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We discuss the connections between the 2-orthogonal polynomials and the generalized
birth and death processes. Afterwards, we find the sufficient conditions to give an integral
representation of the transition probabilities from these processes.
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1. Introduction

The birth and death processes are closely related to the orthogonal polynomials. The latter
allows determining the stochastic matrix associated with these processes.

Let us also note that these processes are stationary Markov processes whose state space
is the nonnegative integers.

Many authors treated the question of the existing relationship between the birth and
death processes and the orthogonal polynomials, in particular, in the works of Karlin and
McGregor [6] and Ismail et al. [5].

The properties of these processes and of the orthogonal polynomials were the subject
of other works, we can quote by the way of example Ismail et al. 3, 4], Maki [8], and
Letessier and Valent [7].

In this paper, we will consider not only the orthogonal polynomials, but the 2-or-
thogonal polynomials and we will try to establish a bond between the latter and certain
birth and death processes that will be called “generalized.” These processes will have like
transition probabilities

Pyj(t) = Pr{X(t+s) = j/X(s) = i} = Pr{X(t) = j, X(0) = i} (1.1)
which satisfy, when h — 0,

Aih+o(h), j=i+1,
1- Ai+ui+p)h+o(h), j=i,
Pyj(t) = | pih+ o(h), j=i-1, (1.2)
fh+o(h), j=i-2,
o(h), jAi-2,i—Lii+l,
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2 2-orthogonal polynomials and birth and death processes

Pij(0) =d;;, Vi, jeN, (1.3)
where \; are the birth rates and y; and ; are the death rates. It is also assumed that
Ai >0, Ui =0, Hi >0, i=0, Ho = 0. (1.4)

These processes being stationary, P;;(t) does not depend on the way taken by the system
to reach the state j, but depends only on the states i and j and of the laps of time ¢ taken
while going from state i towards state j. This is equivalent to

P(s+1) = P(s)P(2). (1.5)

In this work, we start initially by giving some properties of the “generalized” birth
and death processes by determining the sequence of 2-orthogonal polynomials associated
with this type of processes. Then, the sufficient conditions are given, which allow giving
an integral representation of the transition probabilities from these processes.

We can quote as an example that this type of processes can be the modelling of prob-
lems met while studying the kinetics of enzymes, in particular, those which catalyze reac-
tions to a substrate in the presence of noncompetitive inhibitors.

We will treat this type of model in future, when we study the generalized linear pro-
cesses.

2. The generalized Chapman-Kolmogorov equations

ProrosITION 2.1. Let be a “generalized” birth and death process, where the transition prob-
abilities are given by (1.2), then these probabilities satisfy two systems of differential recur-
rence relations called “Chapman-Kolmogorov (or C-K) equations.” The forward C-K equa-
tions are

d _
Epij(t) =l Pij2(0) + i Pijia (6) + A1 Pijoa (),
(2.1)

— ([_,l] +u;j +/\j)Pij(t)-
The backward C-K equations are

d _
d_Pij(t) = AiPiy1,j(t) + uiPi-1,j(t) + @, Pi2,; (),
t (2.2)

— (‘17, +ui+ )L,')Pi]'(t).
Proof. Since the process is stationary, on one hand we can write

Pij(t+s) = > Py(t)Pkj(s), s—0, (2.3)
k=0
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it follows from (1.2) that

d . Pi(t+s) - Py(1)
5Pij(t) B 1515%1 s
y 2 k=0 (Pik(t)Pgj(s) — Pij(1))
- sljgl N

- _ o(s
= 1513)1 |:[4j+2Pij+2(t) +ujPijer (1) + A1 Pijor (8) = (A + i+ ) Pij(1) + Q],

s
(2.4)
then we have (2.1).
On the other hand, by applying the semigroup property, we have also
Pij(s+1t) = > Py(s)Pij(t), s—0, (2.5)
k=0
then from (1.2), we have
d . Pij(t+s) = Pyj(t)
dtpij(t) B 1515%1 s
© (2.6)
. _ _ o(s
= 151551 [Aipiﬂj(t) +uiPi1j(t) + P2 (t) — (A +pi + ;) Pij(t) + ?} :
So, we get (2.2). O
Definition 2.2. The matrix s{ = (a;;); jen defined by
(i ifj=i+1,
Yi ifj=i-1,
aij =\ Y; lf] =i—2, (2.7)

_(/\i'f'#i‘f'[_/li) 1f]=l,

0 otherwise,

L

is called the infinitesimal generator of the process.

LEMMA 2.3. A generalized birth and death process has the following properties:
1) P'(1) = P()4,
(ii) P'(t) = AP (1),
(iii) P(0) =1 = (5ij)i,je1N»
(iv) P;;(t) = 0,
(v) 2js0Pij(t) <1520, t >0,
(vi) P(t+s) =P(t)P(s),

where P(t) = (Pij(t))jen is the transition matrix.
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Now, we will seek a solution of the Chapman-Kolmogorov equations, by using the
method of separation of variables. So if we put

Pij(t) = f(H)F:Qj, (2.8)

we will get the following lemma.

LEMMA 2.4. If the transition probabilities satisfy (1.2), then

f(t) = exp(—xt), (2.9)
Fo(x) = 1; F_,(x)=F_i(x) =0,
—xFi(x) = AiFiy1 (%) + piFioy (x) + @, Fi 2 (x) (2.10)

— (@ + it Ai)Fi(x), =0,

Qi) =0 Q=1  Qx=-2
—xQj(x) =, Qjr2 (%) + pj11Qjr1 (%) +1j-1Qj-1(x) (2.11)
—(#;+uj+1))Qi(x), j=0.

Proof. By differentiating with respect to ¢ and taking into account that F; and Q; cannot
vanish identically, we get

W1 )
];‘(t) = a[ﬂj+sz+2 Ui Qi1 +Aj1Qj — (A +u +1;) Q] = —x,
f,(t)J 1 (2.12)
fo - 7 Wi +piFio + gFi = (it g+ ) Fi] = —x,
where x is a separation constant. As Py (0) = 1, we get (2.9), (2.10), and (2.11). O

Remark 2.5. (a) We have written F;(x) and Q;(x) to exhibit the dependence of F; and Q;
on the constant x.

(b) It is easy to see that the functions F;(x) and Q;(x) defined, respectively, by the re-
currence formulas (2.10) and (2.11) are polynomials. Moreover, let us note that deg Fx =

k for all k € N.

To characterize the sequence of polynomials {F;(x)}cn, we will introduce d-orth-
ogonality notion.
3. d-orthogonality

Definition 3.1. Let {B,(x)},>0 be a monic sequence of polynomials and {£,},-0 a se-
quence of linear forms. {£,},-0 is called the dual sequence of {B,(x)},=¢ if and only

if

Fn(Bm) = <=(£H>Bm> = Omns n,m=0. (3.1)
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Definition 3.2 [2,9]. LetT = (I',T2,...,T%)T be the d linear forms (d > 1). A sequence of
polynomials {B,(x)} >0 is said to be d-orthogonal with respect to I if it fulfills

I(x"B,) =0; n=md+o, m=0,
(3.2)
I7(x™Bimio-1) #0; m=0,1<0<d.

ProrosiTioN 3.3 (2, 9]. Let {B,(x)}n=0 be a monic sequence of polynomials, then the fol-
lowing statements are equivalent.
(a) The sequence {B,(x)}n=0 satisfies a recurrence relation with four terms:

By(x) = 1; By (x) = x — o By(x) = (x = B1)Bi(x) — y1;

(3.3)
Bui3(x) = (x - ﬁn+2)Bn+2(x) - Yn+ZBn+1(x) - 8n+an(x): n=0,
where 8,41 # 0 forall n € N.

(b) The sequence {By,(x)} n=0 is 2-orthogonal with respect to T = (', T2)T or with respect
to L = (Lo, L1)T, because

a—1 k
I’ = Z oLy,  (af_, #0) equivalently Ly = z &kre, (E,’f #0). (3.4)
k>0 o=1

(c) For any couple (n,0), 0 = 0,1, and n = 0, there exist two polynomials A*(n,0), y =
0,1, such that

Ponto = N(n,0) Lo+ A (n,0)%;  foro=0,1, neN, (3.5)
and satisfying deg A¥(n,u) = n for uy = 0,1, degA°(n,1) < n for n > 0, and deg A' (n,0) <
n—1forn=1.

Remark 3.4. From this proposition, we deduce that the sequence of polynomials {F,} ,en
is 2-orthogonal with respect to £ = (£, %;)7.

4. Integral representation

In this section, we try to give an integral representation of the P;;(¢), which are the solu-
tions of the Chapman-Kolmogov equations. First, we give the following lemma.

LEmMA 4.1. Let there be a generalized birth and death process, where the transition proba-
bilities are given by (1.2), then the sequence {Fy},=0 given by (2.10) satisfies the following
properties.

(A) Putting F,,(x) = > o0 anikx* for all n = 0, then

ag0 =1, ann=(=D"[[ds n=L (4.1)
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The moments of the two orthogonality forms ¢ = L;(x"), n = 0, and 0 = 0,1 are given by

n+l

=1, ¢y = Ao+ po + iy &= P > nic), n=0.
n n i=0

(4.2)

1 n+l

¢y =0, cl = -, = p > aneic, n=0.
n+2,n+2 j_
(B) The following equation holds:

e ™F,(x) = > P,j(t)Fj(x), x€R,neN. (4.3)

j=0
(C) The sequence {F,(0)} ¢ is a nondecreasing sequence and F,(0) = 1 (n = 0).
Proof. (A) If we put F,(x) = >}_oankx*, n > 0, then from (2.10) we will deduce that

1
An+ln+l = _Tan,m (44)
n

where
ap,o = 1. (4.5)

So, we get (4.1). From the definition of the dual sequence we find (4.2).
(B) Let { fu}nen be a sequence of functions defined by

t)= > Pyj(t)Fj(x), neN, (4.6)
j=0

or f(x,t) = P(t) F(x), where f(x,t) = (fu(x,t))nen and F(x) = (Fu(x))nen, then

%f(x, 1) =P (t) F(x) = P(t) A F(x). (4.7)

From (2.10), we have —x%(x) = d F(x). So,

0
= ful,t) = —xfulx, 1),
ot (4.8)

fa(x,0) = Fy(x), neN.

Then, we get (4.3).
(C) We show by induction that {F,(0)},-0 is a nondecreasing sequence.
Indeed, we have F;(0) = 1+ (uo +y)/Ao = Fo(0).
Assume that F,,;1(0) = F,,(0) = 1 for all 0 < n < k — 1, then from (2.10) we get

Ak (Fi11(0) = F(0)) = px (Fx(0) = F—1(0)) + i (Fx(0) — Fx—2(0)) = 0. (4.9)
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So,

F,1(0)>F,(0)>=1; n=x=0. (4.10)
|

THEOREM 4.2 [1, Boas’s theorem]. Let {a,}n>0 be a real sequence, then there exists a
bounded variation function a(x) defined on [0,+oo[ such that

+oo
J x"da(x) =a,, neN, (4.11)
0

Remark 4.3. For any element &, of the dual sequence, there exists a bounded variation
function ¥,,, such that

Lon(x") = JO x"d¥,; n,meN. (4.12)

THEOREM 4.4. Let P(t) = (Pij(t))ijen be a solution of (1.3), (2.1), and (2.2), then if
D |Fi(x)] <go(x) VxeRy, VmeN, 0=0,1, (4.13)
=0

where g5 (0 = 0,1) is an integrable function with respect to Y, the following integral repre-
sentation holds:

Pan(®) = | e EA0)A¥, mmEN, (4.14)
0
where W,,, n > 0 is the bounded variation function given in Remark 4.3.

Proof. From (4.3), we deduce that {P,;(t)F;(x)}iso is a bounded sequence for all n € N
and x, t = 0. In particular, there exists a sequence of functions M, (t) such that

|Pui(t)] < F.(0) <M,(t) VieN, (4.15)
then we have
D Pu()Fi(x)| =D | Pui(t)Fi(x)| < M,(t) D> |Fi(x)|. (4.16)
i=0 i=0 i=0
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Hence {3." Pni(t)Fi(x)}ms=0 is dominated by an integrable function with respect to
¥, (0 = 0,1). Then, we can write

L:w e M Epd¥,(x) = > Puj( t)J F;d¥,(x)
j=0 n (4.17)
= Pon®) | Fad ) = Pon(),
O

CoroLLARY 4.5. Let P(t) = (P;j(t))ijen be a solution of (1.3), (2.1), and (2.2). Then the
Pij(t) given by relation (4.14) can be written in the following form:

+o00
Pngm:j e E (x)d¥o(x); n=0,0=0,1,
0

1 i Ak ,—xt
Puatso) = s e[| e o
2k+o-1 t+oo
=Y Py (0 A% @] k=0n=0,0=01
o 0
(4.18)
Proof. We have fort>0ando =0,1
| e v, = 3P, z,(t>j (=)™ Py (OF; (x)d ¥, (x)
>0
! . (4.19)
+ 3 Pajea(®) | (0" Py (OF ()%, (),
j=0
taking into account that
Lo((=x)"Fpji1(x)) =0, j=m,
SBO((—x)szj(x)) =0, j2m+1,
(4.20)
$1((—x)szj+1(x)) =0, ] >m+1,
il((—x)szj(x)) =0, j2m+1.
It follows that
m m—1
D Puai(DLo((—x)"F2j(x)) + . Puzjr1 (Lo ()" Faja1 (x)) = Lo ((—x)"e F,),
j=0 j=0

Puj ()L ((=x)"Fyj(x)) + Z Pu2js1 (L1 ((=X)"Faji1(x)) = L1((—x)"e™F,),

'M§

.
Il
f=]

(4.21)
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for all n and m € N, which is a system with lower triangular matrix of the form %, %, (t) =
Qum> where B, = (b )2"“rl and Q= (gn,1)7™ such that

b(r,G:gJ(Fﬂ) =1, blOZbOI =0, 0=0,1,
briva,j = Lo ((—x)'F;), i=0,m; j=0,2i+00=0,1, (4.22)
qn2ite = Qn2i+a(t) = ga((_x)ie_xtFn) i=0,mo=0,1,

where the determinant of B,, is

= [ [£o((=xV F)) 1 ((=x) Faji1) >0, (4.23)
j=1
because
j
Lo ((—x) Fyj) ]_[ 2o >0, j210=0,1 (4.24)
So, this system admits a unique solution given by (4.18) for all# > 0 and 0 = 0, 1. O

Now, we give the sufficient conditions so that the P;;(t) given by the integral represen-
tation (4.14) is indeed a transition probability.
First, we give the following lemma.

LEMMA 4.6. Let there be a system with a lower triangular matrix of the form M, X, = C,,
where

moy 0 0 0
myy My 0 e 0
M, =|Mo ma my - 0 |
(4.25)
Myuo Myl My e Myn
Xn = (X,’):;O, Cn = (Ci)?=0'
Then the following properties are equivalent.
(A) zz Oxl =< 1
(B) detD,, and detM,, have the same sign, where D, is the matrix defined by
1 1 1 1 1
Cop Moo 0 0 0
cg myp myp 0 0
Du=|c, my my my 0 (4.26)
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Proof. Using Cramer’s rule, on one hand we can get

Mmoo 0 PR 0 Co - 0 0
mio my - 0 1 - 0 0
oz 1 Mmi-10 M-ttt Mioiol CGielo e 0 0
" det M, | mio mj B Mmii_1 ¢ . 0 0
mMpy—10 Mp-11 -+ My-1i-1 Cp-1 **° Mpy—1n-1 0
Myo Myl e Mpyi—1 Cn ettt Mpp—1 Mgy
(4.27)
Co Moo 0 0 0
C1 mio mii 0 0 0
EREY .
D e mie min < Mo e 0 0|
detM, | Mio my e my_g e 0 0
Cp—1 Muy—10 My-11 -+ My-1i-1 =+ Mp_1n-1 0
Cn Mpo Mp1 s Mpyi-1 T Mpyp—1 Myn
and on the other hand, we have
det D,, = det M,
o Moo 0 P 0 PR 0 0
C mio mi - 0 - 0 0
n .
—S(=1) |G- Mic0 Min e Mg s 0 0
i=0 Ci Mg mpy o Myt 0 0
Cp—1 Muy-10 My-11 =+ Mu—1i-1 = Mu_1p-1 0
Cn Myo Myl T Myi—1 e Myn—1 Myn
(4.28)

So, detD,, = detM,,(1 — >/, x;) with detM, # 0, consequently we deduce that (A) and
(B) are equivalent. O

From Corollary 4.5 and Lemma 4.1, we have the following result.

THEOREM 4.7. Let P(t) = (P;j(t))ijen be a solution of (1.3), (2.1), and (2.2). If the follow-
ing conditions are satisfied:
() [;" e *F,(x) d¥, = 0, foralln € N and o = 0,1,
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(ii) detD,, = 0 for all n,m € N, where D, is the following matrix:

1 1 1 1 1
qno boo 0 0 0
qm bio b 0 0
Dy = qn2 b by by 0 ’ (4.29)
Guam1  bami1o bomin bomiz o+ bamrizmn
where q,,; and b;; are given by (4.22),
(iii)
+00 oo _
J (—x)FFj(x)d¥, < J (—x)ke™F,(x)d¥s; j=0,2k+0—1 (4.30)
0 0
forallneN, ke N* and t >0, then
Pp(t) = 05 nm=0, >Pu(t)<l VnmeN,t=0. (4.31)
i=0
Proof. If condition (ii) is satisfied, we deduce from Lemma 4.1 that
m
D Pu(t)<1 VmmeN, t=0. (4.32)
i=0
From (4.14), we can get Py, (0) = Opm
As (t>0)
1 +o0
Ppokso(t) = ——— |:J (—x)ke ™ F,(x)d¥
Hj:1#2j+a 0
(4.33)
2k+o—1
Z Pyj( t)J x)FF;( x)d‘{-’a], k=1,
then Py k40 (t) = 0, that is,
+oo 2k+o—1 +oo
J (—x)ke ™ F(x)d Z Po(1) J COFE(0)dY, Ykl (4.34)
0

We will show by induction on m that P,,,(t) = 0 for all n > 0. From (i) we have P,,o(f) = 0
and P, (t) = 0.
Assume that

P.u(t) = 0; 0O<m=<j. (4.35)
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For any j, there exists k such that j = 2k + 0 — 1, it follows that
2k+o-1 +00 +00 2k+o—-1
> ()| (0 End¥y < max [0 Eadre | Y P
m=0 0 0<m=<2k+o—1 0 me0
+00
< max { J (—x)ka(x)d‘I’(,}.
0<m=<2k+o—1 0
(4.36)
Since (iii) is satisfied, we obtain P, j;(¢) = 0.
Hence, we get Py, (t) = 0 for all n and m = 0. O
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