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We construct a random iteration scheme and study necessary conditions for its conver-
gence to a common random fixed point of two pairs of compatible random operators
satisfying Meir-Keeler type conditions in Polish spaces. Some random fixed point theo-
rems for weakly compatible random operators under generalized contractive conditions
in the framework of symmetric spaces are also proved.
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1. Introduction and preliminaries

The study of random fixed point theory was initiated by the Prague school of proba-
bilists in the 1950s [12, 13, 26]. Random fixed point theorems are stochastic general-
ization of classical fixed point theorems. The survey article by Bharucha-Reid [10] at-
tracted the attention of several mathematicians and gave wings to this theory. Itoh [16]
extended Spacek’s and Hans’s theorem to multivalued contraction mappings. Now this
theory has become the full fledged research area and various ideas associated with ran-
dom fixed point theory are used to obtain the solution of nonlinear random system (see
[9, 19, 25, 27]). Papageorgiou [23], Beg [3, 4], and Beg and Shahzad [6, 8] studied the
structure of common random fixed points and random coincidence points of a pair of
compatible random operators and proved fixed point theorems for contractive random
operators in Polish spaces. Recently Beg and Shahzad [7, 8] had used different iteration
processes to obtain common random fixed points. The aim of this paper is to study the
necessary conditions for the convergence of random iteration scheme to common ran-
dom fixed points of two pairs of compatible random operators satisfying Meir-Keeler-
[18] type conditions in Polish spaces. Also, in Section 3, we establish the existence of
unique common random fixed points of random operators under generalized contrac-
tive conditions. We first review the following concepts which are essential for our study
in this paper.

Throughout this paper, ((2,%) denotes a measurable space (X—sigma algebra). A sym-
metric on a set X is a nonnegative real-valued function d on X X X such that for all
x,y € X we have
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2 Common random fixed points of compatible random operators

(a) d(x,y) = 0ifand only if x = y, and
(b) d(x,y) = d(y,).

Let d be a symmetric on a set X. For ¢ >0 and x € X, B(x,¢) denotes the spherical
ball centred at x with radius ¢, defined as the set {y € X : d(y,x) < €}. A topology t(d)
on X is given by U € t(d) if and only if for each x € U, B(x,¢) C U for some ¢ > 0. Note
that lim,,—.« d(x,,x) = 0 if and only if x, — x in the topology #(d). Let F be a subset of
X. A mapping & : Q — X is measurable if £71(U) € X for each open subset U of X. The
mapping T : Q X F — F is a random map if and only if for each fixed x € F, the mapping
T(-,x):Q — F is measurable. The mapping T is continuous if for each w € Q, the map-
ping T(w,-) : F — X is continuous. A measurable mapping &:Q — X is a random fixed
point of random map T: Q X F — X if and only if T(w,&(w)) = &(w) for each w € Q. We
denote the set of random fixed points of a random map T by RF(T) and the set of all
measurable mappings from Q into a symmetric space X by M(Q,X). We denote the nth
iterate T(w, T(w, T(w,...,T(w,x))),...) of T by T"(w,x). The letter I denotes the random
mapping I : Q X F — F defined by I(w,x) = x and T° =I. Let ¢ : R* — R be a function
satisfying the condition 0 < ¢(t) < ¢, for each ¢ > 0.

Definition 1.1. Let X be a Polish space, that is, a separable complete metric space. Map-
pings f,g:X — X are compatible if lim, . d(fg(x,),gf(x,)) = 0, provided that
lim,—« f(x,) and lim,_« g(x,) exist in X and lim,—« f(x,) = lim,—«g(x,). Random
operators S, T : Q X X — X are compatible if S(w, -) and T(w, -) are compatible for each
w € Q. (See Beg and Shahzad [6].)

Definition 1.2. Let X be a Polish space. Random operators S,T : Q X X — X are weakly
compatible if T(w,&(w)) = S(w,&(w)), for some & € M(Q,X), then T(w,S(w,&(w))) =
S(w, T(w,&(w))) for every w € Q.

Definition 1.3 [29]. Let {x,} and {y,} be two sequences in symmetric space (X,d) and
x,y € X. The space is said to satisty the following axiom:s.

(w.1) limy— e d(xp,x) = lim,—.co d(xy, ¥) = 0 implies that x = y.

(w.2) limy—e d(Xp,x) = lim, .o d(x4, ¥n) = 0 implies that limy, .. d(y,,x) = 0.
If X = R is taken, define the symmetric function as d(x, y) = e/*™»| — 1 with sequences
{x,} = {1+ 1/n}, {y,} = {1 —1/n}, and x = 1 in X, then it is easy to verify that axiom
(w.2) holds.

Definition 1.4. Let {x,} and { y,} be two sequences in a symmetric space (X,d) and x € X.
The space X is said to satisfy axiom (Hg); if lim, .. d(x4,x) = lim,—« d(y4,x) = 0 implies
that lim,,—. . d(x, y) = 0.

For example, let X = [0,00) with the symmetric function d(x,y) = eI — 1, then
(X,d) satisfies the axiom (HE).

Definition 1.5. Let d be a symmetric function on X. Two random mappings S and T from
Q x X to X are said to satisfy property (I) if there exists a sequence {&,} in M(Q,X) such
that for some £ € M(Q,X),

lim d(T (w,&(@),§(w))) = lim d(S(w, & (@), §(w))) =0 (L.1)

for every w € Q.
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Example 1.6. Let Q = [0,1] and let X be the sigma algebra of Lebesgue’s measurable sub-
sets of [0,1]. Take X = R with d(x, y) = e/*™»| — 1, obviously d is symmetric on R. Define
two random mappings T and S from Q X X to X as

. 14+2x—w? if(w,x) €[0,1] x[0,1],
(@, {3(1 —w?)  otherwise,
(1.2)
{a)2+4x—1 if (w,x) € [0,1] x [0,1],
S(w,x) =

3(1 —w?)  otherwise.

Also, the sequence of measurable mappings &, : Q — X is given by &,(w) = ((n—1)/n) —
w? for every w € Q and n € N. Define measurable function £ : Q — X as é(w) = 3(1 — w?)
for every w € Q. Consider the case, when &,(w) € [0,1] for every n € N, and w € Q, then
we have

3i5r010d(T(w,§n(w)),g(w)) =3g§ce'T(w’fn(w>>*5(w>‘ 1

=lime¥" -1=0 for every w € Q,

n— oo

(1.3)
lim d(S(,,(0)), £()) = lim ¢/S@ i) -5wl |

=limel ™" -1 =

n— o0

0 foreveryw € Q.

When &,(w) ¢ [0,1] for n € N and w € Q, then obviously lim,,—« d(T(w,&,(w)),&(w)) =
limy—. oo d(S(w, &y (w)),E(w)) = 0 for every w € Q. So T and S satisfy property (I).

Definition 1.7. Let X be a Polish space and let A,B,S,T : QX X — X be four random
operators with A(w,X) C T(w,X) and B(w,X) C S(w,X) for every w € Q. Consider the
sequence of functions {&,} and {#,} from Q to X defined by

&n1(w) =T (w,m2n-1(w)) = A(w, f20-2(w)),
(1.4)
Eon(w) =S(w,m2n(w)) = B(w,n2n-1(w)),

where & : Q — X is an arbitrary fixed map, define M : X X X X Q — R* as

M(x,y,w) = max{d(s(w,x),T(w,y)),d(S(w,x),A(w,x)),d(T(w,y),B(w,y)),

N | =

[d(S(w,x),B(way)),+d(T(w>y),A(w,x))]}'
(1.5)
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Remark 1.8. Let F be a closed subset of a Polish space X and let the sequence of measur-
able functions {&,} defined from Q to F be pointwise convergent, that is, &,(w) — g :=
¢(w), for each w € Q. Now the closedness of F implies that ¢ is a mapping from Q to F,
and ¢ being the limit of the sequence of measurable functions is also measurable. Since F
is a subset of a separable metric space X, so if T is a continuous random operator, then by
[2, Lemma 8.2.3], the map w — T"(w, f(w)) is a measurable function for any measurable
function f from Q to X (see also [15, 28]).

2. Common random fixed points of random operators

Meir and Keeler [18] obtained a remarkable generalization of the Banach contraction
principle (see [1, 11]). Park and Bae [24] extended Meir and Keelar’s theorem for two
commuting maps following Jungck’s method [17]. Recent work of Pant [22] contains
common fixed point theorem for four maps satisfying certain contractive conditions (also
see [5, 18, 20, 21] and references mentioned therein). Beg and Shahzad [7] studied ran-
dom fixed point theorems for contractive type random operators on Banach spaces. In
continuation of these results now we obtain common random fixed point for four ran-
dom operators under a (¢, ) contractive condition which was initiated by Meir and Keeler
[18]. Our result is a stochastic analog of a result of Pant [22]. To establish our main result,
we first prove the following lemma.

LemMA 2.1. Let X be a Polish space and let A,B,S, T : QO X X — X be four random operators
with A(w,X) C T(w,X) and B(w,X) C S(w,X) for every w € Q. If for any given € > 0, there
exists a § > 0 such that for all x, y € X,

e<M(x,y,w) <8+¢e= d(A(w,x),B(w,y)) <& foreachw € Q, (2.1)

then, for the sequence of function {&,}, as taken in Definition 1.7,
(a) limy,—.« d(&y(w), €11 (w)) = 0, for each w € Q;
(b) there exists ny € N such that p,q = ny, where p and q are of opposite parity, give the
following implication:

e<d(§(w),&(w) <e+r=d(&n(w),én(w)) <e (2.2)
for each w € Q, and where r = min{e/2,6/2};

(¢) the sequence {&,(w)} is a Cauchy sequence for each w € Q.

Proof (part (a)). Itis obvious that if for every w € Q and x, y € X, we take M (x, y,w) = 0,
then d(A(w,x),B(w,y)) =0foreveryw € Qand x,y € X.

Now, M(x,y,w) >0 = d(A(w,x),B(w,y)) < M(x,y,w) for each w € Q and x,y € X.
So

d(A(w,x),B(w,y)) < M(x,y,w) foreachweQ, x,ye€X. (2.3)
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Consider

d(&2n(w), E2n1 (@) = d(B(w, 2n-1(0)), A(w, 120 (@) )
(A(w, 12n(w)), B(@,1120-1(w)))
< M(120(@), 2n-1(w), )

= maX{d(S(w,nzn(w)),T(w,nzn-l(w)))>d(5(w,r12n(w)),
A(w)I’IZn(w)))’d(T(w) Non-1 (w))’B(w) Non-1 (w))))
l[d(S(a),112,1(60)),B(w,rlzn-1(w))) +d(T(w,n2n-1(w)),

2
Aw @)}
= max d(Ean ), E2r-1(©), d(Ean(0), Eanin (@),
(62 (@), 20 @)
+d(En 1 (@) ()]}
< max (620 ), E2r-1(0), d(Ean(0), E2nis (),

Il
&

N | =

d(&n-1(w),En(w)),

1 E1(0), E2n(0)) + d(Ean(0), i (@))]]

< max {d(§n(0),&20-1(0)), d(E2n(w), E2ni1 (@) }
(2.4)

for each w € Q. Now, if M(#72,(w), 20-1(w), w) = 0, then d(&,(w), Ean1 (@) = d(§2n(w),
&n-1(w)) = 0 for each w € Q. But if M(#24(w), 2n- 1( ),w) >0 for every w € Q, then

d(&n(w), &1 (@) < M(720(w), 201 (w), w)
< max {d(&n(0),En-1(w)),d (E0(0), Epi (w)) }

for each w € Q. That is, d(&,,(w), & (w)) < d(€3p(w),Er,-1(w)) foreachw € Qand n €
N. Thus in any case we have

d(&2n(0), 62011 (@) < M (120(@)s 201 (@), @)
<d(&u(w),En1(w))  foreach w € Q.

(2.5)

(2.6)

Similarly,

d (&1 (@), &20402 (W) < M (2041 (@), 20 (w), @)

(2.7)
<d(&p(w), & (w))  foreach w e Q.

Thus, {d(¢,(w),&+1(w))} is nonincreasing and bounded below by 0 for each w € Q. So,
lim,—.co d(&,(w),&41(w)) = L for each w € Q. Now L = 0 proves the result. Suppose L >0,
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then for some m € N, we have

L <d(&mi1 (@), Emin (@) < M(H2m41 (@), om (), )

(2.8)
<d(&m(w), &1 (w)) <L+8  foreach w € Q.

So, we have
A(&om(w), &1 (w)) = d(B(w, 2m-1(w)),A(w,12m(w))) <L forsomem e N. (2.9)

Which contradicts the choice of L and this completes the proof of part (a). O

Proof (part (b)). Since lim,_.c d(&,(w),&y11(w)) = 0 for each w € Q, so, there exists a
positive integer 1y such that d(&,(w),&,+1(w)) < r/2 for all n > ny for every w € Q. Let
p>q € N such that p,q = ng with p = 2n, ¢ = 2m — 1. Suppose for each w € Q,

e <d(&p(w),&(w)) = d(&n(w),&om1(0)) <e+r. (2.10)
Consider
e < d(£)(w).&(w)
= d(S(w, 12n(@)), T (@, 2m-1(w))) < M (1120 (@), Ham-1(w), w)
- max{dw(w,mn(w)),T(w,mm,l(w»),d(S(w,mnw)),A(w,nzn(w))),
d(T(w,H2m-1(w)), B(w, f2m-1(w))),
LA (@,720(0)),B(@s 1))

+d(T (0, 72m-1(@) A, 20(@))] | .
2.11

= max {d (£ (), £ (), (6 (@), Epi1 (@), d (6 (@) 11 (@),
(@)1 (@) +d(Eg (@) Epur(@))] |

< max {d(%(w),fq(w)) [2d (&) (w), &g (w)) +d (& (w), 411 (w))

1
)
+d(Ey (@) Epr(@))]]

sd(fp(w),fq(w))+%<s+¥<s+2rs d+¢e foreachwe Q.

Thus,

d(&pi1(w),E11(w)) = d(Eni1 (@), &om(w)) = d(A(w,1120(@)), B(@, 72m-1(w)))

2.12
<e foreachw e Q, ( )

which is required. 0
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Proof (part (c)). Take a = 2¢, part (b) assures the existence of positive integer n; such that
whenever p,q are some positive integers of opposite parity and p,q > n;, then

d(§pr1(w),Egu(w)) <& ife<d(§p(w),§(w)) <e+r (2.13)

for each w € Q. Since lim,.« d(&,(w),&411(w)) = 0 for each w € Q, choose a positive
integer ng such that ny > n; and

d(én(w),én1(w)) < g for every m > ng and for each w € Q. (2.14)

Select g > p = ny so that (2.13) and (2.14) hold. Now we show that for each w € Q, we
have d(§,(w),&;(w)) < . If it is not true then for some w € O we have

d(&y(w),&(w)) = a = 2e. (2.15)

We first want to choose m > p such that for all those w € Q for which (2.15) holds, we
have the following inequality:

s+% <d(E)(w),Em(w)) <+, (2.16)

with p and m of opposite parity. Let k be the smallest integer greater than p such that
d(&y(w),&(w) > e+1/2. Since r < ¢, the integer k exists from (2.15). Moreover, we have

d(&p(w), & (w)) <e+% (2.17)

For otherwise,

e+ 23—r <d(é(w),&(w))

< d(§ (@), 6-1(@)) + (1 (@), (@) (2.18)
<d(Ep(w), G (@) + ¢,

which gives e +7/2 < d(&,(w),&-1(w)). Since k — 1 > p = ny > ny, so this contradicts the
choice of k. Thus we have

s+g<d(fp(w),fm(w)) <etr. (2.19)

If p and k are of opposite parity, we take m = k in (2.19) to obtain (2.16). If p and k are of
like parity, then p and k + 1 will be of opposite parity. Since d(&(w),&x+1(w)) < /6, now,
using triangle inequality, we have

5r

e+ % <d(E(@)bn(@) <e+ 7, (2.20)
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in this case, take m = k+ 1. So we can choose m so that (2.16) holds. Now for p,m = ny,
we get

e+ % <d(E(@), (@)
< d(&p(w),Epi1(w)) +d(&pi1 (@), Enit (@) +d (&1 (@), Em(w)),

(2.21)

which gives e +7/3 < r/3+d(&y11(w),&ni1(w)) < e+ /3. This contradiction concludes the
required result. O

THEOREM 2.2. Let X be a Polish space and let (A,S) and (B, T) be two pairs of compatible
random operators from Q x X to X with A(w,X) C T(w,X) and B(w,X) C S(w,X) for
every w € Q, and

(1) for any given € > 0, there exists § > 0 such that for all x, y € X,

¢ < max{d(S(w,x), T(w,y)),d(A(w,x),S(w,x)),d(B(w, y), T(w,y))} -
<d+e=d(A(w,x),B(w,y)) <&, (2.22)

foreach w € Q
(2) also d(A(w,x),B(w, y)) <k(w)d(S(w,x), T(w, y)) for each w € Qand x, y € X, where
k:Q — [1,00) is a measurable mapping.
If one of the random operators A, B, S, or T is continuous then A, B, S, and T have unique
common random fixed point.

Proof. Consider, the sequence of function {&,} as taken in Definition 1.7. Now contrac-
tive condition (1) in this theorem gives the similar contractive conditions as given in
Lemma 2.1, so {{,(w)} is a Cauchy sequence for each w € Q. Therefore, &,(w) — &(w),
where & : Q — X, being the limit of the sequence of measurable mappings, is a measur-
able mapping. Now

Son-1(w) = T(w,2n-1(w)) = A(w, 202 (w)) — &(w), 023)
Exn(w) = B(@,f2n-1(@)) = S(w,2n(w)) — &(w) '

for each w € Q. Suppose that S is a continuous random operator, then
S(w,8(w,2n(@))) — S(w,§(w)),  S(w,Alw,2n—2(w))) — S(w,§(w))  (2.24)
for every w € Q. Since A and S are compatible random operators, this gives
A(w,S(w,m2n-2(w))) — S(w,¢&(w)) = h(w) foreachw € Q, (2.25)

when n — co. Since X is a complete separable metric space, so for any continuous random
operator S, a mapping h: Q — X defined by h(w) = S(w,&(w)) is measurable [15, 28].
Since A(w,X) C T(w,X) for each w € Q, define mappings {2 : Q — X as A(w,S(w,
Han—2(w))) = T(w,p—2(w)) for each w € Q. Thus

T(w,Gn-2(w)) — h(w),  S(w,S(w,720(w))) — h(w) (2.26)
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for every w € ). Since

d(A(w,S(w,f21-2(w))), B(w, -2 (w)))

(2.27)
< k()d(S(w,S(@, 720(0)) ), T (5 Gon—2()))

for each w € Q, on taking limit n — oo, we have B(w, (3s-2(w))) — h(w) for each w € Q.
Also

d(A(w’E(w)))B(w)(anﬂw)))
< k(w)d(S(w,é(w)), T (w,(on-2(w))).

Applying limit n — co, we have d(A(w,&(w ) < k(w) d(S(w,&(w)),h(w)). So Aw,
&(w)) = h(w) for each w € Q. NowA(w X) C T(w X) and A(w,¢(w)) € A(w,X) for each
w € Q allow to define the measurable mapping po: Q — X as A(w,&(w)) = T(w,po(w)).
Using (1) we have A(w,&(w)) = B(w,po(w)) for each w € Q. So

(2.28)

h(w) = A(w,§(w)) = B(w,po(w)) = T(w,po(w)) = S(w,§(w)) (2.29)
for every @ € Q. Thus A(w, S(w,E())) = S(w, A(w,E(w))) gives
A(w,h(w)) = S(w,h(w)) for every w € Q. (2.30)
Moreover

Alw,A(w,¢(0))) =A(w,S(0,{(0))) = S(w,A(w,{(w))) = S(w,S(w,{(w)))  (2.31)
for each w € Q. Also

B(waB(w)PO(w))) ZB((L),T((A),/)()((U))) = T(w’B(wIPO(w))) = T(w’T(w)PO(w)))
(2.32)

for each w € Q. Using (2.30) we have

A(w7h(w)) = A(w)A(w>£(w))) = A(w>h(w)) = h(w),

(2.33)
B(w,po(w)) = B(w,B(w,po(w))) = B(w,h(w)) = h(w),

for each w € Q. So, h is a random fixed point of A, B, S, and T. Uniqueness of random
fixed point follows from (1). O

3. Common random fixed points in symmetric spaces

It is interesting to note that certain theorems in metric spaces can be proved without using
some of the defining properties of metric. Hicks [14] exploiting this fact, established some
common fixed point theorems in symmetric spaces. In this section, we obtain common
random fixed point of two and four random operators under generalized contractive
condition in symmetric spaces.
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THEOREM 3.1. Let (X,d) be a separable symmetric space that satisfies (w.1) and (Hg). Let
T,5:Q x X — X be two weakly compatible random operators satisfying the property (I).
Moreover, for all x,y € X we have

d(T(w,x), T(w,y))

3.1
< ¢(max {d(S(w,x),S(w, y)),d(S(w,x), T(w,y)),d(T(w,y),S(w,y))}) G-D

forevery w € Q. If T(w,X) C S(w,X) and one of T(w,X) or S(w,X) is a complete subspace
of X for every w € Q, then T and S have unique random fixed point.

Proof. Since random operators T and S satisfy the property (I), so there exists a sequence
{&,} in M(Q,X) such that

lim d(T (@, §,(w)),§(w)) = lim d(S(w,&u(w)),§(w)) =0 (3.2)

n—oo

for every w e Q, for some & € M(Q,X). Therefore by property (Hg), we have
limy,—o d(T(w, & (w)),S(w,&,(w))) = 0 for every w € Q. Suppose S(w,X) is a complete
subspace of X for every w € Q. Let &, : Q — X be the limit of the sequence of measurable
mappings {S(w,&,(w))} and S(w,&,(w)) € S(w,X) for every w € Q and n € N. Now since
X is separable, therefore & € M(Q,X). Moreover & (w) € S(w,X) for every w € Q. This
allows obtaining the measurable mappingz : Q) — X such that é(w) = S(w,&(w)). Now we
show that T(w,&(w)) = S(w,&(w)) for every w € Q. Consider

d(T(0,E(@)), T(w,8u(w)))
< ¢(max {d(S(w,&()),S(w, & (w))),d(S(w,E(w)), T (w,En(w))),
d(S(w,&n(w)), T(w,8(w)))}) (3.3)
<max {d(§(w),S(w,&(w))),d(§(w), T (w, & (w)))
d(S(w,&(w)), T(w,&,(w)))} foreveryw € Q.

Taking n — oo, we have d(T(w,&(w)), T(w, & (w))) — 0 for every w € Q. Thus by (w.1) we
have T(w,&(w)) = S(w,&(w)) for every w € Q. The weak compatibility of random map-
pings T and S implies that T(w,S(w,&(w))) = S(w, T(w,&(w))), then T(w, T(w,&(w))) =
T(w,S(w,&(0))) = S(w, T(w,&(w))) = S(w,S(w,&(w))) for every w € Q. Let us show that
T(w, T(w,&(w))) = T(w,&(w)) for each w € Q. If not, then for some w € Q, consider

d(T(0,&(0)), T(w,¢(w)))
< ¢(max {d(S(w,&(w)),S(w,&(w))),d(S(w,E(w)), T (w,&(w))),
d(S(w,§(w)), T(w,€(w)))})
< ¢(max {d(T(0,&(w)), T(w,E(w))),d(T (w,&(w)), T (w,(w)))})
< ¢(d(T(0,E(w)), T(w,E(w))))
<d(T(0,E(0)), T(w,(w))),

(3.4)
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which is a contradiction, so T(w,&(w)) is a random fixed point of T. Now T(w,¢(w)) =
T(w, T(w,&(w))) = S(w, T(w,&(w))) for every w € Q. Therefore T(w,&(w)) is a common
random fixed point of T and S. The proof is similar when T'(w,X) is supposed to be a
complete subspace of X for every w € Q, as T(w,X) C S(w,X) for each w € Q. To prove
the uniqueness of common random fixed point, let #, 77 : @ — X be two common ran-
dom fixed points of random operators T and S such that #(w) # 7j(w) for some w € Q.
Consider

d(7(w), n(w)) d(T(w,7(w)), T(w,n(w)))

¢(max {d(S(w,7(w (w n(w))),d(S(w,7(w)), T (w, n(w))), (3.5)
( ( w, 7w ) T(w,7(w)))}) '
< ¢(d(H(w),n(w))) < d(7(w),n(w)).
This contradiction shows #(w) = 7j(w) for every w € Q. O

THEOREM 3.2. Let (X,d) be a separable symmetric space that satisfies (w.1), (w.2), and
(Hg). Let (A, T) and (B,S) be two pairs of weakly compatible random operators from QO x X
to X such that one of the pairs (A,S) or (B, T) satisfies the property (I). Moreover

d(A(w,x),B(w,y))
< ¢(max{d(S(w,x), T(w, y)),d(S(w,x), B(w, y)),d(T(w, y),B(w, ))})
for every w € Q. If B(w,X) € S(w,X), A(w,X) € T(w,X), and one of T(w,X), S(w,X),

B(w,X), or S(w,X) is complete subspace of X for every w € Q, then A, B, T, and S have
unique common random fixed point.

(3.6)

Proof. Suppose the pair (B,T) of random mappings satisfies the property (I). So there
exists a sequence {&,} in M(Q,X) such that

lim d(B(w,&,()),¢(0)) = lim d(T (w,§:(w)),§(w)) =0 (3.7)

n— o0

for every w € Q for some & € M(Q,X). As {B(w,&,(w))} is a sequence of measurable
mappings and B(w,,(w)) € B(w,X) for every w € Q and n € N, now the fact B(w,X) C
S(w X) allows obtaining the sequence of measurable mappings 7, : QO — X such that

(w, &, (w S(w,nx(w)) for every w € Q. Hence, lim,,— d(S(w,7,(w)),&(w)) = 0 for
every w € Q Now we show that lim,—« d(T(w,%,(w)),&(w)) = 0 for every w € Q. For
this consider

d(A(w,1x(@)), B(w,&(w)))
< ¢(max {d(S(w, 74 (@)), T (w,&,(w))),d(S(w, 11n(w)), B(0,&x (),
d(T(w,&(w)),B(w,&(w)))})
< ¢(max {d(B(w,&:(w)), T(w0,&,(w))),d(T(w,&(w)), B(w,&(w))) })
< ¢(d(B(w,&:(0)), T (0,&:(w))))
<d(B(w,&(0)), T(w,&(w)))

(3.8)
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for every w € Q. Therefore by property (Hg), we have

’11_{?0 d(B(w,&,(w)), T(w,&,(w))) =0 forevery w € Q. (3.9)
Hence,
’1111010 d(B(w,&(w)),A(w,nu(w))) =0 forevery w € Q. (3.10)

By (w.2), we deduce that lim,—. d(A(w,n,(w)),&(w)) = 0, for every w € Q. Suppose for
every w € Q, S(w,X) is a complete subspace of X. Now {S(w,#,(w)} is a sequence of
measurable mappings and S(w,7,(w)) € S(w,X) for every w € Q. Let &, : QO — X be the
limit of the sequence of measurable mappings {S(w,&,(w))}. Since X is separable, there-
fore & € M(Q,X). Moreover & (w) € S(w,X) for every w € Q. This allows obtaining the
measurable mapping £:Q — X such that é(w) = S(w,&(w)). Now consider

lim d(A (@, 74(@)), S(@,&(w))) = lim d(B(,&:(w)),S(w,&(w)))
= lim d(T (@, §:(w)),8(,§(@))) (3.11)
= lim d(S(w,qn(w)),S(w,f(w))) =0

n—oo

for every w € Q. Thus

d(A(w,¢(w)),B(w,&(w)))
< ¢(max {d(S(w,&(w)), T(w,:(w))),d(S(w,&(w)),B(w,Ex(w))) (3.12)
d(T(w"fn(w))’B(w)fn(w)))})’

for each w € Q. This immediately gives

%1}1; d(A(w,&(0)),B(w,&,(w))) =0 for every w € Q. (3.13)

By (w.1), we have Alw,&(w)) = S(w,&(w)) for every w € (). The we_zak compatibility of
random operators A and S implies that S(w, A(w,&(w))) = A(w,S(w,é(w))) for every w €
Q. Now

A(0,A(0,§(0))) = A(w0,S(w,§(@))) = S(w,A(w,§(w))) = S(w,S(w,§(w)))  (3.14)

for every w € Q. As Alw,&(w)) € A(w,X) for every w € Q) Whe£e & e M(Q,X), the as-
sumption A(w,X) C T(w,X) for every w € Q allows obtaining &, € M(Q,X) such that
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A(w,f((i))) = T(w,&,(w)) for every w € Q. We now show that for every w € Q, B(w, &, (w))
= T(w,&,(w)). If not, then for some w € (), consider
d(A(w,§(0)),B(w,&,()))
< ¢(max{d(S(w,£(w)), T(0,&,())),d(S(w,&(@)), B(w,&,())),
(T (w,§,(w)), B(,€,(w)))}) (3.15)
< ¢(max {d(A(w,§(w)),B(w,§,(w))),d(A (w §(w)),B(w,£1(@))})
< ¢(d(A(0,(w)),B(w,£,(@)))) < d(A(w,E(@)), B(,&,(w))),

which is a contradiction. Hence,
B(w,§)(w)) = T(w,§,(0) = A(0,§(w)) = S(w,&(w)) foreverywe Q. (3.16)
The weak compatibility of random operators B and T implies that

B(w, T(w,&,(w))) = T(w,B(w,&(w))) forevery w € Q,
T(w>T(w>E1(w))) = T(w,B(w,fl(w))) = B(w, T(w>€1(w))) = B(w,B(w,El(w)))
(3.17)

for each w € Q. Let us show that A(w,A(w,&(w))) = A(w,&(w)) for each w € Q. If not,

then for some w € ), consider
d(A(w,E(@),A(w,Aw,E(w)))

d(A(0,A(0,€(0))), B(w,1(w)))

< ¢ (max {d(S(w, A(0,§(©))), T (,£,())), d(S(@, A (,())), B(,€ (),

d(T(w,€,(w)),B(w,&,(@)))}

S

>
>

~

< ¢p(max {d(A(0,A(0,¢(0))),A(w,E(w))), A0, A(w,E(w))),A(w,E(w)))})
< ¢(d(A(w,A(w0,E(w))), A(w,E(w))))
<d(A(w,Aw0,E(w))),A(w,E(w))),
(3.18)
which is a contradiction. Therefore
A(w,A(0,E(w))) = A(w,&(w)) = S(w,A(w,&(w)))  for every w € Q. (3.19)

So A(w,&(w)) is common random fixed point of random operators A and S. Similarly,
B(w,&,(w ) is common random fixed point of random operators B and T. Since A(w,
E(w)) = B(w,&, (w)) for every w € Q, thus A(w,&(w)) is common random fixed point of
random operators A, B, S, and T. The proof is 51m11ar when for every w € Q, T(w,X) is
a complete subspace of X. The cases in which A(w,X) or B(w, X) is a complete subspace
of X for every w € Q) are similar to the cases in which T(w,X) or S(w,X), respectively,
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is a complete subspace of X, since A(w,X) C T(w,X) and B(w,X) C S(w,X) for every
w € Q. To establish the uniqueness of common random fixed point of random operators,
let £ and # be two common random fixed points of the random operators such that
¢(w) # n(w) for some w € Q. Consider

d(§(w),n(w)) = d(A(w,§(w)),B(w,n(w)))
< ¢p(max{d(S(w,{(w)), T (w,n(w))),d(S(w,§(w)), B(w,7(w))),

3.20
4(T (@, 7(@)), Bl (@)} (320
< ¢(d(&(w),n(w))) <d(&(w),n(w)),
which is a contradiction. So the result follows. O
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