tq, defined by

Towf(x) = J Qkx-y)

dy, 2.6
R” Ix—}’\n—af(y) y (2.6)
is bounded from LP(R™) to L1(R").

LemMma 2.3 [2]. LetO<a<nandlets>n/(n—a). IfQ € L(S"1), then for any A >0 and
fe LY(R™), there exists a constant C > 0, such that

. TP
[{xeR": |Tauf(x)| >A}| <C N : (2.7)
Remark 2.4. Set
- [ 19k
Toaf(x) = | i 01y (2.8)

It is easy to see that T, satisfies Lemmas 2.2 and 2.3.

LEMMA 2.5 [12]. For0<f<1,1< p< oo,

> (2.9)
)92

1f g =

1
Z‘;ij(zlf—fol

where fq = (1/1Ql) [o f (x)dx.

LEMMA 2.6 [6]. Suppose that 0 < A < n and Q) is homogeneous of degree zero and satisfies
the L*-Dini condition (1.11) for s > 1. If there exists a constant ag > 0 such that |x| < agR,
then

(IR<y<2R

where the constant C > 0 is independent of R and x.

Qy-x) Q)
ly —x[#=2 |yl»=A

s 1/s IxI/R B
o) <crenfal [ 00 )
y) = { R Jixipr 0

(2.10)

3. Proofs of Theorems 1.3, 1.4, and 1.5

We first prove Theorems 1.3 and 1.4.
By Lemmas 2.2, 2.3 and Remark 2.4, we need only to show that there exists a constant
C > 0 such that

wh (f)(x) < CTap(f)(x),
FAF)(x) < CTap(f)(x),

(3.1)

for any x € R".
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In fact, for any fixed x € R”, by the Minkowski inequality and (2.1), we have

00 zdt 172
AP = UO 7]

- 12
SJ[R M|Rm+l(,4;x,y)||f(y)|“x ltldt] dy

n |x — y|ntm=1 —yl=t B

lj Qx—y)
t Jix—ylzt |x— y|mtm=1 (A&, y) f(y)dy

[Qx—y)|
R7 |x },|n+m

< Sioaly) [ 1225014y

S |lx— ylnF

<C | R (A5, 0) | | f(») | dy (3.2)

<o S 1024l ) Tagt 1

y=m

Similarly, by the Minkowski inequality and (2.2),

00 = (3 10l ) Taat100) (33)
y=m

So, we complete the proofs of Theorems 1.3 and 1.4. Let us now turn to prove Theorem
1.5.
Fix a cube Q(xq,[) > x with its center at xg and denote the half side length of Q by I. Let
=4,/nQ, then for f € LP(R"), wewrite f = fi + f,, where fi = fxo+ and o = fyx(q*)-
It is obvious that there is an N € N, such that 2V < 4,/ < 2N+1,
Since by the definition of uf(f), we have

1)) = w6 () (k) | = [IIF&HWI = [IFE, () (o)

(3.4)
= HFSt(fl)(}’)H+||Fét(f2)(}’)_Fét(fl)(xQ)”
Thus,
1 A A
WL [ () = (o () gl dy
< KQP#MJQ |16 () = w6 (f2) (xo) | dy s

2 2
< o | Ay + 1o suplIFA, () () ~ A, () ()|

=N t+)h.
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Choose 1 < p; < n/f and 1/q1 = 1/p1 — /n such that 1 < p; < p. Then by Holder’s
inequality and the (L?',L7") boundedness of [/té (see Theorem 1.3), we have

2 _
= (g @ b )

< ClQI ( > IIDVAIIAﬁ)IIflllm

lyl=m
Z 1 » 1/p (3.6)
5C< ”D“WA><——J Ifwﬂld@
lyl=m #)\N1Ql Jor
SC( >, IIDVAIIAB)Mpl(fxx).
|yl=m
Let us now estimate J,.
Denote D = |[F4,(f2)(y) = F4,(f2)(xq)|l, then
N Q-2
Ul ———Ru1(4;), d
[Jo |:«[y—zst ly — z[ntm=1 +1(47,2) fo(2)dz
2 12
Q(xq — dt
_J %Rmﬂ(A;xQ,Z)ﬁ(z)dz] =
lxq—zl<t |XQ—Z| £ |
2 12
) Qy —2) dt
= — < Ru1 (45, dz| —
|:J0 J{nyz\st,\xg—zbt}|)/—Z|”+m*1 H( )/Z)fz(Z) z t3_
2 1/2
Q - At (3.7)
J (xQ—MZrBHRmH(A;xQ,z)fz(z)dz —3}
{ly—zl>t, |xq—z|<t} |XQ—Z| t

+U

0
® Qy-2)

+ ———— Ru+1(4; 9,2

{Jo J{|yz<t,|xQz|<t}[|)/—2|”+’”1 #1(42)

M RmH(A;XQ’Z)}fZ(Z)dZ

2 1/2
dt
£

Notice that |z — xq| ~ |y — 2| for z € (Q*)*. By the Minkowski inequality, (2.1), and
Holder’s inequality, we have

|xq 2|

=U+V+W.

O _ ly—z| 1 1/2
V<C |(xQ7n+Zm)_|l | Ris1 (A5x0,2) | | fo(2) | (J 3dt) dz
R" |xq — 2| xq—zl t
Q(xqg—z . /2
scf 120D (S 1l ) o2l s@ s
Q%) )xQ_Z| lyl=m |xQ_ |
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<C< > ||DYA||A) > 272 (2k))” nth [Q(xq—2) || f(2)|dz

k _ k
Iyl=m 2kl<|xq—z|<2k+1]

© 1/s
k=N xq—z|<

lyl=m
1/s
x( [xg— z\<2k+1l xQ_Z)| )
C( > I AIIA) > 272 (R) T M () ()
[yl=m k=N

1/s
X xQ - Z) |S .
xQ z\<2k+1l

Since Q € L5(§"71), it is easy to see that

1/s
J Q(xq—-2)|"| < C(zkﬂl)m||Q||Ls(sm)-
|xq—z|<2k+1]

Therefore, by 0 < 3 < 1/2, we have

i C( > IIDyAllAﬂ) > 22 @) TRl Me () ()
[yl=m k=N

sC( > IIDyAIIAp) > 27 KV2BQIF | Q| s My () (%)
k=N

lyl=m

sCIQIﬁ/"( > HDVA”AE)”QHLS(S"1)Ms’(f)(x)-

lyl=m

In the same way, we have

U< CIQIW”( > ||DVA||A/3> 12 zs(sn-1yMy (f ) (x).

lyl=m

Let us now estimate W.

(3.8)

(3.9)

(3.10)

(3.11)
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Since,
%Rmﬂm;y,z) - %Rmﬂ (Asxq,2)
e |i:(§x—Qz_|f)l o 22
(3.12)
||2QxQz|Z) R P ]
L 19(xe-2)]|

wo=T | Rmt1(A5 9,2) = Riny1 (Asxq,2) |
|xq — 2|

By the Minkowski inequality and |y — z| ~ |xq — z| for any z € (Q*)¢, we have

= JR J - - t
n {Iy z\st,IxQ z| <t} t3

Qy-2) Q(xq—2)
X | ——2—""—Rpu1(A;y,2) — ———————Rs1(A;x0, dz
|y—Z|n+m_l +1( y ) |xQ_Z|n+m 1 *1 Q< |
<[ |2-n  Obkasz) | Rusi (45,2)| | £(2)| .
@ | ly -zl |xq—z|"" |xq — 2|
| Q(xq —2) 1 1 1
+J e — mi1(A;9,2) || f(2)| 7———dz
@) |xq—z| |xq—z| |xq — 2]

|Q(xq—2) |
+J ————=—— | Ry+1(A;9,2) — Rips1(Asx0,2 T
Q%) |xQ_Z|n+m 1| +1 y +1 Q ||f ||.xQ_Z|
=W+ W+ Wi,

(3.13)

For W), using (2.1) and Hoélder’s inequality,

Qy-z) Qxq-2)
|xq—2|""

W < c( 5 ||DYA||Aﬁ) Joo

lyl=m

ly —zIF!| f(2)|dz

sC( > ||DVA||Aﬁ> > ( (2k1)F
lyl=m k=N

XJ’ Qy-2) Qxq- Z)
2k[<|z—xq|<2k*1]

ly — 2|t |xQ—z|

f(2)]dz
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00 1/s'

lyl=m k=N
s 1/s
Q(y — Q -
% |:I ()’ 27)1 _ (xQ :21 dz]
2k1<|z—xq|<2k+1] |)’_Z|n |XQ—Z|

( > |ID7A|l; )2 P My (F) (%)

lyl=m k=N

X 4[
2k1<|z—xq|<2k+1]

However, by Lemma 2.6 and (1.12), we obtain
Qly—2) Q(xq—2)

s 1/s
J | dz
2k1<|z—xq|<2k+1]

_ ly—xql/2k1
< C(zkl)n/s_("_l){ |y xQ| +I ? ws(a) da}

s 1/s
Ay-2) _Olxg-2) dz] . (3.14)

=2 |xq—z]

ly—zI""'  |xq—z|"

2k] ly—xol/2k+1l 8 (3.15)
< c(zkl)”/s‘(”‘“{z-k rak “(’;fﬂ) dé}
SC(zkl)n/s n— (2 +2- ke)
Hence,
" SC( > ||DYA||M) 2 @ e 2 R My () ()
[yl=m k=N
—C( > IIDVAIIAﬂ) >, MR 4 27Ky |QIFM M (f) (%) (3.16)
lyl=m k=N

sCIQIﬁ/"< > ||DVA||A> ).

lyl=m

Since |y — z| ~ |xq — zl, for any z € (Q*)S, it is similar to the estimate of V, and we
have

|Q(xq—2) | !

W, <C =) ly— 2zl

(Q*)°

1
|Ru(B53:2) || f@)| - rde

—C( 2. ||DyAllAﬁ)LQ*)Clm(xQ—zH % -2 " fl)|dz

lyl=m



S.Luand H. Mo 11

<o 3 Il ) S

1(2k) IJ 1Q(xq—2) || f(2)| dz
lyl=m k=N 2k[<|z—xq|<2k*1]

SC< > IIDYAIIAﬂ) >

> 1) Qo) M () (1)
lyl=m k=N

<C|Q|ﬁ/"( 2. ||DYA||Aﬁ) ().

(3.17)
lyl=m

Let us now estimate Wj.
By (2.4), Holder’s inequality, and (3.9),

se|

S ovall,) [, A0l

n+m—1
lyl=m _Z|

) (Z |y—xQ|i|xQ—Z|m_”ﬁ+Iy—xQ|m+ﬁ>|f(2)|dz

i=1

|xq -z
—C( Z ||DyA||A> z 2kl (ntm) |:le 2k+ll m— 1+ﬁ+lm+ﬁ:|
\y\:m k=N i=1
Qlxq — d
. JZkls\fozkzkﬂl | (xQ Z) | |f(Z)| V4
s 3 i) S | Sy ]
lyl=m k=N i=1
s /s
Qlxg-2)|° J ¢
8 (J|XQZ|<2k*‘l| (xQ Z)| ) ( [xq—z|<2k+1] |f(Z)| )
\y\:m i=1
< (257) "1l s M () ()
sCQ|ﬁ/n< > ||DYA||AI3) S ST @B 4 27km) Q| sy M () (%)
lyl=m k=N i=1
sCQ|ﬁ/n< > ||DYA||Aﬁ) ST (@B 427 Qs sy Mo (£) ()
lyl=m k=N
sCQWﬂ( > ||DVA||AE)||Q||Ls(snI)MS,(f)(x),
lyl=m

(3.18)
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Thus,

W< W+ W+ W;s < CIQIW"< > ||DVA||Aﬁ) |l s (sm-1) My (f)(x). (3.19)
lyl=m

Combining the estimates of U, V with W, we have

D=< CIQIE/"( 2. ||DYA||Aﬂ> 191z My () ()- (3.20)
lyl=m
So,
= c( 5 ||DYA||A,3) Qs Me () (321)
[yl=m

Combining the estimates of J; with J,, we obtain

gt |, A0 = (Aol dy

(3.22)
<c( 3 DAl ) 10huisn (M5 (9060 + M),

lyl=m

where 1 < py, s’ < p. So, by Lemma 2.5 and the L?(R") boundedness of M,, and My, we
conclude that

kb (OIER™ < C< > ||DVA||Aﬁ>||Q|Ls<sm>|| fllw. (3.23)

lyl=m

We complete the proof of Theorem 1.5.

4. Proofs of Theorems 1.6 and 1.7
First, let us introduce some notations related to Hardy spaces.

Definition 4.1 [10]. Let0< p <1 < g < oo, let p < g, and let s > 59, where sy = [n(1/p —
1)]. A function a is said to be a (p,q,s) atom, if a € L1(R") and satisfies the following
conditions:
(i) suppa C B;
(ii) llallza < |B|V4~Ve;
(i) [gna(x)x%dx =0, for all « = (ay,...,a,) € N", with 0 < |a| = X7 a; < s.
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Definition 4.2 [10]. Let0 < p <1 < gandlet p < g, then the atomic Hardy space H2"*(R")
is defined by

HYT(R™) = {f €9 (R"): f = > Xjaj, herea;isa (p,q,s) atomand > [1;]? < oo}
J J
(4.1)

Then,
1/p
11 gpas gy = inf{(Z |\ |P) , for all decompositions of f = Z/\ja]}. (4.2)
j j

LEmMa 4.3 [10]. Let0< p <1 < qand let p < q, then
HPP(R") =HP(R"), || fllgposgey = ILf e (o). (4.3)
Let us now turn to prove Theorem 1.6.
First, we estimate uf(f). Notice that, when n/(n+B)<p<1and 0<B <1, 55 =
(n(1/p—1)] < [B] = 0.
By Lemma 4.3 and a standard argument, it is sufficient for us to show that there is a

constant C > 0 such that for any (p, ©,0) atom g, IIyg(a) - <C.
Take a (p, ©,0) atom a with suppa C B(xo,!). Then,

1/r 1/r
v [ @] <] [ @]
1/r
SU |y3<a>(x>|fdx}
2B
[ rlx—xo|+21
+{J(23)f _Jo

i
(2B)¢ |x—x0|+21

l|ud (a)

Ry (Asx, y)a(y)dy

zdt /2 1/r
t73 dX
Zdt /2 1r

ti.’a dx

(4.4)

J Qx—y)
|

x—yl=t [x—y[rm=l

Qx —
Jlx—y\<t |x_(y|n+)r;)_1Rm+1 (A;x, y)a(y)dy

=T1+I1+1I1.

Choose p; and g satistying 1 < p; < n/f and 1/q; = 1/p; — p/n. Tt is obvious that
r < q1. So, by Hélder’s inequality and the (L?',L9') boundedness of yé (see Theorem 1.3),
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we have

I < Cllut(@)]|py 1281710

sC( > ||DVA||Aﬁ)IIa||LP,|2B|(1/r1/q1)

lyl=m

(4.5)

SC( 2. ||DYA||A,3)”a”Lm|B|1/P1|ZB|(1/7_1/q1)
lyl=m

SC( Z ||DyA||Aﬁ)|B|(1/p1—l/p)|2B|(1/r—1/¢11)SC( Z ||D)'A||Aﬂ>_

lyl=m lyl=m

Since for any y € B, x € (2B), we have [x — y| ~ [x —x0| ~ [x — xo| + 2I. By the Mink-
owski inequality, Holder’s inequality, (2.1), and (3.9),

1/r
be=xol+20 74 172 |Q(x—y)| |a(y)| r
r=c J' J J 43 Ry (Asx, d d
= { (2B)¢ [ R < x| t3> |x — y|nm=1 | Rynt1(A5x,y) | )’:| X

r 1/r
12| Q(x — p) | |a(y)]
<C{ (2B)¢ J |x — y|mmti2 | Rs1(Asx,y) |dy | dx

r 1/r
|”1/2 Q X .
J{ eBe | Ix |y”+'”+f;2 2. ||DVA|| x—yI™F | dx - |a(y)|dy

[yl=m

Z ||DY A||A>J Zz K2 (9k[)~ n+/3(2k+1l) n(1/r—1/s)

1/s
m(x—y)rdx] la(y)|dy

<C Z ||DyA||A ) ( z 2k(1/2[)’)2kn(11/r)> ||Q||Ls(sn71)17”(171/p) ||Cl||L<x> |B|
k=1

lyl=m

(
(
[

=Cl 2 IIDYAIIAﬁ)nQan(s»H
lyl=m

(4.6)
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Notice that for any y € B, we have t > |x — xo| + 2] = |[x — x| + |y — x| = |x — y|. So,
by the vanishing condition of a, we have

o0

|: J\x—onZI
00

J“X*X()H*zl

. 1/2
JB 20D g (A y)aly)dy ‘(J dt)

|lx — y|mm-1 Ix—xol+21 3

Qx—y)
s im0y | 5

2 dt:| 1/2

J _Qx-y)
B

2 d 172
t
|x_y|n+m71Rm+1(A;x)y)a(y)dy 1’3}

JB |:Q(x_y)Rm+l(A;xa}’) - MRW—I (A;x,X()):| Ld ‘ .

= |x_y|n+m—1 |x_x0|ﬂ+m—l |x_x0|+2l y
(4.7)
On the other hand, it is similar to (3.12), and we have
Q(x—-y) Q(x —xp)
R (Asx,y) — —— 7 R (A5 %, X
|x—y|n+m_1 +1( )’) |x_ |n+m 1 +1( 0)
Qx-y)  Qlx—x) | [Rmr1(Asx,)]
B |2C—}/|"71 |x—x0|n_1 |X—)’|m
(4.8)
Qx—x 1 1
+| ( 2,)1| m m |Rm+1(A§x;y)|
|x— x| lx = yl |x—xo |
Qx—x
+ |(7nfm)_|1 | Rin+1(A35%,y) = Riny1 (A3 x,x0) |
| x — x0 |
So,
Qlx—y) Q(x - x0)
11l < J J —————Ru1(Asx,y) — ————————— Ry (A5, x
{ (23)5|: B |x—y|ﬂ+m—1 H( y) |x_xO|n+m 1 +1( 0)
| ( )| r 1/r
_ el
x | x — x0 | +2ldy} dx]»

1/r
Qx—y)  Ox—x)

|x_),|n—1 |x_x0|n—1

lx = ylm(|x—xo| +21)

A1

|[Rusr (A5,7) | [a(p)]| y]' dx}
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| Q(x—x) |
+”(ZB)C[ B |x—xo|"

r 1/r
Q
-I—‘lJ(ZB)E |: |(X—ji0m|1 |Rm+1(A x,y) Rm+1 (A X, X()) | %d}l} d }’

B x—xo|

r 1/r
1 1 | Rins1 (A5, 9) | Ia(y)ldy] dx]»

lx=ylm x—xo|" | x—2xo | +21

= II1, + I1L, + 115, (4.9)

For II1, by the Minkowski inequality, (2.1), Holder’s inequality, and (3.15), we have

I < CJ {J [
B | J@B)

Qx—y) Q(x —xo)

P x|

(S o)

lyl=m

r 1/r
|x y|m+ﬁ :|
Sy (x— x| +2) dx]’ la(y)|dy

el 5 )5 e

lyl=m
>< J’
2k1<|x—xq|<2kt1]

C( ||DyA||Aﬂ>J Z 2kl B+n/r—n 2 19 ks |a(y |dy
Iyl=m Bro1

s 1/s
Qx—y)  Qx—x0)
- dx a d
|x—y[n-1 |x—x0|"71 la(y)|dy

IA

IA

C( > IIDVAIIA,S)ZZ R R i s 1T ):]
[yl=m

k=1
sC( > ||DVA||A/3>. (4.10)
lyl=m

Since |x — y| ~ |x — x¢| for any x € (2B)¢, by the Minkowski inequality, (2.1), Holder’s
inequality, and (3.9),

r 1/r
|Q(x—xo)| ( ) |lx — y|™* ]
IIT SCJ J [ - DYA 70] dx
2 B‘[ (5 |x—xo| |x x0| +1 Z I ||A5 [x —xo| +21 Yy

lyl=m

x|a(y)|dy

( > HDVA”A)J Zl CUM (Jzk1<xx0|<2k+|l|Q("_xo)|rdx)l/r

lyl=m

xla(y)|dy
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=C IIDVAIIAﬂ> L Sk T ke
k=1

|=m

~=

X

1/s
J Qx— xo)lsdx> la(y)|dy
I<|x— x0\<2k“l

IA

DAl ) (Z 2k<1ﬁ>2k"“V”)l"“l@naan B 1| (1)
|=m 1

ly

<C

il
( ||DVA||A5>||Q||U(SM), (4.11)

lyl=m

Moreover, by the Minkowski inequality, (2.3), and (3.9),

r 1/r
| Q(x—x0) | 1
1Qx=x) | ” 4
1115 < CJ;% {J(ZB)C[ ntm—1 \R +1 A X, )/) R +1(A X, X0 | \x—X0|+21 X

| x—x0 |
x|a(y)|dy
|Q m r 1/r
- X—Xo _ i . m—i+f
_ch“(ZB k= 0|n+m(ylzm||nm||m)x(izoix ol lx0-] )]d}
x a(y)|dy

3

c(l

1/r
< 2k]<|x—x0|<2k+1] Q(X—x0)| dx) |a(y)|dy

||DYA||A)I Z zkl —(n+m) (Z 2k+1l lm 1+ﬁ>

|=m i=0

=

X

C( z |DyA||A ) z (2 —(n+m) (z 2k+ll lm t+[3>
| =m k=1 i=0
X (21" Qs 1y lall = | B

< C( Z ||D)'A||A ) Z <Z2 k[(m—i)+n(1— m”)l_”(l_l/lj)||Q||Ls(5n1)||a||Leo|B|

lyl=m k=1 \i=
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SC< 2. ||DYA||AB) 2k VR g o | BI | Ql s(sr1)
lyl=m k=1

—C< > ||DyA||Aﬂ)”Q”LS(S”‘)- (4.12)

[yl=m

So,

1II < c< > ||DVA||Aﬂ) 1955 1)- (4.13)
[yl=m

Combining the estimates of I, IT with I1I, we get

b (@l sc< > ||DYA||Aﬂ)||Q||Ls(5n-1>. (4.14)
lyl=m

Replacing /Aé(f) by ﬁg(f) and using (2.2) and (2.5) instead of (2.1) and (2.3) in the
above estimates, we can show that [ is also bounded from L?(R") to L"(R") for n/(n +
B)<p<land1l/r=1/p—p/n.

In fact, we need only to check I115, where R4 is replaced by Qy41:

r 1/r
Q(x—x
1113=C‘|J(ZB)C[ |(7|,,fm|l |Qum+1(A5%, ¥) — Qe (A3%,%0) | ||¢|d ] dx]»

B |x—x |+2l

r 1/r
| Q(x—x0) | 1
SCIE“(zB)c[M_xOV*’” 7 | Qur1(Asx,y) = Qa1 (A5, %0 |7|x_x0|+21 dx

xla(y)|dy

ol L [ 5 )

lyl=m

-1 ' ' r 1/r
x( > |xx0|’\x0y|m_’(|xy|/5+|yxo|ﬁ)>} dx]» la(y)|dy

i=0

( Z ||DVA||Aﬁ>J Z Zkl (n+m) i 2k+1l Fjm— 1( 2k+1l)ﬁ+lﬁ>

lyl=m

1/r
x(J |Q(x—x0)|rdx> la(y)|dy
I<|x—xo|<2k+1]
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0 m—1

|DyA||A>z Zkl (n+m)+n/r Z 2k+ll lm i

lyl=m k=1 i=0

m—1

z z k(n+m—i—f— n/r)+2 n+m7i7n/r)]||Q||L5(Sn7])||a”Lw|B|

k=1 i=0

sc( 3 Il
( Z ||DyA||A ) i{ —k[n(1=1/r)+(1=B)] 4 »—k[n(1-1/r) “]}HQHLS(SH)

SC( 2. ||DyA||A,;>”Q||LS(S“1)- (4.15)

lyl=m

Thus we complete the proof of Theorem 1.6.

Let us now prove Theorem 1.7. The main idea is the same as that of proving Theorem
1.6.

Let a be a (1, c0,0) atom with suppa C B(x,!) and r = n/(n — f3), then

[lud (@), < I+II+III, (4.16)

where I, I1, and II1 are the same as in the proof of Theorem 1.6.
In the same way as in the estimates of (4.5) and (4.6), when r = n/(n — f3), we have

I< c( > ||DVA||A13),

lyl=m
(4.17)

II < c( > ||DyA||Aﬁ>||-Q|LS(S"1)-

lyl=m

As in the estimate of (4.9), we have
Qx—y)  Qx—x)

I < J U & ol
@By | JB | lx—y|"1 |x— x|
1/r
. J [ [Q(x—x0) [ | 1 ‘lRmﬂ A, ) "””dy] i
B [ B |x—x|""

=yl |x- xo| | x—x0|+21
Q .
+“(ZB)C[ 190 g (s ) - Rm+1(Axx0)|Mdy] dx}

r 1/r
| R (A5, 9) | |a(y)| ]
dy| d
lx— ylm(|x—xo| +2I) Y|

1/r
B |x—x| |x—x0| +21

:=E+F+G.
(4.18)
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In the same way as in the estimates of (4.11) and (4.12), we have

F < C( > HDVAHAﬁ)”Q”L’(S"‘%

lyl=m
(4.19)

GSC( > HDVAHAI;)”Q”LS(S”W

lyl=m

So, it is sufficient for us to estimate E.
In fact, it is similar to the estimate of I1I;, by Lemma 2.6, r = n/(n — f3), and (1.11), w
have

. C( ||DVA||A)I Z (2kp) /=19
|yl=m
Q( ) Q( ) s 1/s
X - )’ X — X0
X 3 p .
{J2k1<x xol<2kl | |x — y[n-1 |x_x0|n—1 x]» la(y)|dy
C( ||DYA||A)J z zkl 1+ﬁ+n (1/r=1/s) (Zkl)n/s 4l
lyl=m
ly— \y xol/2¢1 0 (6)
X{ Zkl Iy ~xl/2n1 8 ds |a(y)|dy
(4.20)
> ©  rly—xol/2k1 w,(0)
=¢ A ,[ 27+ J ——dd ¢ |a(y)|d
(2 "A> R s SO
1
SC( wr A”Aﬁ)J {”L @dé}mwdy
|yl=m
C( IIDYAIIA)||a||Lw|B|
lyl=m

<C 3 DAl
lyl=m

Thus, we get the estimate of uf(f) for f € H'(R"). It is analogous to the argument
for [i4) in the proof of Theorem 1.6, and we can get the desired result for [i$y by repeating
the above estimates and using (4.15), when f € H!(R"). So, we complete the proofs of
Theorem 1.7.
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