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The main purpose of this paper is to introduce a new structure that is a fuzzy T'L-uniform
space. We show that our structure generates a fuzzy topological space, precisely, a fuzzy T-
locality space. Also, we deduce the concept of level uniformities of a fuzzy T L-uniformity.
We connect the category of fuzzy TL-uniform spaces with the category of uniform spaces.
We establish a necessary and sufficient condition, under which a fuzzy TL-uniformity is
probabilistic pseudometrizable. Finally, we define a functor from the category of fuzzy
TL-uniform spaces into the category of fuzzy T-locality spaces and we show that it pre-
serves optimal lifts.
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1. Introduction

In this paper, we introduce, for each continuous triangular norm T, a new structure that
is a fuzzy TL-uniform space, which generates a fuzzy topological space. We proceed as
follows.

In Section 2, we present some basic definitions and ideas, also, we supply three lemmas
on the a-cuts of fuzzy subsets on a universe set X for all « in the interval [0,1]. We need
those lemmas for proofs scattered in subsequent sections.

In Section 3, we introduce our definition of fuzzy TL-uniform spaces, fuzzy uniform
map, and the fuzzy topology associated with a fuzzy TL-uniform space.

In Section 4, we study the relationship between a fuzzy TL-uniformity and its a-level
uniformities. Also, we generate fuzzy TL-uniformities from classical uniformities.

In Section 5, we prove that each category of fuzzy TL-uniform spaces and uniform
maps between them is a topological category, and we describe the fuzzy TL-uniform space
of the optimal lift of a source in this category. Also, we define a functor from the category
of fuzzy T'L-uniform spaces into the category of fuzzy T-locality spaces, and we show that
it preserves optimal lifts.
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2. Prerequisites

A triangular norm (cf. [1, 2]) is a binary operation on the unit interval I = [0, 1] that is
associative, symmetric, isotone in each argument and has neutral element 1. A continu-
ous triangular norm T is uniformly continuous, because its domain I X I is compact. This
means that for all € >0, there is 6 = 01, >0 in such a way that for every (o, ) € I X I, we
have

(aTP)—e<(a—O)T(P-0)<aTB<(a+0)T(f+0) < (aTpP)+e. (2.1)
Given a lower semicontinuous triangular norm T, the following binary operation on I:
jr(a,y) =supf@el:aTl <y}, (ay) elXlI, (2.2)

is called the residual implication of T [3], we often simplify jr to j. The best well-
known triangular norms are the simplest three, namely Min (also denoted by A), T}, (the
Lukasiewicz conjunction), and 7 (product), where for all o, f € I,

aTlmpP = (a+B)AL, anf = af, (2.3)

where the binary operation A, above, is the truncated subtraction, defined on nonnega-
tive real numbers by rA s = max{r —s,0}, r,s > 0.

ProrosiTioN 2.1 [4]. The T-residual implication j, of a lower semicontinuous triangular
norm T, enjoys the following properties for all o, 3,y € I:

(IT1) «TB < y ifand only if a < j(3,y),

(IT2) ocTﬁ > y ifand only if a > j(B,y),

(I13) jle,y) =1 1fand onlyifa <y,

(IT4) j(1, y)

(IT5) J(aTﬁ y = j(fx,j(/iy)),

(IT6) aT j(a,y) <y,

(IT7) j(aB)Tj(6,y) < j(aT6,BTy),

(IT8) j is antimonotone in the left argument and monotone in the right argument.

A fuzzy set A in a universe X, introduced by Zadeh in [5], is a function A : X — I. The
collection of all fuzzy subsets of X is denoted by I*. Ordinary subsets of a universe X will
frequently occur in what follows. We will often need to consider a subset M < X as a fuzzy
subset of X, said to be a crisp subset of X, which we will denote by the symbol 1;;. We do
this by identifying 1, with its characteristic function. The collection of all crisp subsets
of X is denoted by 2X. The symbol a denotes the constant fuzzy set in a universe X with
value w € I.

For the fuzzy sets u,A € IX, the degree of containment of y in A according to j = jr is
the real number in I [6]:

j{wA) = inf j(u(x),A(x)). (2.4)
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Last, we denote by j|u,A| the following fuzzy subset of X:
jlwAl(x) = j(u(x),AMx)), xeX. (2.5)

Given a fuzzy set A € IX and a real number « € I; = [0,1], the strong a-cut of A is the
following subset of X:

M ={xeX:Ax)>al, (2.6)
and for a real number « € I, the weak a-cut of A is the subset of X:
Ao = {x € X 1 Mx) = a}, (2.7)

for both strong a-cuts and weak a-cuts of A, we identify crisp sets with their characteristic
functions.
It is direct to verify that every A € IX has the following resolutions:

A=\ [an2e] =V [ande]. (2.8)

acl aEly

We follow Lowen’s definition of a fuzzy interior operator on a set X [7].

This is an operator © : IX — IX that satisfies 4° < p, (u A1)° = p° A A° for all y,A € 1%,
anda’ =g forallael.

The pair (X,°) is called a fuzzy topological space (FTS).

The category of all fuzzy topological spaces and continuous functions between them
(cf. [7]) is denoted by FTS.

Given a fuzzy topological space (X,°) = (X, 7), and « € I, the set

L) ={A"cX:Aer} (2.9)

is a topology on X, said to be the a-level topology of = [8]. It is direct to see that its
interior operator is given by

int, (M) = [(avin)'], MeXx, (2.10)

and, (1) = sup,;, t(7) is called the topology modification of 7 [8].

Prefilters and prefilterbases were introduced by Lowen in [9]. A prefilter in a universe
X is a nonempty collection I C I* which satisfies 0 ¢ J, 3 is closed under finite meets
and contains all the fuzzy supersets of its individual members. A prefilterbase in X is a
nonempty collection % C I* which satisfies 0 ¢ % and the meets of two members of %
contain a member of %B. A prefilterbase B is said to be prefilterbasis for a prefilter J if
I = [B], where [B] = {1 € I* : there exists v € B with v < A}.
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Definition 2.2 [10]. The T-saturation operator is the operator ~ T which sends a pre-
filterbase % in X to the following subset of IX:

R~T = H \ yTuy:uy€B VyE[O,l[}], (2.11)
yelod[~

said to be the T-saturation of 3.

TaeoreM 2.3 [10]. The T-saturation operator ~ T is isotone. Also, given a prefilterbase B
in X, B~T satisfies

p~T is a prefilter, 2 [B] 2B, supj(v,A) = sup j{uA), (2.12)

veR ueR~T
moreover, B~ equals the following subset of I*:

frert:j

BA| B vB<1}. (2.13)
Definition 2.4 [10]. A fuzzy T-locality space is a fuzzy topological space (X,° ) whose fuzzy
interior operator is induced by some indexed family B = (B(x)),ecx, of prefilterbases in
IX, in the following manner:

w(x) = sup jlo,u), V(ux)e I x X. (2.14)
vERB(x)

The family 3B is said to be a T-locality basis for (X,°), the fuzzy topology of (X,°) will be
denoted by 7(%). The full subcategory, of FTS, of fuzzy T-locality spaces is denoted by
T-FLS.

TueoreM 2.5 [10]. A family of prefilterbases in X, B = (B(x))xex, will be a T-locality base
in X if and only if it satisfies the following two conditions for all x € X.

(TLB1) v(x) = 1 for all v € B(x).

(TLB2) Every v € RB(x) has a T-kernel. This consists of two families (v, € B(x))yer, and
(Vyyo € B(Y))(y.y.00exx1x1, such that for all

(y,9,0) € X x I X Iy, [(yTv,(y))AO]Tvyp <v, where Iy =10,1]. (2.15)

THEOREM 2.6 [10]. (i) A family B = (B(x))xex will be a T-locality basis for a T-locality
space (X,°) ifand only if B~ is so. In this case, B~ is the greatest T-locality basis for (X,°)
(and B~T is called the T-locality system of (X,°)). It is the unique T-saturated T-locality
basis for (X,°). In this case, 9B is a basis for the T-locality system B~T.

(i) If B = (B(x))xex is a T-locality basis for a T-locality space (X,°), then B~T =
(B(x))~T)xex is obtained also by

(%(x))NT ={velf:1°(x)=1}, x€X (2.16)

A distance distribution function (DDF) [2] is a function from the set R* of positive
real numbers to the unit interval I = [0, 1], which is monotone, left continuous, and has
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supremum 1. The set of all DDFs is denoted by D*. Every continuous triangular norm
T induces on D" a binary operation &7 by (n @1 {)(s) = sup{n(b)T{(s—b):0< b < s},
s > 0. The identity element of a semigroup (D*,®7) is & defined by

0, x<0,
g(x) = (2.17)
1, x>0.

A probabilistic pseudometric on a set X (cf. [11]) is a function I': X X X — D" that
satisfies for all x, y, z in X the following properties:

(PM1) I'(x,x) = &,

(PM2) T'(x, y) = I'(y,x),

(PM3) I'(x, y) @7 T'(y,2) = I'(x,2).

In [12], Hohle defines for every y,¢ € I**X and A € IX, the T-section of y over A
by w{A) r(x) = supyex/\(y)Ty/(y,x), x € X, the T-composition of ¥, ¢ by yore(x,y) =
sup,cx ¢(x,2)Ty(z,¥), x, y € X, the symmetric of y by sw(x,y) = v(y,x), x,y € X.

Now, we will use the following lemmas in the sequel.

LeEmMA 2.7. Forall o, v € X and a € I,
(1) (Te)* = eI forally €1,

(i) (pory)® = Usrpsa(@erovp+) = Ugrp=a(@?oy®).

Proof. (i) For every (x,y) € X x X, we get the equivalences

(3) € (yTo)"
iff yTo(x,y) >«
iff - ¢(x,y)>j(y,0), by (T2),
iff (x,y) € goj(y"").

(2.18)

This proves (i).
(ii) For the first equality, let (x, y) € X X X, we get the equivalences

(x,y) € (pory)*

iff  (pory)(x,y) >a
ift supy(x,2)To(z,y) >

zeX

iff 3zeX, pB,0¢€ ]I, with fT0O >« such that

v(x,2) =B, ¢(z,y) =0 (2.19)

ift 3zeX, B,0¢< ]I, with T >« such that
(x,2) € Yps, (2,)) € Qp-

iff (x,y)€ U (po-0yps).

0TB>a

which proves our assertion.
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For the second equality of (ii), we get also

(x,7) & (pory)"
iff  (pory)(x,y) <«
ift supy(x,2)To(z,y) <«

zeX

iff VzeX, 3B,0 € I, with fT0 < « such that

Y(x2) < B, 9(z,y) <6 (2.20)
ifft VzeX, 3B,0 € I) with fT0 < a such that
(x,2) 2 ¥F, (z,y) & ¢°
iff oy e J (9Poyh).
0Tf<a
This completes the proof. O
Lemma 2.8 [13]. Forally € Y and a € 1,
()" = (v). (2.21)

LEmMA 2.9 [14]. Let (yn)nen be a sequence of fuzzy sets on X X X for which y,(x,x) = 1 for
all x € X; Yn = s(Wn); Ynr10TVusr10TVns1 < Wy Then, there is a probabilistic pseudometric
I on X satisfying

V1 (,9) <TG )(27") < yu(x,y), Vixy) e X xX. (2.22)

3. Fuzzy T L-uniform spaces

The fuzzy TL-uniform spaces are introduced in this section, and some of their properties
are given. The uniform maps are defined. Also, we generate a fuzzy topology from a fuzzy
TL-uniform space.

Definition 3.1. (i) A fuzzy TL-uniform base on a set X is a subset v C I**X which fulfills
the following properties.

(FLUBLI) v is a prefilterbase.

(FLUB2) Forall g € vand x € X, ¢(x,x) = 1.

(FLUB3) For all ¢ € v and y € Iy, there is ¢, € v with yT¢,, < ;.

(FLUB4) For all 9 € v and y € I, there is ¢, € v with }T(goyoT(py) <o.

Obviously, (FLUB3) and (FLUB4) can be replaced by the single condition

(FLUB3"). For all ¢ € v and y € I, there is ¢, € v with yT(¢,0r¢,) < s¢.

(ii) A fuzzy TL-uniformity on X is a T-saturated fuzzy TL-uniform base on X.

(iii) If p is a fuzzy TL-uniformity on X, then v is a basis for p if v is a prefilterbase and
T =p.
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It follows that for a fuzzy TL-uniformity g on a set X, and all ¢ € p, ;¢ € p. The pair
(X,u) consisting of a set X and a fuzzy T L-uniformity g on X is called fuzzy T'L-uniform
space. The elements of p are called fuzzy vicinities.

PrROPOSITION 3.2. Let v be a fuzzy TL-uniform base on a set X, then the prefilter v™T

determined by v is a fuzzy TL-uniformity on X.
Conversely, if u is a fuzzy TL-uniformity on X, then conditions (FLUB2)—(FLUB4) are
satisfied by every prefilterbase v which determined p.

Proof. Suppose v is a fuzzy TL-uniform base on X. We show that v~ is a fuzzy TL-
uniformity.

Obviously, v~ is T-saturated prefilter.

Now, to prove (FLUB2), let ¢ € v~T, then there exists (¥, € v)aer, such that o=
Vaer, (@Ty,). Hence for every x € X, we have

o(x,x) = \/ (ng//a>(x,x)

acl

\/ (aT1) fory, v (3.1)

acl;

\/(oc) =1.

acly

Also, to prove (FLUB3'), let ¢ € v~T and y € I, then for all a € I}, there exists y, € v
such that

¢ =aly,. (3.2)
But for each 8 € I, there is fy, € v with
/:ST(ﬁI//aOTﬁI//a) = Va. (3.3)

By continuity of T, we can choose § € I; such that BT = y, and by taking ¢, =Py €
vco~T, we get

yT(¢yorey) = BTAT (PygorFyp)
sETst//ﬁ, by (3.3), (3.4)
<, directly from (3.2).
This proves that v~ is a fuzzy TL-uniformity.
Conversely, suppose that g is a fuzzy TL-uniformity, and let v be a prefilterbase which
determines .

Since v < p, then obviously v satisfies (FLUB2), while (FLUB3) follows immediately
from the fact that for all y € p, we get ;v € p.
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To prove (FLUB4), let ¢ € v and y € I, then ¢ € py and hence, there is a family (y, €
#)yer, such that

yT(yyoryy) < 9. (3.5)

By continuity of T, we can find « € I; such that y < aTaT«, and by Theorem 2.6, there
is ¢, in v with ¢, < j| a Vol, consequently,

ZT((PyOTGDy) < ngTgT(j &V |0T] | & Ve )
= :T[(gTj &Yy )oT (gTj &Yy )], clear, (3.6)
< aT(ya01ya), by (IT6),
<¢, by(3.5),
which proves that v satisfies (FLUB4), and completes the proof. O

Lemma 3.3, If {ya:a € 1} S I and y = \/ yep, (aTy) € I*X, then for every M € 2%,
v{la)r = Vaer, [QT%KIM)T] eI

Proof. For every x € X,

(1) (%) = sup L (y) Ty (y,x) = sup y(y,x)
yeX yEM

= sup<| \/ [och//,x(y,x)]}
YEM | ael

(3.7)
=\ SLocT[sup wa(y,x)}}, by isotonicity of T,

aEl yEM

= \/ [aTya(la) ;| ().

acl;

Hence y(1x) 1 = Vaer, [aTva(1n) 1] O
LEmMMA 3.4. For a prefilterbase | [ in X X X and M € 2%,

futta sy e NUT} ~Jytt sy e U}NT. (5)

Proof. First, we show that {y(1y)r:y € ]_[NT} is T-saturated prefilter. Let y,¢ € ]_[NT
and let 4 € IX be such that g > (1)1 A {1p) 7. Then we define ¢ € X by

pulx) ifxeM,
V) = 3.9
Pl) {1 ifx ¢ M. (3:9)
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It is easy to see that u = ¢(1y)7 and ¢ = ¥ A ¢ and hence ¢ € [[~". This proves that
pe{v(lm)r:ye ]_[NT}, demonstrates that {y(1y)r: v € ]_[NT} is a prefilter.
Now, given a subfamily {vy, :y € I} of [I~T. Since [ [~ is T-saturated, Vaer, (@Tya) €

11~ so,

V (QT%<1M>T) =\ (gT%>(1M)T, by Lemma 3.3,

acl acl

€ {w(lmTrwe NUT}

(3.10)

This proves our assertion. Finally, we have

{‘//<1M>T1V/€ ]_”’ s {W<IM>T:I//E NUT}

{w(lM)T :Vyel Iy, € | with yTyy < 1//}
T (L) Vy € I 3y, € [ ] with yTyy (a7 <y (L) 1 |
fw (1)

T”/’EI_”’NT’

N

=V
(3.11)
since the prefilter {y(1y)7r:y € ]_[NT} is T-saturated, then
~T ~T
fv)velll < {w(lmT ry e ]_[}

(3.12)

~T

< fyiury eI}
So, equality holds, and winds up the proof. O

TaeOREM 3.5. If v is a fuzzy TL-uniform base on a set X, then the indexed family B =
(B (x))xex, given by

B(x) = {go(lx)T (g E v}, is a T-locality base on X. (3.13)
Proof. Given x € X and v € WB(x), then there is ¢ € v such that v = ¢(1,), hence

v(x) = ¢(Le) 7 (x) = Sug{[(lx)(y)]ﬂp(y,x)} = (L) () To(x,x) = 1. (3.14)
ye

It follows that 9B satisfies (TLB1).
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Also, for every v € B(x), y € I, and z € X, we have

v(z) = ¢(1y) p(z) forsomegp v
=¢(x,z) > ZT(q)yqu)y)(x,z), by (FLUB4)

=sup {yTo,(x, )Ty (y,2)}
yeX

> sup {yT,(x, ) T[6T (¢,507¢9,5)(¥,2)]}, by (FLUB4) again (3.15)
yeX .

= sup {yT, (x, ) TSTsup [¢,5(y,5) Tpys(s,2)]}
yeX seX

> {yT o, (%, y)TOT@)5(y,2) Tpys(2,2)}
= [yTo) (L) 1N TS| T[9y(1,) (2.

Now, for every 6 € Iy, we can get (by continuity of T') § = 8¢ € I; for which [yT¢,(1,)r
()’)T5] = [(YT(Py<1x>T(y))A9]> hence take Uxy = (Py<1x>T S %(X) and Uyyo = (Py6(1y>T €
%B(y) which satisfy v(z) = [(yTvy,(y)AO] Tv,,6(2).

This shows that A& satisfies (TLB2), which completes the proof. O

ProposITION 3.6. If u is a fuzzy TL-uniformity on a set X, then the indexed family B =
(%B(x))xex, given by

PB(x) = {q)(lx)T RS ,u}, is a T-locality system on X. (3.16)

The proof follows at once from Theorem 3.5 and Lemma 3.4.
We will see how a fuzzy T'L-uniform base can generate a fuzzy topology.

Definition 3.7. The fuzzy T-locality space (X, 7" (v)) induced by a fuzzy TL-uniform base
v on X is the T-FLS defined by means of the fuzzy T-locality base of the preceding theo-
rem, for which its fuzzy interior operator o is given by

2°(x) = sup j(p(1)A),  (hx) €IX xX. (3.17)

(pEU

The fuzzy topology 77 (v) of that space is also denoted simply by 7(v). Notice that due
to Theorem 1.4, a fuzzy TL-uniform base v and its fuzzy TL-uniformity v~ induce the
same fuzzy T-locality space, that is, 7(v) = 7(v~7).

Uniform-type continuity:

Definition 3.8. Let (X,u) and (X', u") be fuzzy TL-uniform spaces and f : X — X\, f is
a fuzzy uniform map (or fuzzy uniformly continuous) if any of the following equivalent
conditions hold.
(i) Foreach y' e p\, (f x f)"(y') € p.
(ii) For each ¢’ € p', there is ¥ € p such that y < (f X f)~(y").
(iii) For each y’ € p', there is ¥ € p such that (f X f)(y) < v/,
where (f X f)7H(y")(x, ) = ¢'(f(x), f(»), x,y € X.
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The composite of two uniformly continuous functions f : (X,u) — (Y,U) and g:
(Y,U) — (Z,) is again uniformly continuous, since (gf X gf) '(y) = (f x ) H(gx
2 Y y) ep, foraly € p.

ProposITION 3.9. If (X, u) and (X\,u") are fuzzy TL-uniform spaces, with bases v and v",

respectively, and f : X — X\, then f is uniformly continuous if and only if for all ¢’ € v and
all'y € I, there is ¢ € v such that

yTo < (f X )¢ (3.18)

Proof. Let f : (X,u) — (X", u") be uniformly continuous and ¢’ € v\, y € I;. Then ¢’ €
v\™~T =y, since f is uniformly continuous, we get (f X f)"'(¢’) € p = v™~T, hence there
is ¢ € vsuch that yTo < (f X f)71(¢").

Conversely, suppose that the stated condition holds.

Let y' € u', since p' = v'\~7T, then for all y € I, there exists ¢, € v\ such that y' >
XTgo;,, hence

XD W)= (X N7 (yTey) = y T < )7 (gy)]

3.19
> yT0T¢yp forsome 6 € I, gy9 € v, by hypothesis. (3:19)

Since T is continuous, then for all « € I;, there exists y = y, € I such that & = yT'y, by
taking ¢, = ¢,y € v, we get

(fx ) y) = szTq)w = aTda, (3.20)
which implies that (f X f)"!(y) € y. Hence f is uniformly continuous, and winds up

the proof. O

A function f: (X,°) = (X,7) — (Y,°) =(Y,7"), between two fuzzy topological spaces,
is said to be continuous [7]; if f~'(u) € T for all y € 7\, y € I'. Equivalently, if
A < [f'(V)] forallA e IY.

TaeoreM 3.10. Let (X, u) and (Y, §) be fuzzy TL-uniform spaces. If f : X — Y is uniformly
continuous, then it is continuous with respect to the fuzzy topologies generated by y and g,
respectively.

Proof. Let A € I' and x € X, we denote by 0; and o, the fuzzy interior operators of 7(u)
and (), respectively. Then, we have

09 @) =2 (f(x) = 3ggj<w<1f<x>>T,A>

= sup inf j(y(15w) 1 (7),A(7))
yEPyeY

<supinf j(y(f(x), f(2)),A(f(z))) forrange f<Y

vepzeX
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=supinf j((f x /)~ (¥)(x2), T (D(2))

yEP zeX

< supinf j(¢(x,2), f'(1)(2)), by uniformly continuous of f and (IT8),

pep zeX

= supinf j(p(Le) (), [f ' D)](2)

ocu zeX

=[] (%),
(3.21)

which proves the continuity of f: (X,7(¢)) — (Y,7(§€)) at each point x in X. O

4. The operators 1, , and w,

Now, we introduce the concept of a-level uniformities for a given fuzzy TL-uniformity
and we study the relationships between them.
For a fuzzy TL-uniformity g on a set X and « € I;, we define

Luo(p) = {W(ﬁ’“) gXxX:wey,ﬁe]oc,l]}, (4.1)

we next show that 1, ,(#) is a uniformity on X whenever p is a fuzzy TL-uniformity, called
the a-level uniformity of p.

In the following two propositions, let v be a basis for a fuzzy TL-uniformity g on a
nonempty set X.

PROPOSITION 4.1. 1,4(v) is a filterbasis for the filter 1, ().

Proof. We first show that 1, 4(v) is indeed a filterbase.
(a) @ ¢ 1,4(v), because every member in 4, ,(v) contains the diagonal of X (D(X)).
(b) The intersection of two members of 1,,(v) contains a member: given U,V €
1,,2(v), then there are ¥, € v and B, €], 1] such that U = ¢/ B9, V = yJ (B yith-
out loss of generality, i < f3,. So

UnvV = (pj(ﬁl»a) A v/j(ﬁz)a)
2 @/ Fr®) i Br@) | because j(B,a) < j(B1,a) (4.2)
— ((P A w)j(ﬁl)a).
But, there is { € v with { < ¢ A v (because v is a prefilterbase). Thus U N V contains a
member {IPv® of 1, ,(v).

To prove that 1,4(p) is a filter, it now suffices to show that 1, ,(p) is closed under su-
persets: given U € 1,4(p), let V 2 U. Then

U=1//j(ﬁ"") for some y € u, B €]a, 1]. (4.3)
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If we take ¢ = V'\/ j(B,a) € X, we get ¢ > y/B®\/ j(B,a) > y therefore, ¢ is also in
and

j(B.0) .
v=(vv j(ﬁ,a))J par _ PPV ey, (w), (4.4)

which proves our assertion.
Finally, we show that 1, () is generated by 1,.,(v): let U € 1,4(u), then U = /¥ for
some ¥ € pand f €]a,1]. Since v € v~ C p, then for all y € I, there exists ¢, € v with

zT(py <. (4.5)
By continuity of T, we can choose y, € I; such that y,Tf3 €]a,1]. Then
((Pyu)j()'nTﬁ,“) _ ((Pyo)j(yo,j(ﬁ,a)), by (IT5),
= (yngoyu)j(ﬁ’a), by Lemma 2.7(1),

cy/B¥ by (4.5),
=U.

(4.6)

Thus there is a member ((pyn)j(yﬂTﬁ"") of 1,,(v) contained in U. Since also 1, ,(v) is in-
cluded in 1, 4().
This completes the proof that it is a filterbasis for 1,4 (p). O

PROPOSITION 4.2. 1,4(v) is a uniform basis for the uniformity 1, ,(p).

Proof. 1,4(v) is a uniform base.

(UB1) 1,,4(v) is a filterbase (from Proposition 4.1).

(UB2) Each member of 1, ,(v) evidently contains the diagonal D(X): since ¢(x,x) =
1> j(B,a) for all (¢,x,8) € v x Xx]a, 1], then (x,x) € /B for all (p/ Y, x) € (1,4(v))
x X.

(UB3) For every U € 1,4(v), its symmetric ;U contains a member of 1,,(v): given
U € 1,4(v), then there exist ¢ € v and § €]a, 1], such that U = (pj(ﬁ’“), hence forally € I,
there exists ¢, € v with

zT(py < 9. (4.7)
By continuity of T, we can get y, € I; such that y,Tf8 €]a,1]. Then

(q)yo)j()’»Tl;)“) _ ((pyn)j(yu,j(ﬂ,tx)), by (ITS),

=()/aT§0yg)j(ﬁ’a), by Lemma 2.7(i),

< (;9)/ B9, by (4.7), (4.8)
=(¢/®), by Lemma 2.8,

=U.

Therefore, ;U contains the member (¢,,)/7 A% of 1, 4(v).
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(UB4) For every U € 1,4(v), there exists V € 1,4(v) such that VoV C U: given U €
1,,0(v), there are ¢ € vand f§ €]a, 1], such that U = (pf(ﬁ’“). Also, for all y € I, there exists
¢y € v with

XT(%OT‘PY) = 9. (4.9)

By continuity of T, we can choose y, € I; such that y, = f and y,Tf8 €]a,1]. Then

: j(Be)
U=¢/# 2y T(py0r9y,) ]

- (‘Pyaoﬂpya)j 00I N by Lemma 2.7(i),
= (‘PyoOT‘Pyo)j(yaTﬁ’a), by (IT5),

- U [(%0)90(%0)5]’ by Lemma 2.7(ii),
0TS<j(yoTB,a)

> U [ ()], byats),

0TS<j(y,TB,aTa)
> (¢,,)" " %0(g,,)*, by (117),
‘Pya)j(ﬁ’“), by (IT8) for y, > .

(4.10)

> (9,,)" "o

Taking V = (¢y,)/#%, which is in 1,4(v), proves our assertion. This completes the proof
that 1, ,(v) is a uniform base.
Consequently, by Proposition 4.1, 1, ,(¢) is uniformity with ¢, ,(v) a basis. O

CoRrOLLARY 4.3. Let (X,u) be a fuzzy TL-uniform space, in the cases T = T,,, min, the level
uniformities of (X, u) form an ascending chain, while in the case T = 7, the level uniformities
form an antichain.

Proof. Let0 <oy <ap <land V € 4, (4).
Then there are ¢ € p and B €]y, 1] such that V = ¢/#%)_ First, whenever T = T, we
have

j(Ba1) =min{l — B+ay,1}, by (2.2),
=min{l - f+a; —ar+a, 1} (4.11)

=jl+p—-a,a),

hence, V = ¢pi(Ba) = giletf-anw) ¢y . (u), because it is easy to see that &y + —a; €
Jap, 1], since B > ay, which proves that 1,4, (#) S 1,0, ().
Second, whenever T = Min, we have

j(Ba)=a Vp>a, by (2.2). (4.12)



K. A. Hashem and N. N. Morsi 15

Hence

V= (Pj(/3>m) = (P‘xl
2 ¢", because a; < az, (4.13)

= (Pj(y,az) forany y € Jay,1].

But for every y €]ay, 1], (pf()”"‘2) € 1o, (1), V € 1y, (), because 1,4, () is a filter. Hence

Loy () S by, ().
Finally, whenever T = 7, we have

i(Bra) = % VP >a, by (2.2). (4.14)
Let W € 1,4, (). Then W = yJBo%) for some v € p and f8, €]ay, 1]. For this number f3,,
take yo = a1 (Bo/a2), we get

W = wj(lgnwlxz) — w(az/ﬁn) — ll/(m/)’o) — I/,j()’uzal) c ’u’al (”) (4.15)

because, obviously, we can see that y, €]y, 1], which proves that 1,4, (#) S 1,0, (4). O

ProrosritioN 4.4. If (X,u) and (Y,$) are fuzzy TL-uniform spaces, and f : X — Y is a
uniform map, then it is also a uniform map when considered as a function between the
uniform spaces (X, 1, () and (Y,1,4($)) for all « € I.

The proof immediately follows from the definition of a-level uniformities and the fact that

(fx )Y yP) = ((f x )N y)P forally € p, B €I,

For every fixed « € I1, define a function ¢, from the category of fuzzy TL-uniform
spaces and fuzzy uniform maps to the category of uniform spaces and uniform maps by

on objects: £/, 1S tyq,

. . . . . 4.16
on morphisms : ¢, is the identity function. (4.16)

Then an obvious conclusion from the above proposition is that these ¢;, are well-defined
functors.
Now, for a uniformity u on a set X, we define

wy(u) = {1// e X:vyel, ¢ e u}, (4.17)

we supply the proof that w,(u) is a fuzzy TL-uniformity on X.

ProposiTION 4.5. If u is a uniformity on a set X, then w,(w) is a fuzzy T L-uniformity with
u as a basis.

Proof. First, it is easy to see that w,(u) is a fuzzy TL-uniform base. To show that w,(u) is
T-saturated, let v € (w,(u))~T. Then

vyel, 3¢, €w,(u) withy = yToy. (4.18)
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For every a € I}, choose y = y, > «a in I; for which

vy 2 (yTe)) = (9)", (4.19)

since (¢,)/® € u, because j(y,a) € I, then y* € u because u is a filter, hence y €
wy,(u). This shows that (0, (u))~T = w,(u).

Second, to show that u is a basis for w, (u), we prove that (u)~T = w,(u):lety € (u)~T.
Then there is a family (W € u)gey, such that

V= /:3T1 Wy (4.20)

Now, for every « € I;, we choose y > « in I; for which we get

1//0( 2 (lewy>a
= <ZA lwy)a for 1y, is crisp (4.21)

:lwy:Wyeu,

thus y* € u, because u is filter, consequently, ¥ € w,(u) renders (u)~T < w,(u).
On the other hand, if ¢ € w,(u), then

o=\ (ane*) =V (aT¢"). (4.22)

acly acly

Since ¢* € u, for all a € I, we get ¢ € (u)~7, therefore, w,(u) < (u)~7T, and hence equal-
ity holds. O

ProrosiTiON 4.6. If (X,u) and (Y, W') are uniform spaces, and f : X — Y is uniformly
continuous in the usual sense, then it is uniformly continuous when considered as a function
between the fuzzy T L-uniform spaces (X, w,(w)) and (Y, w,(W)).

Now, if we denote by TL-FUS (US) the category of fuzzy TL-uniform spaces (the
category of uniform spaces) together with the uniformly continuous functions between
these spaces, and define the map w™ : US — TL-FUS by setting 0™~ (X,u) = (X,w,(u))
and w™(f) = f, we get that w™ is a well-defined functor.

In the following, we denote the fuzzy topology associated with a fuzzy TL-uniformity
p by 7(#) and the topology associated with a uniformity u by T'(u).

Now, we introduce some compatibility between the above notions.

THEOREM 4.7. (i) The a-level topology 1,(t(u)) of the fuzzy T-locality space (X,7(u)), co-
incides with the topology T(1,.(u)) on X, induced by the a-level uniformity v, .(p) of a fuzzy
TL-uniform space (X, u).

(ii) For a uniform space (X,u), the fuzzy topology T(w,(u)) induced by the above fuzzy
TL-uniformity w,(u) is the same fuzzy topology w(T(u))

(iii) 1 ow™ = Idys for all a € I;.
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Proof. (i) Let o be the fuzzy interior operator of the T-FLS (X,7(u)). Then for every
nonempty M € 2%,

int,a(T(”))M = ((g\/M>0>a, by (2.10),

X :sup infj(w(lx)T(y), (g v M) (y)) > oc}, by Definition 2.4,
yep yex -

x:dyep fela,1st. Vy &M, j(y(x,y),a) 2[3}

x:dyep, fela1[st. VyEM, fTy(x,y) < oc}, by (IT1),
(4.23)

x:3yep pelal[st. VyEM, (xy) ¢ y/Fol
x:3V e (u)st. Vy &M, (x,y) & V}

{
{
{
= {x: Jyep felal[st.VyEM, (x,y) & (/ﬁTw)a}
{
{
{x: AVey(u)st.VyeEM, y & V(x)}
{

x:V{(x) € M for some V € lu,a(y)}
= intr(, () M.

This demonstrates that 1,(7(¢))) = T(1,,.(#)), which renders (i).

(ii) Let the fuzzy set A be 7(w(u))-open.

If x & (intr(,) A®) for some x € X and ¢ € I}, we get V(x) ¢ A%, forall V € u, thus, there
exists z € X such that z € V(x) for all V € u with z € A%, that is, there exists z € X such
that z € V(x) for all V € u with A(z) < ¢, hence

AMx) = (inty(eu)A)(x), by hypothesis

= sup infj(W(L:)T(}’)’My))

yew(u) yeX

= sup infj(lv(lx)T(y),/X(y)>, by Proposition 4.4,

VeuyeX
(4.24)

<supj <1V<1x>T(Z)’A(Z))

Veu

= ](1,/\(2))
=Az), by (IT4),

<é&

That is, x ¢ A%, which shows that A® < inty(,) A%, € € I;. Consequently, A = inty(,) A%, that
is, A* € T(u) forall ¢ € I.
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On the other hand, let A be w(T(u))-open.

Given x € X, then for all € € I; with € < A(x), we have x € A%, and hence, by hypothesis
X € intyg,) A%, thus there exists W € u such that W(x) C A%, that is, there exists W € u
such that for all z € W(x), we get z € A%, that is, there exists W € u such that for all
z € W{x), we get A(z) > ¢. Hence,

(intr(w(U))A)(x): sup infj(t//(lx)T(y),/\(y))

yew(u) yeX

= sup inf j(1v(L) 1 (»),A()) (4.25)

VeuyeX

> yirel)f(j(lw(lxh(y),l(y)) >e.

This shows that A < int;(,()) A, which proves that A is 7(w,(u))-open, and winds up the
proof of (ii).
(iii) Follows immediately from the definitions. O

Example 4.8. Let (X,<) be an ordered set. For each point x, € X, let V,, = {(x,y) : x,y >
%o} and define Uy, = D(X) U V,,. Then the reader can easily check that the collection
u* = {U,:x € X} is a basis for a uniformity u on X. Hence by the above notions, we
have

w,(w) = jy e X vyel, y e} (4.26)
is a fuzzy TL-uniformity on X with u as a basis. Moreover,
Lo(w,(0)) = {wj(ﬁ’“) CXXX:we€ w,(u), BEla, 1]} =u (4.27)

Definition 4.9. A fuzzy topological space (X, T) is called a fuzzy TL-uniformizable if there
is a fuzzy TL-uniformity g on X such that 7 = 7(p).

CoRroOLLARY 4.10. A topological space (X, T) is uniformizable if and only if (X,w(T)) is
fuzzy TL-uniformizable.

Proof. If T = T(u), then
o(T) = 0w(T(u)) = 7(w(u)). (4.28)
Conversely, let w(T) = 7(u), then
T = 1(w(T)) = supte(w(T)), by definition of modification topology,

acl

=supt(7(p)), by hypothesis,

acl;
=supT(t,q(u)), by Theorem 4.7(i), (4.29)
aEl)
= T(suptu,a(y)), .
aEl)
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Definition 4.11. A T-fls (X,7(%)) is said to be the following.
(i) L-T, if for every x # y in X, there is v € B(x) U B(y) such that

v(x) Av(y) <1, (4.30)

(ii) L-regular, if for every (M,x,¢) € 2% X X X Iy, there is v € B(x) with supyex(v
A 1p)(y) < &, then there are an open set y and p € B(x) such that 1y <y and
sup,cx (uTp)(y) <e.
THEOREM 4.12. TL-uniformizability = L-regularity.

Proof. Suppose (X, ) is a fuzzy TL-uniform space.
Let M € 2X, x € X, and ¢ € I, are such that there is v € B(x) with

sup (v A ly)(y) <e, (4.31)
yeX

consequently, we can find & very small such that

sup (v A 1y) (y) + & < & (4.32)
yeX

Since, v € RB(x), then for all y € I; there are v, ¥, € u such that v = (1) and y =
yT(yyoryy), (by using (FLUB4)). Hence

£>sup (W<1x>T A 1M>(z)+so

zeX

> sup [XT(CUYOTW)/) <1x>T] (z) +e&

zeEM —
= sup [yT (yyoryy) (x,y)] + o

zeEM

= {yTsup sup [l//y(x,)/)Tl//y(y,Z)]} +& (4.33)
zeM yeX

= {yTsup sup [l//y(x’y)TsV/y(Z)y)]} + &

yeX zeM

> (y+0)Tsup [wy<1x>T<y>T V swy<12>T(y>} , 0=0rg >0asin (2.1).

yex ZEM
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Choosing y, € I, for which (yo +6) = 1, and taking p = syy, (L) 1> 4 = (Voen s¥y, (12)7)°%
we get p € B(x), and p is open, with e > sup . [p(y) Tu(y)], also y > 1y, because for ev-
ery x € M, we have

p(x) = ( Uy (12) ) (%)
zeM

> (5%0 (1,) ) (4.34)
= (vx)°(x) forsyy, €p
=1, by Theorem 2.3.
This proves the L-regularity of (X, 7(u)). O

THEOREM 4.13. If (X, p) is a fuzzy TL-uniform space, then (X,t(p)) is L-Ty if and only if
(infyeuy)1+ = D(X).

Proof. A T-FLS (X,7(n)) is L-Ty

iff Vx# yinX, Jv e B(x) UB(y) such that v(x) Av(y) <1
iff Vx+#yinX, 3y € psuchthat y (1) (x) Ay (L) p(y) <1
iff Vx#yinX, 3y € psuchthat y(x,y) = (1) r(y) <1

(4.35)
iff Vx+# yinX, 3y € psuch that (x,y) & yi+
iff (1}}54)1* = ﬂ (y1+) = D(X).
yep 0

THEOREM 4.14. Let I be a probabilistic pseudometric on a set X. Then there is a fuzzy TL-
uniformity y = u(T') given by

u(D) = {y € FOX vy 1, 3n € N with yTT(x,)(27") < y(x)]. (4.36)

Proof. Obviously, u(I') is T-saturated prefilter.
Now, if we put v, (x, y) = ['(x, y)(27"), we get a sequence () nen satisfies y,(x,x) = 1,
Yy = s(Yu), and Wyps107Yps1 < Wy, which shows that u(T') is a fuzzy TL-uniformity. O

Remark 4.15. Let pbe a fuzzy TL-uniformity on X, a nonempty subset % of p is said to be
a base of p if for each y € p and each n € N, there is ¢, € B such that (1 — 1/n)Te, < y.

THEOREM 4.16. A fuzzy TL-uniformity p on a set X is probabilistic pseudo-metrizable if
and only if it has a countable base.

Proof. Let p be probabilistic pseudo-metrizable. Then by using (PM1) and Theorem 4.14,
we get the necessary condition. For the sufficiency of the condition, suppose that g has a
countable base B = {y1,v2,...,¥p,...}.

We set 91 = ¥ A sy, then @) is a symmetric member of g.
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For a fixed y in I;, apply (FLUB4) twice for the member ¢; A ¥, which is in g, then
there is a symmetric member say ¢, in p such that

YT (9207920792) < @1 A Yo (4.37)

Next, consider ¢, A 3 and get a symmetric @3 in g such that

YT (ps0r@s30193) < @2 A Y. (4.38)

In this manner, we proceed by induction a sequence (¢,),en of fuzzy vicinities for which
On=s(Pn)s YT (Pnt107Pnr107@n41) < @n A Ynir < Py (4.39)

by using Lemma 2.9, there is a probabilistic pseudometric T on X, with
YTPni1(6,y) <T(6,y)(27") < gulx,y); (4.40)
that is, the fuzzy T L-uniformity g is generated by I', which proves our assertion. O

5. Optimal lifts in fuzzy TL-uniform spaces

We prove that the category of fuzzy T L-uniform spaces and uniform maps between them
is a topological category, by constructing optimal lifts of sources in it. For expansion on
the categorical notions mentioned below, see [15].

The category FTS of fuzzy topological spaces and their continuous functions is a topo-
logical category. This means that its objects are sets with structures (here, fuzzy topolo-
gies), its morphisms are admissible functions between those sets (here, the continuous
functions), morphism composition and the identity morphisms are the usual ones for
functions, and the following three conditions are satisfied for all nonempty sets X.

(1) Every source (f; : X — (Xj,0})jes) of functions in the category FTS has a unique
optimal lift (also called initial lift), namely, the coarsest structure on X making
each function f; a morphism. Specifically, the optimal lift of that source is the
fuzzy topology T on X with subbasis [16]:

T*={fj_1(/\)€IX:je],/\eaj}, (5.1)

that is, 7 is the smallest fuzzy topology on X that contains 7*.
(2) The class FTS(X), of all FTS-structures (i.e., fuzzy topologies) on X, is a set
(smallness condition).
(3) If X is a singleton, then FTS(X) is a singleton.
An important construction is that of initial fuzzy TL-uniformities. Given a family (f; :
X - (Xj,y].))je], where for each j €], (Xj,pj) is a fuzzy TL-uniform space and f; is a
function from some set X to Xj, we want to construct on X (in accordance with the
general definition of initial lifts in categories of sets with structures) a coarsest fuzzy TL-
uniformity making each function f; uniformly continuous. This fuzzy TL-uniformity is
called the initial fuzzy TL-uniformity on X for the family (fj: X — (Xj,u;)) je/-
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If (Y, ) is a fuzzy TL-uniform space and h: Y — X, then if X carries the initial fuzzy
TL-uniformity, & is uniformly continuous if and only if each fjoh is uniformly continu-
ous.

LemMA 5.1. For a fuzzy TL-uniform base v on a set Y and a function f : X - Y,

UxH ) e [(fx O @] ={(fx ) (9) pe v}NT. (5.2)

Proof. Let y € (f X f)"'(v~T) and y € I,. Then there are ¢ € v™~T and ¢, € v, with y =
(f X f)"Y¢) and yToy < 9.
By taking v, = (f x )" (¢,) € (f X f)~!(v), we have

YTy =yT(F X 7o) = (fx O (0Tey) < (X @ =y (53)

Therefore, v € [(f X f)~!(v)]~T, which completes the proof of the lemma. O

ProrosiTioN 5.2. Let f : X — Y be a function. If v is a fuzzy TL-uniform base on Y, then
(f X f)~Y(v) is a fuzzy TL-uniform base on X.

Proof. (FLUB1) (f X f)~!(v) is indeed a prefilterbase.
(FLUB2) Forall y € (f x f)"!(v) and x € X, we have

v(xx) = [(f X f)""¢)](x,x) forsomegecv
=¢(f(x), f(x)) (5.4)
=1L
(FLUB3') Let y € (f x f)~!(v) and y € I}, we get ¢ and ¢, in v such that
V= (f X f)_1(¢)) ZT(QDyOT(Py) =5Q. (5.5)

By taking v, = (f x f)"(¢,) € (f X f)~'(v), we have

zT(V’yoTWy) :zT[((fo)_l((Py))oT((fXf)_1(¢y))]
—yTIC 0 (gy019,)]

(5.6)
<(fx ) (9)
=y,
which completes the proof that (f X f)~!(v) is a fuzzy TL-uniform base on X. O

By a similar proof, we also have the following proposition.
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ProrosiTioN 5.3. Let f; : X — Y; be afunction, j €J.If vj is a fuzzy TL-uniform base on
Yj for every j € ], then \/ jc;(f X f (v) is a fuzzy TL-uniform base on X, where

\ (fx ) (v)) ={A(fxf)l(¢j) : 1 is a finite subset of ], ¢; € v; Vj}.

jer j€n

(5.7)

Treorem 5.4. A source in TL-FUS (fj : X — (Yj,p;)) jej has an optimal lift in TL-FUS,
with fuzzy TL-uniform base

v=\ (fixf) (). (5.8)

j€l

Proof. Since (f; x fj)’l(yj) < Vg (fix fj)’l(yj) = v < v™7, then by Proposition 3.6, all
fj are uniformly continuous: (X,v~T) — (Y}, i)

Let (Z,) be in TL-FUS, and let a function h: Z — X be such that fjoh: (Z,p) —
(Yj,u;) are uniformly continuous for all j € J. Then by Proposition 3.6 again,

2 [(fioh) x (fjoh)] ™" ()
=[(fix fi)othx )] " (u;) Vje]J, thatis,

22\ (hx)[(fix £) " (u))]
jer (5.9)

= (hxh)™! [\/ (f; xﬁ)‘l(yj)]
j€l
=(hxh) ' (v).
Referring to Proposition 3.6, once more, we find that % is uniformly continuous: (Z, ) —

(X,v~T). This establishes that (X,v~7) is the optimal lift in TL-FUS of the given source.
O

ProrosritioN 5.5. TL-FUS is a topological category.

Definition 5.6. The functor ¢~ : TL-FUS — T-FLS leaves the functions unaltered, and is
defined on objects (X, u) in TL-FUS by ¢~ (X, u) = (X, 7(@)).

THEOREM 5.7. The above £~ is a well-defined functor. The proof follows immediately from
Theorem 3.10.

THEOREM 5.8. The functor ¢~ preserves optimal lifts. The proof can be analogously as [17,
Theorem 7.3].

THEOREM 5.9. Fuzzy TL-uniformizability is an initial property.

Proof. This follows from Proposition 5.5 and Theorem 5.8. O
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