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We have studied some new generalizations of Hardy’s integral inequality using the gener-
alized Holder’s inequality.
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1. Introduction

The classical Hardy’s inequality [2] states that for p > 1, 1/p+1/g=1, f 20,and 0 <
Jo” fP()dt < o0, then

o 1 X p )
L [ZL f(t)dt} dx<qPL Fe(ndt, (L.1)

where g = (p/(p — 1))? is the best possible. This inequality plays important role in anal-
ysis. It is obvious that, for parameters a and b such that 0 < a < b < o, the following
inequality is also valid:

b x p b
L BJ f(t)dt} dx<qPL Fent, (1.2)

where 0 < [ fP(t)dt < oo.
Bicheng et al. [1] have given some improvements of (1.1) and (1.2) as follows.
LetO<a<b<oo,p>1,1/p+1/g=1, f=0,and 0 < Lf’fP(t)dt< oo, then

L2 s o
a1 ()] Lo
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2 Some new generalizations of Hardy’s integral inequality

Leta>0,p>1,1/p+1/q=1, f >0,and 0< |, fP(t)dt < o, then

© 1 X P o
), [;J f “W] dx<qt | [1-6,0] P00, (1.4)

where 8, (t) = 1/p 32, (§) (=1)k!(a/t)¥4 > 0 for t > a, and 6, (a) = 1/9.
Oguntuase and Imoru [3] generalized (1.3) and (1.4) as follows.
LetO<a<b<oo,p>1,1/p+1/q=1-1/r, f 20,r>1,and 0 < fffP(t)dt< o0, then

P

Lb [xule:f(t)dt} dx

1\ (1-Vnp a\va1YIr
< q(l—l/r)p<1 _ ;) [1 _ (E) ] L fP(p)dt.

Leta>0,p>1,1/p+1/g=1-1/r, f 20,r>1,and 0< [, fP(t)dt < oo, then

(1.5)

o x p (1-1/1)p roo
), [x—ufm) ) th} dx<g P (1-2) [ -e,mlrwdn (1

r

where 0, (t) = 1/(1 = 1/r)p 33, (", /7P) (= 1)% 1 (a/t)¥1-YD4 > 0 for t > a, and 6,(a) =
1/(1-1/r)q.

Definition 1.1. Let 1 < p < o, then the function space L, is given by

LP:{f:j:|f(x)|de<oo}. (1.7)

The function space L, has been generalized to L(p) in the following manner.

Definition 1.2. Let p be a bounded measurable function, with 0 < p(x) <sup p(x) = H <
co. Define

L(p) = {f:j: | £ () [P dx < oo}. (1.8)

Note that L(p) is a linear topological space paranormed by d(f),

. UM
J If(x)|p(x)dx) , (1.9)

0

d(f) = (

where M = max(1,H).

In this paper, we have the generalized Holder’s inequality in L(p) space and the results
of [1, 3].
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2. Main results

LemMma 2.1. (a) Let the functions p and q be such that p(x)~' + q(x)~! = 1 for all x. Let
feL(p),geL(q) Let

14:Jw|fuﬂpmd& B:Jm|gWqudx 2.1)
0 0
Then for p(x) > 1, fg € L, and

| 17 g0 1 dx < o, 22)

where a = sup, 1/p(x) + sup, 1/q(x), B = sup, AP B1/4x),
(b) Let 0 < p(x) < 1and p(x)~' +q(x)"' = 1. If f € L(p) and g € L(q), then

JOOO | f(x) |p(x)dx < (x[supp(x) +sup (1 - p(x))], (2.3)

where a = sup, [([ 1)1 1% dx)! =@ (] | £ (x)g(x) | dx)?@)].

Proof. To prove (a), for a,b > 0, we have

ab® A

ab < m + m Vx. (2.4)

Using the above inequality, we have

@] lg@] _ 1 @1 1 g

AVP() BVa(x) = p(x) A 7(x) B (2.5)
Therefore,
L gl , 1 LAl 1 gl
AUp(x) Rl/a(x) = dx+ dx
I AVP B0 x<AJ BJ
0 o px) qu) 06
<su L+su L
=P TP gt
Also
1 " | f(x0)g()]
WL | f(x)g(x)|dx < . de. (2.7)

From (2.6) and (2.7), we get (2.2).
To prove (b), let p1(x) = 1/p(x), so that p;(x) > 1 for all x. Let

x) =g ", B = | flogx) |, (2.8)
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So
r | ) | PP dx = r | A(x)B(x) | dx
0 0

< sup [(J: |A(x) |q1<x>dx) v ( J: B(x) |P1<x>dx) Wm] (2.9)

) by (2.2).

1 1
— +
(sup P P
Since 1/p1(x) + 1/q1(x) = 1,50 1/q1(x) = 1 — p(x) and ¢q; (x) = 1/1 — p(x).
Substituting the values, we get (2.3):

o0 o0 1-p(x) o px)
I | f(x) |P(x)dx = sup [(J |g(x)] q(x)dx> (I | f(x)g(x)] dx) ]
0 X 0 0

X [supp(x) +sup (1 - p(x))] = oc[supp(x) +sup (1 — p(x))].
(2.10)
This completes the proof of the lemma. O

LEMMA 2.2. Let 0< b < oo, for all x € (0,b), p(x) > 1, p(x) " +q(x)"' =1, f >0, and
0< f FPO(t)dt < co. Then the following inequality holds:

X 1/p(x)
f(t)dt <a sup {{infq(x)}l/q(x)xsupl/‘i(")2 [J $/a(t) £p(0) (t)dt] }, (2.11)
x€(0,b) 0
where a = sup, 1/p(x) +sup, 1/q(x).
Proof. For any x € (0,b), by the generalized Holder’s inequality (2.2), we have
y ythe g q y

Jf :J VP04 £ ()= 1/P0a) gy

1/p(x) ¥ 1/q(x)
<a su J F/at) fplt t)dt) (J Vel dt) }
s (e o o

1/p(x)
—a sup {{qu(x)}l/q K Sup 1/q(x)2 |:J tl/q(t)fp dt:| }

x€(0,b)
Strictness follows from [1, Lemma 2.1]. Thus (2.11) is valid. O

LEmMMA 2.3. Let a =0, for all x € (a,), p(x) > 1, p(x) " +q(x)"' =1, f =0, and 0 <
I fPO(t)dt < co. Then the following inequality is true:

x x 1/p(x)
J f(tdt<a sup {{infq(x)}l/q(x) (xsupl/q(x) — g l/q(x)) |:J tl/q(t)fp(t)(t)dt:| }’

x€(a,)

(2.13)

where o« = sup, 1/p(x) +sup, 1/g(x).
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Proof. For any x € (a, ), by the generalized Holder’s inequality (2.2), we have

1/p(x) X 1/q(x)
f t)dt <a sup {(I t1/a®) fpt)( dt) (I ¢t dt) }
x€(a,») a

1/p(x)
<a sup {{infq(x)} 1/q(x) (xsuP 1/q(x) _ asupl/q(x)) [J 74l t)fP dt:| }

x€(a,)

(2.14)
Strictness follows from [1, Lemma 2.2]. This completes the proof of the lemma. O

THEOREM 2.4. Let 0 <a<b < oo, for all x € (a,b), p(x) >1, p(x) ' +qx)"' =1, f =0,
and 0 < [ fPO(£)dt < oo. Then

Jj (i :f(t)dt>p(X)dx < ocM{infq(t)}M[l - (%)Supl/q(r)]MLbfp(t)(t)dt’ (2.15)

where M = sup p(t), a = sup{p(t)_l} +sup{q(t)_1}.
Proof. Using (2.13), we obtain

[/ om)

b
< asupp(x)J xfp(x) (xsup 1/q(x) _ asup l/q(x))P(X {qu(x)} x)/q(x)

a

% JX tl/q(t)fp(t)(t)dtdx < (Xsupp(r){infq(t)}supp(t)/q(t)
a

b( b , 2\ *eP(1/9(x)) p(x)/g(x)
XJ {J P sup(p()/g(x) >(1 _ (,) ) dx}tl/q“)fp(t)(t)dt
a t X

< (XM{ infq(t)}SuP(P(f)—l)

b b a)\ P 1/q(x) P/q(x)
XJ {J 1=l <1 _ (E) ) dx}tl/q(”fp(”(t)dt
a t

sup(1/g(£) WP PO sup(1/q(1))
sertoegnr ™[ () = () o

sup(1/g() M b
ocM{infq(t)}M[l—(Z) o } prm(t)dt

a

(2.16)
O

THEOREM 2.5. Let a >0, for all x € (a,), p(x) > 1, p(x) +q(x) o, f=0,and0<
I fPO(H)dt < 0. Then

) X (x) 0
j (;lc f(t)dt)p dx<ocM{infq(t)}MJ [1— 6,(8)] FPO (1), (2.17)
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where Oy (t) = (1/M)[ > (T(M + 1)/T(k + 2)T(M — k))(— 1)k~ 1(a/t)(k/mf‘1 ], fort >a>
0, M > 1, and Bp(a) = sup 1/q(t), M = sup p(t), and o = sup{p(t)~ h +supiq(t)” a3

Proof. In view of inequalities (2.13) and (2.15), we find

[ s

< (xsupp(x) wafp(x) (xsupl/q(x) — g%up l/q(x)) x)/q X){qu }P (x)/q(x)

a

X J Va0 PO (Hdtdx < as PP {inf q(t)}™ p(p(H=1)

o o a sup(1/q(x))y p(x)/q(x)
XJ {J x_l_l/q(x)<1 3 (E) ) dx}tl/q(t)fp(t)(t)dt
a t

oM {inf g(1)} PP (2.18)
) ) sup(1/g(x))\ p(x)/q(x) sup(1/g(x))
S L= e
a t b b
sup(1/q(t))
X (2) FPO()dt < oM {inf q(r)} PP

© 1 a sup(1/q(t)) 4 sup p(t) ¢ sup(1/q(t))
L M M D ML
a supp(t) t a

= {infg(}" | [1- 6u(0)] 0 (0,

where

1 a sup(1/q(t)) M ¢ sup(1/q(t))
GM(t)zl—{l—[1—<> ] }() , t>a>0,M>1,
M t a

(2.19)
1
Or(a) = sup —.
Since
a sup(1/4(t)) 00 F(M-I-l) (a k/inf q(t)
[1_(?> §r<k+1 rM—k+1)' (?) ez M1

_i 0 F(M+1) L k/inf q(t)
GM(t)_M[kZlF(kJrZ)F(M—k)( D l(t) , t>a>0, M>1,

(2.20)

the proof is complete. O
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Note. When t >a >0, by Bernoulli’s inequality (see [2, Chapter 2.4]), we obtain

sup 1/q(t) supl/q(t)q M
G <=6
t t
1 a sup 1/q(t) ¢ sup 1/q(t)
=1 L[ foa(9)™ () o
h(t) U ; 4

(2.21)

Applications

THEOREM 2.6. Let0< b < oo, forall x € (0,00), r > p(x) > 1, p(x) "' +q(x)"' =1, f >0,
and 0 < fobx*’ﬂupp(x)fp(x) (x) < o0. Then
(i) for b € (0, ),

[ ([ "o

. M supir—
aM {inf q(t)} } Jb [1 ~ (E) pi pmﬂ/qm}]tr+supp(t)fp(t)(t)dt

) inf {(r — p(1))q(t) +1 b
(2.22)
(ii) for b = oo,
0 - X P(x) {qu(t 71’+su ( )
Jo ([ roa) e ety |, a2

where M = sup p(t) and a = sup{p(t)"'} +sup{g(t)~'}.

Proof. For case (i), b € (0,), we use (2.11) to obtain

[ (f "o

b
<aMJ TR LPO/AI) [ inf g ()} P hz(xj £/400 £20) (1)t dx
0

b b
< aM{infq(t)}suP{P(f)—l} J (J
0

x7r+sup{p(x)fl—l/q(x)} dx) tl/q(t)fp(t)(t)dt
t

. M
aM{infq(t)} Jb (b~r+Suptp(O-Va()} _ presuplp(n)-1/g(0)})
T —r+sup{p(t) - 1/q(t)}

x t14® £PO (1) dt

. M sup{r—
< aM{inf g(t)} Jb [1 ~ (£> pl p(t)+1/q(t)}] t—”S“PP(t)fP(”(t)dt
inf {(r — p(t))q(t) +1} b

(2.24)
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For case (ii), b = o0, we use (2.11) to find

J: x"( ’ f(t)dt)p(X)dx

<aM{ infq(t)}sup(P(t)_l) Jw KT Hsupp(x)/q(x)*} J £Va0 £20) (1) dt dx
0 0

. . (2.25)
_ “M{ infq(t)}suP(P(t)fl)J- (J x—r+sup{p(x)—1—l/q(x)}dx) tl/q(t)fp(t)(t)dt

0 t
_ {lnfq —r+sup{p(t)} p(t)
G q(t)+1} St -

Remark 2.7. (a) If p(x) and g(x) are constants in Lemma 2.1, then (1.6) reduces to usual
Holder’s inequality in L, space.

(b) If we take p(x) and g(x) constants in Lemmas 2.2 and 2.3 and Theorems 2.4 and
2.5, then our results reduce to the corresponding Lemmas 2.1 and 2.2 and Theorems 2.4
and 2.5 obtained in [1].

(c) When p(x) = r and q(x) is constant, inequality (2.23) reduces to (1.1).

3. Some more generalized results

In this section, we have generalized the results of [3]. We use the generalized form of
Holder’s inequality with p(x),q(x),r(x) > 1. The normalization 1/p(x) + 1/q(x) = 1 in
Holder’s inequality is replaced by relation of the form 1/p(x) + 1/g(x) = 1 — 1/r(x).

LEMMA 3.1. Let0< b < oo, forallx € (0,b), p(x) > 1, p(x) ' +qx) 1 =1-r(x)",, f =0,
r(x) > 1, and 0 < fo fPO(t)dt < 0. Then the following inequality holds:

x 1/q(x) 5
Jo f(t)dt <a sup {{inf{(l - T%)q(x)}} K8up/H(1=1/r(x))q(x)"}
x€(0,b)

(3.1)
1/p(x)
% |:J tl/{(l 1/r(t))q }fp (t dt:| })
0

where o = sup, 1/p(x) +sup, 1/g(x) +sup, 1/r(x).
Proof. For any x € (0,b), by the generalized Holder’s inequality (2.2), we have

X X
J f(t)dt — J tl/{(l—l/r( )p }f(t)t—l/{ (1=1/r(1))p(t) }dt
0 0

x 1/p(x) 1/g(x)
<« sup {( J AAA=1r(0)g(0)} fp(t)(t)dt) ( I -Vt f”dt) }
xe(0,b) 0 0
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xe(0,b) 0

x 1/p(x)
y U /-1 (1)g(0)} fp(t)(t)dt) }
0

{ 1 VA a0
=a sup {inf{(l——)q(x)}} Pl A A
x€(0,b) r(x)

. 1/p(x)
% [I t{l/(lfl/r(t))qu)}fl’(‘)(t)dt] }
0

* 1/(x)
<« sup {(J tsuP{*l/{(lfl/r(t))p(t)}}dt)

Strictness follows from [3, Lemma 2.1]. Thus (3.1) is valid.

LEmMA 3.2. Let a = 0, for all x € (a,), p(x) > 1, p(x)f1 +q(x)71 =1-r(x)"}, f=0,

r(x) > 1, and 0 < [ fPO(t)dt < co. Then the following inequality holds:

J:f(t)dt< ocxes:igo) {{inf{(l _ r(lx))q(x)}}l/q(x)

X (x50 VA1-V/r(x)g(x)} _ gsup 1/{(171/r(x))q(x)})1/‘1(3‘)

x 1/p(x)
y [ J (/A=A 0)0) £p(0) (1) dt} }
a

where a = sup, 1/p(x) +sup, 1/g(x) +sup, 1/r(x).

Proof. For any x € (g, ), by the generalized Holder’s inequality (2.2), we have

x x 1/q(x)
J F(Bdt<a sup {(J tSUP{—1/{(1—1/r(t))p(t)}}dt>
a

x€(a,) a

. 1/p(x)
% (J tl/{(l—l/r(t))q(t)}fp(t)(t)dt) }
a

< (xxesggo){{inf{ (1 _ %)q(x)}}ww

X (xSUP VA1-1/r(x)q(x)} _ gsup 1/{(171/r(x))q(x)})1/q(x)

x 1/p(x)
% ( J A= V/r(D)q(0)} fP(”(t)dt) }
a

Strictness follows from [3, Lemma 2.2]. This completes the proof of the lemma.

9
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THEOREM 3.3. Let0<a<b < o, forall x € (a,b), p(x) > 1, p(x)f1 +q(x)71 =1-r(x)"},
f=0,r(x)>1,and0< fahfp“)(t)dt < c0. Then

Lb (m J:f(t)dt)p(x)dx
<aM{inf{<l_Tlt))‘1(f)}}N[1— <g>sup1/{(l r(t) q(t)}] J P

(3.5)

where M = sup p(t), o = sup1/p(t) + sup1/q(t) +sup 1/r(t), and N = sup{p(¢)(1 — 1/
r(1))}.

Proof. Using (3.3), we obtain

’ 1 X p(x)
J (W J f(t)dt) dx

- Lb [m“sup{{inf{(l _ Tlx)) }}l/q(x)

X (xUP 1/{(1-1/r(x))q(x)} _ asupl/{(l—l/r(x))q(x)})Vq(x)

. 1/p(x) p)
y SLJ tl/{(l—l/r(f))q(f)}fl’(t)(t)dt} } dx]
a
1 sup{p(x)/q(x)}
< asuPP<x>{inf{(1 - —)qx}}
r(x)

b

% J x—(lfl/r(x))p(x) (xsup /{(1=1/r(x))q(x)} _ asup 1/{(171/r(x))q(x)})P(x)/Q(X)
a

X J £/90 £20) (1)t

< ocsupp(”{inf {( %)q(t)}}supp(t)/q(t)

b b
% J { J xf(l—l/r(x))p(x)+sup(p(x)/(1—l/r(x))q(x)z)
t

a
2\ S/ (1= 1/r(x))q() px)/q(x)
X (1 - <7) ) dx}
X

1/{(1=1/r(1))q()} £p(t) M 1 upp-n
—1/r q 1 —
Xt fPP(t)dt <« {mf{(l r(t))q(t)}}
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b b a sup(1/(1-1/r(x))q(x))y p(x)/q(x)
« J J X1 1/{(1-1/r(x))q(x)} (1 _ (,> ) dx
a t x

% tl/{(lfl/r(t))q(t)}fp(t)(t)dt

< “Mjlinf{< " ))q(t)}}SUP{P(t)(l—l/r([))}

sup(1/(1-1/r(t))q(t) sup{p()(1-1/r(t))~

PO (1) dt

[ ( f
corforl (1 ol [ ()]

S|~

>sup (1/(1=1/r(t))q(t) :|
N

(3.6)

This completes the proof of our theorem. O

THEOREM 3.4. Leta >0, forall x € (a,), p(x) > 1, p(x) ' +qx) ' =1-r(x)"}, f =0,
r(x)>1,and 0 < [ fPO(t)dt < co. Then

p(x)

[ (s L r008)

< aM{ inf{ ( 0 )q(t)}}N J:O [1-0n()]fPD(t)dt,

where Oy(t) = (1/N)[> e (T(N +1)/T(k + 2)T(N — k)) (= 1)k~ (a/t)/A-1r@)infq(®)] - for
t>a, M =supp(t),a = supp(l‘)f1 +supq(t)71 +supr(t)7l, and N = sup p(t)(1 — 1/r(1)).

(3.7)

Proof. In view of inequalities (3.3) and (3.5), we find

o 1 x p(x)
| (o | fwar)

» sup{p(x)/q(x)}
<(xS“PP"{1nf<1——) }
B g(x)

X J»oo xf(lfl/r(x))p(x) (xsup 1/(1-1/r(x))q(x) _ asup(l/(l 1/r(x))q(x))) p(x)/q(x)
a

o J'°° $/A=1reNa(e) £20 (1)t dx
a

sup{p(t)—p(t)/r(t)—1}
o0 fint (1~ L )q)
i 0 (1)
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Xj { J (177G )+ )/ (1= /r(x))q(x)?
a t

sup(1/(1-1/r(x))q(x))\ P&¥/a(x)
% <1 _ (E) ) dx} tl/(lfl/r(t))q(t)fp(t)(t)dt

X

M 1 sup{p(t)(1-1/r(t)}
< a”{inf (1 — _> ¢ }
{ 0 (1)

) ) a sup 1/(1-1/r(x))g(x)
<SU0-) )
a t X
a sup 1/(1-1/r(x))q(x) ¢ sup 1/(1-1/r(t))q(t)
<a(1-(3) () o

e 1 sup{p(t)(1-1/r(t))}
<a {mf(l - m)q(t)}

sup p(x)/q(x)

o0 2\ SupV/(A=1/r(®)q(t) sup(1-1/r(t)) p(£)
x -[-(3)
L sup ( l—l/r(t))p(t){ t

sup 1/(1-1/r(t))q(t)
“(2)

fp(t)(t)dt
_ aM{inf<1 - —) (t )}Nr [1— 6n (0] £2O(1)dt

r(t) a
(3.8)

where N = sup1/(1 - 1/r(t)) p(t) > 1,

1 a sup(1/(1-1/r(t))q(t))q N ¢ sup(1/(1-1/r(t))q(t))
eN(t):1——{1—[1—<—> ] }(—) . t>a>0,
N t a

Oy (a) = sup mq(t%

(3.9
since
|:1_ <a)sup1/(11/r(t))q(t)] i N+1) (_l)k(a>k/inf1/(11/r(f))q(f)
t = Tk+ 1IN —k+1) t ’
o T(N +1) i(a K/inf (1-1/r(£))q(£)
@=L TOED (e a) e
(D) gorku)rzv AR za
(3.10)

This completes the proof. O
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Note. When t >a >0, by Bernoulli’s inequality (see [2, Chapter 2.4]), we obtain

a sup 1/(1-1/r(t))q(t) a sup 1/(1-1/r(t))q(t)q N
1-(4) <[1- (%) J

1 a sup 1/(1-1/r(t))q(t) ¢ sup 1/(1-1/r(t))q(t)
O R ) R

t a

(3.11)

Applications

THEOREM 3.5. Let 0< b < oo, forall x € (0,0), s> N > 1, p(x) 1 +qx) 1 =1-r(x)"},
f= 0 r(x) > 1, and 0 < [{ x=5N £ (x) < oo. Then
(i) for b € (0, ),

[

M{ll’lf(l—l/r ) (t)}N b ¢ {s=N-+inf 1/(1-1/r(t))q(t)} (312)
< Tinf (1= 1/r(0)q(O)} s—N) + J [“(‘) }

b

x ¢=SHI=1rO)p() 200 (1),

(ii) for b = oo,

Y ([ 24 o{inf (1= 1/r(0)a@®}  (® _on oot
Jo x (jof(t)dt) dx<{1nf(1—1/r g} (s—N)+ J =N fPUO (1) dt

M = sup p(t), oc=supp(t)_l+supq(t)_1+supr(t), N=supp(t)<1——).

Proof. For case (i), b € (0,), we use (3.1) to obtain

[ )"

sup p(x)/q(x) (b
< ocM{ inf (1 - —)q( )} J K sTsupt1/((1-1/r(x))q(x)2)}
(x) 0

XJ (/A1 0)4O £p0 (1) d dx
0

< (XM{inf<1 - %) (t )}S“P{PO)/q(r)}

b, b
. J (J’ x—s+sup{1/(171/r(x))p(x)71/(17l/r(x))q(x)fl}dx) (/A=1rNa(e) 20 (1) gy
o \Js
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oM {inf (1 - 1/r(8) q(p)}™* PO
<
—s+sup {(1—1/r(£)) p(t) = 1/(1 = 1/r(t) q(1)}

b
% J (bs+supL=Vr(0)p(O)=1/(1=1r(O)g)} _ g=stsupl(1=V/r()p()=1/(1-Vr(D)g(0)} )
0

% tl/(l—l/r(t))q(t)fp(t)(t)dt

_ s=N+nf{(1-1/r(0)q(0)}
St M K )

X tfs+sup(171/r(t))p fp(t (l’)dl’

(3.14)

For case (ii), b = o, we use (3.1) to find

[l o)

sup p(x)/q(x) roo )
< ocM{ inf ( )q(x)} J xssupl/(1=1/r(x))q(x)*}
0

tl/(l Vra® £p0) () dt dx

- (xMjLinf (1 - g))q(t)}suppuw(r) (3.15)

% Joo (Iwxfs+sup{1/(171/r(x))p(x)71/(171/r(x))q(x)71}dx)
0 t

X

(=]

X tl/(l—l/r(t))q(t)fp(t) (t)dt

_ ocM{inf(l—l/T(t)) ()}N J 75+pr(t) d.
~A{inf (1-1/r(1)q(H)}(s = N)+1

O

Remark 3.6. (a) If p(x), q(x), and r(x) are constants in Lemmas 3.1 and 3.2 and Theo-
rems 3.3 and 3.4, then our results reduce to the corresponding Lemmas 2.1 and 2.2 and
Theorems 2.4 and 2.5 obtained in [3].

(b) If we take r(x) — oo in Theorems 3.3 and 3.4, then it reduces to corresponding
Theorems 2.4 and 2.5.

(c) In the limits a — 0, b — oo, r(x) — o, p(x) and g(x) constants, (3.5) reduces to
(1.1). Hence (3.5) is the generalization of (1.1).
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